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ON CONVEXITY OF SIMPLE CLOSED FRONTALS
ToMONORI FUKUNAGA AND MASATOMO TAKAHASHI

Abstract

We study convexity of simple closed frontals of Legendre curves in the Euclidean
plane by using the curvature of Legendre curves. We show that for a Legendre curve,
the simple closed frontal under conditions is convex if and only if the sign of both
functions of the curvature of the Legendre curve does not change. We also give some
examples of convex simple closed frontals.

1. Introduction and main result

In the classical differential geometry of regular curves, we can analyze global
properties of curves, such as convexity, width and rotation number by using the
curvature (cf. [4], [5]). One of well-known result is a characterization of con-
vexity of simple closed regular curves by using the curvature (cf. [5]):

THEOREM 1.1. A simple closed regular curve is convex if and only if its
curvature K has a constant sign, that is, i is either always non-positive or always
non-negative.

When we consider singular curves, the above theorem does not hold, that
is, there is a simple closed singular curve such that the curvature is always
non-positive except singular points, but the curve is not convex (the curve divided
by a tangent line). For example, let y:[0,27] — R? be the astroid y() =
(cos® t,sin 7). The curvature x of y is given by (1) = —2/(3|sin 21|) except
four singular points and diverges to —oo at each singular points. Hence, x has
the constant sign. However, this curve is not convex, see Figure 1.

In the present paper, we give a characterization of convexity for a special
class of singular curves called frontals by using the curvature of Legendre curves
which has introduced in [3].

Let / be an interval. We say that (y,v) : I — R? x S! is a Legendre curve if
(y(2),v(2)) "o = 0 for all ¢ € I, where « is the canonical contact 1-form on the unit
tangent bundle T1R? = R? x S = {(x, y,a,b) e R*|a® + b* = 1} defined by o =
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FIGURE 1. The tangent line at z = 3z/4 of the astroid yp(z) = (cos? #,sin® 7) divide the curve.

adx+bdy (cf. [1], [2]). This condition is equivalent to 7(¢)-v(¢) =0 for all
te I, where - is the Euclidean inner product on R?. We say that y: I — R? is a
frontal if there exists a smooth mapping v:/ — S' such that (y,v) is a Legendre
curve. Note that, if a plane curve y : I — R? is not infinitely flat at 7y € 7, then y
is a frontal around #). See [3] for more details.

Let (y,v): 1 — R?>x S! be a Legendre curve. If the frontal y is a regular
curve around a point 7y, then we have the Frenet frame along y. On the other
hand, if the frontal y is singular at a point #, then we can not define the Frenet
frame. However, v is always defined even if ¢, is a singular point of y. There-
fore, we have a frame along the frontal y as follows. We put on u(t) = J(v(1)),
where J is the anti-clockwise 7/2 rotation on R%.  We call the pair {v(¢), u(#)} a
moving frame along the frontal y(f) in R* and we have the Frenet formula of the
frontal (or, the Legendre curve) which is given by

V() 0 20\ [/ v()
()= (o 0) G
where /(f) = v(¢) - u(¢). Moreover, there exists a smooth function f(7) such
that

(1) = p(Ou(r).

The pair (7,f) is an important invariant of Legendre curves (or, frontals).
We call the pair (7(¢),p(t)) the curvature of the Legendre curve (with respect to
the parameter ).

Remark 1.2. Let (y,v): 1 —R*>x S' and (7,7): T — R? x S! be Legendre
curves whose curvatures of Legendre curves are (Z,f) and (/,f) respectively.
Suppose that (y,v) and (7,V) are parametrically equivalent via the change of
parameter ¢ : [ — I; u— t(u) with #(u) > 0, that is, (p(u),v(u)) = (p(t(u)), v(¢(u)))
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for all ueI. Then, we have

Fu) = £(t()i(u),  pu) = Bt(u))iu).

Hence the curvature of the Legendre curve is depended on a choice of a
parametrization.

DeFINITION 1.3, Let (y,v) and (,7):1 — R? x S' be Legendre curves.
We say that (y,v) and (,V) are congruent as Legendre curves if there exists
a congruence C on R? such that (¢) = C(y(¢)) = A(y(¢)) + b and #(r) = A(v(1))
for all eI, where C is given by the rotation 4 and the translation b on R

Then we have the following theorems.

THEOREM 1.4 (The Existence Theorem, [3]). Let (Z,f) : I — R? be a smooth
mapping. There exists a Legendre curve (y,v):I — R? x S whose associated
curvature of the Legendre curve is (¢,p).

THEOREM 1.5 (The Uniqueness Theorem, [3]). Let (y,v) and (7, )
R’ x S! be Legendre curves whose curvatures of Legendre curves (¢,f) a (
coincide. Then (y,v) and (y,V) are congruent as Legendre curves.

For ne NU{0}, we say that a Legendre curve (y,v):[a,b] — R*>x S' is
C-closed if (y®)(a),v®(a)) = (y®(b),v®)(p)) for all ke{0,...,n}, where
% (a), v¥)(a), y%)(b) and v*)(h) mean one-sided k-th differential. Similarly,
we say that a Legendre curve (7,v):[a,h] — R?>x S is C*-closed if
(% (a),v®(a)) = (X (b),v®) (b)) for all ke NU{0}. In this paper, we say
that (y,v) is a closed Legendre curve, if the curve is at least C'-closed. Note
that if (y,v) is a closed Legendre curve, the domain of the curve can be extended
from [a,b] to R so that (y,v)([a, b]) = (y,v)(R) and the extended map (y,v) : R —
R? x S! is at least C! map. Moreover, a frontal y : [a,b] — R? is simple closed
if for #; < t,, we have y(#;) = y(#;) if and only if #;, =a and #, = b.

We define a convex frontal in the Euclidean plane. From now on, I is a
closed interval. Let (y,v):I — R?x S! be a Legendre curve. We denote the
tangent line at ¢ of y(¢) by L,, that is, L, = {Au(¢) + y(t)| A€ R}. Any tangent
line L, divides R? into two half-planes H,(z) and H_(f) such that H,(f)U
H ({)=R? and H,({)NH_(t)=L,. By using v, the half-planes H,(r) and
H_(f) are presented by H,(f)={xeR?*|(x—y(¢) -v(t) =0} and H_ (1) =
{xeR?|(x—yp(t)) - v(t) <0}. For a Legendre curve (y,v):I — R?>x S! we
say that y is a convex frontal (or, (y,v) is a convex Legendre curve) if
y(I)\ =« H.(t) for any tel or y(I) = H_(t) for any teR. Note that if y is a
regular curve, then u(¢) is equal to the unit tangent vector of y at y(¢) up to
sign. Therefore, y is convex as a frontal if and only if y is convex curve as a
regular curve (cf. [5]).

By definition, convexity of a Legendre curve is preserved under a congruence
as Legendre curves. Moreover, if (y,v):I — R?>x S! is a convex Legendre
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curve, then (you,vou): I — R? x S! is also convex for a change of parameter
u:I — I and any smooth function u:I — I as well.
The main result of this paper is stated as follows:

TurOREM 1.6. Let (y,v): 1 — R?> x S' be a closed Legendre curve with the
curvature (£, [5) which the frontal y is simple closed. Suppose that zeros of ¢ and
of f are isolated points. Then the frontal y is convex if and only if the curvature
satisfy ome of the following condition:

(i) Both of /(t) and S(t) are always non-negative,
(i) #(r) is always non-negative and f(t) is always non-positive,
(ili) Both of /(1) and [(t) are always non-positive,
(iv) £(t) is always non-positive and p(t) is always non-negative.

We prove this theorem in Section 2. Moreover, we give examples of convex
simple closed frontals in Section 3.

Acknowledgement. The authors would like to thank the referee for helpful
comments to improve the original manuscript. The first author was partially
supported by JSPS KAKENHI Grant Number 15K17457 and the second author
was partially supported by JSPS KAKENHI Grant Number 26400078.

2. Proof of the main result

Let (y,v): 1 —R*>x S' be a closed Legendre curve with the curvature
(¢,0). In this paper, we assume that zeros of / and f§ are isolated points. First,
we prove the following Lemma.

LemMma 2.1.  Let (p,v): I — R? x S' be a closed Legendre curve. If the sign
of ¢ or the sign of B change, then the frontal y is not convex.

Proof. Let ty € I be a point such that the sign of / or the sign of f change,
that is, locally /() > 0 (respectively, /(¢) < 0) if ¢ < #p and /(¢) < 0 (respectively,
£(t) >0) if t>1, or f(¢) >0 (respectively, f(¢) <0) if t <t and f(r) <0
(respectively, B(¢) > 0) if ¢ > . Since convexity of the frontal does not change
by a congruence of Legendre curves, we may assume y(fy) is the origin of the
Euclidean plane without loss of generality.

If the sign of y() - v(#y) changes around 7y, then L, divide the frontal y. To
prove that the frontal y is not convex, we show that the sign of y(¢) - v(#) changes
around fg.

By the definition of S, we have

L60) i) = BOR() - ¥(i).
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Since ||u(?)|| = ||v(%)]| = 1, there is a smooth function ¢ such that u(z)-v(t) =
cos ¢(t). Moreover, by the definition of /, we have

) ) d
(1) —g(0) sin (1) = — (n(1) - v(10)) = ~£()v(1) - v(to).

Since cos ¢(t9) = u(to) - v(t9) = 0, we have sin ¢(#p) = +1. Substitute 7y for the
equation (1), we obtain

2) ¢(to) = £/ (10).

First, we consider the case of the sign of / changes and the sign of f does
not change around #. In this case, ¢(f)) =0 by (2). Since v(¢)-v(f) is a
continuous function and v(z) - v(#) = 1, we have v(z) - v(#p) > 0 around 7). By
the equation (1), the sign of ¢(¢) changes around #. This conclude that the sign
of cos ¢(¢) does not change around #,. Hence u(¢) - v(t9) >0 or u(t)-v(ty) <0
around 7y. Moreover, since the sign of § does not change around #),, we obtain
(d/dt)(y(t) - v(t9)) = 0 or (d/dt)(y(t) - v(t)) < 0, that is, y(¢) - v(%) is a monotone
function around f#y. By the assumption y(#) =0, we have y(ty) - v(tp) = 0 and
the sign of y(¢) - v(#y) changes around f,. Therefore, y is not convex.

Second, we consider the case of the sign of f changes and the sign of / does
not change around #,. By the equation (1), the sign of ¢(¢) does not change
around ¢, that is, ¢(¢) is a monotone function around fy. This conclude that the
sign of cos ¢(¢) changes around 7). Hence the sign of u(¢) - v(#) changes around
to. Tt follows that the sign of (d/df)(y(¢) - v(#y)) does not change around 7. By
the same argument of the first case, y is not convex.

Finally, we consider the case of the signs of / and f change around
simultaneously. We prove by a contradiction. Assume that the frontal y is a
convex curve. Since the signs of / and f change around ¢y, similar to the first
and second cases, the sign of (d/dt)(y(¢) - v(t)) changes around #. Moreover,

60) (1) = BOw(0) - ).

Since the sign of f changes and u(r)-u(to) >0 around 7y, the sign of
(d/dt)(y(t) - u(to)) also changes around #. Hence, y is contained in a quad-
rant of the {v(#),u(t)}-plane around ¢y, namely, y is contained one of the
followings: the first quadrant {av(fy)+ bu(ty)|a,b >0}, the second quadrant
{av(t) + bu(ty) |a < 0,b > 0}, the third quadrant {av(%) + bu(ty)|a < 0,b <0}
or the fourth quadrant {av(ty) + bu(t)|a > 0,b < 0}.

Since (d/dt)(u(t) - v(ty)) = =4 ()v(¢) - v(tp), the sign of (d/dt)(u(t)-v(t))
changes around ¢y and (d/dr)(u(to) - v(t9)) = 0. Therefore, #; is a local maximal
or local minimal point of u(z)-v(#). It follows that for any ¢ > 0, there exist
t1 € (to — ¢, t) and 1, € (tp, %) + &) such that

3) a(t) - v(to) = u(t2) - v(to)

Since {v(#)

,u(to)} is a basis on R?, there exist smooth functions A and # such
that u(r) = A(¢

W(to) +n(t)p(ty). By the equation (3), we have A(f1) = A(%).
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Moreover, since u(r;) and u(f;) are unit vectors, we have A%(t;)+ 7%(t1) =
22(ty) + 7*(12). Hence, #(t) = +7(t;). By the definition of 7, we have
n(ty) = 1. It follows that both #(z;) and #(#;) are positive. Thus #(#;) = 7(t2)
and hence u(f) = u(t,). It follows that L, is parallel to L,. Since the zeros
of f are isolated, by changing of & if necessary, we can assume p(t) # y(f2).

Now suppose that L, = L,. Since we assume y is a convex curve, the
curve lies on one-side of L, (= L,,) and tangent at y(¢;) and y(#;). Since zeros of
¢ are isolated points, L, is a double tangent line of y. It follows that, there
exists a point 73 around # or #, such that L, divide y(/). This contradict to
convexity of y. Hence, we have L, # L,,.

On the other hand, when L, # L,, we obtain y(I) c H(#;) N Hy(t) or
y(I) < H_(t;) N H_(t;) by the definition of the convex. The tangent line L, or
L,, divide y(I), since y lies on a same side of half-planes which are divided by the
parallel tangent lines L, and L,,. This contradict to convexity of y. Therefore,
y 1s not convex. O

In the rest of this section we prove that if the signs of / and S do not
change, then the simple closed frontal y is convex. In order to prove this claim,
we prepare lemmas and notations.

LemMa 2.2. Let (p,v) : I — R? x S! be a Legendre curve with the curvature
(,0). If p(t) =0 for all tel or B(t) <0 for all tel, then there is the smooth
map ®(y,v) : 1 — S such that ®(y,v) =p/||7|| on I\Zp, where Z3={tel|
p(1) = 0}.

Proof. By the definition of 5, we obtain
) ) w) )
PO 1B O] 1B(1)]

on I\%p. Here we define sign(f(¢)) by 1 if f(t) >0 for all tel and —1 if
p(r) <0 for all rel. Since sign(f(7)) is a constant, the map @(y,v)(r) =
sign(fB(t))u(t) is a smooth map on I. This is the required map. O

p(1) = sign(B(1))u(1)

We denote the set of closed Legendre curves (y,v) with f(z) > 0 (respectively,
p(t) <0) for all el by %, (respectively, #_), and #,.U#_ by #. For a
Legendre curve (y,v) € #, we define a smooth function ¢:7 — R such that
®(y,v)(t) = (cos O(2),sin 8(¢)) by Lemma 2.2. Same as the case of regular
curves, we call the mapping degree of ®(y,v) the rotation index of the Legendre
curve (y,v) € X%.

LEMMA 2.3. If (p,v) € R, then /(1) = —sign(B(1))0(¢).

Proof. Suppose (y,v) € #, we have
(1) = sign(f(1))®(y, v)(r) = sign(f(z))(cos 6(z),sin 6(z))
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and

v(t) = J ! (u(1)) = sign((7))(sin 0(r), —cos 0(r)).
Then a(t) = —sign(f ())0(1)v(r). By the definition of 7, we obtain /(1) =
—sign((1))0(1). O

Lemma 2.4. Let (p,v):1 —R?>x S! be a Legendre curve with (y,v) € .
Then there is a point ty € I such that y(I) lies entirely to one side of L.

Proof. Let (x, y) be a coordinate on R? and let y(#)) = p be a point which
has maximum height, that is, y-coordinate is maximum in y(I). Without loss of
generality, we may assume p is the origin of the Euclidean plane and (y,v) € Z-.
Since the sign of f does not change and u(#) - u(t) =1, we have

L60) - 1(10) = Poutt) - (i) 0

around fy. If the sign of (d/dr)(y(¢)-v(ty)) does not change around fy, then
y through the origin from the second quadrant to the fourth quadrant or the
third quadrant to the first quadrant in the {v(z), u(%)}-plane. This contradicts
the fact p has maximum height. Hence, the sign of (d/df)(y(¢) - v(ty)) changes
around fyp. This means y lies on the under half-plane divided by L,. Moreover,
if L;, does not coincides with the x-axis, this contradicts the fact p has maximum
height. Therefore, L, coincides with the x-axis. By the above, L, coincides
with the x-axis and p(/) lies on under the x-axis. Therefore, 7, is the required
point. O

The rest of the proof is similar to the case of regular curves (see [5]).

LemMa 2.5. Let (p,v): I — R% x S be a Legendre curve which the frontal
y is simple closed and (y,v) € #. Then the rotation index of the Legendre curve
(y,v) is equal to +1.

Proof. Let p=y(t) be a point on p(I) with the property that y(I) lies
entirely to one side of L,. Such a point # always exists by Lemma 2.4.

Now we set [ =[0,L]. Consider the triangular region 7 := {(1;,1,) € R?|
0<t <t <L} By a reparametrization of (y,v), we may assume 7y = 0, that
is, 7(0) = p. We define a map £:7 — S! by

(D(% )( ) (lf h=n= l),
I(t, ) = (() )(?zl) (if 4 =0 and t, = L),
[Iy(12) = ()]l

By the assumptions and Lemma 2.2, the map X is continuous. Let 4 = (0,0),
B=(0,L) and C=(L,L). Since the restriction of X to the segment AC is

(otherwise).
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equal to ®(y,v), the mapping degree of this map is equal to the rotation index
of (y,v).

Moreover, consider the restriction of X to the segment ABU BC. Set the
angle from ®(y,v)(0) to —®(y,v)(0) is equal to z. Since

Zl4p(01,12) = 2(0, 1) = () = 9(0))/[1»(1) = »(O) ],

X|,z covers one half of S!. Similarly,

Zlpc(t, ) =2(t, L) = (»(L) = y(0)/l7(L) = (D],

| pc covers other half of S'. Hence, the mapping degree of the restriction of £
to the segment ABU BC is equal to +1 (the sign depends on an orientation of ).

Note that the restriction of X to the segment ABU BC is homotopic to the
restriction of X to the segment AC, that is, ®(y,v). Because the mapping degree
is preserved under homotopy, the mapping degree of ®(y,v) is equal to +I.
Therefore, the rotation index of the Legendre curve (y,v) is equal to +1. [

The following lemma is the sufficient part of the main theorem.

LemMmA 2.6. Let (y,v): I — R*x S be a closed Legendre curve which the
frontal vy is simple closed. If the signs of ¢ and [ do not change, then the frontal
y IS convex.

Proof. By Lemma 2.3, the sign of /(¢) does not change if and only if
is a monotone function on I. Suppose that y is not convex. There is a point
y(s0) € y(I) such that Ly divide y to y, @ Hi(so) and p, = H_(sp). By the
intermediate value theorem on 6, there are two points y(s;) € y; and y(s2) € »,
such that 0(s;) =0(so) up to tnm, Lg # L, 0(s2) =0(sp) up to +nm and
L, # Ly, L, for some integer n.

Two of the three points y(sp), y(s1) and yp(s») must have tangents point in
the same direction. Thus, there are two points s; < s; such that ®(y,v)(s;) =
D(y,v)(s;) and 0(s;) = 0(s;) + 2nn for some integer n. Since ¢ is monotone and y
is simple closed, n e {0,1,—1} by Lemma 2.5. If n =0, then 0(s;) = 0(s;), that
is, 0 is constant on the closed interval [s;,s;]. This contradict to Ly # Ly. If
n=+1, then 0 is constant on the set I\[s;s;]. This contradicts L # L.
Therefore, the frontal y is convex. O

We prove the main theorem as follows.

Proof of Theorem 1.6. By combining Lemmas 2.1 and 2.6, we obtain
Theorem 1.6. O

3. Examples

We show some examples of simple closed frontals and discuss on convexity
of them.
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Example 3.1. Consider a closed Legendre curve (y,v):[0,27] — R* x S!
defined by

(1) = (cos’ 1,sin’ 1), v(¢) = (sin 1, cos ).

Then the frontal y is simple closed. Since u(f) = (—cos t,sin ¢), the curvature
of the Legendre curve is given by (£(¢),(¢)) = (—1,3 cos tsin f). The sign of f
changes around ¢ =0,7n/2,7,37/2 and 2z. By Theorem 1.6, y is not a convex
frontal, see Figure 1.

Example 3.2. Consider a closed Legendre curve (y,v):[0,2n] — R* x S'
defined by

y(t) = (; cos® t,sin ¢ —% sin® t), v(t) = (cos t,sin ?).

Then the frontal y is simple closed. Since u(z) = (—sin ¢,cos ?), the curvature of
the Legendre curve is given by (£(z),5(t)) = (1,cos? ). By Theorem 1.6, y is a
convex frontal, see Figure 2 left.

Example 3.3. Consider a closed Legendre curve (y,v):[0,27] — R* x S!
defined by

1 1 1 1
(1) = (§ cos® 1 — 3 cos’ 63 sin? 7 — 3 sin’ l), v(t) = (cos t,sin 1).

Then the frontal y is simple closed. Since () = (—sin ¢,cos ¢), the curvature of

the Legendre curve is given by (7(z), (1)) = (1,cos? ¢ sin® ). By Theorem 1.6,
y is a convex frontal, see Figure 2 center.

Example 3.4. Consider a closed Legendre curve (y,v):[0,7] — R* x S!
defined by

L0 02

05
10 -02 02
L L L ,
-10 05 [ 10

—osb

-10 -02

FIGURE 2. Convex simple closed frontals.
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y(t) = (cos t sin’ ¢,sin’?),

v(t) = !

(8 sin® 7 cos 7,4 sin® 1 — 3).
\/(8 sin® ¢ cos 1) + (3 — 4 sin” 1)?

Then the frontal y is simple closed. Since

1
\/(8 sin® £ cos )% + (3 — 4 sin® 7)°

the curvature of the Legendre curve is given by

(3-4 sin’ ¢,8 sin® 7 cos 1),

u(t) =

/(1) = 8 sin* 7(16 sin* 7 — 30 sin® 7 4 15)
(8 sin® £ cos 1)? 4 (3 — 4 sin? 7)*

pt) = —sin® t\/(S sin’ 7 cos t)2 +(3-4 sin’ t)z.

Note that 16 sin* 7 — 30 sin? 7+ 15 = (4 sin* 1 — 15/4)* + 15/16 > 0. By Theo-
rem 1.6, y is a convex frontal, see Figure 2 right.
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