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2 Basic relations

In this paper we use the so-called direct approach to the formulation of the basic equations of shell theory. The advantage of

the latter approach was discussed in many papers, see for example [19]. Within framework of the direct approach, an elastic

micropolar shell is a two-dimensional analogue of the Cosserat continuum, i.e. a micropolar shell is a material surface each

particle of which has six degrees of freedom of the rigid body. Further we will use the notations [7,8,12].

Let σ be a base surface of the micropolar shell in a reference configuration (for example, in an undeformed state), qα

(α = 1, 2) be Gaussian coordinates on σ, and r(q1, q2) be a position vector of σ. In the actual (deformed) configuration the

surface is denoted by Σ, and the position of its particles is given by the vector R(q1, q2).
Orientation of the particles is described by the so-called microrotation tensor (or turn-tensor) H(q1, q2), which is the

proper orthogonal tensor. If we introduce three orthonormal vectors dk (k = 1, 2, 3), which describe the particle orientation

in a reference configuration, and three orthonormal vectors Dk, which determine the same particle orientation in an actual

configuration, then the tensor H is given by H = dk ⊗ Dk.

Thus, the micropolar shell is described by two kinematically independent fields

R = R(qα), H = H(qα).

For the micropolar shell made of an elastic material there should exist a strain energy density W . By using the principle

of local action [1,2] the constitutive equation for the function W is given by the formula [7,8]

W = W (R,∇0 R,H,∇0 H),

where

∇0 Ψ
△
= rα ⊗

∂Ψ

∂qα
, (α, β = 1, 2) rα

·rβ = δα
β , rα

·n = 0, rβ =
∂r

∂qβ
.

Here the vectors rβ and rα denote the natural and reciprocal bases on σ, n is the unit normal to σ, δα
β is the Kronecker

symbol, ∇0 is the surface nabla operator on σ, and Ψ is an arbitrary differentiable tensor field given on σ.

From the principle of material frame-indifference we can find that, in fact, W depends only on two Cosserat type strain

measures Y and L

W = W (Y,L),

Y = (∇0 R)·HT , L =
1

2
rα ⊗

(

∂H

∂qα
·HT

)

×

, (1)

where T× is the vectorial invariant of a second rank tensor T defined by T× = (TmnRm ⊗ Rn)× = TmnRm × Rn for

any base Rm [20], × is the vector product.

The Lagrangian equilibrium equations of the micropolar shell can be derived from the principle of virtual work

δ

∫∫

σ

W dσ = δ′A, (2)

where

δ′A =

∫∫

σ

(f ·δR + ℓ·ψ) dσ +

∫

ω2

ϕ·δR ds +

∫

ω4

γ·ψ ds, I × ψ = −HT
·δH.

In the relation (2), δ is the symbol of variation, ψ is the virtual rotation vector, f is the surface force density distributed

on σ, ℓ is the surface couple density distributed on σ, ϕ, and γ are linear densities of forces and couples distributed along

corresponding parts of the shell boundary ω, and I is the 3D unit tensor, respectively.

Thus, the Lagrangian shell equations take the form

∇0 ·D + f = 0, ∇0 ·G +
[

(∇0 R)T
·D

]

×
+ ℓ = 0, (3)

D = P1·H, G = P2·H, P1 =
∂W

∂Y
, P2 =

∂W

∂L
, (4)



ω1 : R = ρ(s),

ω2 : ν·D = ϕ(s),

ω3 : H = h(s), h·hT = I,

ω4 : ν·G = γ(s).

(5)

Here ρ(s), h(s) are given vector functions, and ν is the external unit normal to the boundary curve ω (ν·n = 0). The

relations (3) are the equilibrium equations for the linear momentum and angular momentum of any shell part. The tensors D

and G are the surface stress and couple stress tensors of the Piola type, and the corresponding stress measures P1 and P2 in

the Eqs. (3) are the Kirchoff type tensors, respectively. The boundary ω of σ is divided into two parts ω = ω1∪ω2 = ω3∪ω4.

The following relations hold:

n·D = n·G = n·P1 = n·P2 = 0.

The equilibrium equations (3) may be transformed to the Eulerian form

∇ ·T + J−1f = 0, ∇ ·M + T× + J−1ℓ = 0,

where

∇ ·Ψ
△
= Rα

·

∂Ψ

∂qα
, Rα

·Rβ = δα
β , Rα

·N = 0, Rβ =
∂R

∂qβ
,

T = J−1FT
·D, M = J−1FT

·G, (6)

F = ∇0 R, J =

√

1

2

[

tr 2 (F·FT ) − tr (F·FT )
2
]

.

Here T and M are the Cauchy type surface stress and couple stress tensors, ∇ is the surface nabla operator on Σ associated

with ∇0 by formula ∇0 = F·∇.

The equations of motion of the micropolar shell are given by the relations (see Altenbach and Zhilin [4], Libai and

Simmonds [14,15], Zhilin [11])

∇0 ·D + f = ρ
dK1

dt
, ∇0 ·G +

[

FT
·D

]

×
+ m = ρ

(

dK2

dt
+ v × ΘT

1 ·ω

)

, (7)

K(v,ω) =
1

2
v·v + ω·Θ1·v +

1

2
ω·Θ2·ω, K1

△
=

∂K

∂v
= v + ΘT

1 ·ω, K2

△
=

∂K

∂ω
= Θ1·v + Θ2·ω,

where v =
dR

dt
and ω =

1

2

(

HT
·

dH

dt

)

×

are the linear and angular velocities, respectively, ρ is the surface mass density

in the reference configuration, ρK is the surface density of kinetic energy, and ρΘ1, ρΘ2 are the rotary inertia tensors

(ΘT
2 = Θ2).

For the dynamic problem (7), the initial conditions are given by

R
∣

∣

t=0
= R◦, v

∣

∣

t=0
= v◦, H

∣

∣

t=0
= H◦, ω

∣

∣

t=0
= ω◦,

where R◦, v◦, H◦, ω◦ are given initial values.

As an example, the following quadratic form may be used as the constitutive equation of the isotropic shell [8,17]:

2W = α1tr 2Y‖ + α2trY2
‖ + α3tr

(

Y‖·Y
T
‖

)

+ α4n·YT
·Y·n

+ β1tr 2L‖ + β2trL2
‖ + β3tr

(

L‖·L
T
‖

)

+ β4n·LT
·L·n, (8)

where αi, βi are the material constants (i = 1, ..., 4), Y‖
△
= (Y − I)·g, L‖

△
= L·g, g

△
= I − n ⊗ n.



3 Coleman-Noll inequality for elastic shells

Let us suppose that a certain equilibrium state of a nonlinear elastic shell of the Cosserat type under the action of a given load

is known. Further we will call it as initial or basic stressed state. This state could be defined by the vector field R(qα) and

tensor field H(qα). Along with the basic stressed state we consider some perturbed equilibrium state which differs from the

basic one. The linear parts of increments of different quantities that characterize the perturbed equilibrium we will denote

using a dot above, for example

D· =
d

dτ
D [∇0 (R + τu,H − τH × θ,∇0 (H − τH × θ))]

∣

∣

∣

∣

τ=0

. (9)

Here u is the vector of additional infinitesimal displacement, while θ is the vector of additional infinitesimal rotation

characterizing the small rotation with respect to initial stressed state. The following relations hold

R· = u, H· = −H × θ, Y· = F·ε·HT , L· = F·κ·HT , (10)

ε = ∇u + I × θ, κ = ∇θ, (11)

where ε is the strain tensor and κ is the bending strain tensor usually used in the linear shell theory of the Cosserat

type [10,12].

Note that as a reference configuration may be chosen any stressed state of a shell. To avoid an awkward expressions and

to simplify the calculations let us assume that the reference configuration coincides with the initial (basic) stressed state of

the shell. This means that in the reference configuration F = Y = I−n⊗n, H = I, L = 0. Under this choice of reference

configuration and using (4), (6), (9)–(11) we obtain

D· =
∂2W

∂Y∂Y
◦ ε +

∂2W

∂Y∂L
◦ κ − T × θ, G· =

∂2W

∂L∂Y
◦ ε +

∂2W

∂L∂L
◦ κ − M × θ. (12)

Here and below we use the operation of a scalar product of tensors given by formulae

(

CkstpRk ⊗ Rs ⊗ Rt ⊗ Rp

)

◦ (UmnRm ⊗ Rn)
△
= CksmnUmnRk ⊗ Rs,

(

VijR
i ⊗ Rj

)

◦
(

CkstpRk ⊗ Rs ⊗ Rt ⊗ Rp

)

◦ (UmnRm ⊗ Rn)
△
= CijmnVijUmn.

Suppose that the external couples in the initial and perturbed stressed states of a shell vanish ℓ = γ = 0, while the

external forces are “dead”. Then the elastic energy of a shell is given by the relation

Π =

∫∫

σ

W dσ −

∫∫

σ

f ·(R − r) dσ −

∫

ω2

ϕ·(R − r) ds.

Let us consider the energy increment in the perturbed equilibrium state with respect to the energy in the initial state taking

into account terms of order one and two

Π − Π0 = τ

(

dΠ

dτ

)

τ=0

+
1

2
τ2

(

d2Π

dτ2

)

τ=0

+ ...

According to the constitutive relations of an elastic shell (4) and formulae (10), (11) we obtain

dΠ

dτ
=

∫∫

σ

[

tr
(

DT
·∇0 u

)

+ tr
(

DT
·F × θ

)

+ tr
(

GT
·∇0 θ

)]

dσ −

∫∫

σ

f ·u dσ −

∫

ω2

ϕ·u ds. (13)

Differentiating (13) with respect to parameter τ and taking into account that the reference configuration coincides with

the basic stressed state and equations (10) we obtain

d2Π

dτ2

∣

∣

∣

∣

∣

τ=0

=

∫∫

Σ

[

tr
(

D·T
·∇u

)

+ tr
(

D·T × θ
)

+ tr
(

TT
·(∇u) × θ

)

+ tr
(

G·T
·κ

)]

dΣ.



From the equilibrium condition of the basic state and in virtue of (3) and (5) it follows that the first variation of the energy
dΠ

dτ

∣

∣

∣

∣

τ=0

vanish, and the second variation due to (11) and (12) could be represented as

d2Π

dτ2

∣

∣

∣

∣

∣

τ=0

= 2

∫∫

Σ

w dΣ, w = w′ + w′′, (14)

w′ =
1

2
ε ◦

∂2W

∂Y∂Y
◦ ε + ε ◦

∂2W

∂Y∂L
◦ κ +

1

2
κ ◦

∂2W

∂L∂L
◦ κ,

w′′ = tr
(

θ × TT
·ε

)

−
1

2
tr

(

θ × TT × θ
)

+
1

2
tr

(

θ × MT
·κ

)

.

(15)

The quantity w describes the increment of the elastic energy of initially prestressed shell under additional infinitesimal

deformations. According to Eqs. (14) and (15) this energy may be decomposed into two parts: the energy of a pure strain w′

and the energy of rotations w′′ . The coefficients in the quadratic form w′′ are expressed in terms of the stress and couple

tensors of the initial stressed state and do not depend on material properties of the shell. If the basic stressed state of the

shell is natural (T = M = 0), then w = w′ and the energy density reduces to a quadratic form of tensors ε and κ. If

the the decomposition (14) and the formulae (15) are compared with the similar results on increment of 3D strain energy

density [21] of micropolar body one can easily note that they coincide up to notation.

The one of well-known in the nonlinear elasticity [1,2] constitutive inequalities is Coleman-Noll inequality. The differ-

ential form of Coleman-Noll inequality (so-called GCN-condition) expresses a property of positivity of the elastic energy

density under of any infinitesimal non-zero pure strains and bending strains for any arbitrary reference configuration. It is

necessary to mention that this inequality does not restrict on the constitutive equations with regard to any rotations.

Taking into account the energy decomposition (14) we obtain an analog of Coleman-Noll inequality for elastic shells of

the Cosserat type

w′(ε, κ) > 0 ∀ ε �= 0, κ �= 0. (16)

Using formulae (15) inequality (16) can be written in the equivalent form

d2

dτ2
W (Y + τε,L + τκ)

∣

∣

∣

∣

∣

τ=0

> 0 ∀ ε �= 0, κ �= 0. (17)

Condition (17) satisfies the principle of material frame-indifference and could serve as a constitutive inequality for elastic

shells.

4 Strong ellipticity and Hadamard inequality

The famous constitutive inequalities in the nonlinear elasticity are the strong ellipticity condition and its weak form known

as Hadamard inequality. Following the theory of the system of partial differential equations (PDE) [22,23] in this section

we formulate the strong ellipticity condition of the equilibrium equations (3). In the case of dead loading the linearized

equilibrium equations have the form

∇0 ·D· = 0, ∇0 ·G· +
[

FT
·D· + (∇0 u)T

·D
]

×
= 0, (18)

where D· and G· are given by formulae similar to (9). Eqs. (18) are the system of linear PDE of second order with respect

to u and θ. If we keep in Eqs. (18) the differential operators of second order we obtain the relations

∇0 ·

{[

∂2W

∂Y∂Y
◦

(

(∇0 u)·HT
)

+
∂2W

∂Y∂L
◦

(

(∇0 θ)·HT
)

]

·H

}

,

∇0 ·

{[

∂2W

∂L∂Y
◦

(

(∇0 u)·HT
)

+
∂2W

∂L∂L
◦

(

(∇0 θ)·HT
)

]

·H

}

,

which allow one to construct the condition of strong ellipticity of the system (18). Using formal procedure [22, 23] we

replace differential operator ∇0 to the unit vector ν tangential to the surface σ, while the vector fields u and θ to the vectors

a and b, respectively. Thus, we have the algebraic expressions

ν·

{[

∂2W

∂Y∂Y
◦

(

ν ⊗ a·HT
)

+
∂2W

∂Y∂L
◦

(

ν ⊗ b·HT
)

]

·H

}

,



ν·

{[

∂2W

∂L∂Y
◦

(

ν ⊗ a·HT
)

+
∂2W

∂L∂L
◦

(

ν ⊗ b·HT
)

]

·H

}

.

Let us multiply the first equation to the vector a while the second one to the vector b and add these expressions. Then

we obtain the strong ellipticity condition of the equations (18) in the following form

ν·

{[

∂2W

∂Y∂Y
◦

(

ν ⊗ a·HT
)

+
∂2W

∂Y∂L
◦

(

ν ⊗ b·HT
)

]

·H

}

·a

+ν·

{[

∂2W

∂L∂Y
◦

(

ν ⊗ a·HT
)

+
∂2W

∂L∂L
◦

(

ν ⊗ b·HT
)

]

·H

}

·b > 0, ∀a, b �= 0.

Using operation ◦ we can transform the latter equations as follows

(

ν ⊗ a·HT
)

◦
∂2W

∂Y∂Y
◦

(

ν ⊗ a·HT
)

+ 2
(

ν ⊗ a·HT
)

◦
∂2W

∂Y∂L
◦

(

ν ⊗ b·HT
)

+
(

ν ⊗ b·HT
)

◦
∂2W

∂L∂L
◦

(

ν ⊗ b·HT
)

> 0, ∀a, b �= 0.

This inequality can be written in a more compact form using the matrix notation

ξ·AA(ν)·ξ > 0, ∀ ν ∈ Tx σ, ν �= 0, ∀ ξ ∈ IR6, ξ �= 0, (19)

where ξ = (a′, b′) ∈ IR6, a′ = a·HT , b′ = b·HT , and the matrix AA(ν) is given by

A(ν)
△
=













∂2W

∂Y∂Y
{ν}

∂2W

∂Y∂L
{ν}

∂2W

∂L∂Y
{ν}

∂2W

∂L∂L
{ν}













,

where for any fourth rank tensor K and any vector ν: K{ν}
△
= Kklmnνkνmil ⊗ in.

The inequality (19) is the strong ellipticity condition of the equilibrium equations (3) of an elastic shells. A weak form

of the inequality (19) is an analogue of Hadamard inequality for the shell. These inequalities is an example of possible

restrictions of the constitutive equations of elastic shells under finite deformations. As in the case of simple materials, a

break in inequality (19) means the possibility of existing nonsmooth solutions of the equilibrium equations (3).

As an example we consider the constitutive equations of an isotropic micropolar shell (8). In this case the inequality (19)

reduces to the system of inequalities for elastic constants

α3 > 0, α1 + α2 + α3 > 0, α4 > 0, β3 > 0, β1 + β2 + β3 > 0, β4 > 0.

The strong ellipticity condition may we written in the equivalent form

d2

dτ2
W

(

Y + τν ⊗ a′,L + τν ⊗ b′
)

∣

∣

∣

∣

∣

τ=0

> 0 ∀ ν, a′, b′ �= 0. (20)

Comparing the condition of strong ellipticity (20) and the Coleman-Noll inequality (17) one can see that the latter implies

the former. Indeed, the inequality (17) holds for any tensors ε and κ. Note, that the tensors ε and κ may by nonsymmetric,

in general. If we substitute in the inequality (17) the relations ε = ν ⊗ a′ and κ = ν ⊗ b′ then we immediately obtain the

inequality (20). Thus, the strong ellipticity condition is the special case of Coleman–Noll inequality. This is the essential

distinction between the shell theory of the Cosserat type and the theory of simple elastic materials [1,2] where these two

properties completely independent of each other in the sense that neither of them implies the other one. For 3D elastic

micropolar media the strong ellipticity and Hadamard conditions are formulated in [21].

5 Strong ellipticity condition and acceleration waves

Using approach [24], we show that the inequality (19) coincides with the conditions for propagation of acceleration waves in

a shell. We consider a motion that may be accompanied by a jump in the continuity of kinematic and dynamic quantities on a

certain smooth curve C(t), which is called singular. We assume that the limiting values of these quantities exist on C and that

they are generally different on the opposite sides of C. The jump of a any quantity Ψ on C is denoted as [[Ψ]] = Ψ+ −Ψ−.



The acceleration wave (weak-discontinuity wave or second-order singular curve) is a moving singular curve C on which

the second derivatives (with respect to the spatial coordinates and time) of the radius-vector R and microrotation tensor H

are discontinuous, while the quantities themselves and their first derivatives are continuous; i.e., the equalities

[[F]] = 0, [[∇0 H]] = 0, [[v]] = 0, [[ω]] = 0, (21)

are valid on C. According to Eqs. (1), the strain measure Y and the bending strain tensor L are continuous near C, and, in

view of constitutive equations (4), jumps of the tensors D and G are absent. The application of the Maxwell theorem [2] to

continuous fields of velocities v and ω, surface stress tensor D, and the surface couple stress tensor G yields a system of

equations that relate the jumps of their derivatives with respect to the spatial coordinates and time:

[[

dv

dt

]]

= −V a, [[∇0 v]] = ν ⊗ a,

[[

dω

dt

]]

= −V b, [[∇0 ω]] = ν ⊗ b, (22)

V [[∇0 ·D]] = −ν·

[[

dD

dt

]]

, V [[∇0 ·G]] = −ν·

[[

dG

dt

]]

.

Here, a and b are the vector amplitudes for the jumps of the linear and angular accelerations, ν is the unit normal vector to

C such that n·ν = 0, and V is the velocity of the surface C in the direction ν. If external forces and couples are continuous,

the relations

[[∇0 ·D]] = ρ

[[

K1

dt

]]

, [[∇0 ·G]] = ργ

[[

K2

dt

]]

follow immediately from the equations of motion (7).

Differentiating constitutive equations (4) and using Eqs. (21) and (22), we express latter relations only in terms of the

vector amplitudes a and b:

ν·

∂2W

∂Y∂Y
◦

(

ν ⊗ a·HT
)

+ ν·

∂2W

∂Y∂L
◦

(

ν ⊗ b·HT
)

= ρV 2
[

a·HT +
(

H·ΘT
1 ·HT

)

·

(

b·HT
)]

,

ν·

∂2W

∂L∂Y
◦

(

ν ⊗ a·HT
)

+ ν·

∂2W

∂L∂L
◦

(

ν ⊗ b·HT
)

= ρV 2
[(

H·Θ1·H
T
)

·

(

a·HT
)

+
(

H·Θ2·H
T
)

·

(

b·HT
)]

.

As well the strong ellipticity condition these relations can be also written in a more compact form

AA(ν)·ξ = ρV 2
BB·ξ, (23)

where the matrix B is given by

B =







I H·ΘT
1 ·HT

H·Θ1·H
T H·Θ2·H

T






.

Thus, the problem of acceleration wave propagation in the shell has been reduced to the spectral problem given by the

algebraic equations (23). Owing to the existence of the potential-energy function W , AA(ν) is symmetric. Matrix B is also

symmetric and positive definite. This property enables one to formulate an analogue of the Fresnel—Hadamard—Duhem

theorem for the elastic shell: The squares of the velocities of second order singular curve (acceleration waves) in the elastic

shells are real for arbitrary propagation directions specified by the vector ν.

Note that the positive definiteness of AAA(ν), which is necessary and sufficient for the wave velocity V to be real, coincides

with the strong ellipticity inequality (19).

6 Conclusion

For the nonlinear six-parametric theory of elastic shells we formulate two constitutive inequalities. The first one is analogous

to Coleman-Noll inequality (the GCN-condition) in 3D nonlinear elasticity while the second is the strong ellipticity condition.

We show that Coleman-Noll inequality is more restrictive and implies the strong ellipticity of the shell equilibrium equations.

We also investigate the conditions of existence of accelerations waves in shell and shown that this conditions is equivalent

to the strong ellipticity inequality.
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