ON COMMUTATIVE POWER-ASSOCIATIVE ALGEBRAS
OF DEGREE TWO(Y)

BY
A. A. ALBERT

1. Introduction. The study of the structure of any simple commutative
power-associative algebra % over a field § begins with the case where § is
algebraically closed. We shall also assume that the characteristic of § is
prime to 30. Then ¥ has a unity quantity 1 which is expressible as the sum
1=u; + -+ - +u, of pairwise orthogonal (absolutely) primitive idempotents
u;. The integer ¢ is unique and is called the degree of . It is known that if
t>2, the algebra ¥ is a classical Jordan algebra(?). The structure of algebras
of degree two is not known and will be considered here.

Every simple algebra % of degree two contains an idempotent %1 and
there is a corresponding decomposition

(1) A = Au(1) + Au(1/2) + A(0),

where 9, (@) consists of all quantities x, of A such that ux, =ax,. It is known(?)
that %,(1) and %,(0) are orthogonal subalgebras of ¥, that [¥.(1/2)]*
CA.(1)+U.(0), and that

(2) A NAL(1/2) T AL(1/2) + Au(1 = N) (A= 0,1).

We say that U is u-stable (stable relative to the idempotent %) if the stronger
condition

(3) AMNA(1/2) € AL(1/2) (A=0,1)

holds. Moreover, we call an algebra % a stable algebra if ¥ is u-stable for
every idempotent « of 2.
The main result of this paper will be stated as follows.

THEOREM 1. Let U be a simple commulative power-associative algebra of de-
gree t>1 over its center § whose characteristic is prime to 30. Then U is stable if
and only if A is a Jordan algebra.

Mr. Louis Kokoris has constructed(*) a class of #-stable central simple
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324 A. A. ALBERT [March

commutative power-associative algebras & of degree two and dimension
4p over a field § of characteristic p. These algebras are not Jordan algebras
since &,(1) has a (p —1)-dimensional radical, while ¥,(1) is simple for every
simple Jordan algebra .

Each of the algebras of Kokoris contains a simple subalgebra € of dimen-
sion 3p which is constructed in terms of the algebra B of all polynomials in
x with coefficients in § such that x» =0. We shall obtain the derivation algebra
D of & and shall show that it coincides with the derivation algebra of T.
Moreover, D is the direct sum of the three-dimensional central simple Lie
algebra of two-rowed matrices of trace zero and the well known p-dimensional
simple Lie algebra of Witt, that is, the derivation algebra of 3.

We close our study with an extensive generalization of the algebras &
and ¥ of Kokoris. We generalize B to be the algebra 8, of all polynomials in
%1, + + -, % with x] =0, and define a certain set € of derivations D;;j= —Dj
for all integers 120 and j=0. Let D, be the subset of € consisting of all D;;
with ¢<m and j<m, and define a corresponding commutative algebra
T(E,, Dn) =B, +3B:+ - - - + v.B, of dimension p"(m +2) over § of charac-
teristic p, for every m>0 where (v.b)c=y.(bc), (3:b)(vjc) =(8D;;)c—b(cDs;)
foreverybandcof 8, and ¢, j=0, - - - , m. This algebra can be imbedded in a
u-stable algebra &(B,, Dn) =T(B,, Dn)+uB,, and the algebras © and ¥ of
Kokoris are the case r =m =1 of the algebras &(8,, ©.) and T(B,, D,). The
new algebras are central simple power-associative algebras and contain other
central simple algebras whose dimensions need not even be divisible by p.

2. Structure properties of u-stable algebras. If ¥ is a simple commuta-
tive power-associative algebra over § the scalar multiples al of the unity
quantity 1 of U form a subalgebra of 9, and the mapping a—al is an iso-
morphism of this subalgebra and . We shall identify this subalgebra with
%, shall write & rather than a1, and shall regard § as being a subset (actually
a subring) of .

We shall assume that § is an algebraically closed field of characteristic
prime to 30 and that % has degree two. Then 1 =« +v for an idempotent 1,
so that # and v are orthogonal idempotents. Since % and v are absolutely primi-
tive, we have

A(1) = uf + Ny, A.(0) = %A, (1) = 9§ + N,
where M, is a nilalgebra and is the radical of %,(A\). Define
€ =A.(1) & UAL0) = uF + +F + N,

where N’ =N, DN, is then the radical of €. The idempotents # and v are the
unity quantities of N,(1) and A,(0) respectively, and we have

@) (ab)u = (au)b = a(bu) = (cu)(dbu), (ab)v = (av)b = a(vb) = (av)(bv),

for every a and b of €.
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The following known(®) result is a basic tool in our investigation.
LEMMA 1. Let x and v be in N,(1/2). Then
xy = a+ z,
where o is 1n § and 2 1s in N,

A commutative algebra ¥ over a field § of characteristic prime to 30 is
power-associative if and only if

4[(w=)(y2) + (wy)(x3) + (wz)(xy)]
() = w[a(y2) + 3(z8) + 2(xy)] + #[y(zw) + 3(wy) + w(yz)]
+ yla(wa) + w(xz) + 2(zw)] + s[wlxy) + 2(yw) + y(ws)]

for every w, x, v, z of U. This identity is of obvious importance in our analysis.
I xis in A.(1/2), we apply Lemma 1 to see that

22 = a+ 3

where 2 is nilpotent and « is in §. If =0, then x is nilpotent. Otherwise the
algebra §[x] contains 1 and x~! and we shall call x nonsingular.

LemMa 2. If A is simple and u-stable, there is a nonsingular quantity in

A.(1/2).

For § is not simple and N, (1/2) 0. If x? were in RN’ for every x of A,(1/2),
then 2xy = (x+y)*—x?—y? would be in W for every x and y of %, (1/2), that
is, [W(1/2)]°CH'. Also G.(1/2)CA.(1/2) since A is wu-stable. Define
M=N'+%A.(1/2) and see that MA=N'C+CA.(1/2) + N'A.(1/2) + [Au(1/2) ]2
SR +A(1/2)+H.(1/2)+ R CM, that is, M is an ideal of A. This is im-
possible since ¥ is simple and ¥ =M = A, (1/2) =0.

The result of Lemma 2 implies the following resuit.

LEMMA 3. Let x be a nonsingular element of N,(1/2) where N is u-stable.
Then there exists a quantity ¢ in §[x2] CQ such that w=cx is in A, (1/2), and
w?=1,

For x?=a+s where s is nilpotent and a0 is in § Then f=(a")V2 is
in §, and if y=8x, we have y?=a~(a+s) =1-+2 where z=0o"1s is nilpotent,

Flz] CF[x2]. Write
=142 =1—(1/2)s+ (3/8)s2 + - - -,

where we use the fact that z is nilpotent and the ordinary power series expan-
sion of the function (1+42)~V2 to obtain a polynomial ¢/ =¢’(z) with coeffi-
cients in § such that ¢’?(14+3)=1. But F[x] is associative and so (c'y)?
=c'%(1+42) =1=(cx)? where c =8¢’, cx=c"y. Since c is in € and x is in ¥,(1/2),

(8) CPA, Lemma 10.
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the product w is in A, (1/2).

The next step in our derivation is the substitution of the values

x = k, Yy = u, z=w
in (5), where
k = ku, w? =1, uw = (1/2)w.
We also use that fact that ¥ is u-stable and so
u(kw) = (1/2) kw.

Then (5) becomes 4k-+4w(kw) =2w[u(kw)+k(uw)+w(uk)]+u[2w(kw)
+kw? ]+ k[2(wu)w+uw? | =4w(kw) 4 2u [w(kw) |+ k+2k. This is equivalent
to k=2u[w(kw)], a result which we state as follows.

LEMMA 4. Let ¢ be in G so that b=2w|[(cu)w] is in €. Then bu=cu.
Consider the set Q of all quantities ¢ in % such that

(6) w(wg) = ¢.

Evidently Q is a subspace over § of . We determine £ as follows.

LEMMA 5. A quantity q of N is in Q if and only if ¢=(wx)w for x in A.
The intersection B of X and € is the set of all quantities b= (wc)w for ¢ in G.

For proof we substitute y=z=w in (5) to obtain 12[(wx)w?]=12wx
= 3w[2(wx)w-+wx ]|+ 3xw = 6w[(wx)w]+6wx. Thus our assumption about
the characteristic of § implies that

) w[(wx)w] = wx

for every x of %. Put ¢ = (wx)w and see that wg=wx, (wg)w=(wx)w=gq. Thus
every x of 9 determines a quantity (wx)w in Q. Conversely if g is in Q, we
have ¢ = (wx)w for x =¢. If b is in B, then b = (wb)w where b is in €. Conversely
if ¢ is in €, then b = (we)w is in Q. But (we)w is in A, (1/2)A.(1/2)CEC€ and
so b is in B, our proof is complete.

LEMMA 6. Let ¢ be in €. Then wc=0 if and only if c=b(u—2v) for b in B.
Then

(8) w(bu) = w(bv) = (1/2)wb
for every b of B.

Let us write a =2 [w(bu) lw, c=2[w(bv) Jw for b in B so that a and ¢ are
in 8. By Lemma 4, au=>bx, and by symmetry bv=cv. Then a+c=2(wh)w
=2b=2bu-+2bv=au+cu+av+cv. It follows that bu-+bv=av+cu, av=>bv,
a=a(ut+v)=b=c.

9) 2w[w(bu)] = 2w[w()] = b.
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Hence w[w(bu—bv)]=0. By (7) we obtain w(bu—bv) =0 and w(bu) =w(bv),
wb = w(bu+bv) = 2w(bu) = 2w(by), that is, (8) holds. Conversely if ¢ is in €
and wec=0, then b=2w[w(cu)] is in B, 2w[w(cw)]=d is in B, cu=bu, dv=cv
by Lemma 4. But then b+d=2w(wc)=0, d=dutdv=dutcv=—b=—cu
—bv, cv=—bv, c=c(u+v)=b(u—v) as desired.

The quantities

e=(1/2)A+w), [f=@/Q-w)=1-c¢
are orthogonal idempotents and there is a corresponding decomposition
(10) A = A (1) + A(0) + A(1/2),

where %,(0)=%,(1). We propose to express this decomposition in terms of
w, B, and the decomposition (1) of the algebra ¥ relative to «.

LeEMMA 7. Let B be the set of all elements b of €=U, (1) +N.(0) suck that
(wb)w=">0. Then (1) =B, A (1) =U(0) =fB, U(1/2) = (u—0)B+ & where ©
is the set of all elements g of Nu(1/2) such that wg=0. Also N.(1) =uB, A.(0)
=vB, Au(1/2) =B+, E=B+(x—2)B.

For every element of A has the form x=c+y where ¢ is in € and ¥y is in
N.(1/2). Then

2ex = (1 + w)x = px
if and only if
1 wx = (u — 1=,
Since ¥ is u-stable and (11) is equivalent to
we + wy = (p — e+ (u — Dy,

we see that
(12) we = (p — 1)y, wy = (4 — 1)c.
The value of u for elements of A,(\) is u=2\. Hence x is in %, (1) if and only
if y=we, wy=w(wc)=c. Thus ¢ is in B, x=(w+1)c=2¢ec, and we have
proved that U,(1) =eB. By symmetry A;(1) =%, (0) =fB. Also x is in A,(1/2)
if and only if we=wy=0, yisin @, ¢ is in B(z—v). This completes the expres-
sion of the decomposition of ¥ relative to e in terms of w, B, and @.

Observe that if ¢ is in €, then (wc)w=>b is in B, [w(c—>b)]w=0, c—b
=a(u—v) for a in B, c=b+a(u—v), €=B+B(u—v). Clearly A, (1)=uC€
=4PB, N.(0) =0B. Since every x of U has the form ea+fo+ (u—v)c+g with
a,b,cinBand gin @, we see that x=(1/2)(a+b)+(1/2)w(a—-b)+(u—v)c+g
and the component of x in A.(1/2) is (1/2)w(e —b) +g. But then %,(1/2) S B

+ @ CA.(1/2) and we have the desired result.
We shall actually show that B is a subalgebra of €, and it will follow that
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A, (1) and A,(0) are isomorphic to B. The next step in our derivation of this
vital result is the use of some known(®) results which we write as

(13) w[(ab)u] = wl(ew)(bu)] = [w(au)](du) + [w(bu)](aw),
(14) [w(au)](bv) = [w(bv) ](an),

and the result of replacing # by vin (13). These equations hold for all quantities
a and b of € and we take @ and b in B so that w(au) =w(av), w(bu) =w(bv) by
the proof of Lemma 6. Then (wa)b= [w(au+av)](bu+bv)= [wlan)](bu)
+ [w(aw) ] (Bv) + [w(av)] (Bv) + [w(av)] (bu) = [w(aw)] (bu) + [w(bv)] (an)
+ [w(av) }(59) + [w(bn) | (av) = w[(ab)u+(ab)v] =w(ab). Also [w(bu-+bv)](au
—av) = 2[w(bv) [(au) — 2[w(bu) [(av) = 2 [wlan) |(bv) — 2 [wlav) |(bu) = (wa) (bv
—bu). We have proved the following result.

LEMMA 8. Let a and b be in B. Then (wa)b=w(ab), (wd)|a(u—v)]
= — (wa) [b(u—1)].

The substitution x=w, y=a, z=b in (5) yields 4[2(wa)(wb)+ab]
= 2w[(wa)b+ (wb)a+w(ab) | +a[2w(wb) +w ] +b[2w(wa) +wa ]| = 6w[w(abd) |
+6ab, 8(wa)(wb) = 6w|w(ab) |+ 2abd,

(15) 4(wa)(wb) = 3wl[w(ad)]| + ab.

Since A,(1) is an algebra, we have (a-+wa)(b+wb) = 2(d+wd) for every a and
b of B where d is in 8. Then ab-+ (wa)(wbd) + (wa)b+ (wb)a =ab+ (wa) (wb)
+2w(ab) =2d+2wd,

(16) ab + (wa)(wb) = 2d, w(ab) = wd.
Then 4(wa)(wb) =8d — 4ab=3w[w(ad) | +ab. Since both d and w|w(ab)] are

in B, so is 5ab=8d—3w|w(ab)]. Thus ab is in B and B is a subalgebra of €.
Also w[w(ab)]=ab so that (15) implies that

(wa)(wb) = ab

for every a and b of B. It is now true that (ea)(eb) =ed =e(ab) and (1) is
isomorphic to B. We are now ready to show that %,(1) is isomorphic to B.

THEOREM 2. Let U be a simple commutative power-associalive algebra of
degree two over an algebraically closed field § whose characteristic is prime to 30
so that A has a unity quantity 1 and 1=u-v where u 1s an idempotent,
v7#%0. Then if A is u-stable, its subalgebras N,,(1) and A.(0) are isomorphic.

For %, (1) =u€ =u[B+ (u—v)B ] =uB. The mapping b—bu is a one-to-one
mapping of B onto A, (1) since 2w|[w(bu) | =w(wb) =b. Since (ab)u = (au)(bu)
for every @ and b of B (and indeed for every @ and b of €), the mapping is an

() Formulas (5) and (7) of CPA are equivalent to (13) and (14) in the u-stable case. The
proofs of CPA can be simplified considerably in the stable case.
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isomorphism. By symmetry 8B is isomorphic to %,(1) =¥%,.(0) and so €. (1)
and A, (0) are isomorphic.

The algebra B=F+N where N is the radical of B and is isomorphic to
both Ny and Ny. Evidently

RN =RDNo =N+ (v — )N.
Since x(u —v) =0 for every x of A,(1/2), we see that if
b=8+b* Bing, d*inN)
is any quantity of 8, then
(17) 2[b( — 9)] = x[b*(u — v)]
for every x of %,(1/2). By Lemma 8 we have:

LEMMA 9. Let a=a—+a* and b=3-+b* be in B so that a* and b* are in N
and o and B are in §. Then (wb) [a(u—v)]| = (wb*)[a*(u—v)].

The result above actually follows directly from Lemma 9 since
(wb) [a(u—v) | = (wb*) [a(u—v) | +Bw[a(u —v) ] and we use (17) and Lemma 6.

We shall close our study of u#-stable algebras by deriving a sequence of
lemmas which we shall use in a determination of all stable algebras.

LEmMMA 10. Let b be in B and g be in . Then
(18) gl(u — )b} = wd,
where d 1s in B. Also (wb) [a(u—v)] is in & for every a and b of B.

For [.(1/2)]°CU.(1)+%,(0) and so g[(u—v)b]=(1/2)(d+wd)+(1/2)
-(¢c—wc) for d and ¢ in B. Since g[(x—v)b] is in A,(1/2) we have c+d =0, and
(18) is proved. The relation H.(1)%.(1/2)CA(1/2)+A(0) implies that
(0+wb) [a(u—v) ]| =c(u—v)+g+d—wd where ¢ and d are in B and g is in .
Then bla(u—v)]=(ba)(u—v) =c(u—v)+d, d=(ba—c)(u—v) is in B and in
(u—v)8, d=ba—c=0, (wb)[a(u—2v)]=gisin ©.

LeEMMA 11. The product gh of any two elements of & s in B.

For we put x=y=g and z=w in (5) and obtain 4g%=2w[2g(wg) +wg?]
+2g[2w(wg) +u?g] =2w(wg?) + 2 since wg=0, w?=1. Thus g2=w(gw).
However g? is in € for every g of .(1/2) and so g? is in B for every g of @.
Clearly 2gh=(g+h)?—g*—h?is in B for every g and % of the vector space @,
ghis in B.

LEMMA 12. Let g be in & and b be in B so that (18) holds for d in B. Then
(19) gb=h — we
for hin & and c in B, and
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(20) w(gh) = — ¢, (wb)g + w(gh) = — d(u — v).

Equation (19) is simply an application of the fact that ¥,(1/2) =wB+@.
Now (eB)O <N (1/2)+%,(0) and so (b+wb)g=a(u—v)+h+c—wc for @ and
¢ in B and % in @. This yields gb=h—wc and (wb)g=a(u—v)+c¢ and these
results are trivial. They imply that w(gh) = —w(cw)= —c¢ so that (wb)g
+w(gh) =a(u—v). To prove that a = —d we substitute x=g, y=50,z2=u—vin
(5) and obtain 4[(b2)(wg) + (bw) (zg) + (bg) (wz) | =0 =g [b(zw) + (bz) w4+ (bw)z]
+b[(2g) w+ 3(gw) + (wa)g] + (u—v) [g(bw) + (gb)w +b(gw) | +w[(bg)z +g(b2)
+(g2)b] =w[g(b2) |+ (4 —v) [g(bw) + (gh)w]. Using  [(wd)g+w(gh)]|(u—1v)

= [a(u—v) |(x—v) =a and w(g(bz) ]| =w(wd) we have
(21) [(wb)g + w(gh)](u — v) = — wleg(bu — bv)| = — d.

This completes our set of properties and we pass on to the stable case.

3. Stable algebras. The concept of stability is vacuous for simple algebras
of degree one. If A is a central simple algebra of degree > 1 over its center §,
then ¥ is stable if and only if g is a central simple stable algebra for every
scalar extension & of §. Moreover ¥ is a Jordan algebra if and only if every
NAp is a Jordan algebra. Since ¥ is a Jordan algebra if £>2, the proof of the
theorem of our introduction can be reduced to the proof in the case where ¢ =2
and § is algebraically closed.

We now let % be stable so that all of the properties of §2 will hold and %
will also be e-stable. Then (19) holds with ¢=0. This yields:

LEMMA 13. Let N be both u-stable and e-stable. Then @B, & [B(u—v)]
CuwB. Moreover, if b is in B and g is in © so that g(bu—>bv) =wd for d in B,
then (wb)g= —d(u—v).

We shall now strengthen the result of Lemma 13.
LEMMA 14. The product &[B(u—1v) | SwR and (wB)GSN(x—1).

For Lemma 13 implies that — (wb)g=d(u—v) =8(u—v)+d*(u—v) for 6
in § and d* in N. But Lemma 1 implies that (wd)g=a(u+v) 4k for & in N'.
Hence a=06=—686=0 and d=d* is in N. Our result is then an immediate
consequence of Lemma 13.

The following property is proved quite trivially.

LEMMA 15. The product ['%.(1/2) |J€CR'A.(1/2).

Let 2 be in %’ and x be in A.(1/2). Then if b=84b* is any quantity of
B, we have 8 in §, b* in N, (xk)b=PLxk+ (xk)b* in WN,(1/2) since xk is in
NH.(1/2), xk is in N, (1/2), (xk)b* is in NW,(1/2). It remains to show that
(xB) [6(—2) ] = (xk) [0*(u —2v) ] +B(xk) (1 —2v) = (xk) [b*(u—v)] is in N'A.(1/2)
and this quantity is clearly in [R(x—v)]%.(1/2), a subspace of N'¥.(1/2)
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=NN.(1/2) + [RN(x—v) |A.(1/2).

Let us substitute x=g, y=a, s=5b(x—v) in (5) and use the properties
wz=wg=0 to obtain 4(wa)(gz) =w[a(zg) + (az)g+ (ag)z]+a[w(zg) | +2[(wa)g
+w(ag) | +g[(wa)z], where glw(az)]=0 by Lemma 6. The quantity zg
=g(bu—bv) =wd* where d* is in N by Lemma 14, w(zgg) is in N, a[w(zg)] is
in M for every a of B. Also a(zg) =w(d*a), wla(zg)]=d*a is in N, a3
= (ab)(u—v), (az)g is in wN by Lemma 14, w[(az)g] is in N. The quantity ag
isin @, (ag)z is in wN by Lemma 14, w[(ag)z] is in N. The quantity w(ag) =0
by Lemma 13, (wa)g is in M(u—v), z[(wa)g] is in N. Thus g[(wa)z] is in N
and we state this result as follows.

LEMMA 16. The product ®{(w®B) [B@—v)]} R

We are now ready to prove the critical result of the proof of the theorem
of our introduction.

LemMA 17. The product ['A.(1/2) ]Au(1/2) TR,

We first consider the element ¢ =wa where a is in 8. If b is in N, we have
tb = (wa)b=w(ab) =wd* where d* is in N, (tb)(wc) =cd* is in N for every ¢ of
B, EN)(wB)SN. Also (N)GCSN’ by Lemma 14 and so ¢N)A.(1/2) SN

We next write s=¢[b(u—v)]. By Lemma 16 we know that s&CN. But s
is in ® by Lemma 10 and so s(wb) SN’ by Lemma 14. Hence (¢N")A.(1/2)
CN for every ¢ in wB.

Suppose now that ¢ is any nonsingular element of %,(1/2). We apply
Lemma 3 to show that there exists an element ¢ in §[£2] such that w=ct has
the property that w?=1. Then ¢t=c"'w=dw where d is in §[¢2]Z€. Then
d=a-+b(u—v) where ¢ and b are in the algebra B defined for this w, dw=aw
+w[b(u—v)]=aw=t by Lemma 6. Thus (¢N)A.(1/2) SN’ for every non-
singular element ¢ of A,(1/2). But if ¢ is a singular element of A,(1/2), there
exists an element « in § such that {=aw--4 is nonsingular, (&N)A.(1/2)
CENHAL(1/2) F+ (N )A.(1/2) SR since w and £ are nonsingular. It follows
that [0'%.(1/2) |A.(1/2) SR’ as desired. This completes our proof of Lemma
17.

We may now write M=N"+A,(1/2)N’. By Lemma 17 we know that
[RAL(1/2) JU(1/2) SR CTIM. Also [R'A.(1/2) |CGSR'A.L(1/2) by Lemma 15
and so [RU.(1/2)]JAC|. But NA=N'EC+N'A(1/2)SIM and we have
shown that I is an ideal of A. Clearly 1 is not in IN and the hypothesis that
A is simple implies that M=N'=0. Then A=uF+oF+A.(1/2) =F+ucF
+N.(1/2) where uo=u—v, uexo=0 for every xo of 4,(1/2). By Lemma 1 we
know that x2=a, in § for every x, of N, (1/2). If x=N+puuo+rx, is any
quantity of ¥ we see that x2—2Ax+A2=u?+»2ap and so x2={¢x+n where {
and 7 are in §. But then x(yx?) — (xy)x?={ [x(yx) — (xy)x] +5(xy —yx) =0 and
A is a Jordan algebra. This completes our proof of Theorem 1.

4. The derivations of the algebras of Kokoris. A derivation of an algebra
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& over a field § is a linear transformation s—sD over § of & such that
(22) (rs)D = (rD)s + r(sD)

for every r and s of &. The algebra D of all derivations of & is a Lie algebra
with respect to the product operation

(23) Dyo Dy = D\Dy; — DD,

where DD, and D;D, are the ordinary linear transformation products.
Let 8={[1, x] be the algebra of all polynomials b =b(x) with coefficients

in §in 1 =x°and x, where x» =0, B has dimension p over , and § has char-

acteristic p. The derivation algebra of 8B is the well known simple Lie alge-

bra of Witt. We shall designate this algebra by . It consists of all linear

transformations D(c) where c is any quantity of 8 and D(c) is the transforma-

tion

(24) b = b(x) > bD(c) = b'(x)c(x).

Here b'(x) is the ordinary derivative of b(x), and

(25) D(a) o D(c) = D(a’c — ac’),

for every a and ¢ of 8.
The algebra & of Kokoris may be defined as follows. Let 8 be imbedded
in the vector space

(26) B + Bu + yB + 9B
of dimension 4p over §, where
(27) C=98B+Bu=Bud By

is the associative algebra which is the direct sum of Bz and Bv for an idem-
potent u#1 and v=1—u. Then a+bu+y,c+yd=0 for a, b, ¢, d in B if and
only if a=b=c=d=0. We assume that

(28) (y:0)b = yi(ab) = 2[yi(au)]b = 2(y:a)(ub) (i=0,1),
for every a and b of B. We also assume that
(29) (yi)(yd) = 0,  (3a)(y:d) = a’b — b'a (i=0,1),

for every a and b of & where ¢’ and b’ are the ordinary derivatives. The
commutative law will then complete the definition of &. This algebra clearly
contains the subalgebra

(30) T=3B+ 98B + Y,

and both & and ¥ are power-associative and central simple over §. We ob-
serve that €=&,(1) ®&,(0) is the vector space direct sum

31) C=B+ (» — B,
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and that
(32) yil(u ~ 0)b] =0 (=0,1),

for every b of 8.
We shall determine all derivations D of & and of €. Every such deriva-
tion is a linear transformation

(33) s—sD = f(s) + (u = v)g(s) + 2ofo(s) + 111(s),

where f(s), g(s), fo(s), fi(s) are linear functions of s with values in 8 and
g(s) =0 if D is a derivation of ¥. Since

(34) (s¥)D = 2s(sD),
for every s of &, we see that (29) implies that
(y) [(y:d)D] = 0.
Then y;[bf(y:b) |+ (— 1) {'frs(y:0) = b[fi_i(3:5) ]} =0 and so
(3% bf(yb) = 0,  Vfii(yd) = b[fii(yb)].

When b is a nonsingular element of B, we see that (35) implies that f(y;b) =0.
If b is singular, then ¢=14b is nonsingular, f(y:c) =f(y:) =0, f(y:b) =f(v:c)
—f(¥:) =0. We have proved the following result.

LeMMA 18. Let D be a derivation of ©. Then
(36) (9:0)D = yofo(y:d) + y1fi(y:d) + (u — v)g(y:d)

for every b of B where fo(y:d), fi(v:d), g(v:d) are linear functions of y.b with
values in B such that b'fi_i(yd) =b[fi_«(y:b)]'. If D is a derivation of T, then
(36) holds with g(y:b) =0, (y:b)D is in B4+ yB=S,(1/2).

Lemma 18 implies that [fo(y)] = [fi(ye)} =0. Thus we may write
37 yoD = go(u —9) + yofo + ay;, yiD = gl(u - ) + Byo + yif1,

where go, g1, fo, f1 are in B and o and B are in §. Then (yox) D = yo(xD) 4+ (yoD)x
=9, [f(2) +yofo %) +31fi(x) ] + gox (2 —v) +y¢fox +ayix. The component in B is
fox)=—[fi(x)]’=0 by Lemma 18. The computation of (yx)D yields
[fo(x)]'=0. Hence xD =f(x)+ (u—2v)g(x) +8yo+ey: where § and e are in .
But x2D =2x(xD) =2xf(x) +2(u—v)xg(x) +28yox+2ey1x and so (yex?)D
= 2y0 [2(xD) | + (yoD) 2% = 2y, [xf (x) ] + 2ey0 (y1%) + [go (% — v) + yofo +ay1 |22

Then f(yx?) = — 2e=0. By symmetry the computation of (ylx"’)D yields 6 =0.

We state the result as follows.

LeMMA 19. If D is a derivation of & the quantity xD is in € =8B+ (u—v)B.
If D is a derivation of T, then xD is in B.

Since #*=u, we have 2u(uD) =uD and so uD is in yB+yB and we may
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write
uD = yoco -+ Y101,

where ¢y and aret\in B. The relation uy,=(1/2)y, yields (1/2)yoD =u(yoD)
+@D)yo=gou+(172) (yefotan) —ci=(1/2) [go(u—v) +yofotan]. Thus ¢f
=(1/2)go(#4+v) and so

(38) 261 = go.

Similarly (1/2)y.D =u(y:D)+uD)y =g+ (1/2)(Byot+yif1) +c5=(1/2) [g:1(u
—v)+Byo+91f] and we obtain

(39) ZC(I) = — 4.
Let us introduce the notation
(ux)D = du + ds + 2

where d and d, are in B and uz=(1/2)z. Since u(ux) =ux, we conclude that
du+dy+z=u[(ux)D ]+ uD)(ux) =du-+dm+(1/2)z4+(1/2)x(uD). Thus =z
=x(uD) and dw=0, dy=0,

(40) (ux)D = du + x(uD).

Also (vx)D =ev+e,-+1t where e and e; are in B and ut=(1/2)¢. Since ux+vx=x
and xD is in €, we conclude that t= —x(xD). However, by symmetry, the
fact that v(vx) =vx implies that e;u =e,=0 and so

(41) (vx)D = ev — x(uD).

We now use the fact that y;(xu) =y:(xv). Then yo[(xu) D]+ (yoD)(xu)
=yo[(x0) D]+ (9eD)(xv), (yoD)(xu—2xv) = [go(—v) (s —v) = gox =3[ (x0) D
—(xu)D | =yo[ev—du—2x(uD)]. But then yo(ev—du) = (1/2)ys(e—d) =0 and
so e=d, xD=d(u+v)=d is in B. Also gox= —2y0[(yeco+yic)x]=2(c1x)’
=2(c1+xcy) =2c1+gex by (38). Thus 2¢:=0, go=2¢{=0. We similarly see
that (3:.D)(xu —xv) = gix =y [(xv)D — (xu)D] = — 231 [x(uD) ] = — 231 [yo(cox) ]
= —2(cox)’ = —2co+gix, co=0, g1=0. We have proved the following result.

LeEMMA 20. Let D be any derivation of ©. Then uD =0, xD is in B, yoD
=yofotay, mD =Byi+vf where a and f are in §, fo and f1 are in B.

We are now ready to establish the following theorem.

THEOREM 3. Every derivation D of © =B+Bu-+vy¢8+ 3B induces a deriva-
tion t—tD of T. Conversely every derivation D of T may be extended to a deriva-
tion D of & with (bu)D =b(uD) for every b of B. Thus & and T have isomorphic
derivation algebras.

For Lemmas 18 and 20 imply that y;D is in &,(1/2)=%8+v:8 for
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every derivation D of either & or €. Also Lemmas 19 and 20 imply that xD
is in B for every D of“either & or T. But if x*D =kx*-1(xD), then x*+D
= (x*D)x+x*(xD) = k[x*—1(xD) |x+x*(xD) = (k+1)x*(xD) since xD is in the
associative algebra B. Thus

bD = b'(xD)

for every b of B and every derivation D of either & or Z.

If s—sD is a derivation of &, it should now be clear that ¢D is in £ for
every t of T and so t—tD is a derivation of £. Conversely let D be a deriva-
tion of £. We extend D to a linear transformation of & by writing (bu)D
= (bD)u for every b of 8 where D thus maps 498 into itself. It remains to show
that (22) holds for every r and s of &, that is, that D is a derivation of &. It is
sufficient to show that (22) holds for r =bu, s=a+cu-+2z where ¢ and ¢ are
in B and wz=(1/2)z. Then (rs)D = [(ba+bc)u+(1/2)2b]D = [(ba+bc)D]u
+(1/2)(sb)D, ¢=(rD)s-+r(sD)=[(dD)u]s+ (bu) [aD+(cD)u—+3zD]. We use
the fact that 5D is in B and 2D is in yB+yB to obtain ¢ =(bD)[(a+c)u]
+(1/2)2(bD) + [b(aD) Ju~+ [6(cD) Ju+(1/2)(2D)b = [(ba+bc) D Ju+(1/2)(sb) D
as desired.

The relation y¢y1 =0 implies that yo(y.D) +y:1(3eD) =f§—f{ =0 and so

(42) fi=fot+,

where v is in §.

Now (y)D=yo(xD)+3ofex+ayx and n@x)=1, [n(yw)]D=0
=31 [y0(xD) +yo(xf0) | 4 (yox) (31f2) = (xD)’ + (xfo)’ +f1—2f] and so (xD)'+xfs
+fot+foty —xf3=0,

(43) (#D)" + 2fo+ v = 0.

We are now ready to use (43), (42), and Lemma 20 to determine the
derivations of T and hence those of &. The first of these is given by the values
y=xD=fy=8=0 and a=1. This is the derivation G where

(44) bG = (3:0)G =0,  (3d)G = yb.

To show that G is actually a derivation of T we see that (22) need only be
verified for r and s in component subspaces B, ¥¢8, 8. One component
must be in yo8 since otherwise all products are zero, [(yeb)(c+yoco+y1c1) |G
=[y0(6¢)1G = 31(b¢),[(¥00) Gl [c +yoco+3161] 4 (36b) [(¥0co) G| = 31(bC) + (31D) (¥oc0)
+ (yob) (¥160) =¥1(bc) as desired. Evidently the values y=xD =fy=a=0, =1
yields the transformation H defined by

(45) bH = (yob)H =0,  (y:b)H = yob,

and symmetry considerations imply that H is a derivation. But 6GH =bHG
=0, (yob)HG =0, (y0b)GH = (y:0)H=2y0b, (315)HG = (yob)G = y:d, (3:0)GH =0,
and so GH—HG=K where K is the derivation defined by

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



336 A. A. ALBERT [March

(46) bK =0,  (yb)K = yob,  (30)K = — 3:b.

Clearly K corresponds to the values xD=0=a=8, fo=1, fi= —1.

It is easy to see that the derivations G, H, K form a Lie algebra which is
isomorphic to the set of all linear transformations of trace zero on the vector
space ¥oF+nF The remaining derivations are those for which a=8=0,
xD#0, y=0. Then fo= —(1/2)(xD)’ and the general derivation of this kind
is determined by

47) xD, = ¢, yoD, = — (1/2)yoc’, D, = — (1/2)nc,
where ¢ is any quantity of 8. Then for every b of B we have the definition
(48) bD, = be,  (yb)D, = yi(b'c — (1/2)c’b) G =0, 1).

To verify that D, is a derivation of T we first compute [a(y:d)]D.
= [y:ab)]De = y:[(ab)'c — (1/2)c'(ab)], (aD.)(3:b) +a[(yb)Dc] = yi(ba'c)
+aly:®c—(1/2)c'b) | =y:[(ab)’c— (1/2)¢'(ab) ] as desired. Since D. is known
to induce a derivation in 8, there is no need to consider (22) with r and s in
$B. It also holds trivially if » and s are in ¥ 8 since all terms are zero. There
remains the case r=y4b, s=va for ¢ and b in B. Then rs=b'a—ba’,
(rs)De=('a—ba')c, (rD)s+r(sDe) = [yo(b'c—(1/2)c'b) |(ma) + (yob) [3:(a’c
—(1/2)c’a)] = (b'c — (1/2)¢'b)'a— (b'c — (1/2)c'B)a’ + b (a’c— (1/2)c’a) — b(a’c
- (1/2)ca) =b"c+b'c' — (1/2)c""b— (1/2)c'bYa — (b'c — (1/2)c’b)a’ + b (a’c
—(1/2)c'a) —b(@"c+a'c —(1/2)c"a— (1/2)c'a’) = (b"a — b'a’ + b'a’ — ba’’)c
+ ((1/2)b'¢ — (1/2)c"b — (1/2)b'¢ + (1/2)c""b)a + b((1/2)c’'a’ — (1/2)a’c)
= (b’a—ba’)’c as desired. This completes our verification that every D, is a
derivation of <.

It is now easy to compute D.G-—-GD,. Indeed b(D.G—GD.) =0,
¥ (DG —GD.) = —(1/2)(3oc")G =D =—(1/2)3c'+(1/2)yic’ =0,  3n(D.G
—GD,)=—(1/2)(y")G— (mG)D,=0 and so D.G—GD,=0. It may similarly
be shown that D.H—HD,.=0. By the Jacobi identity D.K —KD.=0.

We have now obtained the structure of the algebra of all derivations of
the form ayG+BeH+v K+ D, for ay, B, yo in § and ¢ in B. It remains to
show that this algebra is the algebra of all derivations D of . Let D be
any derivation and y.D =v,fo+ayi, D =Byo+nfo+yry. Then D'=D—aG
—BH+(1/2)yK has the property that y¢D’=yofotay—ay+(1/2)yye
=30(fo+(1/2)7), nD =nfo+Byo—Byet+yn—(1/2)yy1=y:1(fo+(1/2)y) and
s0 we have a derivation D’ of Lemma 20 with a=8=v4=0. Let xD =¢. Then
yoDe=—(1/2)yoc’, mDe= —(1/2)y:¢’ and so y«(D'—D.) =y:[fo+(1/2)(xD)’]
=0 by (43), x(D'—D,)=0. Thus D’=D, and we have proved the following
result.

THEOREM 4. The derivation algebra of T is the direct sum of the derivation
algebra of B and the three-dimensional simple Lie algebra.

5. A class of commutative power-associative algebras. Let 8 be a com-
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mutative associative algebra with a unity quantity 1 and dimension # over
a field § whose characteristic is prime to 30. Suppose that ¥ is the vector
space '

(49) I=§B+y0%+"'+ym%v

of dimension n(m-+2) over §, where m>0. Then we are assuming that
a vector b+yobot - - - +Ymbm=0 for b, by, - - -, bs in B if and only if
b=bo= - - - =b,n=0. Define

(50) (yid)e = c(y:b) = yi(be)
for every b and ¢ of B. We also define
(51) (yd)(yic) = fii(d, ¢) = fii(c, b) (6,j=20,---,m),

where the functions f;;(b, ¢) are bilinear functions of the variables b and ¢
in B with values in 8. We have then defined a commutative algebra &, and
we also assume that

(52) fis(1,1) = 0 (3,7=0,-+,m).

We shall now determine all functions f;;(d, ¢) such that the corresponding
algebra T is power-associative, that is, such that (5) holds for every %, v, 3, w
of T.

We first substitute x=a, y=2y:b, s=9y;c, w=wd in (5) where a, b, ¢, d
are in B, and we obtain

(83) yidi + yid; + yedr = 0,

where we use the fact that B is associative to derive the coefficient formulas
(54) A; = [2af;i(c, d) — fir(ac, &) — firlc, ad)]b,

(59) A; = [2afu(d, d) — fi(ab, d) — fu(b, ad)]c,

(56) Ay = [20fi;(b, ¢) — fii(ab, ¢) — f:i(b, ac)]d.

Since m >0, we may select ¢ and j to be distinct integers and take k=j. By
our assumption about the dimension of T we obtain 4;=4;+4,=0. Take
b=1in A;and d=1 in 4;+ A4, to obtain the identities

(57) 2af;i(c, d) — fii(ac, d) — fii(c, ad) = 0,
[2af:;(b, 1) — fij(ab, 1) — fi;(b, a)]c
+ [2af:;(b, ¢) — fij(ab, ¢) — fi;(b, ac)] = 0.

If we take c =1 in (58) and use the fact that the characteristic of  is not two,
we obtain

(59) 2af;i(b, 1) = fii(ab, 1) + fi;(b, a).

But then (58) reduces to our fundamental relation

(58)
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(60) fii(b, ac) + fis(ab, ¢) = 2afi;(b, c),

for £5£4, and the relation also holds for ¢=j by (57). Note that (59) is the case
¢=1 of (60). If we also take b=1 and use the hypothesis that f;;(1, 1) =0,
relation (59) yields

(61) Jii(a, 1) + fii(1, @) = 0.
Replace b by 1, ¢ by @, and a by b in (60). The result is
(62) fri(1, ba) + fi;(b, @) = 2bfii(1, a).

Since ba=ab, we may use (61) to write f;;(b, @) =fi;(ab, 1) —2bf:(a, 1) and
we substitute this result in (59) to obtain

(63) fii(ad, 1) = afi;(b, 1) + bfis(a, 1).
But (63) implies that the linear transformation
(64) a—)fij(a, 1) = (ZD,']'

is a derivation D;; of 8. Since f:;(1, a) = —fii(a, 1) = —aD;;=f;(a, 1) =aDy,
we have

(65) D,'j = - Dj{, D=0 (t = 0, c vy, m)
Also fij(a, b) =2b(aD;;) — (ab)D:;=2b(aD;;) — [a(bD:;) +(aD;;)b] and so
(66) fii(a, 8) = (aDij)b — a(bDs;),  fu(a, b) = 0.

Conversely (60) follows formally from (66).
We now assume (66) and its consequence (60) and propose to show that
T is power-associative. Let

(67) Y =2 ciys
with C; in B. Then (a Y) (b Y) = Z;,,-f,-,-(ac;, bC_,') = (b Y)(a Y) = Zi.jfij(b&', ac,-)

and so Y2= Y ;; fiici, ¢;). Since ¥? is in the associative algebra 8, we may
use (69) to obtain 40(1) YZ) = Z'i.i 2a [fij(bc,-, Cj) +f,-,-(c,-, ij)] = Z.‘,,‘ [f,'j((le;,Cj)
+-£ii(bcs, acy) +fiiacs, bey)+fii(ci, abe;)]. But then (69) implies that 4a(b¥?)
=4(ab)Y?=2(ab) Y?+2(aY)(bY) and so

(68) (aY)(BY) = (ab)V?

for every a and b of B. Since Y2 is in B, it follows immediately that (Y2V) ¥V
= Y?Y? and it is easy to see that (¢%)t=1%? for every t=a+ Y of £. Thus T
is power associative(’) and we have completed our proof of the following
result.

THEOREM 5. Let T=B+yB+ - - + +ynB be the algebra defined by (49),

(") The author is indebted to the referee for suggesting this simple proof of power associa-
tivity.
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(50), (51), (52) where B is a commutative assoctative algebra with unity quantity
over a field § of characteristic prime to 30. Then T is power-associative if and
only if the defining functions fii(a, b) satisfy the relation fiia, b)=(aD;;b
—a(bD;;) for dertvations D;j= —Dj; of B.

The algebrdas ¥ depend only on B and the set ©,, of the (m+1)2 deriva-
tions D;; of B and we shall write

(69) T =IT(B, Dn).
Each algebra ¥ can be imbedded in an algebra
(70) © = &(B,Dn) =T(B, Dn) + 4B,

such that & contains an idempotent % and is u-stable. We define & by the
relations

(71) ub = bu, a(ub) = (au)b = (ab)u

for @ and b in B, and by

(72) (yib)(ua) = (ua)(y:d) = (1/2)y:(ab) (t=0,1,---,m)
for every a and b of B. If & is power-associative, so is T. The converse follows

readily by direct computation if we use (69) and the fact that Y (bu) =(1/2) Yb
for every b of 8 and Y= Y ; yic:.

THEOREM 6. The commutative algebra & defined by (70), (71), (72) is power-
associative if and only if the corresponding subalgebra T is power-associative.

6. On the simplicity of T. Let B be any algebra and D be the derivation
algebra of B, D be in D. Then an ideal M of B will be called a D-ideal if M
contains ¢D for every ¢ of M. We call M a D-ideal if M is a D-ideal for every
D of D.

An algebra 8 with a unity quantity will be called D-simple if B and 0 are
the only D-ideals of 8. We say that B is D-simple if B and 0 are the only
P-ideals of B.

Let us now consider the algebra ¥ of §5 where 8 is an associative algebra
with a unity quantity. We shall prove:

THEOREM 7. The algebra T is stmple only if B is D-simple.

For let B contain a D-ideal M. Then ® =M+ D_1 ¥:IM has the property
that @BCE. Also (3. I)B=9%.(MB)Cy;:M and (v;M)(yB)SI since
(yd) (vic) = (bD;;)c —b(cDy;) is in M for every b of M and ¢ of B. Thus G is an
ideal of €. But ®#T since M is a proper ideal of B.

THEOREM 8. Let B be a commutative associative algebra with a unity quantity
over § and B be D-simple. Then §F has characteristic p, B=F+N where N s the
radical of B, x»=0 for every x of N.
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For if B contained an idempotent #>1 it would be true that B$=%3u
®B(1—u). Now u?=wu, 2u(uD)=uD, [2u(uD)]u=2u(uD)=u(uD), u(uD)
=D =0, (bu)D=(bD)u is in Bu for every D of D and b of B. But then
Bu=PB is a D-ideal of B contrary to hypothesis. Hence B=F+N. If x is
any element of M and x*=0, x* 10, then ix*~1(xD) =0. If § has character-
istic zero, then x*(xD)=0, xD is singular for every x of | and D of D,
xD is in N for every x of N, N is a D-ideal of B. Hence B must have character-
istic p. Let IM be the set of all x? for x in N, ®=IMB. Clearly @ is a proper
ideal of B. Also @ is a D-ideal since (x7b)D =x?(bD)+p [x*~1(xD) |b =x?(bD)
is in ©@ for every x of M and b of B. Thus @ =0, x?=0 for every x of N.

It is not known whether there exist any ©-simple algebras other than the
class we shall consider in the next section.

7. The algebra B,. Let § be a field of characteristic $>5 and

(73) B=98B=F[, -, %]

be the commutative associative algebra of all polynomials

=1 [N 1
b=0b(xy, -, %) = ZB;,...;nxl cee

=0
with coefficients $;,...;, in § such that x§=1, x{=0. We assume that 8 has
dimension # = p" over §, that is, that 5=0 if and only if 8,,...;,=0. We shall
prove that 8 is D-simple and shall actually prove the stronger result which
states that there exists a derivation D of 8 such that 8 is D-simple.

Consider the set @ of all nonzero power products
g=glay - @] =ar - x (0= e, <p).
The set & contains precisely p elements and we may order ® by writing
gloa, - -+, o] <g[By, - -+, Be] if Gryi=PBrss for i=1,2,-- -, r—Fk but e
<Bs. Then the least element of ® is 1 =¢[0, - - -, 0]. The greatest element of
& is
=z =g[p—1,- -+, p—=1] = (21 %)L

LEMMA 21. Let b0 be in B,. Then there exists an element g of & such that
bg =7z, where v#0 is in §.

For gz,=0 for every g>1 in §. If the constant term of b is v #0, it should
be clear that bz, =vz,. Otherwise b2,=0, 150, and there must exist an ele-
ment g in & such that ¢=bg=0, bk;=0 for every h;=gx;. Then cx;=0 for

i=1, - - -, r and (30) implies that ¢ =<z, for 0 in §.
Nathan Jacobson has shown(®) that the derivation algebra of B, is the
set of all linear transformations b—bD(ay, - - -, a,) of B, where

(8) Classes of restricted Lie algebras of characteristic p. 11, Duke Math. J. vol. 10 (1943) pp.
107-121.
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0b ab
bD(alv"'yar)="—-al+"'+ a,
9%, dx,
for ai, - - -, a, in B,, and the symbol 85/3x; is the ordinary partial derivative.

We shall actually show that 8B, is W-simple where
W = D(ZOy tr oty r<"r—l)
and zo=1. We now prove:

LEMMA 22. Let g1 be in &. Then gW =ah where o is an integer, b is in
® and A <g.

For let g=g[a1, + -+, 0] such that ay= - - - =a,3=0 and a,50. Then
g=x2%g where a=0a,>0 and g=g[0, - - -, 0, @oy1, - - *, &), gW=0x"""3,1g
+x%(gW). Since ¢W has 2, as a factor and x,2,=0, we see that gV =ax¥" '2,.1q
=ah where h=g[p—1, - - -, p—1, a—1, apyy, - - -, a,] <g as desired.

Since @ is a finite set and g>gWa1>gW?3-1> . . ., we may combine
this result with Lemma 21 and have:

LEMMA 23. Let b be any nonzero quantity of B,. Then there exists a quantity
g in B and an integer k such that bg =z, sW*=1, Thus B is W-simple.

8. New central simple algebras. Let $=%,=§[1, x1, - - -, x.] be the
commutative associative polynomial algebra of dimension p* over § of char-
acteristic p where xf =0. The definition of a set D,, of derivations D,; results
in a corresponding algebra

T =I(B, Om)
of dimension p" over §. The subspace
(74) L=B;Do, -+, M) =B+ 3P+ - -+ + yun
is a subalgebra of T(B, D) for all ideals My, - - - , M of B. Moreover, if
(75) M=y =--- =M, =9, Mey1 = -+ = Mo = 0,
then
(76) B; Mo, - - -, M) = IT(B, Ds),

where D, is obtained from D,, by deleting all derivations D;; with either ¢>s
or j>s.

We shall define a class of central simple algebras T(B, D) by defining a
set € of derivations D;; for all integers >4=0. The sets D,, will then be ob-
tained by deleting those derivations D,; with ¢>m or j>m. We first define
the derivations which are actually in the set € by

b ab

Xy D, = — (B=2,---,7.

n D;,=W, G =
ox, ax;
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We then assume that D;;=0 except when ¢=tr, j=ir4k for all integers

t=0and k=1, . - -, r. For the latter values of 7 and j we define

(78) D, trvr = Dy (t=0,2,---;k=1,.--,71),
and

(79) Divir =Diy  Dryw =G (k=1,--,7r—1).

This completes our definition of the set € and the corresponding algebras
(B, Dm)-

We shall show that the algebras T(B, D) are central simple over {.
Indeed this is the special case with IM; =B of the following result.

THEOREM 9. Let L=2(B; Mo, - - -, M) where the M; are ideals of B=Br
such that Yy =M., =B for all t in the set defined by 0=<tr <m. Then Risa central
simple algebra.

We shall use the fact that € may be regarded as a subalgebra of T(B, D.)
where

(80) rs— 1) <m=Zn=mrs, s> 0.
Then g contains y,, for £=0, - - -, s—1. The general element of £ now has
the form
(81) h=25b+4+ yobo+ -+ + Ymbn
for &, be, - - -, bm in B where actually the b; are in ;. We shall require the
following preliminary result.

LeEMMA 24. Let d=(apyot+ + -+ +0m¥n)2 fOor ag,  + -, Gn tn § where z
=(%1 - - - x,)7~L. Then y,d=0 for t=0, - - -, s—1 if and only if d=0.

The definition (78) means that
(82) (ytrb)}’tr+k = — ytr(ywkb)' = bD; (t =0,2,---,s—Lik=1-..+, r),
and (79) means that
(83) (98) ek = = yo(yrsab) = bDx,  (9:0)yer = — y:(yub) =BG

(k=1,.-+-,r—1).
If yod = yo[(yocto+ - - cya)z] = —((02/3x1)on + (92/0x)c+ - - - +(02/dx)axr)

=0, then cy= - + -+ =, =0 since the r partial derivatives 0z/dx; are clearly
linearly independent monomials. We next form v.d= [(yo@o+yrirctra+ + -
+yo,000) 2 |y, = (02/9%.) o — ((02/3%1) tria+ + + + +(98/3%,—1)0tsr1) — 0t2,%,02/ 0%,
Since —x,0z/9x,=3z, we see that y,d=0 if and only if ao=arp1= -+ =ay
=0, If ap= - -+ =y =0, then yr¢d=yn[(ycr+1a:r+1+ e +_’}’r(t+1)(¥r(t+1))z]
= — [(az/axl)a,,+1+ s +(az/6x,)a,(¢+1)]=0 lf and only if Cppp1 = * ¢ *
=0, (41 =0. This completes our proof of the lemma.
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Assume that 9 is a nonzero ideal of  and that H is the intersection of
and B. If H0, we use Lemma 21 to see that z is in Ho. But then (yoz)m
=zW is in o and a trivial induction implies that (yesW* 1)y, =2W* is in Ho.
By Lemma 23 we see that §, contains the unity quantity of 8 and so
contains £, $=¢.

Assume now that =0 whence = If & is a nonzero quantity of 9,
we use (81) and form yoh=7yeb+c where c=v¢(yobo+ - - - +Ymbw) is in B.
If ¢#0, then yo(yoh) =yoc is in O, (yec)1=cW is in H, and must be zero,
(y12%1) (Yoc(=(cW)x1—c = —c is in D,, a contradiction. Hence ¢ =0, yoh = y.b.
Then y1(yob) =bW is in o and is zero, (y1%1) (o) = —b is in Ho, =0, A=1yobo
4+ - - - +yubnandso DTy Mo+ - - - +yuMm. Buty, isinffort=0,1, - - -,
s—1 and yih is in o for =0, - - -, s—1. Thus y k=0 and Lemma 24 im-
plies that 2=0 contrary to hypothesis. This proves that 2 is a simple algebra.
Since the proof remains true under scalar extension, £ is central simple.

Each of the algebras @=(8; My, - - -, M) is a subalgebra of a u-stable
algebra

0 =2083; My, -+, Ma) = L4 uB
which is defined by the multiplication table of € and the relation
(yid)(cu) = (cu)(y:d) = (1/2)yi(bc)
for every b of IM; and ¢ of B.
THEOREM 10. If € is central simple, so is the corresponding algebra Q.

For let § be a nonzero ideal of £ and §’ be the intersection of $ and &.
Then $' is an ideal of € and if L is central simple, it follows that §' =8, =2
or that §'=0. Let ' =0 and $70. Then there exists an element z=b+cu
+yobo+ ¢+ - - +Ymbn#0in P wherebandcareinB and b;isin M;. Letv=1—u
so that vh=bv+ (1/2)(yobo+ « - + +Yubm) is in D, yo(vh)=(1/2)yeb+d is in
$’ where d is in B. Then b=d=0, hyo=(1/2)yec+e for ¢ in B, ¢=0, k is in
$’ contrary to hypothesis. This completes our proof.

It would be interesting to study the question of isomorphism for the
various algebras which may be constructed by the methods we have pre-
sented here. In particular it would be desirable to know whether the algebras
€ contain idempotents # such that £ is u#-stable. We leave these questions for
later study.

THE UNIVERSITY OF CHICAGO,
Caicaco, ILL.

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



