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We introduce the notion of cubic KU-ideals of KU-algebras and several results are presented in this regard. The image, preimage,
and cartesian product of cubic KU-ideals of KU-algebras are defined.

1. Introduction

BCK-algebras form an important class of logical algebras
introduced by Iséki and were extensively investigated by sev-
eral researchers. The class of all BCK-algebras is quasivariety.
Iséki and Tanaka introduced two classes of abstract algebras,
BCK-algebras and BClI-algebras [1-3]. In connection with
this problem, Komori [4] introduced a notion of BCC-
algebras.

Prabpayak and Leerawat [5] introduced a new algebraic
structure which is called KU-algebra. They gave the concept
of homomorphisms of KU-algebras and investigated some
related properties in [5, 6].

Zadeh [7] introduced the notion of fuzzy sets. At
present this concept has been applied to many mathematical
branches, such as groups, functional analysis, probability
theory, and topology. Mostafa et al. [8] introduced the notion
of fuzzy KU-ideals of KU-algebras and then they investigated
several basic properties which are related to fuzzy KU-ideals,
also see [9]. Abdullah et al. [10, 11] introduced the concept of
direct product of intuitionistic fuzzy sets in BCK-algebras.

Jun et al. [12] introduced the notion of cubic subalge-
bras/ideals in BCK/BCI-algebras, and then they investigated
several properties. They discussed the relationship between
a cubic subalgebra and a cubic ideal. Also, they provided
characterizations of a cubic subalgebra/ideal and considered
a method to make a new cubic subalgebra from an old one,
also see [13-17].

In this paper, we introduce the notion of cubic KU-ideals
of KU-algebras and then we study the homomorphic image
and inverse image of cubic KU-ideals.

2. Preliminaries

In this section we will recall some concepts related to KU-
algebra and cubic sets.

Definition 1 (see [5]). By a KU-algebra we mean an algebra
(X, *,0) of type (2,0) with a single binary operation * that
satisfies the following identities: for any x, y,z € X,

(kul) (x * y) * [(y * 2) * (x % 2)] = 0,

(ku2) x =0 =0,

(ku3) 0 * x = x,

(kud) x = y =0 = y * x implies x = y.
In what follows, let (X, %,0) denote a KU-algebra unless
otherwise specified. For brevity we also call X a KU-algebra.

In X we can define a binary relation < by: x < y if and only if
y*xx=0.

Definition 2 (see [5]). (X, *,0) is a KU-algebra if and only if
it satisfies

(ku5) (y * 2) * (x * 2) < (x * y),
(ku6) 0 < x,
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TABLE 1
0 1 2 3 4
0 0 1 2 3 4
1 0 0 2 3 4
2 0 1 0 3 3
3 0 0 2 0 2
4 0 0 0 0 0
TABLE 2
0 1 2 3 4 5
0 0 1 2 3 4 5
1 0 0 2 2 4 5
2 0 0 0 1 4 5
3 0 0 0 0 4 5
4 0 0 0 1 0 5
5 0 0 0 0 0 0

(ku7) x < y, y < ximplies x = y,
(ku8) x < yifand onlyif y % x = 0.
Definition 3 (see [8]). In a KU-algebra, the following identi-
ties are true:
M zxz=0,
(2) zx (xx2) =0,
B)x<yimplyy * z < x * z,
(4)zx(yxx)=y=*(z*xx),foralx,y,zeX,
(5) y* [(y* x) * x] = 0.

Example 4 (see [8]). Let X = {0,1,2,3,4} in which * is
defined by Table 1.

It is easy to see that X is a KU-algebra.

Definition 5 (see [6]). A subset S of a KU-algebra X is called
subalgebra of X if x * y € S, whenever x, y € S.

Definition 6 (see [6]). A nonempty subset A of a KU-algebra
X is called a KU-ideal of X if it satisfies the following
conditions:

1) 0eA,

(2)x*(yxz) € A, y € Aimplies x * z € A, for all
x, ¥,z € X.

Example 7. Let X = {0,1,2,3,4,5} in which * is defined by
Table 2.

Clearly (X, *,0) is a KU-algebra. It is easy to show that
A ={0,1}and B = {0, 1, 2, 3, 4} are KU-ideals of X.

Definition 8 (see [6]). Let (X, %,0) and (X', +',0") be KU-
algebras. A homomorphismisamap f : X — X' satisfying
flx* y) = fx)*' f(y), forall x, y € X.
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Theorem 9 (see [6]). Let f be a homomorphism of a KU-
algebra X into a KU-algebra X', then
(1) if 0 is the identity in X, then f(0) is the identity in X';
(2) if S is a KU-subalgebra of X, then f(S) is a KU-
subalgebra of X';
(3) if I is a KU-ideal of X, then f(I) is a KU-ideal in X';
(4) if S is a KU-subalgebra off(X'), then fﬁl(S) is a KU-
subalgebra algebra of X;
(5) if Bis a KU-ideal in f(X’), then f_l(B) is a KU-ideal
in X;
(6) if f is a homomorphism from KU-algebra X to a KU-

algebra X' then f is one to one if and only if ker f =
{o}.

Proposition 10 (see [8]). Suppose f
homomorphism of KU-algebras, then:

1) f(0) =0,
(2) if x < y implies f(x) < f(y).
Proposition 11 (see [8]). Let (X, ,0) and (X', +',0") be KU-

algebrasandlet f : X — X' be a homomorphism, thenker f
is a KU-ideal of X.

X - X isa

Now we will recall the concept of interval-valued fuzzy
sets.

An interval number isd@ = [a,a"], where 0 < a~ < a’ <
1. Let D[0, 1] denote the family of all closed subintervals of
[0, 1], that is,

Dlo,1]={a=[a,a"] :a <a', fora,a" €l}. ()

M, » o«

We define the operations “>, “x; rmin,” and “rmax” in
case of two elements in D[0, 1]. We consider two elements
d=[a,a'landb = [b",b"]in D[0,1]. Then

(1) @ > bifand onlyifa” > b anda* > b*,
(2) @a<bifandonlyifa™ <b anda* < b",
(3) @a=bifandonlyifa™ = b~ anda* = b",
(4) rmin{@, b} = [min{a",b"}, min{a*, b*}],
(5) rmax{d, b} = [max{a”,b"}, max{a*,b*}].
It is obvious that (D0, 1], %,V, A) is a complete lattice with

0 = [0,0] as its least element and T = [1,1] as its greatest
element. Let @; € D[0, 1] where i € A. We define

. - . . +
rinf@; = [mfal ,infa, ] ,
i€EA i€eA i€eA

~ - +
rsupd; = | supa; ,supa; |.
ieA e ieA
2)

An interval-valued fuzzy set (briefly, IVF-set) ji, on X is
defined as
fa={(x [ua (), 4y 0)]) = x € X}, (3)

where yi, (x) < py(x), for all x € X. Then the ordinary fuzzy
sets i, + X — [0,1] and ‘uz : X — [0,1] are called a
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TABLE 3
0 1 2 3 4
0 0 1 2 3 4
1 0 0 0 0 1
2 0 3 0 3 4
3 0 1 2 0 1
4 0 0 0 0 0

lower fuzzy set and an upper fuzzy set of ji, respectively. Let
fia(x) = [a(x), py (2], then

A= {(x g (%))

where fi, : X — DI[0,1].
Jun et al. [12] introduced the concept of cubic sets defined
on a nonempty set X as objects having the form:

BE= {<x> Pz (%), Ag (x)>

which is briefly denoted by & = (fiz, ), where the functions
fiz : X — D[0,1]and Az : X — [0,1].
Denote €(X) by family of all cubic sets in X.

D x € X}, (4)

: x € X}, (5)

3. Cubic KU-Ideals of KU-Algebras

In this section, we will introduce a new notion called cubic
KU-ideal of KU-algebras and study several properties of it.

Definition 12. Let X be a KU-algebra. A cubic set & =
(fiz, Ag) in X is called cubic KU-subalgebra of X if it satisfies
the following conditions:

(S1) piz(0) = fig(x) and A5(0) < Ag(x),

(S2) piz(x) > rminfiz(x * ), dz(y)} and Ag(x)
max{Ag(x * ), Ag(y)}, forall x, y € X.

IN

Definition 13. Let X be a KU-algebra. A cubic set & =
(fiz, Ag) in X is called cubic KU-ideal of X if it satisfies the
following conditions:

(A1) f5(0) = piz(x) and Az(0) < Ag(x),

(A2) pz(x = z) = rmin{iz (x = (y * 2)), gz ()} and Ag(x *
z) < max{Az(x * (y * 2)),Az()}, forall x, y,z € X.

Example 14. Let X = {0,1,2,3,4} in which * is defined by
Table 3.

Clearly (X, #,0) is a KU-algebra. Define a cubic set B =
(fiz, Ag) in X as follows:

[0.6,0.7], if x =0,
fiz (x) = 1[0.4,0.5], if x € {1,3},
[0.1,0.3], if x € {2,4},
(6)
0.1, ifx=0,
Ag (x) =403, if x €{1,3},

0.6, if x € {2,4}.

w

By routine calculations it can be seen that the cubic set & =
(g, Ag) is a cubic KU-ideal of X.

Lemma 15. Let E = (jig, Ag) be a cubic KU-ideal of KU-
algebra X. If the inequality x = y < z holds in X, then fiz(y) =
rmin{fiz (x), fiz(2)} and Az (y) < max{Az(x), Az(2)}.

Proof. Assume that the inequality x * y < z holds in X, then

z * (x % y) = 0 and by (A2) fiz(z * y) = rmin{iz(z * (x *
¥)), fiz(x)}, if we put z = 0 then

fiz (0 % y) = fis () = rmin {fig (0 = (x = y)), fis (x)}
= rmin {fiz (x * ), fs (x)}
but

fz (x % y) = rmin {fi; (x * (z = ), iz (2)}

[

= mmin {iz (z = (x = ),z ()} (i)
= rmin {fiz (0), 4 (2)} = iz (2).
From (i) and (ii), we get fz(y) = rmin{fiz(x),fiz(2)}.

Similarly we can show that A5(y) < max{Az(x), A5(2)}. This
completes the proof. O

Lemma16. IfE = (jiz, Ag) is a cubic KU-ideal of KU-algebra
X and if x < y then fiz(x) = fiz(y) and Ag(x) < Az(y).

Proof. If x < y then y * x = 0. This together with 0 * x = x
and iz (0) = fiz(y) also A5(0) < Ag(y), we get

iz (0 % x) = fIg (x) = rmin {fig (0 = (y * x)), fiz ()}
= rmin {fi (0 * 0), fi (¥)} )
= rmin {#iz (0), fiz (y)} = fiz ()
Also
Ag (0% x) = Ag (x) < max{Ag (0 * (y * x)), A5 (¥)}

= max {1z (0% 0),Az (y)} (8)
= max {15 (0), Az (»)} = 2z ().
This completes the proof. O

Let & = (fig, Ag) and F = (fiz, Ag) be two cubic sets in
a KU-algebra X, then

ENSF
= {{x, rmin {Z; (x),, fig: ()}, max {Az (x), A5 (x)})
: x € X}
= {{x, fiz (x) N fiy (%), Ag (X) ULy (x)) : x € X} o

Proposition 17. Let {E;},c; be a family of cubic KU-ideals of a
KU-algebra X, then (;¢; E; is a cubic KU-ideal of X.

1



Proof. Let {E;};c; be a family of cubic KU-ideals of a KU-
algebra X, then for any x, y,z € X,

(Nee)©
= rinf (@i, (0)) = rinf (@, (x))
= (=) @),

(M) e 2)

(10)
= rinf(ﬁEi (x = z))
> rinf(rmin {ﬁgi (x* (y*2)) » Uz, ()’)})
= rmin {rinf (7, (x = (y * 2))), rinf (@, ())}
= rmin {(ﬂ ﬁgi) (x*(y*2)), (m ﬁa,.) (J’)} .
Also
Ur:) @
=sup (g, (0)) < sup (Az, (x))
= (U AE,-) (x),
(Ute) =2
(11)
= sup (/\51, (x = Z))
< sup (max {/\Ei (x * (y * Z)) »Aa,- (J’)})
= max {sup (’\Ei (% (y* Z)))»SUP (AE,- ()’))}
= max{({ )z ) (e (v +2). (UAe) )}
This completes the proof. O

Foranyf € D[0,1] and s € [0,1], let & = (fig,A5) be a
cubic set in a KU-algebra X, then the set

U(ELs)={xeX: s (x) =% Ag(x)<s} (12
is called the cubic level set of B = (fig, Ag).

Theorem 18. Let & = (jiz, A5) be a cubic subset in X then
E = (fiz, Ag) is a cubic KU-ideal of X if and only if for all
t e D[0,1] and s € [0, 1], the set U(E; 1, s) is either empty or a
KU-ideal of X.

Proof. Assume that & = (fig, Ag) is a cubic KU-ideal of X,
letf € D[0,1] and s € [0, 1], be such that U(E;%,s) # 0, and
let x, y € X be such that x € U(E;%,s), then jig(x) > f and
Az(x) < 5. By (A2) we get

fiz (y * 0) = f1g (0) > rmin {fzg (y * (x * 0)),, fiz (x)}
= rmin {Zz (y * 0), fiz (x)} (13)

= rmin {fiz (0), iz (0)} = 1,

ISRN Algebra

also

Az (¥ 0) = A5 (0) < max {Ag (y * (x * 0)), Az (x)}
= max {1z (y % 0), Az (x)} (14)
= max {1z (0), Az (x)} = s.

Thus, 0 € U(E; 7, s). Now letting x * (y * z) € U(E;1,s), y €
U(E;1,s), it implies that

Pz (x + z) = rmin{iiz (x  (y » 2)), s ()} =1, (15)
also
Az (x*z) <max{dz (x = (y x2)), Az ()} =s.  (16)

So that x * z € U(E; 1, s). Hence, U(E; f, s) is a KU-ideal of X.
Conversely, suppose that U(E;t, s) is a KU-ideal of X and
let x, y,z € X be such that

fis (x * 2) < rmin {fiz (x * (y * 2)), fiz (¥}
As (x * 2) > max{Ag (x # (y * 2)), Az ()},

taking

{##s (x * 2) + rmin {fig (x = (y * 2)), iz (V)}}»
(18)

N | =

E =
and taking

B =5 e 2) + maxfde (x = (v £ 2)). A O]
(19)

we have ,73: € D[0,1] and 3, € [0,1], and

s (x * 2) < By < rmin {7z (x * (y * 2)). 7= ()}
Az (x % 2) > By > max{Ag (x = (y * 2)), Az (M)}
It follows that x = (y % z) € U(E;E,ﬁz) and x * z

U(E; B, B,). This is a contradiction and therefore E
(fiz, Ag) is cubic KU-ideal of X.

On =

Proposition 19. If £ = (jiz, Ag) is a cubic KU-ideal of KU-
algebra X, then

Ag (x# (x % y)) < Az (y).
(1)

fre (x # (x % y)) = Bz (7).
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Proof. Taking z = x * y in (A2) and using (ku2) and (A1), we
get

fi (x # (x  9)) = rmin {7 (x # (- (x = 9). s ()}

{itz (

= rmin {fi; (x * (x * (y * »))). iz (¥)}
{fs (x * (x  0)), iz (¥)}
{

fiz (0), iz ()} = iz (¥) »
(x# (y = (x * ), Az (D)}
ax {Az (x = (x = (y * ¥))), A= (W)}
(x * (x % 0)), Az ()}

max {Az (0),Az (»)} = A= (¥).

Az (x = (x * y)) < max{Ag

[
=)

{
{

= max{dg
{

(22)

Thus, we get fig(x * (x * y)) = jz(y) and Ag(x * (x * y)) <
Az(y). This completes the proof. O

4. Image and Preimage of Cubic KU-Ideals

In this section we will present some results on images and
preimages of cubic KU-ideals in KU-algebras.

Definition 20. Let f be a mapping from a set X to a set Y.
If £ = (fig, Ag) is a cubic subset of X, then the cubic subset
B = (fig, Ag) of Y is defined by

f (=) (y)
rsup fig (x),
x€f(y)
= (y) = if [ (y)=1{xeX, f(x)=y}#0,
0, otherwise,
f(A2) (»)
inf Ag(x),
xefH(y)
=As (V) = Jif F1(y)={x e X, f(x) =y} #0,
1, otherwise,

(23)

is said to be the image of E = (fig, A5) under f.

Similarly if B = (fig, Ag) is a cubic subset of Y, then the
cubic subset E = B f in X (i.e., the cubic subset defined by
ps(x) = ﬁﬁ(f(x)) and Ag(x) = /lﬁ(f(x)) forall x € X)is
called the preimage of  under f.

Theorem 21. An onto homomorphic preimage of cubic KU-
ideal is also cubic KU-ideal.

Proof. Let f : X — X' be an onto homomorphism of
KU-algebras, B = (fig, ) a cubic KU-ideal of X',and E =

(fiz, Ag) the preimage of S under f, then fiz(x) = ﬁﬁ(f(x))
and Ag(x) = Aﬁ(f(x)) forall x € X. Let x € X, then

i (0) = fig (f (0)) = fig (f (%)) = iz (),
Ag(0) = A5 (f(0)) < A5 (f () = Az (x).

Now let x, y,z € X, then

(24)

pz (x * 2)
= fig (f (x x2)) = g (f () ' f (2)
= rmin (i1 (f (x) ' (f (9) #'f 2))) . g (f ()}
= rmin {1 (f (x * (y * 2))). B (f (1))}

= rmin {fiz (x * (y * 2)), &= ()},
As (x * 2)

= A (f (% 2) = A5 (f(x) +'f (2)
<max s (f 0 ' (£ () ¥ £ 2))), 45 (f ()}
= max A (f (x * (y * 2))), Ag (f (7))}

= max {1z (x * (y * 2)), A5 ()} -
This completes the proof. O

(25)

Definition 22. A cubic subset & = (fiz, Ag) of X has sup and
inf properties if for any subset T' of X, there exist t, s € T such
that iz (t) = rsup, i (t) and Ag(s) = inf, A (s).

Theorem 23. Let f : X — Y be a homomorphism between
KU-algebras X and Y. For every cubic KU-ideal E = (fig, Az)
in X, f(E)is cubic KU-ideal of Y.

Proof. Byldeﬁnition ﬁp(,}”) = f(f=)(y) = rsup,.. e (y/)’ﬁg(x)
and /\ﬁ(y ) = fAa)(y) = infxef—l(yl)ha(x) forally’ € Y
and rsup® = [0,0] and inf@ = 0. We have to prove that
ﬁﬁ(x'*z') > rmin{ﬁp(x'*(y'*z')), ﬁﬁ(y')} and Aﬁ(x'*z') <
max{)tl,;(x' * (y' * z')),/\ﬁ(y')} for all x',y',z' € Y. Let
f + X — Y bean onto homomorphism of KU-algebras, & =
(fiz, Ag) a cubic KU-ideal of X with sup and inf properties,
and B = (iig, Ag) the image of & = (fiz, Az) under f. Since
B = (fig, Ag) is cubic KU-ideal of X, we have

A= (0) < Az (%)

fis (0) = jiz (x), Vx € X. (26)
Note that 0 € fﬁl(O') where 0, 0 are the zero of X and Y,
respectively. Thus,

Bg (0') = rsup fg (t) = fz (0) = fig (x) VxeX,
tef~1(0")
(27)

inf Ag(t) =A5(0) <Ag(x) VxeX,

() = o

which implies that ﬁﬁ(O') > rsuptef_l(x,)ﬁa(t) = ﬁﬁ(x') and
/\l;(O') < infteffl(xl)AE(t) = )tﬁ(x') for any x' € Y. For



any x',y',z" € Y, letx, € (), y, € ('), and
zy € f"l(z') be such that

rsup iz (1),

tef 1 (x' x2')

iz (xg * z9) =
bz (o) = Jsup Fe ),
s (o * (0 * 20))
= g 1 (xo % (0 * 20))} (28)
=fg ('« (¥ = 7))

= rsup fii (% *
(x0# (ygxz0))ELfH(x" %(y" x2"))

ps (1)

(yo * 2))

= rsup
tef (x"#(y'+2"))

Also
A = inf Az (f),
sorz)= ol A=)
As(yp) = inf Ag
S0n) = _inf A=),
As (0 * (o * 29))
= Ag {f (o * (yo * 2))} (29)
= Aﬁ (.x’ * (y’ * Z’))
= inf Ag (xo * * Z
(xo* (Yo x2z0))Ef 1 (x5 (y' 2")) =) ( 0 (yO 0))
tef 1 (x" +(y' x2"))
Then
s (x' * z') = rsup g (t) = [z (xg * 2)
tefH(x'xz2")
> rmin {fg (%, * (o * 20)) > iz (7o)}
= rmin{ rsup  jig (), rsup fig (t)}
tef1(x' #(y' #2)) tef1(y")

rmin {7 ('« ('« 2')). 5 (')}
Ap(x2') = inf A= () =)z (%0 * 2o)

tefH(x'xz2")

IN

max {AE (xo * (;Vo * Zo)) Ag (J’o)}

max { inf Ag (t), inf Ag (t)}
tef 1 (x'x(y' x2")) tef1(y")

_ max{)&;;(x’ # (y' *z'))>)‘ﬁ(y,)}. 0

Hence, f3 is cubic KU-ideal of Y. O
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5. Cartesian Product of Cubic KU-Ideals

In this section we will provide some new definitions on
cartesian product of cubic KU-ideals in KU-algebras.

Definition 24. Let &, = (fiz ;A5 ) and E, = (fi , A5 ) be two
cubic subsets of KU- algebras X and X, respectively. Then
cartesian product of cubic subsets 8, and E, is denoted by
By X B, = (fig g, As,xz,) and is defined as

fis xz, (%, y) = rmin {iz (), fiz, ()},
ax {/\51 (x),Ag, (J’)} >

(31)
Aalxaz (x,y) =

forall (x, y) € X; x X,.

Remark 25. Let X and Y be KU-algebras. We define * on X x
Y by (x, y)*(u,v) = (x*u, y*v) for every (x, ), (u, v) belong
to X x Y, then clearly (X x Y, %, (0, 0)) is a KU-algebra.

) of

Definition 26. A cubic subset & X 8, = (fiz vz, Az x5,
X, x X, is called a cubic KU-subalgebra of X; x X, if

(CP1) fis, 2, (0,0) =
A”lx? (x, )>
(CP2) fig vz (x1, 1) =

Phlxuz(xzr)’z)}
(CP3) Ag g, (x1, 1)
Az xg, (%25 ¥2)b

fig xz, (%, ¥) and Ag gz (0,0) <

rmin{ﬁElXEz((xl,yl) # (X3, 12))s

IN

max{Az .z ((x1, ¥1) * (x5, 1)),

for all (xy, ¥), (x5, ¥,) € X, x X,.

Definition 27. A cubic subset E; x E, = (fig vz,
X, x X, is called a cubic KU-ideal of X; x X, if

Ag xg,) of

(CP4) fiz, 2,(0,0) >
Ag,xg, (% ¥)s

(CP5) fig xg,((x1, 1) * (x3,¥3)) = rmin{fig g ((x, ;) *
(X2, y2) * (%35 ¥3)))s Bz, xz, (%25 ¥2)b>

(CP6) Ag s, (X1, 31) * (x3,33)) < max{dg s ((x1, 1) *
(x5 2) * (X35 ¥3)))s A <z, (%25 12) s

iz xz,(x, ¥) and Ag .z (0,0) <

for all (x;, ¥,), (x5, ¥5), (x5, ¥3) € X; x X,.

Theorem 28. Let B, = (fis ,Ag ) and E, = (fiz,, Ag,) be two
cubic KU-subalgebras of KU-algebras X, and X, respectively.
Then E; x E; = (fig «z,> Az xs,) is a cubic KU-subalgebra of
KU-algebra X, x X,.

Proof. For any (x, y) € X; x X,
fiz, e, (0,0) = rmin {fiz, (0), iz, (0)}
> rmin {iz, (%), iz, (9)} = fz, e, (%, 7)),
g g, (0,0) = max {1z (0),1z, (0)}

< max {/\51 (), Ag, (y)} = Ag xg, (x.y).
(32)
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For any (x;, y;), (x,, ¥,) € X, x X,. Then

Pz xz, (X1, 1)
= rmin {fiz, (%)) fie, (1)}
> rmin {rmin {fig (x, * x,), fz, (%,)},
rmin {7, (3, * ), =, ()}
= rmin {rmin {fiz, (x, * x,). iz, (71 * )}
rmin {7iz, (x,) s, (7,)}}
= rmin {{iz sz, (%X, * X3 Y1 * ¥2) Bz, s, (%20 72)}
> rmin {fiz 2, ((x; % 1) (%, * 92)) s iz s, (X2 02)}

E XE, (%1 1)

< max {max{Az, (%, * x,), g, (%)}
max{Az, (1 * 2): A2, On)}}

= max {max {Az (x, * x,), Az (31 * y,)}
max {15, (x;), Az, ()}

= max {/\5 XE, (%1 % %2 31 * 32), /\_lxaz (xz’)’z)}

< max{ E,XE, ((ey * 31) (362 % 32)) 5 Ag xs, (xz’)’z)}
(33)

Hence, for all (xy, y;),(x,,5,) € X, x X,, E; X B, =
(s, xz,> A5, xs, ) is a cubic KU-subalgebra of KU-algebra X x
O

2
Theorem 29. Let &, = (fiz ,Ag ) and B, = (fiz , Ag,) be two
cubic KU-ideals of KU-algebras X, and X,, respectively. Then
81 X By = (g xg,> Az, xg,) is a cubic KU-ideal of KU-algebra
X, x X,.

Proof. For any (x, y) € X, x X,,

Pz, 2, (0,0) = rmin {fig (0), e, (0)}
> rmin {ﬁgl (%), iz, ()’)} = Iz xz, (%, ),
/‘EIXEZ (0,0) = max {Aal 0), AEZ (0)}

< max {AEI (%), Ag, (J’)} =gz, (%)
(34)

Now for any (x;, ¥,), (x5, ¥5), (x5, ¥3) € X; X X,

Pz s, (e 31) * (x5, 73))
= fiz xg, (%) * X3, 91 * y3)
= rmin {fiz, (x, * x3), fi, (71 * y3)}
> rmin {rmin {fiz (x, * (x; * x3)), e, (%)} 5
rmin {fis, (7, * (3, * ) s, (1) }}
= rmin {rmin {fiz (x, % (3, %x3)), fis, (31 % (7% 33))}
rmin {fiz, (%,), fiz, (1)}
= rmin {77z =, ((x; * (%3 % %3)), (0 * (32 * 33)))
iz e, (%2, 3)}
> rmin {fz e, (6 1) * (60 72) * (33, 33)))
Pz xz, (%2 22)}
As e, (k1 21) * (53, 93))
= Az ez, (%) % X3 9y % 93)
(x; # x3), A, (0 * )}
x{Ag, (x * (% x3)), A, ()}
(y2 * 73))2 2z, ()}
o, (e (35%25)) A, O (% 95))
g, (%2): 2z, (W)}

(% x3)), (71 % (02 % 33)))»

= max{
Smax{

min {A (y, *

@
{

= max {max

max

(35)

Hence, for all (x;, 1), (x5, 5), (x5, ¥3) € X, x X,, E; X E, =
(s, xz,> A5, xz,) is a cubic KU-ideal of KU-algebra X, x X,.
O

Lemma 30. If B, x E, = (lig «g,,Az g, is a cubic KU-
ideal of KU-algebra X, x X, and zf(xl,yl) < (xy, ¥,), we
have iz vz (X, y,) =X iz g, (X1, y1) and Ag ys (x5, 9,) 2
Az xg, (x> Y1), for all (xy, yy), (x5, ,) € Xy x X,

Proof. Let (x, y), (x5, ¥,) € X, x X,, such that (x;, y;) <
(x5, ¥5) = (x5, 9,) * (x1, ¥) = (0,0). This together with



(0,0) * (1, y1) = (1, 1) and fig yg (X5, ) < ,(0,0)

also Ag .z (x5, ¥) = Ag 45, (0,0). Consider

[I]
[I]

Pz xz, ((0,0) * (x1, 1))
= iz s, (%1, 1)
> rmin {iz s, ((0,0) (33, ) * (x1, 1))
Pz e, (%2 32)}
= rmin {fiz .z, ((0,0) % (0,0)), iz xz, (%2, 3,)}
= tmin {{Iz, ., (0,0), Iz, cz, (%2, 3,)}
= iz s, (%20 92)
Az s, ((0,0) * (x1, 31))
= Mg xa, (X1 1)

< max{ 5%z, ((0,0) * (x5, 3,) * (%1, 1))

(36)

ax {Ag xg, ((0,0) * (0,0)),Ag vz, (xz’)’z)}

{r
max {Aalxaz (0,0), Aslxsz (%, J’z)}

I I
=

1]
~

E,XE, (%2, 72) -

This shows that [z .z (X5,9,) = fg s, (%1, 9) and
/\Elxiz(xbyz) 2 Ailxaz(xl’yl)’ for all (xl’yl) (x2,7,) €
X, x X,. O

Lemma 3L If & x B, = (fgss, Agxs,) i5 @

cubic KU-ideal of KU-algebra X, x X, and if
(x> ¥1) * (X, 95) < (x5, y5) holds in X, x Xz, then we
have iz yg, (x5, y,) = rmin{fiz g (%1, 31), fg, g, (%3, ¥3)}
and Ag xz, (x2>)’2) < max{Ag vz, (X1, ¥1)s Az s, (%3, y3)}, for
all (xl,yl) (x5, ¥3), (x5, ¥3) € Xy x X,.

Proof. Let (x1, 1), (x5, ¥5), (x5, ¥3) € X; x X, and let
(x1> y1) * (x5, ¥,) < (x5, y3) holds in X x X, then

(%3, 3) * ((x1, 1) * (%2, 9,)) = (0,0). (37)

Now for (x5, ¥3) = (0,0) and from (CP5)

iz, xza, ((x3, y3) * (2, 3,))
> rmin {.ﬁslxaz (3 p3) * ((x1, 1) * (%2, 32)))» (38)

Pz, xg, (xp)’l)})

ISRN Algebra

we have
Pz, xz, ((0’ 0) (xz’)’z))

= [z xz, (%2, 32)

z rmin {ﬁslxaz (15 31) * (x2>y2))’ﬁ51><52 (xl’yl)}

> rmin {rmln {,uulxuz (1, 1) * (x5, v3) (32, 1)) »

Mulxuz x3,y3 } 8,XE, x1a)’1 }

= rmin {rmm {.”“ X8, ((x3, 3) * ((xl’yl) (xz’}’z)))

Pz xz, (%3 ¥3 }> 8, X8, (x> 31 }
= rmin {rmin {ﬁalxaz (0,0, iz, xs, (x3,y3)} >

~Elx52 (xl’yl)}

I

= rmin {~:1><E (x3>)’3)>.‘751x52 (pr’l)}

:rmin{ 2,xE, (xp)/l) l’hl g (x3,y3)},

and from (CP6)
Az iz, (3, 73) * (32, 32))
< max {Az g, (x5, 73) * (x1, 1) * (x23)))
Az, ()}
we have
Az xz, ((0,0) * (x5, 3,))

= AEIXEZ (%2, 72)

(39)

(40)

< max {Aalxaz (1> 1) * (32, 3)) As g, (xp)’l)}

< max {max {Aalxsz (e 1) * (x5, 73) (525 32))) »

)‘EIXEZ (x3,y3)} B,XE, (xl’yl)}

= max {max {/‘Elxsz ((x3, )’3) * ((xl’yl) (xz’)’z))) >

Az e, (35 ¥3)} As e, (315 71)}
= max {max {Az,z, (0,0), Az, (%3 33)}
As s, (x1 1)}
= max {Ag vz, (X3 3)s sz, (600 1))

= max {AEIXEZ (xI) yl) )A'EIXEZ (X3, y3)} .

This completes the proof.
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Definition 32. Let 8, X &, = (lig x5, Ag xz,) be a cubic subset
of KU-algebra X, x X,, and for any ¥ € D[0, 1] and s € [0, 1],
the set

U (B, x By t,s)
={(xy) e X, XX, 1 iz, () 2E (42)

Ag xs, (x, ) < 5}

is called the cubic level set of £) x B, = (fig g, A5 g, )-

Theorem 33. Let &, X E, = <ﬁ_1>< Ag xz,) be a cubic subset
of KU-algebra X, x X,. Then E, x E, (ﬁE xg, Mg xz,) IS a
cubic KU- subalgebm of KU-algebra X, x X, zfand only if for
anyt € D[0,1] and s € [0, 1], the set U(_‘1 X 8,31, s) is either

empty or a KU-subalgebra of X; x X,.
Proof. The proof is straightforward. O

Theorem 34. Let B, X E, = <.“”1x~ ,)L:lx:z) be a cubic subset
of KU-algebra X; x X,. Then E; X &, = (lig g,z xg,) i
a cubic KU-ideal ofKU—algebra X, x X, ifand only if for any
t e D[0,1] ands € [0,1], theset U(E, X E,; 1, 5) is either empty
or a KU-ideal of X| x X,.

Proof. Let ) x &, = (g xz,» Az, «z,) be a cubic KU-ideal of

KU-algebra X, x X,. Forany f € D[0,1] and s € [0, 1], define
the sets

U(E, x Eyt,s)

{(ey) e X\ x X, ¢ flzue, (0) =5 (43)

Az s, (%,7) < 5}-

Since U(E; x E,;T,s)#0, let (x,y) € U(E, x Ey;f,s). This
implies fiz = (x, y) = fand Az .z (x, y) <'s.So

E><~ (00)>.u"><~ ( ’)/)Z‘f
Ag xs, (0,0) < Ag

This shows that (0, 0) € U(E;%E,;1,5). Let (x;, ;) * (x5, y,)
(x5, 3)) € U(E, X Ey; 1, s) and (x,, y,) € U(E; X Ey; £, 5). This
implies

Pz xz, (x5 1) * (325 32) * (x5, 33))) = 8,
fiz e, (%2 72) = L,
Az e, (e 1) * ((x3 32) * (363, 93))) <

Ag e, (X5, 95) <50

(45)

Since
Hz, xg, (e 1) * (x5, 93))
z rmin {ﬁalxaz (e 1) * (320 32) * (33, 93))) 5

fiz <z, (x2>y2)}
> rmin {f, 7} =7,

5 (('xl’yl) (%3, 73))

< max {A: XE, (e 1) * (%2, 32) * (33, 93))) 5

Ailxiz (xz)yz)}

< max{s,s} =s.
(46)

This implied that (x,, ;) * (x5, ;) € U(E; x E,; 1, 5). Hence,
U(E, x By; 1, 5) is a KU-ideal of X, x X,.

Conversely, suppose U(E, X E,;1, s) is a KU-ideal of X, x
X,, forany € D[0,1] and s € [0, 1]. Assume (x,, y;) €
X, x X,, such that

Pz, xz, (0,0) < [z g, (x5 1)

(47)
Az xz, (0,0) > Az e (1, 91).
Put
~ 1
t, = > { 5,xg, (0,0) + iz yz, (xl’yl)}
= [z vz, (0,0) <, < fis yz, (%1, 1),
(48)

1
=5 {Aalxaz (0,0) + Ag s, (xz’yz)}
= Az g, (0,0) > £, > Az oz (X1, 31)-
This implies (x;, y;) € U(E; x Ey;1,s), but (0,0) ¢ U(E, x
5,31, s), which is contradiction. Therefore, ﬁalxgz(o, 0) >
Bz xg, (% y) and Ag .z (0,0) < Ag g (x,y) forall (x, y) €
X, x X,. Assume (x;, ¥1), (x5, ¥5), (x5, ¥3) € X, x X,, such
that
Pz, xg, (e 1) * (x5, 3))
< rmin {ﬁalxaz (e 1) * (%25 32) * (33, 93)))» (49)
Hz, xg, (%5, )’2)} .
Let

= — iz xz, ((x1: 1) * (3, 93))

NI'—'

+ rmin {ﬁalxaz (e 1) * ((x2, 32) * (53, 93))) 5

Bz, xz, (%, )’2)}} >
(50)
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then
Pz xz, ((xp)’l) * (x3,y3))
< t, < rmin {ﬁalxaz (e 1) * ((x25 32) * (33, 93))) >

ﬁalxaz (x2> J’z)} .
(51)

Also
/\EIXEZ ((x15 1) * (33, 33))
> max {/\Elxiz (s 1) * (225 32) * (x5, 93))) > (52)

/\EIXEZ (xz’)’z)} .

Let
5= 5 P, (G0 21) = (12030)
#max Az e, ((001) = ((692) = (5330))),
Az, (k0 22)H
(53)
then
Az, (1) * (3075)
> 5, > max Az, (11 30) * (3 # (x50 9))).
As s, (%, 10)} -
(54)
This shows that
(o) * () = (o) €U (8 2580,

(xz’)’z) € U(El X EZ;E S).

But (xy, y1) * (3, ¥3) € U(fiz z,5 t.,s,), which is a contradic-
tion; therefore,

iz e, (01 1) * (x5, 93))
> rmin {fg s, (%0 21) * (52 32) * (%3,35))), (56)
fiz e, (%2 0)] -
Similarly
Mgz, (x5 1) * (%3, 33))
< max {Ag g, (x5, 1) * (%2 32) * (x3,23))), (57)
Az, (%2 72)} -

Hence, E; X E, = (fig «z,> Az, g,/ is a cubic KU-ideal of KU-

22

algebra X; x X,. O
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