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Abstract

The convergence of q- homotopy analysis method (q-HAM) is studied in the
present paper. It is proven that under certain conditions the solution of the equation:
(1 — nq)[L(B(t,q)) — L(ug)] — qhN[D(t,q)] = 0 associated with the original
problem exists as a power series in g.So,under a special constraint the g-homotopy
analysis method does converge to the exact solution of nonlinear problems. An error
estimate is also provided. The theorems outlined in the paper shows that the
convergence of the g- homotopy analysis method is more accurate than the
convergence of the homotopy analysis method (HAM). Illustrative examples are
presented to illustrate the effectiveness of the theoretical results.
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1. Introduction

In a series of papers[3-14], Liao developed and applied the homotopy analysis
method(HAM) to deal with a lot of nonlinear problems. The HAM provides a simple
way to ensure the convergence of a solution in a series form under certain conditions.
The Homotopy Analysis Method (HAM) is based on homotopy, a fundamental
concept in topology. Briefly, in HAM, one constructs a continuous mapping of an
initial guess approximation to the exact solution of the problems to be considered. An
auxiliary linear operator is chosen to construct such kind of continuous mapping and
an auxiliary parameter is used to ensure convergence of the solution series. The
method enjoys great freedom in choosing initial approximation and auxiliary linear
operator.In 2004, Liao published the book [15] in which he summarized the basic
ideas of the homotopy analysis method and gave the details of his approach both in the
theory and on a large number of practical examples.

M. A. El-Tawil and S.N. Huseen [2] proposed a method namely g-homotopy
analysis method (q-HAM) which is a more general method of HAM.The essential
idea of this method is to introduce a homotopy parameter, say g, which varies from 0
to 1/n,n = 1 and a nonzero auxiliary parameter h. At g = 0, the system of equations
usually has been reduced to a simplified form which normally admits a rather simple
solution. As g gradually increases continuously toward 1/n, the system goes through
a sequence of deformations, and the solution at each stage is close to that at the
previous stage of the deformation. Eventually at ¢ = 1/n, the system takes the
original form of the equation and the final stage of the deformation gives the desired
solution.

2. The q-Homotopy Analysis Method

To illustrate the basic ideas of the g-homotopy analysis method (qg-HAM), consider
the nonlinear boundary value problem

N[u(t)]=0;t € qQ, B(u(t),%)zo;te]l‘ (1)
where u(t) defined over the region Q is the function to be solved under the boundary

constraints in B defined over the boundary I of (0 . The gq- homotopy analysis
technique defines a homotopy @(t,q) : R X [0, %] — R so that

H@,q) = (1 — ng)[L(B(¢t,q)) — L(up)] — qhN[D(t,9)] =0 2)



On convergence of g-homotopy analysis method 483

where q € [0, %],n > 1 denotes the so-called embedded parameter, h # 0 is an

auxiliary parameter, L is a suitable auxiliary linear operator, u, is an initial
approximation of equation (1) satisfying exactly the boundary conditions . It is
obvious from equation (2) that

H(®,0) = L((t,0) — L(u), H(®,7) == N[B(t, )] 3)

As g moves from 0 to 1/n, @(t, q) moves from uy(t) to u(t). In topology, this called
a deformation and L(@(t,q)) — L(uy) and N[@(t, q)] are said to be homotopic. The
solution of equation (2) exists as a power series in g as we proved in theorem 3.1.

B(t,q) = uo(t) + quy (t) + qPuy (t) + -+ = Lo (t) ¢© 4)

The appropriate solutions of the coefficients u;(t) in (4) can be found from the
homotopy deformation equations, see [2]. Hence, the approximate solution of equation
(1) can be readily obtained as

u(®) = lim_1 0(t,9) = S U (6m) = S0 u(®) (2)' )

It was found that the auxiliary parameters h and n can adjust and control the
convergence region and rate of homotopy series solutions. It should be noted that in
the case of n = 1, in equation (2) the standard homotopy analysis method ( HAM) can
be reached.

3. Main Result
Theorem 3.1: The solution of equation (2) together with equation (1) exists as a
power series ing, i.e. @(t,q) = Yv oDk (t) g* If the nonlinear operator preserves on

the power series ing.

Proof:
At q = 0, then L(@(t,0)) = L(uy), hence @(t,0) = uy = 0.

Atq ¢ {0, %} and using Picard approximations we have:

(1 = nq)[L(D+(t,q)) — L(®o)] — ghN(®y) =0

Therefore
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01(t,q) = Do + 7 _qnq h L7 N(@0)] = @0 + q[1 +1nq + (n)* + - Jh LTI N(@o)]

= 0o + X721 01 (G°

Where ¢! () = n'"t h L™ [N(0,)]

q
t =
0,(t, q) ®0+1—nq |
=g, T qll +nq + (mq)* + - 1h LT, 0] ¢’]
=@y +h L Mellg +h L7 @] + nellq? + h L % + net + n?¢?lq® +
h LY g3 +ne? + n2pl + ndellq* + -+ h L ¥ + npk~2 +
n?ef 3 + -+ nf o]k + -
= 0o+ X2, 05() ¢’

h LN (@,)]

Where @} (t) = h L™ Z{;g n/ gl and N[@:(t, )] = X%, ol ql.
Proceeding in this way, the m-th approximation @,,(t, q) is given by:

B(t,q) = Bo + X2, 00, () ¢/

Where §),(t) = h L™ £/ n/ 1"k, _; and N[@,_1 (t, @)] = Yo 01 q.
Now, if lim,,_,c @%L,(t) = @' (t) then:

My, oo B (t, @) = X520 (limyy e By, (g7 = X520 87 (g7 = B(t, q)
which is a power series in q.

Theorem 3.2. Suppose that A € R be a Banach space denoted with a suitable norm
||.]|. Assume also that the initial approximation u,(t) remains inside the ball of the
solution u(t). Taking r € Rbe a constant, then for a prescribed value of h and
O<r<n,If

Uk r1 (& < U (£, )| forall k

k
Then the series solution Y —o Uk (t,n) = Y=o ur(t) (%) is convergent over the

domain of definition of t.

Proof:

In compliance with the ratio test for the power series in q, the proof is clear.
However, in order to give an estimate to the error of g-homotopy analysis method, we
give the whole proof here.
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Let S;(t,n) denote the sequence of partial sum of the series (5), we need to show
that S; (¢, n) is a Cauchy sequence in A. For this purpose, consider,

r
ISj+1&m) = S & = U@ < v @)

< (&) Iy emll <) ol ©)

n
For every i,j € N, j = i, making use of (6) and the triangle inequality successively,
we have,

15t n) = Si &, n)|
=||(S;t,n) = S;_1 (&) + (Sj—1(t,n) — S5 (E, ) + -+
+ (Spsa(8,m) = S (&, )|
< |IS;t,n) = Sy (& || + ||Sj-1(tn) = Sj_a & )| + - +
1Si+1(t,n) = Si& M)l

< (&) ottt + () Mot + -+ () oot
:(%)i+1 0o (eI St (5)” = %(ﬁ)m W&l (7)

Since0 <r<nand n > 1, we get from (7)
lim; ;o ||S;(t,n) = S (&, n)|| = 0 (8)

Therefore, S;(¢t,n) is a Cauchy sequence in the Banach space A, and this implies that
the series solution (5) is convergent.

k
It should be noted that, the series solution Y;_o Uy (t,n) = X5—o Uk (t) (%) is

divergent if

10k 1 (&I > = 11U (¢, ) | for all k

Remark 3.3: As special case, If n = 1 in above theorem , then we get the same result
of theorem (1) in [16].

J
Theorem 3.4: Assume that the series solution Y7, U;(t,n) = Xk- u; (t) (3) is

n
convergent to the solution u(t) for a prescribed value of h. If the truncated series

1\/
MUt =S (0 ()
is used as an approximation to the solution u(t) of problem (1), then an upper bound
for the error, E,(t) is estimated as

Ey(t) < (2 |Uo (e, ) )

1T
n
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Proof:
. . 1\/ . . .
Since the series X110 U;(t,n) = X7, u; () (;) is an approximation to the solution

u(t) ,then:
u(t) = lim §; (t,n)
j—oo

Where S;(t,n) denote the sequence of partial sum of the series

Xj=o Uj(t,n) = EjLow; () (%)J

Making use of the inequality (7) of Theorem (3.2), we immediately obtain

& Ut )l (10)

1T
n

lu@® —Sutnll <

Remark 3.5: As special case, If n = 1 in above theorem , then we get the same result
of theorem (3) in [16].

It should be noted that as n increases the upper bound for the error (Ej;) is decrease,
hence the convergence of g-HAM is faster than the convergence of HAM (q-HAM ;
n=1).

4. Illustrative Examples

Example 4.1: Consider the nonlinear differential equation
®_ w2, u0)=1 (11)

de
We choose u(t) = 1 and the linear operator L[@(t, q)] = _d(bitt,q)

We define a nonlinear operator as:
as(t.q)

Now the solution of equation (2) together with equation (11) for m = 1 becomes:

O (t,0) = tg + 12 L [N (@)

1_
Hence:

®.(t,q) = 1 — htq — hntq® — hn*tq® — n’tq* — hn*tq® + 0[q]°
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3.3

@,(t,q) =1 — htq+ ht(=h —n + ht)g* + (—thnt — hnt + 2h*nt? — hTt) g+
(=3h*n%t — hn®t + 3h%n%t? — BPnt)g* + (—4h°n’t — hn*t + 4h*n3t? —
2h3n%t)q° + 0[q]°

G4(t, ) = 1 — htq + ht(—=h — n + ht)q? — ht(—=h — 1 + ht)2q® + = ht(—9h%n — 9hn? —

3 q 3

3n° + 18h%nt + 9hn’t — 3h°t% — 9hne? + 2h°6)q* — = (ht(36h*n? +
24hn® + 6n* — 72h*n%t — 24hn’t + 2h*t% + 24R3nt? + 36R%n%t? — 3h*t3 —
16h3ne® + 2n*t*))q® + 0[q]°

@,(t,q) =1 — htq + ht(=h — n + ht)q? — ht(=h — n + ht)*q°> + ht(~h — n +

ht)3q* — — (h(60h®nt + 90R*n?t + 60hn3t + 15n*t — 180h3nt? — 180h%n?t? —

15
60hn3t? + 30R*t3 + 180h3nt® + 90R*n?t® — 40h*t* — 60R3nt* + 13h*t%))q° + 0[q]°

izam(t, @) =1+ ht 32 (-1D)(~h—n+ht)"'q' + 0[q]™"
Now:
limy, 00 O (t,q) = 1+ ht ¥2,(—1) (=h — n + ht)' " 1¢’
Which is a power series in gq.
Example 4.2: Consider the nonlinear partial differential Burger’s equation
Up + UUy, = Uy, u(x,0) =2x (12)
That has been found to describe various kind of phenomena, such as a mathematical
model of turbulence and the approximate theory of the flow through a shock wave

traveling in a viscous fluid [1].

The exact solution of this problem is known to be

u(x, t) = 11; (13)
For g- HAM solution we choose the linear operator :
LIO(x, t; q)] = 2222 (14)
with the property :

Llc;] =0,
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where c; is constant. Using initial approximation u,(x,t) = 2x ,
we define a nonlinear operator as

d00(x, t;
(x,t;q) N
ot

00(x,t;q)  9°@(x,t;q)

N[BCx 6 )] = - —

B(x, t;q)
We construct the zero order deformation equation:

(1 =nq)L[B(x,t; q) — uo(x,t)] = qhN[D(x, t; @)].

The m*" order deformation equation is:

L[t (2, 8) = ki1 (2, £)] = ARy (typ—q (%, 1)) (15)
with the initial conditions form > 1

Uy (x,0) =0 (16)
where:

0 m<1

k, = { ,
m n  otherwise

and

. 1 OMIN[D(x, t;
Ry (upm—1(x, 1)) = (m—1)! aC[Im(_xl b4 |q=0

O — (X,t) — 2 aZ
= mai_ + Y™ty (x, ) aum_l_i(x, t) — @umq(x, t)

Now the solution of equation (12) for m = 1 becomes
Up (2, 8) = kg1 (%, ) + h [ Ry (U1 (%, 8))ds + ¢4

where the constant of integration ¢, is determined by the initial conditions (16).
Then, the components of the solution using q- HAM are:

Uy (x,t) = 4ht(n + h(1 + 26)™ 'x, for m=1,2,3, ...

Hence the series solution expression by g- HAM can be written in the form:
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i
u(x, t;n; h) = Uy(x, t;n; h) = XM u;(x, t; 5 h) (%) (17)

Equation (17) is an approximate solution to the problem (12) in terms of the
convergence parameters h and n . To find the valid region of h, the h-curves given
by the 10" order q-HAM approximation at different values of x , t and n are drawn in
figures (1,2,3and 4). These figures show the interval of h at which the value of
Uyo(x, t; n) is constant at certain values of x,t and n .We choose the horizontal line
parallel to x — axis (h) as a valid region which provides us with a simple way to
adjust and control the convergence region of the series solution (17). From these
figures , the valid intersection region of h for the values of x ,t and n in the curves
becomes larger as n increase. Figure (5) show the h-curves given by the 30™ order g-
HAM approximation at different values of x ,t with n = 100 .

Figure (6) show the comparison between U;, of HAM and U;, of g-HAM using
different values of n with the exact solution (13), which indicates that the speed of
convergence for ¢-HAM with n > 1 is faster in comparison withn = 1.

The Absolute errors of the 10™ order solutions -HAM approximate at x = 1 using
different values of n > 1 compared with 10™ order solutions HAM approximate at
x = 1 are calculated by the formula

Absolut Error= |Ugxacr — Uapprax| (13)

Figures (7,8,9 and 10) show that the series solution obtained by HAM is more accurate
at (0 <t <0.4) but at larger t the series solutions obtained by q-HAM atn > 1
converge faster than n = 1(HAM).

[Un+1l _

It should be noted that lim,;,_,4, ST |n 4+ h(1 + 2t)| < n. Thus, in accordance

with Theorem 3.2, this holds for the values of _71 <t< . It is clear that

for the prescribed values of h, the range of t increase with the increasing of n.

—2n—h
2
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U10 U, t, n.

—  Upp3.0.1,1L

— Ujp35.03,1L
_

N

Ulo LZ,O.Z,IL

15 10 05 L

Figure (1) : h - curve for the HAM (q-HAM; n = 1) approximation solution Uqy(x,t; 1) of
problem (12) at different values of x and t.

Ulotx, t n.
8
: — Ujp3.0.1,5
— Ujg35.03,5.
U
N A U10L2,0.2,5L
““““““““ = h
3 6 4 2

Figure (2) : h - curve for the ( -HAM; n = 5) approximation solution U,y(x, t;5) of problem
(12) at different values of x and t.
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—  Ujp3.0.,20

—  U}935.03,20L
N

N

U1 2.02,20L

30 25 20 15 10 5
Figure (3) : h - curve for the ( g-HAM; n = 20) approximation solution U,,(x, t; 20) of problem
(12) at different values of x and t.

Ul()w, t,nL
8
; —  Uj03,0.1,100.
—  U}p35.03,100
N
N A U10L2,0.2,100L
150 100 50

Figure (4) : h - curve for the ( q-HAM; n = 100) approximation solution U,(x,t; 100) of
problem (12) at different values of x and t.
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U3 Lx, t, n.
81
d —  U3)3,0.1,100-

—  U3p35,03,100

U3 LZ,O.Z,IOOL

_=NAL o

T T TS S T S I S I S N M R [ h
140 120 100 80 60 40 20
Figure (5) : h - curve for the ( q-HAM; n = 100) approximation solution Ujz(x,t; 100) of
problem (12) at different values of x and t.

: — Exact
solutions

30 = Ujgnr100.
25 Uponr50.
20 Uponr20.
15 Uy nC10L
10 — Ujpals.
05 s+ Upgarl.

T
00 02 04 06 08 10 12 14
Figure (6): Comparison between U;, of HAM (q-HAM (n=1)) and q-

HAM(n = 5,10,20,50,100) with the exact solution of (12) at x =1 with ( h=-0.7,h =
—3.25,h=—-6,h=—-11.1,h = —-26.1,h = —49).
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Absolute Error
0000012,

0.00001
8.0710 ©
6. 7110 6
4.0110 ©
20110 6 .

= AE.UjoqHAMn20_

L}
|
L}
L}
]
)
)
)
K A.E.UjqHAM 1L

01 02 03 04 05

Figure (7): The Absolute error of U, of -HAM (n = 1,n = 20) for problem (12) at0 <t <
0.5and x =1 using h = —-0.7and h = —-11.1.

Absolute Error

50+
40 ¢
30
20
10/ ’

‘0

E‘}%’Wl
08 10 12 14

Figure (8): The Absolute error of U,, of -HAM (n = 1,n = 20) for problem (12) at 0.5 <t <
1.5and x = 1usingh=—-0.7and h = —-11.1.

= AEUjgqHAMn20.
A.E.UjoqHAM 0711
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Absolute Error

0.00005 * \
000004 § %
0.00003 '
0.00002 %
0.00001 .

= AE.UjpqHAMnC100
A.E.UjoqHAM 0711

01 02 03 04 05

Figure (9): The Absolute error of U,y of -HAM (n = 1,n = 100) for problem (12) at 0 <t <
0.5and x = 1 using h = —0.7 and h = —49.

Absolute Error
50

40
30
20
10

= AE.UjggHAM 17100
A.E.UjgqHAM (1

Figure (10): The Absolute error of U,y of q-HAM (n =1,n = 100) for problem (12) at
0.5<t<1.5and x =1using h =—-0.7 and h = —49.

It should be noted that the absolute error is highly decreased when modifying the
solution by taking more terms into consideration. Figures (11,12) illustrate this fact.
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Absolute Error

0.000014 \

0000012 '

0.00001 .
[ |
| |
)

8. 1110 ©
6.0110 0
4. 7010 2 .

0 02 03 04 05

— AE.U3pqHAMD[100
= AE.UjoqHAM 1100
A.E.UjgqHAM (1 _

Figure (11): The Absolute error of U,y (n =1,n=100) and U3o(n = 100) of q-HAM for
problem (12) at 0 <t < 0.5 using h = —0.7 ,h = —49 and h = —40 respectively.

Absolute Error

120
100 |
80
60
40|
20 ¢ !
! °
o N Y B R N t

08 10 12 14 16 18 20

— AE.U3yqHAM (100
= AE.UjoqHAM 17100
A.E.UjoqHAM 0711

Figure (12): The Absolute error of U,y (n =1,n=100) and Uzy(n = 100) of q-HAM for
problem (12) at 0.5 < t < 2 using h = —0.7 ,h = —49 and h = —40 respectively.
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5. Conclusion

In this paper, the g-homotopy analysis method has been analyzed with an aim to
investigate the conditions which result in the convergence of the generated homotopy
solutions of the nonlinear problems. The theorems provided here, have proved that the
solution of the zeroth-order deformation equation together with the original problem
exists as a power series in q.So, if specific values are assigned to the auxiliary
parameters in the g-homotopy analysis method, then the approximate homotopy results
successfully converge to the exact solution, and the upper bound for the error is
decreasing as q is decreased.
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