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ON CONTRACTIONS
SIMILAR TO ISOMETRIES
AND TOEPLITZ OPERATORS

BELA SZ.-NAGY and CIPRIAN FOIAS

1. Preliminaries and introduction

1. The (unitarily equivalent) canonical model of a completely non-
unitary contraction 7' on a (separable, complex) Hilbert space is the
operator S(@) on the space $(@), associated with a purely contractive
analytic function {€, €, ,O(4)} ' in the following manner *

(1.1) 9©) = K@) 6 {Owddw: weH},
where
(L2)  ®(6) = Hg @ 4L, 4 = [ - 0 o™,

and
(1.3) SO) udv) = Py (xud®zv), uwdvE »o),

y denoting the function x(1) = 4; cf. [4], Chapter VI.

We have $(©) = {0} if and only if both € and @, are zero (ie.
equal {0}); cf. [4], Proposition VI.3.2. On the other hand, $(@) = %(©)

1 We denote by {Q{ B, (D(}'.}} an analytic function on the unit dise, whose values
are operators from the Hilbert space [ into the Hilbert space B, both spaces being
supposed complex and separable. This function is bounded if |[[@()|lx =
supy || @(A)|| is finite; it is contractive if || P(2)|] < 1, and purely contractive if,
moreover, || @(0)al| < ||a|| forall ae 9. a =+ 0. For a bounded analytic function
the radial limits @(e") = lim @(re”) (r— 1—0) exist in the strong sense, almost
uvory\khem on the unit circle.

21’(, denotes the Hilbert space of ( -vector valued, norm-square 111Leg1.1ble

funetions on the unit cirele, with respect to normalized Lebesgue measure. HG is its
subspace of functions w(e) ~ ;\;.k-—tl a,, et . these are radial limits a.c. of the cor-

responding analytie functions u(l) = Sieo a, A in the unit dise.
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ifand only if Ow @ 4w = 0, ie. w =0 forall w EH%, that is, if
€ is zero. Thus the inequalities 0 + $H(O) + R(O) simultaneously hold
if and only if

(1.4) E + {0}.

We shall assume (1.4) in the sequel.
The assumption that @(2) be purely contractive has the effect that the
operator V(@) defined on §(©) by

(1.5) Ve)uwdv) = yud v, udv e K@),

is the minimal isometric dilation of S(@) .
Note that (1.2) is just the Wold decomposition of the space §(©)
generated by the isometry V(©), that is,

(1.6) N V() RO) = {0} @ 4 L.

n=0

2. In any space L? of scalar or vector valued functions = on the unit
circle we denote by

[], and [u]_
the orthogonal projections of w to the subspaces

H?* and I?e H?,

respectively.
With a bounded analytic function {2, B, (1)} we associate the
operator

T(P): Hy— Hy
defined by
(T(D) u)(e”) = [Dle™™) ule”)]; ;

such operators are also called co-analytic Toeplitz operators.
Observe that if W is the canonical unitary transformation W : H?2 —
L* e H? defined by

W ue”) > e ule™) (ueH?),
then the transformed operator
(1.7) TN®) = Wy T(®) Wy : Lye Hy — Lige Hy
is given by

(15) (TN®) g)(e") = [B(E) )~ (¢ € Lo Hy).
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3. The principal aim of this paper is to derive a condition for an operator
valued contractive analytic function {€,E, ,©(4)} in the unit disc to
admit a “left-inverse”, i.e. an operator valued bounded analytic function
{C,,E, D(A)} such that

D) e = Ig,

and estimates for |D(-)|, . This condition will involve the operator
T(@), or equivalently, its unitary transform T(0).

The theorem obtained reduces in the particular case when @(1) is a finite
column vector over H*® to a recent result of Arveson [1], but it gives even
in this case better estimates.

2. A general condition implying similarity

Proposition 1. Suppoese T is a contraction on a Hilberl space
D =9 @®@H" such that

(i) the subspace ' is invariant for T and T|D' is isomelric,

(i) inf{lim, ||T"R||: ReD", |B| =1} = n > 0.
Then there exists an invertible operator X from © onto some Hilbert space
Q such that X T X' is an isometry on & and

(2.1) XX = 1y .
Proof. Let A = (lim,_, 7% T")"*; the strong limit exists because 7'
is a contraction. We have T* A*T = A%, and therefore |4 Tk =

A h| for all he$. Thus there exists an isometry Z on £ =49
such that
(2.2) AT = ZA.

For k' e§ we have, by (i), |T"K|]|=]|(n=201,..).
Hence,
4 K| = (420 ,%) = LIm ||T"H|E = |A|P.

As 0 = A <1, equality |44 = ||&"| implies A4 = 1". Therefore
' is invariant for 4, and hence so is " : the decomposition H =
D @ H" is reducing for A4 . Clearly,

y = inf{||4R")|: "€, &' =1}.
Because |4 (R + B)E = |B + AR = M2+ JAL* and 0 =
n <1, we infer that

(2.3) |4 A = n|k] forall hebH.
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Denote by X the operator X: § — & ( = A_QJ ) induced by A4 .
Then, by (2.2), XT X! = Z. Moreover, ||X|| <1, and by (2.3),
X7 < 1/p. Thus (2.1) holds true.

3. A connection between the operators S(©) and 7(@)

Consider the operator S(@) generated by a purely contractive analytic
function {€, €, ,O(1)} as in 1.1, that is, with non-zero (.
First observe that the linear manifold

(3.1) 900) = {[6¢l: ®dp: ¢ € Lo Hg)

and its closure $"(@) are contained in $(0) . Indeed, $0(0) is orthogonal
to any vector of the form @w @ 4w (we HEE ), because

(0@l , 0w) + (dgp,dw) = (O@¢,0w) + (¢, 4w)
= (@*0 + Sp,w) = (p,w) = 0.
Let §'(0) = H(0) e H"(0). Clearly, we have:
uEHE*,vE;}__}%, OFy + Aw ELEEGHEE’
u@veED(O = (0= (wudv, [@¢l,®49)
(6*u + dv , ¢) forall ¢ € Lo Hg

and therefore,
(3.2) D) = {u@v e HO): O*u + dv = 0}.

It follows that if u @ v € §'(0) then yu @ yv € $(@), and hence,
(@) is invariant for S(@); moreover, S(0)|$H(@) is an isometry,
namely multiplication by .

A straightforward computation shows that for any » @ v e f(0)
(cf. (1.2)) its projection to §£(0) e H(O) equals

Ow® Adw, where w=[z],, 2 =0%u+ dv.
Therefore,
',]P@(@) @) = [u@vf - 0w duP = |lud |2 — |w|.
Apply this to y"u @ y"v (n = 0,1, 2, ...) as well, and obtain

lim [Py ("« @ 7" )P = [ @ ol}* — lim | ][ ;

H—m f—+00
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the last limit obviously equals |jz]?. Thus we have for w ® v € H(0):
lim ||S(0)" (v @ v)IP = |lu @ v|* — ||@*u + Av|?*.

"=
Let, in particular, & = w ® v € $y(0), say
h=[0gl,@®49, ¢cLge Hg,

then'©@* [0 ¢l ® 449 = (0*0 + £)p — O%[O ¢l = ¢ — O*[0 ¢]-;
hence,

(3.3) lim ||S(@)" A* = [kl — llp — ©* [© ¢]|?

o = e~ e ~ B ol
where B denotes the operator on L% e H% defined by

By = 0*[0¢]_.

B is selfadjoint and 0 < B < I'; indeed, we have
(34) (Bo,p) = ([0¢l-,09) = (0¢]-,[0¢]) = |T7(6)¢|?,
where 7'"(0) is the transformed Toeplitz operator defined by (1.8). We have
(3.5) AP = [ ¢l+? + 4 ¢l* = (|0 ¢l* — l[© ¢]-I*) + |4 [
ll* — 6 ]I = ligl* — (Be,e) = lICl?,
where C = (I — B)Y*, and

(3.6) |2 —llp —Bol® = |¢l* — Be.,¢) — gl +2(Bg,p) — |Bel?
= (Be,9) —(Be,Bg) = (BC¢p,Cg).

From (3.3), (3.5) and (3.6) we infer that the infima
inf { lim [|S(©)" & : h € $3(0), k] = 1}
k  now

and
inf{ (By,y):perange C, [y =1}
1y

are equal. They remain, by continuity, unchanged and therefore equal to
each other if we allow A and y to run over all unit vectors in $"(@) and
in the closure M(C) of the range of €', respectively. Now N(C) is obviously
reducing B and for y in the orthogonal complement of R(C) we have
Cy=0, By=vy, (By,y)=|y/>. Hence we infer that the second
infimum does not change even if we allow % to run over all unit vectors

in Lo H.
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Recalling (3.4) and observing that the Toeplitz operator T(@) clearly
has the same lower bound as its unitary transform 7'%(@), on the respec-
tive unit spheres, we conclude:

Proposition 2. For any purely confractive analytic (€, E, , O(A)}
the decomposition H(O) = H'(O) @ H"(O) of the space H(O) defined by
(3.1) and (3.2) is such that

(i) S(@) | H'(®) is an isometry on H'(O),

(ii) The infima

inf { lim S(0)" Al : h € 9"(6) , [IH] =1}

L]

and
inf { |T(©) ] : weH, ul =1}

are equal fo the same value n = n(O) .

4, Similarity of S(@) to an isometry

In case the quantity 5 = 7(@) defined in Proposition 2 is non-zero we
can apply Proposition 1 and conclude that S(@) is similar to some isometry
Z on a space ¢, i.e. there exist operators

X: 9(O0)—8, X': 2—9(9)
such that

(4.1) ZX = XS@©), SeXx =X'7, X = X1
and moreover,
(4.2) XXy = 1.

Now the following is true:
Proposition 3. From (4.1), Z an isometry, it follows that there
cists a bounded analytic function {€, , €, D(A)} such that

DA ewm = Ig, DO, < X)X

Proof. The existence of a bounded analytic D(1) with the property
D(1) ©(4) = I is proved in Theorem 2.4 of [5], and an estimate for ||D(-))|
can also be deduced from the proof of that theorem. For convenience, we
give a direct and complete proof.

This proof is based upon the “commutant lifting theorem™ of [3]; see
also [4], Sec.JI.2.3. Since Z is its own minimal isometric dilation this
theorem asserts in this case that there exist operators
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Y: f0)—=28, Y': 2—>&0)

such that (using the notations of Sec. 1.1):

(4.3) ZY = YV@©), VeY = Y2z,
(4.4) YP@(@)l - 0,8

(4.5) X =Y|90), X =Pyet,
and

(4.6) 1Yy = uxi, 1y = 1.

Moreover, X' X = I@(@) implies by (4.5):
Poe) ' Y 190) = Ige);

on account of (4.4) this is equivalent to the condition
(4.7) P@(Q) (I-Y XY)k =0 forall ke&O).
From (4.4) and (4.7) it easily follows that the operator
(4.8) F=1-YY
satisfies the conditions
(4.9) F2 = F and F R0O) = H(0).
Thus F is a (bounded) parallel projection of §(©@) onto H(O)*-.
Observe that
w:wir> Owd dw (weHrfg)
is a unitary operator  : H @ — H(O)-, which commutes with multiplication

by the scalar function y. As (4.3) implies F V(@) = V(0) F, the operator
F also commutes with multiplication by x . As a consequence we have

FAVEOyKO) ¢ NVOFFRO) = 0 VO HO: = N 3" o Hg
=0 n=0 "= n=0

=0 N PHg = {0} = {0},

n=0
thus by (1.6)
FO@wv) =0 forany ved LEE .

Combining this with (4.9) we get in particular

3 PO = ROIBPO) = {(Owd dw: weHE}; cf. (1.1).
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(4100 Ou@du = F(Ou@® Au)
= FOu@0)+F(0@®du) = F(Oud0)
for any e H% g
Applying (4.9) again, we see that for every k € §(0) there exists a unique
w eﬂ% such that Fk = ww. Choosing in particular k& = w, @ 0,

Uy € H&’ , equation

(4.11) Fuey ®0) = w-Du,
defines an operator D : Hg@:. ——)-H% ; clearly
(4.12) 1D < 1.

For F, the inequality ||F|| < 1 + [|[Y'|||Y]| is immediate from the

definition (4.8). But we have even

(4.13) IFll = M — F|l,
and hence the inequality
(4.14) I < X

Indeed, (4.13) holds for any (bounded) parallel projection of a Hilbert
space onto a non-trivial subspace. This follows, namely, from the relation

Il = 1 —sup [k, g)[*

where A, g run over the sets of unit vectors satisfying (I — F)h = 0
and Fg = 0, respectively, and from the symmetry of this relation in
F and I — F . Note that in the case under consideration F projects
indeed to a non-trivial subspace of §(@) , because our assumption € + {0}
assures that {0} + H(O) + K(O) .

Thus, taking account of (4.6) and (4.12), we have

(4.15) 1ol = XXy

Next observe that as F and o commute with multiplication by 4
8o does D too. Hence it follows (c¢f. Lemma V.3.1 in [4]) that D itself is
a multiplication operator, viz.

(D ug) (A) = D(3) ug(2),

4 The authors are indebted for this ingenious and useful remark to Professor
T. Ando from Sapporo (Japan), pr&sontly visiting Szeged (Hungary).

5 This formula for F is due to V. T. Ljance and is reproduced in the book of
I. €. Gohberg and M. (+. Krein [2], VI.5.4.
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where {€., &, D(4)} is a bounded analytic function,
(4.16) PN = IO -

On account of definition (4.11) of D we have in particular
FOu®0) = w - DOu for any ue H% ,  while (4.10) means
F(@Ou®0) = w-w. Therefore, u = D @ u , and hence

D) O = Ig.

Recalling (4.15) and (4.16) the proof of Proposition 3 is done.

5. Conclusions

Combining Propositions 1—3 we conclude that if {€, G, , O(1)} is
a purely contractive analytic function for which @

(5.1) inf ( |7(@)ul|: weHg, |u| =1} = 7>0,
then there exists an analytic function {C, , €, D(1)} such that
(5.2) D) OU) = Ig and |D(), < 1fy.

Now it is easy to get rid of the restriction “purely contractive”. Indeed,
every contractive analytic function {€,E, , @(1)} is, according to Pro-
position V.2.1 of [4], direct sum of a purely contractive analytic function
{6°, 6%, @°(A); and of a unitary valued constant function {€", €, 0"}
(C =C@€, G = CLeE,). Hence it follows for any u =
wWeu e H% with components «’ € Hz@o, ' EHES" that

TO)w = T@)uw @ 60w, |T(O)uf = [T(6°)u[*+ |u'|.

In the case the first component is missing, but (5.1) is fulfilled, then, neces-
sarily, @ # {0} and # = 1, and a trivial solution for D(1) in (5.2) is
the constant function {G,E ,@*}. If both components are present
then # equals the analogous quantity #° formed for ©° (because
7 = 1) and hence (5.1) implies the existence of an analytic function
(€%, 6, D(A)} satisfying DO4) @°(2) = I ,|\D()l, < 1/m° = 1/y.
Setting D(1) = D%1) @ @'* we get a solution for (5.2).

So we can formulate our main result:

Theorem. If the contractive analytic function {E,C, , @(1)} is
such that

® This condition obviously implies (& & {0}.
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(%) |T(@)u| = 5 |jul| foran n >0 andall u EH2('5 ;
then there exists an analytic function {Cy , €, D(1)} such that
D) O = Ig for 12 <1, and [D(), < 1.

Remark 1. Inthe special case of a function {E', BV, O(2)}, where

94(2)
e = | ¢ |
In(4)

the theorem can be given the following from: If

%[ﬂk(‘l):z <1 for | <1,

k=1
and

N
2IT@) up = ?|ulp  foran 9> 0 and all w e H?,
k=1

then there exist d, e H* (k= 1,...,N ) such that, for |A| <1,
N

(53)  SdM)BA) =1 and [N < 1y (k=1,..,N).
k=1

Observe that if

(5.4) fo € H, |file =1 (k=1,..,N)

and

N
(5.5) ST w2 = €| for some & > 0 and all » e H?,
k=1

then the functions #,(1) = f. () [V N (k= 1,.., N ) satisfy the above
requirements, with # = &/V N . Hence there exist functions d,(4) asin
(5.3), and therefore the functions g,(1) = d,(2) | VN satisfy

N
(6  aWhE) =1 ad gl < Ve (k=1,..,N).

The fact that assumptions (5.4) and (5.5) imply the existence of g, € H®
satisfying (5.6) was also proved by Arveson [1], Theorem 6.3, however
with the estimate ||g,)|, = 4N &e® only.

Remark 2 The functions k,(4) = (1 — ud)? (|p| <1) span
the space H* and therefore the functions k() a (|u| <1, a €E) span
Hz@ . Thus () holds for every u € 'HEE if and only if it holds for the finite
linear combinations of these functions. Now observe that
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(T(0) k, a)(e) = [6(e™) k(e al; = k,(¢") O(u) a

and that (k,, %) = (1 —»vu)™? (|u| <1, [r] <1). Thus we infer that
condition () is equivalent to the condition that the kernel

Kp,v) = (1 —vp) (O@)*Ou) —* 1)  (lu] <1, |v]<1)

be positive definite, i.e.

M=
M=

(K (u; :,u_—,') @i ) = 0

i=1j=1

for any finite set of points g; in the unit disc and vectors @; in I .
Remark 3. Our Theorem has a rather immediate converse. Indeed
if there exists an analytic function D(4) such that

D) O() = Ig and | D(7)l, = 1fnp < ©
then we have for u e HES
w = [u]y = [De) O~ ue)]l. = [D(e) [0 ) u(e)]+]s ,

and hence

gt = #? f 1D(e™) [O(e™) ﬂ(e"‘)hll”;-i < ||IT(O) uf?.
0
Remark 4. From Propositions 1—3 and Remark 3 it readily
results the equality of the infima
inf { | X7 |1 X] : X 8(@)X is an isometry }
and

inf { |.D(-)

o D) OM) = I}
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7We use
Page 230:
Page 231:

Page 231:
Page 254:

this opportunity to correct some deficiencies of the paper [5].
N
at the end of the 9th row change @, for zfl n,
insert between the 12th and 13th rows:
-
T(0)y B Ay+C'B = —4A D"

8th row from below, insert " B = 0.
papers [6]—[8] in the References have the authors ' B. Sz.-Nagy—
C. Foias .



