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ON L1 CONVERGENCE OF CERTAIN COSINE
SUMS
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Abstract. Rees and Stanojevic introduced a new class of modified cosine

sums [gn(x) = j 2Jt_o Aa(A) + 2/iUi 2"-* Aa(_/)cos kx) and found a nec-

essary and sufficient condition for integrability of these modified cosine

sums. Here we show that to every classical cosine series/with coefficients of

bounded variation, a Rees-Stanqjevic cosine sum gn can be associated such

that gn converges to / pointwise, and a necessary and sufficient condition for

Lx convergence of gn to / is given. As a corollary to that result we have a

generalization of the classical result of this kind. Examples are given using

the well-known integrability conditions.

Theorem A gives a necessary and sufficient condition for a sine series with

coefficients of bounded variation and converging to zero to be the Fourier

series of its sum, or equivalently, for its sum to be integrable. Theorem B

shows that if such a series is a Fourier series then its convergence is "good",

that is, convergence in the L1 metric.

Theorem A [1]. Let f(x) = 2"=i b(n) sin nx where Ab(n) > 0 [Ab(n)

= b(n) — b(n + 1)] and \imn_^aa b(n) = 0. Then f G /J[0, w] or, equivalently,

2^=i b(n) sin nx is the Fourier series off if and only if2J£=i \Ab(n)\\og n < co.

Theorem B [1]. Let f(x) be as in Theorem A. If f & Ll[0, -n] then

2jt=i b(k)sin kx converges to f in the L1 metric.

There is no known analogue of Theorem A for the cosine series. Theorems

C and D only give sufficient conditions for the cosine series to be the Fourier

series of its sum.

In what follows we will denote by C the cosine series

00

jfl(O) +  2  a(n) cos nx
n= 1

where \imn^,aoa(n) = 0 and 2^°=i |Aa(/i)| < oo. Partial sums of C will be

denoted by Sn(x), and/(x) = limn^0CSn(x).

Theorem C [1]. //2J£=i |Aa(n)|log n < oo, thenf G L'[0,7t] or, equivalent-

ly, C is the Fourier series of f.

Theorem D [1]. 7/2"=i |A2a(n)|(« + 1) < oo, thenf G Ll[0,tr] or, equiv-

alently, C is the Fourier series of f.
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102 J. W. GARRETT AND C. V. STANOIKVIC

Theorem E is related to Theorem B. It shows that the classical cosine series

is not as "well behaved" as the classical sine series.

Theorem E [1]. //2£Li \A2a(n)\(n + 1) < co, then Sn converges tof in the

L1 metric if and only if lim„_+x a(n)log n = 0.

Rees and Stanojevic introduced a new type of cosine sum and obtained a

necessary and sufficient condition for integrability of its limit.

Theorem F [2].   Let

g*ix)=   2   \^r+ i a(j)coskx]
k=\ L   l       j=k J

where limn^00 a(n) = 0 and Aa(n) > 0. Then

(i) g*(x) = lim^o,, g*(x) exists for x G (0,77], and

(ii) g* G Ll[0,v] if and only i/2S°=i a(n) < °°-

This paper proves an analogue of Theorem B for this type of cosine sum.

Indeed, these modified cosine sums approximate their limit "better" than the

classical cosine series since they converge in the L1 metric to their limit when

the classical cosine series may not.

Lemma 1.   Let

g„(*) =!i  *Mk) +22 AaO)cos kx.
1 k=0 k=\j=k

Then l\mn^x g„ix) = fix), for x <= (0,4

It will be shown in the proof of this lemma that

g„ix) = S„(x) - a(n + \)D„(x).

We prefer the form given in the lemma, however, since it emphasizes better its

use in [2].

Proof. Denoting the Dirichlet kernel by Dn(x) we get

ri   " "    " 1
lim gJx) =  lim    x 2  Aaik) +22 AaO)cos kx

rt^oo    ' «^oo|_//;=o k=\j=k J

=  lim [^ +  2  a(^)cos kx - a(n + l)Dn(x) 1
n->oo|_    I k=\ J

=  lim [S„ix) - ain + l)Dn(x)} = fix),
n—»oo

x G (0,w]   since   l\mn^>a0Snix) = fix)   and   lim„_aoa(n + l)Dn(x) = 0,   x

G (0,4

Fheorem 1. Let gn be as defined in Lemma 1. Then g„ converges to f in the

if metric if and only if given e > 0 there exists 5(e) > 0 such that

So I2r=«+l Hk)Dkix)\ < e for all n > 0.

Proof. For the "if" part let e > 0. Then there exists 8 > 0 such that
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Jo l2f-»+i M*) Atol < t/2 for all n > 0. Then

£\f-sn\=£   i m*)0*w
JO JV      fc = «+l

/•a     <* r„      oo

= /      2   Ao(*)/)*W + L     2   M*)0*to

<§ +   2   MMlfl^WI
z       k=n+\ JS

< x +    2    IM*)I /    csc Jjc

= = +    2    IM*)II-2 log|csc 5/2 - cot 8/2\] < e
1      k=n+\

for sufficiently large n since 2a°=o |Aa(&)| <C co.

For the "only if" part, let e > 0. Then there exists an integer M such that

Xo" l/to - *„tol < «/2 if n > M. That is, tf |2f=II M*)4tol < e/2 if
n> M. Now if 2,t=0 IM*)I = °> then for « > M, jj 12?=,, M* )#*(*)!
< e/2 < e and, for 0 < n < A/,

f    2  M*)£*to   = T       2     ^a(k)Dk(x)   < e/2 < e.
J(>      k = n J0      k = M+i

If 2/?Lo IM^)I * 0, let 8 = e/2M 2^0 |Aa(£)|. For n > M,

-S      oo rw      oo

J       2   M*)/?*to   < L      2   M*)S*to   < e/2 < e.
J0      k=n J0      k=n

For 0 < n < M,

/       2  Aa(k)Dk(x)   <f      2   M* W*)   + L      2   Mk)Dk(x)
J0     k=n J0      k=n J0      k = M

<J     2   k\Aa(k)\ + f       2   Mk)Dk(x)

M-\

<8 2 *IM*)I + ̂
£=0 z

M-l

< 5A/  2   |Afl(*)l +^<l + ^ = e.
k=0 III

So given e > 0 there exists 5 > 0 such that f^ |2?=„ &a(k)Dk(x)\ < e for all

n > 0.

If lim^^ /J7 |/(x) - g„to| = 0, it is clear that/ G /J[0,4

£ l/to| < £ |/to - g„W| + £ \gn(x)\ < oo

since gn(x) is a finite cosine sum.

Corollary     1.    If   for    e > 0    /fen?    <?xwte    S(e) > 0    such    that
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Jo l2jtLn &a(k)Dk(x)\ < efor all n > 0, then S„ converges to f in the Ll metric

if and only iflimn_,xa(n)log n = 0.

Proof.    Using gn as defined in Lemma 1, we get

£ \f(x) - S„(x)\ = £ \f(x) - gn(x) + g„(x) - S„(x)\

< £ \f(x) ~ g„ix)\ + £ \gn(x) - Sn(x)\

= £ \f(x) - gnix)\ + £ \ain + l)Dn(x)\-

Also

£ \ain + l)Dn(x)\ = £ \g„(x) - S„(x)\

< £ \f(x) - Sn(x)\ + £ \f(x) - g„(x)\.

Since/J7 \a(n + l)Dn(x)\ behaves like a(n + 1) log n for large values of n, and

lim«^oo So \f(x) - g„(x)\ = 0, the corollary is proved.

The following examples show that known sufficient conditions for integra-

bility of the limit of a cosine series are also sufficient for the L1 convergence

of gn to that limit, since they imply the necessary and sufficient condition from

Theorem 1.

Example 1. Let 2^=i |A2tf(«)|(« + 1) < oo. Then gn converges to/in the

L1 metric space. Denoting the Fejer kernel by Fn(x), we get

£ l/W - g„ix)\ = £      2    *aik)Dkix)
JV JV      k=n+\

= i      2  ik + 1)A2a(k)Fk(x) - in + l)ba(n)Fn(x)
J0      k = n

<    2    ik + l)\£aik)\ £ Fkix) + in + 1)|Aa(«)| £ F„(x)

oo

< it 2  (k+ l)|A2a(fc)|
k = n

since JJ7 Fk(x) = 77/2 and

00

(n + l)|Aa(«)| =   2  (n + l)[\Aa(k)\ - \ba(k + 1)|]
k = n

<   2  ("+l)|A2a(*)| <   2  (*+l)|A2a(*)|.
k=n k=n

Since 2„°Li (" + l)|A2a(n)| < 00, then lim^^ Xo" l/to - ft,Ml = 0.
Example 2. Let 2a°=i |Aa(/c)|log k < 00. Then gn converges to /in the L1

metric space, for
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£ i/to - gBwi = £   i b*k)Dk(X)
JU JU      k=n+\

<    2    \Aa(k)\ £ \Dk(x)\.

Since Jq \Dk(x)\ behaves like log k for large k, and 2?=i |Aa(/c)|log k < oo,

we get lim^^^ f$ \f(x) - g„(x)\ = 0. As a corollary of this example we have

the well-known Theorem E.

Theorems C and D can be combined as in the following lemma.

Lemma 2. Let a(n) = b(n) + c(n) where 2^=i |A6(«)|logn < oo,

2f_, |A2c(«)|(k + 1)< oo, and \imn^xb(n) = lim^cM = 0. Then f
G Ll[0,tr].

It is interesting to note that in Lemma 2 we may have

00 00

2   |M*)|log« =   2   |A2a(«)|(« + 1) = oo.
n=\ n=\

Example 3. Let f(x) be as in Lemma 2. Then gn converges to / in the L1

metric. This follows from Examples 1 and 2, writing a(n) = b(n) + c(n).

Stanojevic combined Theorems C and D in a different way.

Theorem G [3]. Let a(n) = a(n)P(n) where 2~=i |Aa(/?)| < oo,

2„°°=i |A2/3(«)|(« + 1)< oo, \/i(n)\ < M, and 2S°=i |/3(«)Aa(«)|log(n) < oo.
Thenf G Lx[0,ir\.

Example 4. Let f(x) be as in Theorem G. Then gn converges to / in the L1

metric. We get

fir °°

L   \fM-g„(x)\ < M 2   \Kk)Aa(k)\\ogk
J0 k = n

oo

+ N 2  (* + l){|a(* + l)A2/8(/t)| + \Aa(k + l)Af3(k + 1)|}.
k = n

Since both series converge, we have lim„^.00 J^ |/to — gn(x)\ = 0.
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