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ON CONVERGENCE OF THE NONLINEAR ACTIVE
DISTURBANCE REJECTION CONTROL FOR MIMO SYSTEMS*
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Abstract. In this paper, the global and semiglobal convergence of the nonlinear active distur-
bance rejection control (ADRC) for a class of multi-input multi-output nonlinear systems with large
uncertainty that comes from both dynamical modeling and external disturbance are proved. As a
result, a class of linear systems with external disturbance that can be dealt with by the ADRC is
classified. The ADRC is then compared both analytically and numerically to the well-known in-
ternal model principle. A number of illustrative examples are presented to show the efficiency and
advantage of the ADRC in dealing with unknown dynamics and in achieving fast tracking with lower
overstriking.
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1. Introduction. The uncertainty that arises either from an unmodeled part of
the system dynamics or from external disturbance is essentially the major concern in
postmodern control theory. Many methodologies have been developed to deal with
the uncertainty. Among them are two well-studied strategies: robust control and
sliding mode control. Both consider the worst case of the uncertainty, thus leading to
relatively excessive control effort for some particular operations of the control system.
The traditional high-gain control method (see, e.g., [19]) is sound mathematically,
but not practically since it uses the high gain not only in the observer but also in
the feedback loop in order to suppress the uncertainty. On the other hand, control
strategies based on the idea of online estimation and compensation have also been
presented. The modified high-gain control is a typical strategy of this kind (see [5, 18]);
more examples can be found in [1, 2, 3, 6, 7], to name just a few.

The active disturbance rejection control (ADRC), an unconventional design strat-
egy, was first proposed by Han in his pioneer work [14]. It is now acknowledged to
be an effective control strategy in dealing with the total uncertainty (unknown part
of model dynamics and of external disturbance). A major feature of the ADRC lies
in its ability to cancel the total uncertainty in the feedback loop after an estimation
in real time. Its power was initially demonstrated by numerical simulations [13, 14]
in the early stage, and later consolidated in many engineering practices such as mo-
tion control, tension control in web transport and strip precessing systems, DC-DC
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power converts in power electronics, continuous stirred tank reactor in chemical and
process control, micro-electro-mechanical systems gyroscope. More concrete examples
can also be found in [15, 17, 20, 22, 23, 25] and the references therein. For a more
practical perspective, we refer to a recent paper [24]. Compared to its success in ap-
plications, the theoretical study on the ADRC lags far behind. It is only very recently,
that the global convergence of a closed loop of the nonlinear ADRC was proved in [9]
for some class of nonlinear SISO systems where the zero dynamics is not taken into
account. For linear ADRC, a semiglobal convergence is obtained for the stabilization
of a kind of SISO system in [5] and generalized to a class of MIMO systems in [21].

It is the main contribution of this paper that we present both semiglobal and
global convergence of the nonlinear ADRC for a class of general MIMO nonlinear
systems. The system we are concerned with is the following partial exact feedback
linearizable MIMO system ([16]) with large uncertainties:

i'(t) = Ap, 2’ (t) + By, [flv (z(t), &(t), w; (1))
D iy (1), £01), w(t) us (1),

yi(t) = Ciz'(t),i = 1,2,...,m,

£(t) = Fo(x(t),£(1), w(t),
where u € R™, £ € R®, z = (z',2%,...,2™) € R", n = ny + - + np, Fo, fi,aij, w;
are C'-functions with their arguments, respectively, the external disturbance w =
(w1, wa, ..., wp) satisfies sup;c(g ooy || (w, W) < oo, and

(1.2) Am:<8 Inf)_l> ¢ Ba = (000.0), s G = (1.0..0)
Ni XNy

In the study of the ADRC of the system (1.1), it is generally assumed that the
unmodeled dynamics terms f;’s are unknown, the control parameters a;;’s have some
uncertainties, and the external disturbance w is completely unknown.

Let the reference input signal be v;. We then construct a tracking differentiator
with input v; and output z* as follows:

Tnfwzmw¢m+aHMHW(%—m%ww%¥)

(1.3)
i=1,2...,m.

Note that 2} can be used as an approximation of (v,)¥=1 | the (j—1)th derivative of v;.

The control objective of the ADRC is to make the output z7 track the measured
signal v;, and x; track zé, 1< j <n; 1<1i<m. Moreover, each error e§ = a:z -z
* also converges to zero, where

converges to zero in a way that the reference state z

ik

z}" satisfies the following reference differential equation:
1 (t) = a5 (t),
(1) = i (1),

(1.4) Ref:

In other words, it is required that e} = % — 2/

~ bk 1% .
b~z o) and 277 (t) = 0 as t — oo.
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It is worth pointing out that with the use of the tracking differentiator (1.3), it
is possible to deal with the signal v; whose high-order derivatives do not exist in the
classical sense, as it is often the case in boundary measurement of the PDEs.

The convergence of (1.3) implies that zjl can be regarded as an approximation of
(v;)U=1 in the sense of distribution ([8, 12]). This result is detailed below (see [12]).

LEMMA 1.1. Consider system (1.3). Suppose that 1; is locally Lipschitz contin-
uwous with its arguments. If it is globally asymptotically stable with p = 1,v =0, and
0; (the first derivative of v; with respect to t) is bounded, then for any initial value
of (1.3) and constant T > 0, lim, o |25 (t) — v;(t)] = 0 uniformly for t € [r,00).
Moreover, for any j,1 < j <n;+1, z; is uniformly bounded over RT.

Remark 1.1. We remark that all 2} are p-dependent, and that z} is regarded as
an approximation of the (¢ — 1)th order derivative of v; in the sense of a generalized
derivative (see Theorem 2.1 of [12]). If all (v;)~—1) exist in the classical sense, we may
consider simply 2z} = (v;)U=Y for j = 2,3,...,n;. In the latter case, the TD (1.3)
does not need to be coupled into the ADRC.

Owing to Lemma 1.1, we can make the following assumption.

Assumption Al. [|z(t)|| = ||(z1(t), 22(t),...,2™(t))|| < C1 ¥t > 0, where z* is the
solution of (1.3), z%(t) = (21(t),24(¢),..., 2% (t)), and C is a p-dependent positive
constant.

An important constituent in the ADRC is the extended state observer (ESO)
which is used to estimate not only the state but also the total uncertainty in system
dynamics and external disturbance.

The ESO is designed as follows:

Zi(t) = 25(t) + e gi(er (1),
wh(t) = #5(t) + ™ g3l (1)),
(1.5) ESO: ¢ . D o
Ty, () = &30 () + g3, (€1(1)) + 47 (B),
X 1 i i .
xi,ni-i-l(t) = ggni+1(el(t))a 1= 13 27 cee, 1,
where ! = (2% — 2%)/e"™, the gé are possibly some nonlinear functions, thus the

term nonlinear ADRC. When all gj— are linear, it becomes the special case studied in
[5]. The function of ESO is to estimate, in real time, both the state, and the total
disturbance in the ith subsystem by the extended state &; ;41 in (1.5).

The convergence of ESO (1.5) itself (without feedback), like many other observers
in nonlinear systems, is an independent issue. And some results are obtained in
[10, 11].

In order to show the convergence of ADRC, we need the following assumptions
on ESO (1.5) (Assumption A2) and reference system (1.4) (Assumption A3).

Assumption A2. For every i < m, |gi(r)| < Air for all ¥ € R. And there
exist constants Aij, Ai,, Aig, A ,, B, and positive definite continuous differentiable
functions Vi, Wi : R®*! — R such that

(D) Aullyl? < Vi) < Aullyll?s Asllyll* < Wity) < Aallyll* vy € R™,

™ LAV : vy : +1
2 =g D) — g TN () < —Wi R™
(2) j;(ym 9;(y1)) a9; (y) gmH(yl)aymH(y)_ Wi(y)Vy e ,
Vi avi » 1
< B R™T
® {20 |2} < sl vy e

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/23/13 to 146.141.1.92. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1730 BAO-ZHU GUO AND ZHI-LIANG ZHAO

Assumption A3. For every 1 < i < m, ¢; is globally Lipschitz continuous with
Lipschitz constant L;: |¢;(x) — ¢i(y)| < Li||lx — yl| for all z,y € R™. And there
exist constants Ab;, Ajy, Aos, A5, (5, and positive definite continuous differentiable
functions V3, Wi : R" — R such that

(1) Moy llyll? < V3 (w) < Mallyll®, Aasllyll® < Wily) < Asallyll®,

n;—1 . ‘
i avl aVl |
(2) Z yj+18—2_(y) + &i(y1, Y2, - - - ,ym)a_Q(y) < _Wiy),
o g Yn;
oVy , |
(3) '3y2. <BYIYy = (y1,y2, - yn,) € R™.

Throughout the paper, the following notation will be used without specifying
every time:

B = (2,45, ..., 4,
, xi(t) — & (t

) xi = (jﬂivj;?éa s aj:fli+l)—ra z= ('i;l—rv s 7£mT)T

1<7<n;+1,1<i<m,

gni‘l’l*j ’
el = (ei,...,eflﬁl)T, e= (elT,...,emT)T, n=x—zn =a" -2
(L7) Vi:R™™ SR, Vile)=> Vi(e), Va:R™ R, Va(n) =Y Vi)
i=1 i=1

n
We proceed as follows. In section 2, we design, using a saturated function, the

feedback control to insure that the system states stay in a prescribed compact set.
A semiglobal convergence for the closed loop is presented. In section 3, we give a
feedback control without the prior assumptions on the boundary of the initial values
that are used in section 2. A global separation principle is established under stronger
condition for the system functions than that used in section 2. In section 4, we present
a special ESO and feedback control based on some information on system functions.
The convergence proof is also presented. The last section is devoted to examples and
numerical simulations that are used to illustrate the efficiency of ADRC. As a special
case, the ADRC is applied to a class of linear MIMO, and is compared to the internal
model principle.

And uf, x|, will be specified later in different cases.

2. Semiglobal convergence of ADRC. In this section, we assume that the
initial values of system (1.1) lie in a compact set. This information is used to construct
a saturated feedback control to avoid the peaking problem caused by the high gain in
the ESO.

Assumption AS1. There are constants C7,Csy such that ||z(0)|| < Cq, |[(w(t),
(1)) < Cs.

Let Cf = maxycrn, |y|<ci+0s} V2(y). The following assumption is to guarantee
the input-to-state stablilty for zero dynamics (see [18]).

Assumption AS2. There exist positive definite functions Vp, Wy : R® — R such
that Lg,Vo(§) < —Wp(&) for all € : [|€]| > x(z,w), where y : R""™ — R is a wedge
function, and Lz, Vo (§) denotes the Lie derivative along the zero dynamics in system

(1.1).
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Set

maX{ sup Ix (2, w)l, ||€(0)||} < Cy,
2l SC14(C+1)/(min Xyy)+1, | w]| <Cs,
M, Z2<1+M2+01
(21) + max sup |fi(x7€7wi)|)a
LSESM 14| <C1+(CF +1) /(min Ay ) +1,[lw || <Cs,[|€]I<Ca
My > max | ()]

2| <C1+(CT+1)/(min Aj3)+1

The following assumption is for the control parameters.

Assumption AS3. For each a;;(x, &, w;), there exists a nominal parameter function
bi; () such that the following hold.

(1) The matrix with entries b;; are globally invertible with inverse matrix given
by

-1

fi(x)  bip(x) - tm () bi1(x)  bia(x) - bim(x)

b3 (x)  bip(x) -+ b3,,(2) bo1(x)  boa(x) -+ bam(x)
22 | A A .

(@) Ba@ o Bam@))  \bmi(@) bma(@) - (@)

(ii) For every 1 <i,j < m, b;j, bj;, and all partial derivatives of b;; and b;; with
respect to their arguments are globally bounded.
(iii)
(2.3)
¥ = max sup |aij(z,& w) — by (x)] [b;(v)]
LSIST o] SCL+(CF +1)/(min Ay + 11 SCa | w]| <Ca v R

-1
: Loy i pi 1
< mm {57 Al3 <m51An7:+1 <Ml + 5)) } :

Let satpy; : R — R be an odd continuous differentiable saturated function defined
as follows (see [5]):

r, 0<r<M,
1
(2.4) satyr(r) = —%7‘2+(M+1)7"—§M2, M<r<M+1,
M+3%, r>M+1,

where M > 0 is some constant.
The feedback control is designed as:

u;k = —SatMl (532114—1) + SatM2 ((bl(j:l - ZZ)) + Z7i7,i+1a
(2.5) ADRCS) {0~ S (2
k=1

The roles played by the different terms in control design (2.5) are as follows: &7, | ; is to
compensate the total disturbance; 7}, | = fi(z,, wi)+2?:1(aij(a:, & wi)—bij(x))u;,
¢i(" — 2%) + 2}, is to guarantee the output tracking; and &% . ¢;(&' — z°) are
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bounded by using sata, ,satar,, respectively, to limit the peak value in control signal.
Since both the cancellation and estimation are proceeding online for a particular
operation, the control signal in the ADRC does not need to be unnecessarily large.
That means the ADRC would spend less energy in control in order to cancel the effect
of the disturbance ([26])

Under the feedback (2.5), the closed loop of system (1.1) and ESO (1.5) is re-
written as

(2.6)
#(t) = A2 (t) + Bn, {fi(x(t), E(t),wi(t) + Y ag(w(t), €(t), wlt))u; (1)]
j=1

(1) = Fol(t),£(), w(),
e gi (e (1)
#(0) = A’ + () uito) + ; |

uj (t) = —satar, (7, 41(1)) + satar, (653 () = 2'(1)) + 2,41 (2),
wi(t) =Y b (@(t))ui (t)
k=1

Our first main result is stated as Theorem 2.1 below.

THEOREM 2.1. Assume that Assumptions A1-A3 and AS1-AS3 are satisfied. Let
an e-dependent solution of (2.6) be (x(t,e),%(t,e)). Then for any o > 0, there exists
an g9 > 0 such that for any € € (0,e¢), there exists an e-independent constant to > 0
such that

(2.7) |Z(t,e) — x(t,e)| < o for allt >ty
and
(2.8) limy o ||2(t,€) — 2(8)]| < 0.

The proof of Theorem 2.1 is based on the boundedness of the solution stated in
Lemma 2.2.

LEMMA 2.2. Assume that Assumptions Al, A2, AS1, AS2 are satisfied. Let
Qo = {y|Valy) < C7}, Q1 = {y|Valy) < Cf +1}. Then there exists an 1 > 0 such
that for any e € (0,e1), and t € [0,00), n(t,e) € Q.

Proof. First, we see that for any € > 0,

[ ()| < 5 (0)] + |nhyy (o), 1<j<mi—1, 1<i<m,

2.9 ) !
B9 (o) < It (O] + [Cr + My + mM; (Cy + My + Mo, n(t,e) € O,
where

*
M = max sup 7 _ aij (@, & w)l-
STISM ||2]| <C14+(C +1)/ (min Agg)+1, [ wl| <Cs, €] < Ca

Next, by an iteration process, we can show that all terms on the right-hand side
of (2.9) are e-independent. Since ||n(0)|| < Cy + C2, 1n(0) € Qo, there exists an
e-independent constant ¢y > 0 such that n(t,e) € Qg for all ¢ € [0, to].

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Lemma 2.2 is finally proved by a contradiction. Suppose that Lemma 2.2 is false.
Then for any € > 0, there exist an ¢* € (0,¢) and t* € (0, 00) such that

(2.10) n(t*,e) e R" — Q.

Since for any t € [0,to], n(t,e*) € o, and 1 is continuous in ¢, there exists a t; €
(to, tQ) such that

n(ty1,e) € 0 or Va(n(t1,e)) = CY,
[In(te, )] € 1 — Qo or CF < Va(n(ta,e)) < CY + 1,
n(t,e) €y —Q§ Vit € [ty,ta] or CF < Va(n(t,e)) < CF + 1,
n(t,e) € Qy Vit €|0,ts].

(2.11)

By (1.1) and (1.6), it follows that the errors e’ in this case satisfy

5 gi(ei (1))
(212) Eel(t) = Ani_,_lei(t) —|—A11 < 67'1) —|—8Ai2Bni+1 - y 1 S ) S m,
g, +1(e1(t))
where
Ain = (bij(w) = bij () uy,
(2.13) =t

Ais <fz (@, wi) + Y (ag (@, & wy) —bz‘j(w))“j)
j=1

along (2.6)

Since all derivatives of b;; are globally bounded, there exists a constant Ny > 0 such
that|Ai1| S 6N0H€||.
We define two vector fields of x by

h
b
(2.14) Fi(z%) = : ,
xilrkl + fi(ﬁagawi) + Za1j($7gﬂwj)uj - u;,k
j=1
(2.15) BT, @)
a: +5’“ 1 l(ei)
2L 4+ emim2gs(el)
(2.16) ,
n1 l+gn 61)+U
R T
( )T,...,Fm(gz’nf)
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Considering the derivative of x}, ,; with respect to ¢ in the interval [t1, 2], we
have
(2.17)

d m
A = = | filw, € w) +;(aw 7, 6,05) — big (1) ) ug

= [Lp(x)fi(x,&wi) + L, e) fi(x, &, w;) + %wz:|

811)1'
d - * -~ *
+ 2 | X (@& wy) = by (@) ) b5 (@)
Jil=1

ofi .
L) fi(z, &, wi) + Lp,e) fiz, §w;i) + %wz}

S aij . \pu =y s
+ Z (LF(I)(aij(xvngj) _blj( )) +LF0(5)alj(x fij) a—wzwl) ]l(x)ul

gl

Il
-

+
-

(az‘j (x,& w;) — bi (x))Lﬁ(gz) (b5 (&) ui

<

S
Il
o

+

NE

(aij (x, &, wy) — bij (@) b5 (%)

1

1 ~1 7
8 <__hM1( nHrl)gn +1(61) + Lﬁi(ii’)satMQ((bi(x F ))

.
Il
—

n;

Osaty, o ¢y . . g
— Zzs+1§472¢z(xl -2+ z;#l) )
p— Ys

By the assumptions, all [|(w,w)]|, [|z|, |€]], [|z]|, and |z} | are bounded in [t1, 2],
we conclude that there exists a positive e-independent number N; such that for all
t e [tl s tg],

(2.18)

ofi .
‘LF(x)fi(%& w;) + Ly e) fi(x, §,w;) + 81{)-%

S N17

- da;j . iy
+ (LF<z) (%‘ (2, & w;) — by (96)) + Lpy(e)aij (z, & wy) + 8—ijl) x 0% (Z)w

Jil=1

(2.19) D (ag(@, & wy) = by (@) L b (F)uf| < Nofle]| + Na,
Gl=1
(2.20)

Z (alj €T 6, w] bij (1?)) ;l (j)< hMl( nl+1)gn +1(€1) +Lﬁ‘7(jl)satM2 (d)l(jﬂ - zl))

Uz

asatM o ¢; ; .
- Z Zop1 ——— (&' — 2" + &1

N
< —lle®ll + Nalel| + N5,
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where
N = Aiwrl (Ml + %)
(2.21) X MAX1 <i<m SUP ||| <Oy +(Cf +1)/ (min Xyg) +1,[1€]| <Cl [l w]| <Cs v eR™
D lag (@, & w) — big(2)] |05, (v)] = Ay, 44 (Ml + %) v

=1
Finding the derivative of V1 along system (2.12) with respect to ¢ shows that for

any 0 < e < minlgigm()\llg — Nﬂi)/((No + Ny + N4) maxi<i<m ﬁi) and t € [0, tg],
dvi(e)

dt

along (2.12)

m 1 . . S
< Z {—ng (e") + Bill€ (N0||e| + N1+ Na|le|| + N3 + N5
i=1

N A
+ el + e )},

B2 < (L min (s = NB) — (oot N+ Na) e (3) ) el

£ 1<i<m
—|—mmaxﬁf(N1 + N3 + Ns)|le]|

1 1 . )
(— min <)\113 - Nﬁi) — (No+ N2+ Ny)

= max{\,} \¢ 1<i<m |
i mmaxﬁi(Nl—FNg—FNg,)
< max (51) ) Vice) + o V@)

Hence for any 0 < & < minj<ij<;, (N5 — NBI)/((No + Na + Ny) maxi<;<m, 31) and
t € [0,t9], one has

d I
(2.23) ZVVi(e) < - (f - H2> VVi(e) + I3,
where
o min (Aj5 - Npji) L (No + No + N4') max (3})
(2.24) max{\{y} ' max{\i,} ’

I — mmax 3t (N1 + N3 + Ns)
3= . .
VAL
Therefore, for every 0 < & < minj<ij<;, (N5 — NB1)/((No + No + Ny) maxy<i<i, 1)
and ¢ € [0, 2], we have

1 1
lell € — /7o) < —= [e<—Hl/€+H2>t AEO)
(2.25) VAL VAL t
+103 / e(_Hl/E’LH?)(t_S)ds}
0

Passing to the limit as ¢ — 0 yields, for any ¢ € [ty t2], that
1

/min{ i, }

m
Z €i1 €42 ) 50
X gnitl ) eni oo Ci(ng+1) .

7H1/€+H2)t

€(7H1/€+H2)t ‘/1(8(0)) < e(

(2.26)
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Hence for any o € (0, min{1/2, \;(C1 +Ca)/(mNg)}), there exists an 1 € (0, 1) such
that |le| < o for all € € (0,e1) and t € [t1,ts], where Ng = max;<;<,m{85(1 + L)}
and ﬁi is the Lipschitz constant of ¢;.

Notice that for any 0 < e < &1 and t € [t1,t2], n € Q1 |le]| < o,

13— 2| < [lw — &) + [|2" — 2"|| < (Cf + 1)/ min M3 + 1, [¢: (2 — 2°)|
S M27 ) )
125, 111 < leq, w1l + 2, 1] < len, 11

(2.27) + | filz, €, w;) Z (@ij(x, & w;) — bij(z))u;
Jj=1

< leh, 41l + |filz, & wi)| + 9(My 4+ My + C)
<14 Mo+ Cy + |fix, & w;)| +IMy < M.

So u} in (2.6) takes the form u} = &, | + ¢;(Z" — 2") + 2}, for all ¢ € [t1,t2]. With
this uf, the derivative of V5, along system (2.6) with respect to ¢ in interval [¢y,t2],
satisfies
—Vz =Y (-Wi(r' () + Neolln'll)
(2.28) i=1
<- 1I<Ig1<nm{A23}lln||2 +mNollelnll < 0.

which contradicts (2.11). And the proof is complete. O
Proof of Theorem 2.1. From Lemma 2.2, n(t,e) € Qq for all ¢ € (0,e1) and
€ (0,00), it follows that (2.27) holds true for all ¢ € [0,00). Therefore (2.28) and
(2.22) also hold true for any e € (0,e1) and t € [0, 00).

For any o > 0, it follows from (2.28) that there exists a o1 € (0,0/2) such that
lim; oo |7(t, €)|| < o/2 provided that |[e(t,¢)|| < o1. From (2.22), for any 7 > 0 and
this determined o7 > 0, there exists an g € (1,&1) such that ||x(¢,e) — &(t,€)|| < o1
for any ¢ € (0,e9), t > 7. This completes the proof. d

Remark 2.1. From Theorem 2.1, we can deduce the conclusion of [5] where the
output stabilization for a class of SISO system with linear ESO is used. This is just
tolet m = 11in (1.1), g;(r) = r in (1.5), and all the reference signals v; = 0.

3. Global convergence of ADRC. In the last section, we develop the semi-
global convergence for nonlinear ADRC. The advantage of this result is that the
peaking problem can be effectively alleviated by introducing the saturation function
in the control. However, the saturation function depends on the bound of initial
values. When this bound is not available, we need the global convergence. The price
in this case is probably the peaking problem, and more restricted assumptions as well.

Assumption GA1. For every 1 < i < m, all partial derivatives of f; are bounded
over R"™ where n =ny + -+ + nyp.

Assumption GA2. For every 1 < 4,7 <m, a;;(z,§, w;) = a;j(w;) and there exist
constant nominal parameters b;; such that the matrix with entry b;; is invertible:

—1

o b e by bin bz - bim
b5, b3y - b3, bar b2 - bom
rnl ;kn2 T b:imn b1 bm2 -+ bmm
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Moreover,

(3.1) min{\i;} —vm Z Bl t S[Blp )|ai;€(wi(t)) — bi|bj ALy >0 Vit €E[0,00).
ik, l=1 €l0,00

Assumption GA3. For zero dynamics, there exist positive constants K7, Ko such
that || Fo(z, & w)|| < K1 + Ka([[z]] + [|wl]).
The observer based feedback control is then designed as

Ur = d)l(jﬂ - zl) + Z’;Lli+1 - j;:u+17

(3.2) ADRC(G): § S b,
7j=1

It is seen that in feedback control (3.2), &, ., is used to compensate the uncertainty
Tho1 = filw, & wi) + 3700 (ai(wi) —=bij)uy and ¢i(F° —2")+ 2}, 4 is used to guarantee
the output tracking.

The closed loop of system (1.1) under ESO (1.5) and ADRC (3.2) becomes

@' = Ap,x' + By, <fi($,§7wi) +) aik“k) ;
k=1

ni—1 (%

€ gi(et)
(3.3) Closed-loop: { 4% = A, 413" + : n (Bm,> o
1

ggfzﬁl(ezi)

m
_ ko ok * A (mE 0 7 Y
Ui = E bipur, uj = ¢i(T ") T 241 Tyt
k=1

THEOREM 3.1. Assume that Assumptions A1-A3 and GA1-GA3 are satisfied.
Let x(t,e), Z(t,e) be the e-dependent solutions of (3.3). Then there exists a constant
g0 > 0 such that for any € € (0,eq), there exists an € and the initial value dependent
constant t- > 0 such that for all t > t.,

(3.4) [z (t,e) — &5(t,e)| <Tie™ ™7, 1<j<ni+1, 1<i<m,
and
(3.5) [2f — 2| <Toe, 1<j<m 1<i<m,

where I'1, s are constants independent of € and the initial value. However, they are
dependent on the bound of ||2"|| and ||(w,w)]|.
Proof. Using the notation of n*, e’ in (1.6), we get the error equation as follows:

ﬁi = Amni + B, [¢i(77i) + e;;qul + (¢(§CZ - Zl) - ¢z($l - Zi))],
3.6 . . _
( ) gé' = Ani+1el + 5AiBni+1 -

gf’b,ﬂrl (eli)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/23/13 to 146.141.1.92. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1738 BAO-ZHU GUO AND ZHI-LIANG ZHAO

Let
(3.7)
- d m
i = — filx, & w;) —I—Zaik w; U — U
dt along (3.3) k—1
d m
= a |: {E gawz + Z azk wz - zk)bltl <¢l(jl _Zl)
along (3.3) kil=1

l A1
+an+1 - $nz+1):| :

A straightforward computation shows that

m nsg—1
z—zzf+1 ngawl)
s=1 j=1 ’ Ox
b b* ~l l l N/ Ofi
+Skzl:1 ik Okl (9251 (T -z ) + Zp, 41— nl+1) —895%3 (z,w;)
dfi
+wzaw (2, w;) + Lpye) fiz, & w;)
(38) m " ! 1 VN a¢l l l
+ ) (@ = ba)bi 4 Y (@41 — 2h0 — M g(eh) 50, & —%)
k=1 Jj=1 Yi
+ Z (air — bir)bjy {ZleJrl - ggfml(ell)}
k=1
+ Z agk(wi)ibjy (G(E — 21 + 2,01 — Ty 1) -
k=1

It follows that

A < E§ + Edlell + ZInll + 1||8|\a
(3.9) !
= \/— Z sup |azk wz( )) - bik|bltlAm+17

= 1 t€[0,00

where 5f), EY, E4 are e-independent positive constants.

Construct the Lyapunov function V : R?m++2nmtm 5 R for error system (3.6)

as
m

(3.10) Vit onmel o em) =Y V(e + Vi)

i=1

The derivative of V' along the solution of (3.6) is computed as

(3.11)
av S - 8‘/1 i i 8V1i i
o o ;{ [Z i = G ) (e g le )

i n;—1
A av
+ Az 3ei ! g 7]J+1 2
ni+1

O b + B 2 — 6l — ) 2 W‘)}.

nq
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It follows from Assumptions A2 and A3 that

dVv
= <
dt -

1. .. A . =i
{——Wf(el) T Bl (:a el + Sl + —|e||)
along (3.6) i € €

(3.12) —
W) + Bi(Li + 1>|ei||||ni|}.

This together with Assumptions A2 and A3 gives

(3.13)
av S sy i il i (=i =i =i =
= < > { - st + gt (=25 + el + =il + S el
along (3.6) i=1 € £

= bl 17+ 85+ DI
< - (é <mm{A§3} - iﬁi?) - iﬁiEi) le]?
" (i ﬂiaa) Jell = min{2d Hinll> + 3 B3(Ls + Dllelal.
i=1 i=1
For notational simplicity, we denote
I, = min{\};} — iﬁizi, M, = iﬁiEi,
=1 i=1

(3.14)

I3 = Zﬂiaaa I, = Zﬂ%(LZ + 1)7 A= min{/\éﬁl}7
i=1 i=1

and rewrite inequality (3.13) as

av
dt

11 1
< - <_ - H2> llel|* + s lell = Alnll* + Tallel[[|]].
along (3.6) €

(3.15)

Let eq =11, /(2I1y). For every ¢ € (0,e1), Iy =111 /(2e1) < II; /(2¢) and

H1 4e H1 2 4€H% 2
3.16 II =4\/— —II < — — .
(3.16) allellimnll =/ lelly/ g el < - ell” + =g =il
Hence (3.15) can be estimated further as

dv o 112 )
. <=1 slef — (A —4e=2 :
o < = el + sflel (A eqp, ) Il

(3.17) :

along (3.6)

Now we show that the solution of (3.6) is bounded when ¢ is sufficiently small.
To this purpose, let

(3.18) R:max{2,2)\g}, aozmin{l,al, I /\Hl}.

4115 8112

For any € € (0,¢0) and |le,n| > R, we consider the derivative of V' along the
solution of (3.6) by two different cases.
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Case 1. |le|| > R/2. In this case, ||e|]| > 1. A direct computation from (3.17),
with the definition of £¢ in (3.18), gives

v

IT,
i e 1 e

T 2 1L
< - — — < — —
- <45 H3> lell” < (45 HB) =0

Case 2. |le|| < R/2. In this case, from ||n|| + ||e]| > ||(e,n)]|, ||n] > R/2. By (3.12)
and the definition of ¢ in (3.18), we have

H2
<n3||e|—(A 1k )|n|2

(319) along (3.6)

av

t along (3.6)

(3.20)

m3y\ A

A—4de—=|R°+1I3sR<—[=R-1II3 | R<O.

I 2

Summarizing these two cases, we get that for each ¢ € (0,£¢), there exist an ¢

and 7. > 0 that depends on the initial value such that [|(e,n)|| < R for all € (1%, 00).

This together with (3.8) shows that |A;| < M; + (E;/¢)|le| for all t € (T,, 00), where
M; is an R-dependent constant.

Finding the derivative of V1 along the solution of (3.6) with respect to ¢ gives, for

any t > 7., that

4%
dt

SRy i
ZEZ{Z(G}H 93( )) 5‘6/ ()
i=1 Uj=1
+@m—%H@»i“<a}

aen,;+1

along (3.6)

(3.21) m Ui P
— 'l + > Mipillel]

i—1 .
> M
i—1
/min{\¢, }

IN

IT,
emax{\i,}

Vi(e) + Vi(e).

Hence
Z M,
i=1

d 1L =
(3.22) S V") < o Vi) + 2/min{\, }

along (3.6) 2e HlaX{A112}

for all t > 7.
By the comparison principle of ordinary differential equations, we get immediately,
for all ¢ > 7., that

M, Bt

— s (- Te) ; o s ()

(323) \/‘/i(e)ge 2e max{A},} 4+ = e 2emax{Al, ds.
min{\},}

It is seen that the first term of the right-hand side of the above inequality is convergent
to zero as t — 0o, so we may assume that it is less than ¢ as ¢ > ¢. for some t. > 0.
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For the second term, we have

to_ oy s i
(3:24) I >d‘ < 2max{Al}

IT,

These together with Assumption A2 show that there exists a positive constant I'y > 0
such that

V1 (6)

< | —=2— <Tie, t >t..
1=\ Ty <5 :

(3.25)

Equation (3.4) then follows by taking (1.6) into account.
Finding the derivative of V5 along the solution of (3.6) with respect to ¢ gives, for
all t > t., that

(3.26)
m n;—1
Vs f av2
dt B Z { Z nJ'H
along (3.6) =1 —

o) + e:‘wl e =) el = )

{=W3(n') + By(Li + Dle'lllIn*]|}

s
Il
-

{=Ws(n') + Ba(Li + DTeelln’[|}

o

i=1

By Assumption A3, we have, for any t > t., that

" > By(Li+1)le
327) =2 < —min { X3/ App } Va () + ==/ V2 ().
dt along (3.6) { » 22} mln{/\él}

It follows that for all ¢ > ¢.,

/) Zﬂz Li+1)Tie
min { A3 /Ao

< - —\/ —|— =
along (3.6) \/ mln{/\él}

Applying the comparison principle in ordinary differential equations again, we
get, for all ¢t > t., that

(3.28) Va(n)

anfotat) > B5(Li+ 1)e

Vi) <e — =z ) V(nt.)) + =2 _
(3:29) ) < 2¢/min{ AL, }
t min{ Abs /A%
[t vy,
t

=

Noting (1.6), we finally get that there exist T, > t. and I'y > 0 such that (3.5) holds
true. The proof is complete. O
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4. ADRC for external disturbance and parameter mismatch of control
only. In this section, a special case of ADRC is considered where the functions in
dynamics are known in the sense that for any 1 < ¢ < m, fi(x,& w;) = fi(x)—i—f(é, w;),
where ﬁ is known. In other words, the uncertainty comes from external disturbances,
zero dynamics, and parameter mismatch in control only. In this case, we try to use
the known information in the design of the ESO.

In this spirit, for each output y; = 2% (i = 1,2, ...,m), the ESO is designed below
as ESO(f) to estimate x; (G=12,....,np)and @}, | = fil& wi)+> 5, air(w;)u;—ul:

3

b =+ el
&y = & + Mg eh),
(4.1) ESO(f): :
T = T+ g0, () + F(@) + ],
B = 20 i =12 m,

and the observer based feedback control is designed as

“r = _f(‘%) + (bl(‘%z - Zl) + ZZL,;—Q—l - i‘fli—}—li
m

U; = Z brjUj,
i=1

where the b}; are the same as that in Assumption GA2.
The closed loop system is now composed of system (1.1), ESO(f) (4.1), ADRC(f)
(4.2):

(4.2) ADRC(f):

i = Ap,x' + By, <fi($,€7wi) +)° aik”k) ;

k=1
e lgi(el)
A X3 . Bn F/~ *
Bt | 0 | () d@ .

(4.3)  Closed-loop(f): ; ;
gg7u+1 (61)

m
§ * %
U; = bikuk,
k=1

uf = —f(2) 4 ¢s(F — 2%) + zfnﬁl) - :?:EniJrl).

Assumption A4. All partial derivatives of fi, f; are bounded by a constant L;.

THEOREM 4.1. Let x}(t,s)(l <j<n,l<i<m)and gﬁé(t,s)(l <j <
n; +1,1 <i < m) be the solutions of the closed-loop system (4.3), zt, 1 = f(&,w;) +
Sy ai(wi)u; — ul be the extended state. Assume Assumptions A1-A4, GA2-GA3

are satisfied. In addition, we assume that (3.1) in Assumption GA2 is replaced by
(44)  min{Xiz} = BiLi—vm Y Bi sup |aik (wi(t)) — bik|bfy ALy 41 > 0.
i=1 ikl=1 t€10,00

Then there is a constant g > 0 such that for any € € (0,eq), there exists a t. > 0
such that for all t > t.,

(4.5) |gc§(t,£) - ;%;-(t,s)| <Tye™ 2 1<j<n;+1,1<i<m
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and
(4.6) |25 (t,e) — 25(t,e)| < Tae, i=1,2,...,m,

where I'1, Ty are € and the initial value independent constants (again they depend on
the bound of ||z*|| and ||(w,w)||).
Proof. The error equation in this case is

0= Anif + By [6i(F — 2) + €, 41 + filw) — fi(@)],

(4.7) 5 gi(e1)
g€' = Ap,41€' + ( S) (fi(z) = fi(Z)) + €hi Bn+1 — : :
g’fli-‘rl(e?i)’

where
(4.8)

d m

hi = — F(& wy) +Zam (wi)ur — uj
dt along (4.3)

Msi

= (@ir(wi) = bi)bjy (Do (& — 21 + 2L, 1 — &L 1)

4
dt along (4.3)

{f(fawz‘) +

k=1

A direct computation shows that

(4.9)

hi = Lpy(e) fi(§,wi) + wig—ii(f,wi)
m ny . a(bl .
+ Z (azk(wl - b’Lk bkl Z J+1 1€ g]( )) ay ( - Z)
j=1 j

k

1

1

+ Y (o)~ bt {24, - gng(ei)}

NE

k.l

1

+ @i,k (Wi )wibgy (¢l(9~cl - Zl) + Z1ln+1 - ii’bﬂrl) .

1

-

1
It follows that

o : o
il < ©f + Oile]| + O3 |Inll + —llell,

(4.10)
=vm Z sup |agx(w;(t)) — bik|bZlA£”+1

k= 1t€[000

for some e-independent positive constants ©F, ©%, ©%.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/23/13 to 146.141.1.92. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1744 BAO-ZHU GUO AND ZHI-LIANG ZHAO

Find the derivative of V' along the solution of (4.7) to get

Z{ [i (s = ) G €)= () o)

along (4.7) i=1 j=1

av
di

+ (i)~ i@ >>§VV;<Z‘>
n;—1 a 2
(4.11) oV az . an vy

; {@(ni) eyt [Bi(E — ) — il — 2]

+ () — N ) .

n;

By Assumptions A2 and A3, we get

av - { 1o LBl o
— < — =Wi(e') + —[ell
dt along (4.7) ; € €

AR 7 i 7 61
(t.12) + il (65 + Ol + O3l + e

W) + BT + L + 1>||e||ni|}.

This together with Assumptions A2 and A3 again gives

(4.13)
av - sy iy, Libi
v <> - e+ 2
along (4.7) i=1 € €

AP i i 7 @i
+ il (64 + 0tlel + 051l + e
=l 2+ B+ Lot Dl
<- (— (mm{A 5} - Zﬁl@z Zm ) —Zﬁi@i) lell?
=1

+ (Z ﬂi%) lell — min{Xyq } ]| + Zﬂ%(Li +Li+1)elllnll.

i=1 i=1

For simplicity, we introduce the following symbols to represent the parameters in

(4.13):

$1 = min{\;} — ZB{@l - Zﬁiiz, 2 = Zﬁi
i=1 i=1 i=1

(4.14) m m
$3:Zﬁi®6a $4:Zﬁ;(l@+l~/i+1), )‘:min{)‘%}ﬂ
=1 =1

and rewrite inequality (4.13) as follows:

av $1

w < (B 82 el + Salell = Nl + Sl .
along (4.7)

(4.15) 7
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It is seen that (4.15) and (3.15) are quite similar. In fact if set II; = $;, then
(4.15) is just (3.15). So the boundedness of the solution to (4.7) can be obtained
following the corresponding part of the proof of Theorem 3.1 that for any ¢ € (0, &),
there is a 7. > 0 such that ||(e,n)| < R for all t € (T.,0). This together with (4.9)
yields that |h;| < M; + (0;/¢)|le]| for all ¢t € (T.,00), where M; is an R-dependent
positive constant.

Finding the derivative of V1 along the solution of (4.7) with respect to ¢ gives, for
all t > 7., that

(4.16)
dVi _1 - = i i i 3‘/11' i v e 3‘/11' i
‘E}mﬂm—ggng@ﬂ—%@naé@)+U@—ﬂ@b%@)

(D= (1)) 50— () }

8eni+1

m
. o
— 'l + Y M€l
i=1

> MB;
i—1
Vmin{\i; }

IT,
emax{\,}

Vi(e) + Vi(e).

It follows that

> M
i=1
2y/min{\}; }

Finding the derivative of V5 along the solution of (4.7) with respect to ¢ gives
(4.18)

dVa

dt

4
dt

1 —V/Vi(e) +

(4.17) Vi(e) <
along (4.7) 2¢e max{/\12}

Vit>Te.

n;—1

=Z{Zm+1al ) { i) + ep 41 + (fil2) = F(2))

+ [pi(2' — 2") — pi(a’ — )]} g;? (ni)}

along (4.7)

{=Wan') + B5(Li + Li + Dl 1n']]}

L.

s
Il
-

o

{=Wan') + B3+ Li+ DTuelll|} ¥ ¢ > te.

i=1

By Assumption A3, we have

v,

pm < —min{/\és/)\lﬁ}VZ(n)

along (4.7)

Z ﬁ%(LZ + f;z + 1)F16

4 =t ___ V() Vit > t..
Vmin{As, }

(4.19)
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It follows that

d min { A4 /A
VA < -mnUh /)
along (4.7)
4.20 mo -
( ) Z ﬁ%(LZ + Li + 1)F1€
+ = V> t..

2y/min{\}; }

It is seen that (4.17) and (4.20) are very similar to (3.22) and (3.28), respectively.
Using similar arguments, we obtain Theorem 4.1. The details are omitted. a

5. Examples and numerical simulations.

5.1. Nonlinear ADRC for total disturbance.

Ezample 5.1. Counsider the following MIMO system:
i1 =y, @y = fi(e, ¢ w) + anur + argus,
it =3, @5 = fa(z,(,wa) + aziur + axuz,
¢ =z} + 2% 4 sin¢ + sint,

_ 1 _ 2
Y1 = Ty, Y2 = X7,

(5.1)

where y1,y2 are the outputs, and w1, us are inputs, and

filal, 2l 22 22 ¢ wy) = 2t + 23 + ¢+ sin(2d + 23)wy,
(5.2) folal, 2d 22 22 ¢ we) = 2k + 22 + ¢ + cos(x] + 22w,

1 1 1 6o—
ayn =14 qgsint, aip =1+ f5cost, ag =1+ 527", ag = —1,

are unknown functions.
Suppose that external disturbances wy, w2, and the reference signals v',v? are as
follows:

(5.3) wy =1 +sint, wy =2 'cost, v! =sint, v? = cost.

Let ¢ = ¢2 = ¢ : R?2 — R be defined by ¢(r1,72) = —9r; — 6r2. The objective
is to design an observer based feedback control so that z¢ — 2% and x} — 24 converge
to zero as time goes to infinity in the way of the following global asymptotic stable
system converging to zero,

] = x5,
(5.4) { L
where 2%, 2% 2% are the states of the tracking differentiator (TD) to estimate the
derivatives of v;. For simplicity, we use the same TD for v; and vy as follows:
2 =2,

(5.5) 2 =25,

Z=—p°(2] —vi) = 3p%2 — 3pzg,i = 1,2,

Since most of the functions in (5.1) are unknown, the ESO design relies on very
little information of the system, and the total disturbance should be estimated. This
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is quite different to the problem in [18] where only the uncertain constant nominal
value of control is estimated. Here we need the approximate values b;; of a;;:

(5.6) b1y = b2 = b1z =1, by = —1.

bj; is found to be

(5 7) bél'.cl bT? _ 1 1 71: % %
' b31 532 I -1 % - '

By Theorem 3.1, we design the nonlinear ESO for system (5.1) as

| =

I3 N 6 ~ yl—i’l
x%:@‘?g(@/l—ﬂ)—gq’(?l ,

7 =£§+§(y1 — &) +ui,
‘%:15 = E%(yl - &),

(59) =83+ 2 - 4))
B =3+ (-8 + b
B =S -,

1 a1 1 14l
—zl,x2—22)—|—z3 — I3,

1
1

2 2.2 2 2 a2
-t 85— 23) + 25 — 23,

S
% =
Il
<
¥
—
=

where ® : R — R is given by
(5.9) O(r) =

The ADRC for this example is the observer based feedback given by

1 * * * *
(5.10) up = 3 (uj +ul), ug = 5 (ul —uj).

We take the initial values and parameters as follows:

2(0) = (0.5,0.5,1,1), £(0) = (0,0,0,0,0,0), z(0) = (1,1,1,1,1,1), p = 50,
e =0.05, h = 0.001,

where h is the integral step. Using the Euler method, the numerical results for system
(5.1)—(5.3) under (5.5), (5.4), (5.8), and (5.10) are plotted in Figure 5.1.

Figures 5.1(a), 5.1(b), 5.1(d), and 5.1(e) indicate that for every i,j = 1,2, &’
tracks x4, 2! tracks (v;)0 ™Y, and &} tracks (v;)0~" very satisfactorily. In addition,
from Figures 5.1(c) and 5.1(f), we see that &% tracks satisfactorily the extended state
or total disturbance gcg = fi + ajiur + ajpus — ul.
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) z1(blue), £1(red), v1 (yellow), z1 (green)  (b) zl(blue), £ (red), 91 (vellow), 23 (green)

—
o

1 15

100

0.5

0 ‘(/\
1
h 0 2 4 6 8 10 7‘50 2 4 6 8 10
(c) x3(green), z1(red) (d) z2(blue), £1(red), va (vellow), 22 (green)

250

150

100

[ 2 4 6 8 10 [ 2 4 6 8 10

(e) z3(blue), #3(red), v2 (yellow), 22 (green) (f) 3(green), 23 (red)

Fic. 5.1. Numerical results of ADRC for system (5.1), (5.5), (5.8), and (5.10) with total
disturbance (for interpretation of the references to color of the figure’s legend in this section, we
refer to the PDF version of this article).

The peaking phenomena of the system states 3, ¥3 plotted in Figures 5.1(b) and
5.1(e) with the blue curve, and the extended states z3, 2% in Figures 5.1(c) and 5.1(f)
with the green curve are observed.

To overcome the peaking problem, we use the saturated feedback control in The-
orem 3.1 by replacing uj, u5 with

ut = satag (¢1 (&1 — 21,28 — 21) ) + 21 — satao (&),
(5.11)

u; = satQO (d)z (Zfl% — Z%,Zfig — Zg) ) + Zg — Satzo(ig).

For simplicity, we use the exact values of (vi)(j —1 instead of zjl Under the same pa-
rameters as that in Figure 5.1, the numerical results under control (5.11) are plotted in

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/23/13 to 146.141.1.92. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

NONLINEAR ACTIVE DISTURBANCE REJECTION CONTROL 1749

0 2 4 6 8 10 0 2 4 6 8 10

(a) z1(blue), £1(red), v1 (yellow) (b) xi(blue), #1(red), 01 (yellow)

o},
-1
-20

0 2 4 8 10 “o 2 4 6 8 10

(c) z}(green), 21 (red) (d) 22(blue), #1(red), v2(yellow)

0 2 4 6 8 10 0 2 4 6 8 10

(e) x2(blue), #2(red), v2 (yellow) (f) 3(green), 23 (red)

Fia. 5.2. Numerical results of ADRC for system (5.1), (5.5), (5.8), and (5.11) with total
disturbance using saturated feedback control (for interpretation of the references to color of the
figure’s legend in this section, we refer to the PDF version of this article).

Figure 5.2. It is seen that the peak values of the states 23, 3 plotted in Figures 5.2(b)
and 5.2(e) with the blue curve, and the extended state x3, 22 plotted in Figures 5.2(c)
and 5.2(f) with the green curve are reduced significantly.

5.2. Output regulation: ADRC vs. IMP. The internal model principle
(IMP) deals with the general output regulation problem of the following:
T = Ax + Bu + Pw,
(5.12) W = Sw,
e=Czr — Qu,

where x is the state, w the external signal, B the control matrix, C the observation
matrix. The control purpose is to design the error feedback so that the error e — 0
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as t — oo, and at the same time, all internal systems are stable. The following
Proposition 5.1 comes from [4].
PROPOSITION 5.1. Suppose that (A, B) is stabilizable and the pair

(5.13) . (5 %)

is detectable. Then the output regulation is solvable if and only if the linear matrix
equations

MS = AM, + P + BM,,

(5.14) 0 Cits - 0.

have solutions ]\Zfl and Mg,
It is well known that when the output regulation problem (5.12) is solvable, then
the observer based feedback u is given by

(5.15) u= K(& — M) + M,

where (2, w) is the observer for (z,w):

(5.16) (i) - (‘5‘ ];) (i) + (x;) (Ci — Qi —e) + (?) “

The closed loop system, with error states T =2 — z and w = w — w, is

i = (A+ BK)z + Pw — BKMyw + BMyw + BKi + B(My — K M),

2\  [(A+N,C P—-NQ\ (&
(517 @‘( NC s—m> (@)7
w = Sw,

where K is chosen so that A+ BK is Hurwitz, My, M, satisfy matrix equations (5.14),
and the matrices N1, Ny are chosen so that the internal systems are stable, in other
words

(5.18) (A+N10 P—NlQ)

NoC S — NoQ

is Hurwitz which is equivalent to that (5.13) is detectable. It should be pointed out
that if w is unbounded, the control (5.15) may be unbounded.

We show that ADRC can be used to solve the output regulation for a class of
MIMO systems in a very different way. Consider the following system:

5.19
( ) ezy—Qw, y:Cl’a

{ T = Ax + Bu + Pw,

where z € R!, y, u,w € R™, Ais an [ x | matrix, B is [ x m, and P is [ x m. Notice that

as opposed to (5.12), here we do not need the known dynamic of the disturbance w.
DEFINITION 5.2. We say that the output regulation problem (5.19) is solvable by

ADRC if there is an output feedback control so that for any given o > 0, there exists
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a ty > 0 such that |e|| < o for all t > tg. Meanwhile, all internal systems including
control are bounded.

In order to apply ADRC to solve the regulation problem (5.19), we need TD to
recover all derivatives of each Q;w up to r; + 1, where @); denotes the ith row of @,
and the ESO to estimate the state and the external disturbance by the output y.
Among them TD is actually an independent link of ADRC.

For simplicity and comparison with IMP, where all loops are linear, here we also
use linear TD for all 1 <14 < m, a special case of (1.3) as follows:

(5.20)

i
22

LTD: £(t) = Ay, 422" (t) 4+ By p2p" (dil(Zi - in),digz, coos i(r,12) p(m-—:f)> :

The ESO we used here is also linear; that is a special case of (1.5):

5 Bl (cix — 21))
(5.21) LESO: &' = A, 20" + ( T(‘)“) ul +
ki(r;+2)

eri T2 (ciz — 5511)
In addition, the ADRC (control «*) also takes the linear form of the following:

ri+1

(5.22) up = =& ot ) hiy (8 - 2),
j=1

where constants d;;, kij, hij are to be specified in Proposition 5.3 below.
PROPOSITION 5.3. Assume that the following matrices are Hurwitz:

—kiy 1 -~ 0

D; = ( 0 Irqurl ) ’ K; = : . .. -,
din o dirito) : : .o
(5.23) ~kirig2) 0 -+ 0

0 I,
H = ),
<hi1 hi(rH—l))

The disturbance is assumed to satisfy ||(w,w)|| < oo, and there exists a matriz PT
such that P = BPY. Suppose that the triple (A, B,C) is decoupling with relative

degree {ri,ra,...,mm}, that is equivalent to the following matriz, is invertible:
1AM B
A B

(5.24) E= . )
cmA™ B

where ¢; denotes the ith row of C. The output requlation can be solved by ADRC
under control w = E~'u* if one of the following two conditions is satisfied:
D) n=ri+re+---+ry =1 and the following matriz Ty is invertible:

ClA
(5.25) Ty =| ¢ A"

Tm
CmA nxl
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(IT) n <1 and there exists an (I —n) x I matriz Ty such that the following matriz
T5 is invertible:

T
(5.26) R:( ) :
To Ix1

and TOATE1 = (A(l,n)xn, fl(l,n)x(l,n)), where A is Hurwitz and ToB = 0.
Proof. By assumption, the triple (A, B, C') has relative degree {r1,...,7m}, so

(5.27) GA*B=0Y0<k<r,—1, A" B#0.
Let

(5.28) Th=cA e, =1, i+, i=1,2,...,m.

Fori=1,2,...,m, finding the derivative of 7}, we get

T = ciAlx + ;A Bu + AT IBPfw = ¢; Alg = iy,
(5.29) P=1,2,.
Ty,41 = A 4+ ¢ A" Bu+ ¢; A" Pw.

(I) r1+7r9+ -+ rm +m =1 In this case, under the coordinate transformation
Z = Ty, system (5.19) is transformed into

i =i
L] = Ty,

Th = 7%,
(5.30)

i‘ﬁ,i_,_l = ciA”JrlTl_la? 4+ ¢; A" Bu 4+ ¢; A" Pw.

It is obvious that (5.30) has the form of (1.1) without zero dynamic.
(IT) n < I. In this case, let Z = Tix and £ = Tyx. Then

i =i
L] = Ty,

i =i
Loy = T3,

(5.31) i
‘%i’i—i—l = CiA”JrlTQ_l <€) + CiA” Bu + CiA”P’w,
¢ = TyAT; ! (g) — At + Az,

which is also has the form (1.1). . B . B
Now consider the zero dynamics in (5.31): §{ = A¢ + Az. Since A is Hurwitz,
there exists a solution P to the Lyapunov equation below:

PA+P P =1,

where I denotes the identity matrix. We claim that the zero dynamics is input-to-
state stable. Actually, let Lyapunov function Vg : RI=™ — R be V,(€) = (P¢, €), and
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let x(z,w) = 2Amax(AA)||Z]|2, where Amax(PA) denotes the maximum eigenvalue of
(PA)(PA)T.
Finding the derivative of V[ along the zero dynamics gives

o) _ ¢m AT be 37 AT Pe+ €T PAE + €T Pz

(1€l + 24/ Amax (PA) €|

<
< —3lIE1? + x(@).
So, the zero dynamics is input-to-state stable.

Since all dynamics functions in (5.30) or (5.31) are linear, they are C* and globally
Lipschitz continuous. All conditions for dynamics required in Theorem 3.1 are satisfied
for systems (5.30) and (5.31). Meanwhile, since matrixes D;, K;, H; are Hurwitz, all
assumptions for LESO (5.21) and feedback control in Theorem 3.1 are satisfied for
systems (5.30) and (5.31). It then follows directly from Theorem 3.1 that for any
o > 0, there exists pg > 0, g9 > 0, and e-dependent t. > 0, such that for every p > po,
e € (0,e9), |le]| < o for systems (5.30) and (5.31). Moreover, since all TD, ESO, and
ADRC are convergent, all internal systems of systems (5.30) and (5.31) are bounded.
The result then follows by the equivalence between systems (5.30), (5.31), and system
(5.19) in the two different cases, respectively. O

Remark 5.1. In order to alleviate the peak value near the initial time, by The-
orem 2.1, if the bound of all (r; + 2)th order derivatives of v; = Q;w and the initial
value of the system are known, we can use the saturation function in (2.4) to saturate
as (§ = satyg(25), and w* in (5.22) is modified as u* = —satar, (#},,41) +satar, (6 (2" —
¢") + ¢k 41, where Mj is larger than the bound of all (r; + 2)th order derivatives of
v; = Q;w, and My, My are chosen according to (2.1).

Remark 5.2. We can compare the IMP over ADRC for the class of linear systems
discussed in Proposition 5.1 as follows: (a) the IMP requires known dynamic S of
exosystem, but ADRC does not; (b) in the design of the IMP, when the orders
of internal and exosystem are high, it is very difficult to choose the corresponding
matrices in (5.18), while ADRC does not need these and is relatively easy to design;
(¢c) the IMP pursues disturbance injection while the ADRC pursues disturbance
attenuation; (d) generally, two approaches deal with different classes of systems.

In order to have a more direct comparison of IMP and ADRC, we use a concrete
example of the following that can be dealt with by two approaches.

Ezxample 5.2. Consider the following MIMO system:

&= Ax + Bu+ Pw, y=~Cl,

(5.32) w = Sw,
e=y—Qw,
where
0 1 0 0 0
A= |1 1,B:11,C:((1)8(1)>,
1 -1 1 1 -1
(5.33)
00 00 0 1
P= (1)(1) Q:(o 1)’ S:<—1 0)
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0 5 10 15 20 o 5 10 15 20

(a) z1(green) (b) xz3(green), cost(red),

F1c. 5.3. Numerical results of IMP (5.17) for Ezample (5.2) (for interpretation of the references
to color of the figure’s legend in this section, we refer to the PDF wversion of this article).

A direct verification shows that the following matrix K makes A + BK Hurwitz:

- (=5/2 —4 -2

(5.34) K_(5/2 A 2).

Solving the matrix equations (5.18), we get the solutions as follows:
0 0

(5.35) Mi=|0 0], My= —L=3/2)
01 0 1/2

Furthermore, we find that the matrices Ny, Ny below make the matrix in (5.18) Hur-
witz:

-7 0
(5.36) Ni=| —22 o], sz(_iff 8).
—53/5 0

Choose
z(0) = (0,0,0), (0) = (0.1,0.5,0.5), w(0) = (0,1), w1(0) = (1,0), h = 0.001,

where h is the integral step. The numerical results for system (5.17) with specified
matrices in (5.33), (5.34), (5.35), (5.36) are plotted in Figure 5.3. These are the whole
process of applying IMP to system (5.32).

Now let us look at the design of ADRC for system (5.32). First, the TD given
below is used to recover the derivatives of Qw and Qow, where Q = (Q1,Q2)":

1 1

2.:1 = 2327
4=z,
(5.37) i = —p3(2] — Qrw) — 3p?z4 — 3pza,

7 =23,
4 = —2p°(2} — Qaw) — p3.

The ESO is designed below by injection of two outputs ¢z, cox, (c1,¢c2)" = C into
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(a) z1(green) (b) z3(green), cost(red),

Fic. 5.4. Numerical results of ADRC for Example (5.2) (for interpretation of the references to
color of the figure’s legend in this section, we refer to the PDF wversion of this article).

system (5.32):

>e

=5+ 2z —2}),
R L (c1w — #1) + uy + ug,
(5.38) i} = S (crw — 2},
i’% =33+ %(cza: — &%) 4+ u1 — us,
{ i’% = E%(czx —22).

The observer based feedback controls are designed by

uj = —9(&] — 21) — 6(25 — 23) + 23 — 3,
(5.39) uh = —4(2% — 2%) + 23 — 13,
wy B

The numerical results by ADRC (5.37), (5.38), (5.39) for system (5.32) are plotted
in Figure 5.4 with initial values 2(0) = (0.5,0.5,0.5), £1(0) = (0,0, 0), #2(0) = (0, 0),
240) = (1,1,1), 22(0) = (1,1), p = 50, = 0.005, and the integral step h = 0.001.

Figures 5.3 and 5.4 witness the validity of both IMP and ADRC for the regulation
problem Example 5.2. It is seen from Figures 5.3 and 5.4 that Figure 5.4 has the
advantages of fast tracking and less overstriking.

Finally, we indicate the possible disadvantage of the peaking problem produced by
the high gain in the ESO, which may lead to high energy in control. This phenomenon
can be avoided effectively by saturated control as stated in Remark 5.1.

6. Concluding remarks. In this paper we established both the semiglobal con-
vergence and global convergence of the nonlinear ADRC for a kind of MIMO system
with large uncertainty. The key idea of ADRC is to use the ESO to estimate, in
real time, both the state and the total disturbance (or extended state) which may
arise from unknown system dynamics, external disturbance, and control parameters
mismatch, and then cancel all the uncertainties in the feedback loop (Theorems 2.1,
3.1, and 4.1). As a result of this online estimation, the ADRC is expected to need
less energy in control in comparison to other control strategies such as robust control,
sliding mode control, and internal model principle. The nonlinear ADRC discussed
in this paper extends the applicability of ADRC; it particularly covers as a special
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case the linear ESO for the stabilization of a nonlinear SISO with uncertainty used
in [5] where the semi-global (local) convergence depends on the bound of the initial
values. It also covers the ESO used in [18] for the stabilization of nonlinear SISO
by estimating constant nominal value of control. For more discussions of the linear
ADRC, we refer to [21].

The efficiency of ADRC in dealing with large uncertainly is demonstrated by
simulations. Furthermore, for a class of linear MIMO systems, we compared the IMP
and ADRC both analytically and numerically. We noted that the ADRC permits
large uncertainty and does not require the dynamics of the exosystem in the control
design. In some cases, simulation results suggest that the ADRC even leads to faster
tracking and exhibits lower overstriking in the same time.

Roughly speaking, our results on the ADRC require that the unknown system
functions are continuous differentiable for semiglobal convergence (Theorem 2.1), or
Lipschitz continuous for global convergence (Theorem 3.1), and the external distur-
bances and their first order derivatives are bounded. However, these conditions are
sufficient conditions. In practice, the ADRC may deal with more complicated distur-
bances. For these who use the ADRC to solve the engineering problems, our results
suggest both theoretically and numerically that the ADRC is very effective for these
uncertain systems with continuous differentiable or Lipschitz continuous unknown
system functions, and the bounded disturbance with bounded first order derivatives.
Moreover, if the bound of the initial state is known, the saturated feedback can avoid
the peaking phenomenon very effectively. Otherwise, the high gain in the ESO should
be small in the beginning and then increase gradually afterwards.

Finally, we indicate a potential application of the ADRC to more complicated
systems like

&y = fi1(w1, 22),

Ty = fn(mafvw) + b(x,f,w)u,
é:: F(xaé-aw)a

Yy =,
or the MIMO system composed by the subsystems that are similar with above system.
Our preliminary study shows that if f;,4 =1,...,n—1 are known and f,, is unknown,
we can design a modified ESO and the associated ADRC to deal with the above
system. This would be forthcoming work.
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