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ON COMPACT OPERATORS ON SOME SPACES
RELATED TO MATRIX B(r,s)

Ivana Djolovié

Abstract

Many sequence spaces arise from different concepts of summability. Recent
results obtained by Altay, Bagar and Malkowsky [2] are related to strong
Cesaro summability and boundedness. They determined S—duals of the new
sequence spaces and characterized some classes of matrix transformations on
them. Here, we will present new results supplementing their research with the
characterization of classes of compact operators on those spaces.

1 Introduction

Denote by w and ¢ the set of all complex and finite sequences x = (z4)7,, re-
spectively. A Banach space X C w is a BK space if each projection z — =z, on
the n—th coordinate is continuous. A BK space X D ¢ is said to have AK if
wlml =370 Jape® — 2 (m — o0) for every sequence x = (1), € X. As usual,
let e and €™ (n = 0,1,...) be the sequences with e, = 1 for all k, and M =1
and e,&") =0 (k#n).

Let 1 < p < 00.The sets of strongly C; —summable to zero, strongly C; —summable

and strongly C;—bounded sequences, denoted by wf, w? and w®,, respectively, are
defined and studied by Maddox [6]:

. I
wé’{xéwhlggo (n;xﬂp) O},

wl ={xew|x—1{ ecwl for some complex number ¢}
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and

1 n
wh, = {xew | S%p (n;ka’) < oo}

For such defined spaces he obtained that all these spaces are BK with the norm

1/p
1
el =sup (oo 3 fmel? ]
v>0 k=2ov

wh has AK, and every sequence  €w? has a unique representation

x :£-e+2(xk —&)e®

k=1

where /£ is the strong limit of the sequence .

For our work we need some additional well-known results and notations. So, let
us first recall that.

By (X,Y) we denote the set of all matrices that map X into Y. B(X,Y’) denotes
the set of all bounded linear operators L : X — Y. If we denote by A = (ank); k=
an infinite matrix with complex entries and by A, its n-th row, we write

Ap(z) = Zankxk and A(z) = (An(2)lo;
k=0

then
A€ (X,Y) if and only if A, (x) converges for all z € X and all n and A(x) € Y.
Furthermore,
XP={acw]| Zakxk converges for all z € X'}

k
denotes the —dual of X. The set

Xa={acw]|Alx) e X}

is called the matrix domain of A in X. Specially, we are interested in matrix domains
of triangle. We say that T' = (tnk)ff:k:o is a triangle if ¢, = 0 for k > n and t,,, # 0
(n=0,1,...). Such matrix has inverse ([11, 1.4.8, p. 9], [1, Remark 22 (a), p. 22]).
Throughout, where it is necessary, we will write T for triangle, S for its inverse and
R transpose of S.

If X D ¢ is a BK space and a € w we write

lall% = sup{| > arael | ] = 1}.

k=0
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2 Auxiliary results and motivation

In [3] authors studied matrix domains of triangles on mentioned spaces. Further,
in [2] they dealt with the special case, when the triangle is matrix A = (A,5)%°,_,
with such entries: A,, =1, A, ,—1 = —1 and A,; = 0 otherwise. Actuall};, in
such way they obtained and studied the spaces w§(A), w?(A)and w? (A)which are
matrix domains of A in w), w? and w?, respectively.

This motivated us to extend this research supplementing their research with the
characterization of classes of compact operators on those spaces. But not only this.
The idea is to generalize this replacing mentioned matrix A with new one, B(r, s)

(r#0):

r 0 0
s r 0
B(r,s)=10 s r

It is obvious, that A can be obtained as special case of B(r, s) forr =1 and s = —1.
Matrix B(r,s) is triangle, hence it has inverse, denote it by S = (snk)pop—y- It is
easy to obtain that entries of this matrix are defined in this way:
(T_i)i;llk 1<k<n
Snk =
0 ,k>n.

Now, let us consider the sequence spaces wf (1, s), w?(r, s) and w¥_(r, s) obtained
as matrix domain of B(r,s) in wh, w? and wZ respectively, that is, wh(r,s) =
(wg)B(r,s)? wp(n S) = (wp)B(r,s) and U}go(T, 8) = (wgo)B(’r‘,s)~

The following result is important for the characterization of the classes (Xrp,Y)
where X is one of the strongly C';—summable or bounded sequences. Before we
give it, let us mention that we will write, as usual, [, c and ¢y for the sets of all
bounded, convergent and null sequences.

Lemma 2.1. /3, Lemma 4.1] (a) Let X = w} or X = wk_, and Y be an arbitrary

subset of w. Then we have A € (Xr,Y) if and only if A e (X,Y) and W ¢

(X,co) for allm = 1,2,..., where the matrizx A = (ank);x—; and the triangles
W = (wfg,i)ﬁkzl are defined by

o0
Ank = Zanjsjk foralln,k e IN
Jj=k

and

w™ = Z anjsjk for 1 <k <m;

mk
Jj=m

moreover, if A € (X1,Y) then we have
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Az = A(Tz) for all z € Z = X.
(b) Let Y be an arbitrary linear subspace of w. Then we have A € (wP(T),Y) if
and only if
Ae wbY), W™ e (wP, c) for alln

and

m
Ae — (pn)eey €Y where p, = lim waglz for all n €IN;
k=1

moreover, if A € (wP(T),Y) then we have
Az = A(Tz) — € (pn)S>, for all z € wP(T), (2.1)

where £ € C is the strong limit of z in wP(T), that is

1 n
- > Tz —¢P =0. (2.2)
k=1

Here, we will omit the part with the characterization of appropriate classes.
One can achieve that very easy using the previous theorem and result from [7]. The
conditions will be obtained putting 7' = B(r,s) and hence the following will be
used:

. - (—s)i=F
Upk = Zanj : IRt for all n, k € IN; (23)
j=k
) _ N\ (—s)i7F .
w) = Zanj.m for 1 < k < m; (2.4)

Jj=m

So, throughout, we will suppose that necessary and sufficient conditions are
obtained, that is, we have the characterizations of appropriate classes of matrix
transformations. It is well-known that if X and Y are BK spaces, then (X,Y) C
B(X,Y), that is, every A € (X,Y’) defines a linear operator Ly € B(X,Y) where
Ly(x) = Az (z € X) ([8, Theorem 1.23]; [11, Theorem 4.2.8]). Also, very im-
portant result for the characterizations of matrix transformations between sequence
spaces is the following one.

Lemma 2.2. Let X be a BK space and Y be any of the spaces cg, ¢ or . If
A€ (X,Y) then

ILall = [|All(x,00) = sup [|[An || < oo ([8, Theorem 1.23]). (2.5)

Considering "the nature” of the sequence spaces which are the subject of our
paper, the next result will be of great importance.
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Proposition 2.3. ([3, Theorem 3.2 (d)]) We write max, = maxov<y<ov+1_1 and

v+1_
>, = Zi:w Y forv=0,1,..., and put M, = {a € w | lal|a, < oo}, where
(oo}
Zo 2¥ max,, |a| (p=1)
lallam, = 4 "«

> 2 (S, lac)i (L<p<oct q=p/(p- 1)

Let X = wf or X =wb,. If a € (Xr)P then we have
lallx, = l[Rallr, - (2.6)

If a € (wP(T))Pthen

lalls iz = | Rallag, + nf where n = lim >3 a5, (27)

k=1j=m

In our case, for T = B(r, s), we obtain:

o0

o0 - (75)]7’6
Ra = (Rra)iZy= | Y S
J=k k=0

3 Compact operators and Hausdorff measure of
noncompactness

The final goal we want to achieve in this paper is characterization of some subclasses
of compact operators in terms of conditions for the entries of appropriate infinite
matrix. That can be achieved applying the Hausdorff measure of noncompactness.

Here, we will recall some basic definitions and results. More results about mea-
sures of noncompactness can be found in [8, 10].

Let X and Y be Banach spaces. A linear operator L : X — Y is called com-
pact if its domain is all of X and for every bounded sequence (z,,)52, in X, the
sequence (L(z,))22, has a convergent subsequence in Y. We denote the class of
such operators by K(X,Y).

Definition 3.1. Let (X, d) be a metric space, @ € Mx and B(z,r) = {y € X |
d(z,y) < r}. Then the Hausdorff measure of noncompactness of @, denoted by
X(Q), is defined by

X(Q) =inf{e>0|QC | JB(wiri)zi € X, ri<e(i=1,...,n), n €N}
i=1

the function y is called the Hausdorfl measure of noncompactness.
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If Q, Q1 and Q2 are bounded subsets of the metric space (X, d), then we have

x(Q) = 0 if and only if @ is a totally bounded set,

x(@Q) = x(@),
Q1 C Q2 implies x(Q1) < x(Q2),
X(Q1 U Q2) = max{x(Q1), x(Q2)}

and

X(Q1 N Q2) < min{x(Q1), x(Q2)}.
If @,Q1 and Q4 are bounded subsets of the normed space X, then we have

X(Q1 + Q2) < x(Q1) + x(Q2),
X(Q+z) = x(Q) (v € X)

and

X(AQ) = |\ x(Q) for all X €C.

Definition 3.2. Let X and Y be Banach spaces and x; and yo be Hausdorff
measures on X and Y. Then the operator L : X — Y is called (x1, x2) — bounded
if L(Q) is bounded subset of Y for every bounded subset @ of X and there exists
a positive constant K such that x2(L(Q)) < Kx1(Q) for every bounded subset @
of X. If an operator L is (x1,x2) — bounded then the number||L||(y, y,) = inf{K >
0| x2(L(Q)) < Kx1(Q) for all bounded @ C X} is called (x1,x2)- measure of
noncompactness of L. In particular, if x1 = x2 = x, then we write || L[,y = [ L]y

Lemma 3.3. Let X and Y be Banach spaces and L € B(X,Y). Then we have
1Ll = x(L(Bx)) = x(L(Sx))  ([8, Theorem 2.25]); (3.1)

Le K(X)Y) ifanfonlyif |L||l,=0 ([8 Corollary 2.26 (2.58)]); (3.2)
ILllx < |IL| ([8, Corollary 2.26 (2.59)]). (3.3)

Lemma 3.4 (Goldenstein, Gohberg, Markus). ([8, Theorem 2.23]) Let X be a
Banach space with Schauder basis (b,)5,, @ € Mx, and P, : X — X be the
projector onto the linear span of {b1,ba,...,b,}. Then we have

Lt sup (sup - Pn><x>||) < (@) < limsup (sup - Pn><m>|) L (34)

n— oo r€EQ n—oo T€Q
where a = limsup,, . |1 — Px|.

Lemma 3.5. ([10, Theorem 2.8.]) Let Q) be a bounded subset of the normed space X,
where X isl, for1 <p < oo orcy. If P, : X — X is the operator defined by P, (x) =
al) for x = (z)72, € X, then we have x(Q) = limy oo (sup,cq (1 — Pu)(@)])).

(@l =35 wwe™)
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Lemma 3.6. ([4, Theorem 3.4]) Let X be a BK space with AK. Then every oper-
ator L € B(X,c) can be represented by an infinite complexr matriz A = (ank )y p—y
such that (L(z)), = Apx = > pey ankzy for all n and all x € X. The Hausdorff
measure of noncompactness of L satisfies

1
3 +Timsup (sup 14, ) < ], < lmsup (sup |, all) G5
2 r—00 n>r T—00 n>r
where
ap = klim ang for every k and o = (ag)i2 . (3.6)

4 Main results

Finally, our main goal is characterization of certain subclasses of compact operator.
We will consider the class (X,Y) where X is one of the spaces w(r,s), wB (r,s)
or wP(r,s), and Y is one of the classical sequence spaces cg, {o, or ¢. According
to the space X and the fact that w§(r,s) and w® (r,s) have the same —duals
(Proposotion 2.3, (2.6)), we will distinguish two cases and attempt to define the
class K(X,Y).

Theorem 4.1. Let X be one of the spaces wh(r,s) or wE (r,s) and set for m =

1,2,...
_ J k
sup (Z 2" max, Z Qnj Nsk+1 ) (p=1)
n>m \ v
<) = . N (1)
v — J
sup [ 3 2@ (Z zjamrjgk+1 > (1<p<o0)
n>m \ v=0
and
0o 0o )ik R
sup (ZQ”maxy > g rErr — Qi (p=1)
n>m \ v=0 j=
sy =1 o
sup ZQP(Z Zam Nsikﬂ—dk ) (1<p<oo)
n>m \ v=0
(4.2)
where &y = lim Zan] %(lﬁ—l 2,...).
(a) If A€ (X,co) then we have
[Zall = Tim_ A< (43)

(b) If A € (X,{~) then we have
0 <|[Lally < lim [[A="7]. (4.4)
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(c) If A € (X, c) then we have
1 m m
L m (JAS ) < [Lally < m (1457) (15)

Proof. (a) Applying Lemmas 3.3 and 3.5, we have

ILally = x(La(Bx)) = lim | sup [[(I — Pp)(Az)| (4.6)

M=l eeBy

where P, : ¢g — co (m = 0,1,...) is the projector such that P, (x) = zI™ for
= (x)72, € co. Let Alm] = (ank)n w—o be the infinite matrix with

0 (0<n<m)
ank =
Gk (n>m)

Since A"l € (X, ¢p), hence ALm} € X, we obtain by Lemmas 2.2 and Proposition
2.3

,Sﬂk

Z 2¥mazx, Z an] = k+1

=0

(p=1)

1R 1% = IRAT [l ae =

75 7 k
Z Anj 7=FFT

)“ (1<p<o0)

(4.7)
Hence, we conclude
sup [[(I = Pr)(A2)|| = | Latmi || = sup AR5 = |A<"> ). (4.8)
rEBx n>m

Now (4.3) follows from (4.6) and (4.8).

(b) Lemma 3.6 is of great importance for this part. Let A € (w(r,s),c). Then
it follows by Lemma 2.1 that A € (w}, ¢). Now, knowing that w’ is BK space with
AK, by (Lemma 4.1, [9]) we have that || La|y = ||L4|lx. Now, applying Theorem
3.6, we obtain

1 . - . . A .
3 - lim sup (sup lA, — a||wg> < | Lally = I L4llx <limsup <sup lA, — O‘ng) .
m—00

m— oo n>m n>m
(4.9)
Further, applying (Lemma 1, [7]), we obtain the following:

_g)i—k R

o0 o0 (
Do 2Ymax, | Y an; - T—kFT T Ok
v=0 j

[P
[e'e) v —s]k .
22 (Z W—ak

i~

) ‘7 (1< p<o0),
(4.10)
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This implies (4.5). Let us consider the case A € (w8 (r,s),c). We know that
wh(r,s) C wk (r,s), so the fact that A € (wk,(r,s),c) implies A € (wf(r,s),c) and
the inequalities in (4.5) follows immediately.

(¢) Now, let us suppose that A € (X, ¢ ) and define the projector Py, : loo — foo
(m=0,1,...) by Pp(z) =zl for & = (2)5, € loo. Also, let A™ = (@nk) k=0
be the infinite matrix defined in a way as above. It is obvious that A" € (X, £4)
if X is one of the spaces . Since L(Bx) C Pn(La(Bx))+ (I — P,)(La(Bx)), it
follows that

X(La(Bx)) < X(Pn(La(Bx))) + x((I = Pn)(La(Bx))) = x((I = Pr)(La(Bx)))

< sup [[(I = Pu)(Az)|| = | Laca | = sup [AF|[% = sup [[RAFY | aeo.
rEBx n>m n>m

Since 0 < || Lally = x(La(Bx)) < sup ||RAZn]||Mp, the proof is completed. O

n>m

Corollary 4.2. (a) If A € (wh(r,s),co) or A € (Wb (r,s),co), then Ly is compact
if and only if

lim [|[A<™]| =0 (4.11)
with ||[A<™>|| defined in (4.1).
(b) If A € (wWh(r,s),ls) or A € (WE (r,s),ls), then the condition in (4.11) is

sufficient for L4 to be compact.
(c)If A € (wh(r,s),¢) or A€ (wh(r,s),c), then La is compact if and only if

lim [|[AS™ ]| =0 (4.12)
with ||AS™ || defined in (4.2).

Proof. This is an immediate consequence of Theorem 4.1 and (3.2). O

Theorem 4.3. Set forr=1,2,...

st;p (Zo 2" max, Z anj 7 )k+1 + |71n|> (p=1)
B =4 ) - "
sup | 3 27 (Z Z an; G ) + [17n] (1<p<oo)
(4.13)
where
nn:mlilnoozz:an] - k+1 forn—12...‘ (4.14)

k=1j=m
(a) If A € (wP(r,s),co) then we have

ILall = lim B (4.15)
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(b) If A € (wP(r,s),ls) then we have

0< | Lally < lim [|B<"]. (4.16)

Proof. The proof can be done exactly in the same way as in Theorem 4.1 . The only

difference which will be used through the proof is: HA[ I Z 2¥ max, Z Qnj (7]‘5 ,:Hk +

wP(r,s)

S

a4\ ¢
|| for p =1 or HA[,L i rs) = Z 20 <Z ) + || for 1 <p<

oo where 7, = lim Z Zam J)Hl forn=1,2,. O

M—=0 k=1 j=m
Corollary 4.4. (a) If A € (wP(r,s),co) then La is compact if and only if

lim |B<">| =0 (4.17)

with ||B<">|| defined in (4.13).
(b) If A € (wP(r,s),0), then the condition in (4.17) is sufficient for Ly to be
compact.

Proof. This is an immediate consequence of Theorem 4.3 and (3.2). O

Remark 4.5. It is obvious that it is remains to consider the case A € (wP(r,s),c).
This technique is not as simply as the previous which are represented. One can try
to prove this in the same way as in [4, Theorem 3.7] or use the result [5, Theorem

2.8].
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