On deformation boundary rigidity and spectral rigidity
of Riemannian surfaces with no focal points

Vladimir Sharafutdinov and Gunther Uhlmann*

1 Introduction and statement of the results

Although the main results of the paper are obtained in the two-dimensional case, the
problems under consideration can be posed in an arbitrary dimension.

Let (M, g) be a compact Riemannian manifold with boundary. The boundary rigidity
problem consists of determining the Riemannian metric g on M, up to isometries which
are the identity on the boundary, by measuring the geodesic distance, d,, between bound-
ary points. It is easy to see that the answer to this question is no in general. We can
find metrics g such that there exists xo € M satisfying dist(zo, OM) > sup, ,canrdy (7, y).
Then we can change the metric ¢ in a neighborhood of zy without changing the bound-
ary distance function. A compact Riemannian manifold (M, g) with boundary is called
boundary rigid if the metric g is uniquely determined by d,, up to isometries which are
the identity on the boundary. There are a few classes of metrics which are known to be
boundary rigid (see [13] for references).

In this paper we consider the linearized problem. Let ¢” be a one-parameter family of
Riemannian metrics on M such that dg- = dgo, —e < 7 < e. For a geodesic v : [a,b] — M
of the metric ¢°, with v(a),(b) € OM it is easy to see that

b

15(3) = [ Fsi )3 07 (1) dt = 0, (L)

a

where f = (f;j) = 2£g"|,—. We remark that the integrand in (1.1) is written in local
coordinates. It is easy to see that it is invariant, that is independent of the choice of
coordinates. The question we address in this paper is the following: given (M, g), to what
extent is a symmetric tensor field f determined by integrals (1.1) that are known for all
geodesics vy : [a, b] — M of the metric g with endpoints on the boundary, vy(a),~(b) € OM?
The operator I defined by (1.1) is called the ray transform. We denote by C*°(S%*ry,)
the space of symmetric tensor two-fields on M. Let Z(S?7},) denote the subspace of
C>(S5?%7),) consisting of all symmetric tensor two-fields f such that If(y) = 0 for every
geodesic v with endpoints on the boundary. The space Z(S?7},) is not zero as is seen
from the following argument. Let C*°(7y,) be the space of covector fields, and

oV : C(1},) — C(S?*1y,) (1.2)
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be the differential operator defined using coordinates by the equality (oVv);; = (Viv; +
V;v;) where V denotes the covariant derivative. In other words, cVuv is the symmetric
part of the covariant derivative of the field v. A tensor field f € C*°(S?7},) is called
a potential field if it can be represented in the form f = oVuv for some v € C*®(7),)
vanishing on the boundary, v|sy = 0. Let P(S?7},) be the space of all potential fields. It
is easy to see that

P(S?1,) C Z(S*1y,). (1.3)

Indeed, if f = oV, then the integrand in (1.1) is the total derivative with respect to ¢,
Fii(y ()7 )57 (1) = d(vi(y(£))7'(t))/dt.

The question we address in this paper is the following: for what classes of compact
Riemannian manifolds (M, g) with boundary is the inclusion (1.3) in fact equality? In the
latter case (M, g) is called a deformation boundary rigid manifold. As we have indicated
the deformation boundary rigidity problem is a linearization of the boundary rigidity
problem. The right-hand side of (1.3) can be considered as the tangent space, at the
point g, to the manifold of metrics on M with the same boundary distance function as g;
while the left-hand side of (1.3) is the tangent space, at the point g, to the manifold of
metrics that are isometric to g via an isometry which is the identity on the boundary.

We recall some known results on the deformation boundary rigidity problem. Equality
in (1.3) was first proved [11] for a compact Riemannian manifold of nonpositive sectional
curvature with strictly convex boundary. Then this result was generalized [12] by replacing
the condition of nonpositivity of the curvature with some weaker curvature condition.
In particular, this condition is satisfied for every sufficiently small convex piece of an
arbitrary Riemannian manifold. For a simple Riemannian manifold, it is proved [14] that
the inclusion (1.3) has a finite codimension. A simply connected Riemannian manifold
(M, g) is called simple if its boundary is strictly convex and it has no conjugate points.
Such a manifold is diffeomorphic to the ball B™, and every two points of M are joint by
a unique geodesic.

The boundary M of a Riemannian manifold is strictly convex if the second funda-
mental form of the boundary is positively definite at every point x € OM. A Riemannian
manifold (M, g) has no focal points if, for every geodesic v : [a,b] — M and every nonzero
Jacobi field Y'(t) along ~ satisfying the initial condition Y (a) = 0, the module |Y'(¢)| is a
strictly increasing function on [a, b], i.e., d|Y (¢)|?/dt > 0 for t € [a, b].

In this paper we solve the deformation boundary rigidity problem for Riemannian
surfaces with no focal points and with strictly convex boundary. More precisely we have:

Theorem 1.1 A compact simply connected two-dimensional Riemannian manifold with
strictly convex boundary and with no focal points is deformation boundary rigid.

If a Riemannian manifold has no focal points, then it has no conjugate points. This
implies that the manifolds satisfying the hypotheses of Theorem 1.1 are simple and, in
particular, are diffeomorphic to the disk B2

Now we consider the corresponding question for closed Riemannian manifolds, i.e.,
compact Riemannian manifolds without boundary. For a symmetric tensor field f €
C>°(S?7},) on a closed Riemannian manifold (M, g), we can consider the integral I f over
a closed geodesic . Let Z(S?7};,) be the space of all fields f such that If(y) = 0 for
every closed geodesic v. By P(S5?7},) we denote the range of the operator (1.2), elements



of P(S%7},) are again called potential fields. The inclusion (1.3) holds for every closed
Riemannian manifold. The natural question is: for what classes of closed Riemannian
manifolds is (1.3) in fact equality?

Of course, the question makes sense only for closed manifolds that have sufficiently
many closed geodesics. In the present article we consider the question for Anosov mani-
folds. A closed Riemannian manifold is said to be an Anosov manifold if its geodesic flow
is of Anosov type. For such a manifold, the set of closed geodesics is dense in the set of all
geodesics. The class of Anosov manifolds contains the class of closed negatively curved
manifolds.

For an Anosov manifold of nonpositive sectional curvature, the inclusion (1.3) is equal-
ity. This fact is proved in [3] for negatively curved manifolds, but it is only nonpositivity
of the curvature and Anosov type of the geodesic flow that are used in the proof. Without
constraining the curvature, it is proved [4] that the inclusion (1.3) has a finite codimension
for an Anosov manifold.

The second main result of the present article is the following

Theorem 1.2 The inclusion (1.3) is equality for a two-dimensional Anosov manifold with
no focal points.

It is known [9, 2] that an Anosov manifold has no conjugate points but can have focal
points [7].

The second question under consideration is close to the spectral rigidity problem. Let
us recall the corresponding definitions. A smooth one-parameter family ¢” (—¢ < 7 < ¢)
of metrics on a closed manifold M is said to be a deformation of a metric g if g° = g. Such
a family is called an isospectral deformation if the spectrum of the Laplace — Beltrami
operator A" of the metric ¢” is independent of 7. A deformation ¢” is called the trivial
deformation if there exists a family @7 of diffeomorphisms of M such that " = (¢7)*g.
A manifold (M, g) is called spectrally rigid if it does not admit a nontrivial isospectral
deformation.

The following result is proved in [6]: an Anosov manifold is spectrally rigid if inclusion
(1.3) is equality. The statement is formulated in [6] for negatively curved manifolds.
However, the same proof applies to Anosov manifolds. In view of this result, the left-hand
side of (1.3) can be considered as the space of trivial infinitesimal deformations, while the
right-hand side is the space of infinitesimal isospectral deformations. In particular, under
hypotheses of Theorem 1.2, (M, g) is a spectrally rigid surface. More precisely we have

Corollary 1.3 Two-dimensional Anosov manifolds with no focal points are spectrally
rigid.

Theorems 1.1 and 1.2 are proved by the same method which we describe briefly below.
First of all, by the same arguments as in [6, 11|, we reduce the question to an inverse
problem for the kinetic equation

Hu(z,§) = fi(2)§'¢ (1.4)

on the manifold QM = {(z,§) | v € M,& € T,M,|{| = 1} of unit tangent vectors,
where H is the differentiation with respect to the geodesic flow. The claims of the the-
orems are equivalent to the statement that every solution to the equation (satisfying



the homogeneous boundary condition in the case of Theorem 1.1) is linear in &, i.e.,
uw(x, &) = Y u(x)E. In [11, 12, 3, 4] the latter statement was proved by decomposing
the field f into potential and solenoidal parts and demonstrating that the corresponding
boundary value problem has only the trivial solution for a solenoidal field f.

In [15], an integral equation was obtained in the nonlinear boundary rigidity problem
whose left-hand side can be considered as a weighted analog I, of the ray transform (1.1).
Because of presence of the weight p, the operator I, is badly related to the decomposition
of the field f into potential and solenoidal parts. Another approach to investigation of
I, is based on using the fiber-wise Laplacian Ay that is naturally defined on the bundle
QM. In this approach, one has to prove that a solution to the kinetic equation (1.4) is
an eigenfunction of Ay. In the case of a two-dimensional manifold M, the Laplacian Ay
coincides with the partial derivative 9%/960? with respect to the angle coordinate 6 on
one-dimensional fibers of QM. There is a simple commutation formula for the operators
0?/96% and H. Applying the operator 9?/96? to equation (1.4) and using the commutation
formula, we obtain a quadratic relation for the function ¢ = ugy + u which plays a key
role in the proof. In the case of absence of focal points, the terms of the relation admit
estimates that yield to the claims of theorems 1.1 and 1.2.

In the multidimensional case, the approach runs into some additional difficulties be-
cause of a more complicated form of the commutation formula for the operators Ay and
H. A similar situation arises in the nonlinear boundary rigidity problem. The commu-
tation formula for Ay and I, contains some terms dependent on the weight p, and we
need some sharp estimates for these terms. The authors intend to pursue these questions
further.

2 Pestov’s identity in the two-dimensional case

Let (M, g) be a compact oriented two-dimensional Riemannian manifold, possibly with
boundary. By QM = {(z,§) | z € M, € T, M,|¢| = 1} we denote the three-dimensional
manifold of unit tangent vectors of M. There are three canonically defined vector fields
H, H*, and 0y = % on QM which are linearly independent at every point. These fields are
defined as follows. H is the vector field generating the geodesic flow. The flow generated
by the field 0y is the group of rotations of one-dimensional fibers of the bundle QM — M
which are defined due to the orientation. In what follows, we use the notation fy = 0y f
for a function f € C°(QM). Finally, the flow ¢’ of the field H* is defined as follows.
Given a point (z,&) € QM, let ¢+ € Q.M be the unit vector orthogonal to & whose
direction is chosen with the help of the orientation, and ~, . be the geodesic determined
by the initial conditions v, 1 (0) = z and 7, ¢ (0) = &+ Then ¢'(z,£) = (1,62 (1), £(¢)),
where &(t) is the result of the parallel transport of the vector £ along v, ¢..
The commutation formulas

(09, H| = HY, [0p,HY)=—H, [H H"|=K0, (2.1)

hold where K is the Gaussian curvature. The simplest way of proving these formulas
is based on using isothermal coordinates such that the length element is given by the

expression
ds® = @) (dx? + dy?). (2.2)



Such a system exists in a neighborhood of every point of M. Given such coordinate
system, the local coordinates (x,y,0) are defined on QM, where 6 is the angle from 9,
to the current vector & € QM. The vector fields H and H* are expressed in these
coordinates as follows:

H=¢e" (cos 96’833 + sin 988y (—pg sin @ + gy, cos 9>886> (2.3)
Ht = e+ (— sin «951 + cos Haay (g cos B + p1, sin 0)(%) . (2.4)
On using (2.3), (2.4) and the equality K = —e 2*Apu, formulas (2.1) are proved by

straightforward calculations that are omitted.
Given an arbitrary function ¢ € C*°(QM), we introduce the operator

HCJ' = HJ_ + Cag.
The commutation formulas
(09, H) = H- —cOy, [09, H] = —H+co0p, [H,H| = —cH +(Hc+c*+K)dy (2.5)

follow from (2.1).

Let do be the surface form on M. We use the same notation do for the 2-form on QM
which is the pull-back of do under the projection QM — M. There is also the natural
volume form d¥ on QM. In isothermal coordinates (2.2), these forms are expressed as

follows:
do = e*dx Ndy, d¥ = e*dx AdyAdo. (2.6)

We denote the operator of inner multiplication by a vector field X by «(X). For an
arbitrary function f € C*°(Q2M), the relations

d(fdo) = f,dS, d(fu(H)dZ) = Hf -dY, d(fo(HHAS) = (H-f +cof)dS (2.7

are proved by straightforward calculations in coordinates on the base of representations

(2.3), (2.4) and (2.6).

Lemma 2.1 (the Pestov identity) For arbitrary real functions ¢, p € C*®°(QM), the equal-
1ty

2 (Heo gptie)) = Vol Voo [ (Here s K)gase | ale)
Ly (QM) QM QM)
(2.8)
holds with
we(p) = ol - L(H)dE — pgHyp - 1(H;)d, (2.9)

where the Lo-norm on QM is defined as follows:

(f7 g)L2(QM) /fgdz



This identity can be (and has been) obtained from Pestov’s identity with modified
horizontal derivative (see Section 8.2 of [13]) by changing coordinates. However the change
of coordinates leads to lengthy and complicated calculations. We present the following
straightforward proof.

Proof. On using the commutation formulas (2.5), we derive for a function ¢ €
C>*(QM)

0

)
2H: ¢ 5 (He) —

0
Ho— —Hlp-Hp=

8 1 1
—(H;p-Hyp) = H*‘)ae 50

00
=Hp (Hpo+ Hp —cpg) — (Hrop — Ho + copg) - Hp =
= (Hp)> + (Hlp)* + Hrp - Hpg— Hrpp- Hp — cpgH p — copgHp =
= (Hp)? + (H}¢)? + H(pgHF ) — HX(poHp) — @o([H, HY]p + cHF ¢ + cgHyp) =
= (Hp)* + (Hj¢)* = (Hc+ ¢ + K)oy + H(poH ) — Hy (pgHp) — copgHp.
We have thus proved the equality
0
2H ¢ - 55 He) = (He)® + (Hj¢)? — (Hc+ & + K) g+

0
+H(pgH, ) — H (poHyp) + @(Hﬂo - Hy) — copoHep.

We multiply this equality by d¥ and use (2.7) to obtain
2H - ; 5 (He)ds = ((He)* + (Hl9)?) dS — (He + & + K)gjds+

+d (QO@HCLQO W(H)AY — poHp - 1(HF)dY + Hp - HE - da) :

Integrating this equality over QM , we obtain (2.8) because the restriction of do to 9(Q2M)
is equal to zero.

3 An identity for a tensor field of second rank

Here we will prove the following

Lemma 3.1 Let ¢ € C®(QM) be an arbitrary real function. If a real function u €
CY(QM) satisfies the kinetic equation (1.4), then the function

© = Ugg T+ U

satisfies the equality

VH IR,y HIHE IR,y H B o =0/ 20 anry = [ (Het2+K)gas— [ welp),
oM a(QM)
(3.1)
where w.(p) is defined by (2.9).



Proof. In isothermal coordinates (2.2), the kinetic equation (1.4) can be rewritten in
the form

1
Hu = §f0 + f1cos260 + fysin 20, (3.2)

where the functions
1 1
Jo= 567“(f11 + fa2), 1= iefu(fn — f2), fao=efi
are independent of 6.
Differentiating equation (3.2) with respect to 6 and applying the first of formulas (2.5),
we obtain

Hug + H}Fu — cug = 2(— f,sin 20 + f5 cos 26). (3.3)
Differentiating (3.3) with respect to 6 and applying (2.5) again, we obtain
Hugg — 2cugy + ZHju@ — Hu = —4(f1 cos 20 + fosin 20). (3.4)

Multiplying equation (3.2) by 2 and adding the result to (3.4), we get the equality
H (ugg + ) — 2cugy + 2H ug = fo — 2(f1 cos 20 + fosin 26)

that can be rewritten in the form

Hp = —2H} ug + 2cugy + F (3.5)
with
F = fo—2(f1cos20 + fysin 20). (3.6)
By (3.5),
0(1{) 29 +2 +2 + F,
- = — Uu Ccu CoU .
90 @ o0 c Yo 000 0 Uoo 0

Using the second of commutation formulas (2.5), we rewrite the latter equality in the
form

9,
%(Hgo) = —QHCLUQQ + QHUQ + 20’&999 + Fg. (37)

By (3.3),
Hug = —H} u + cug + 2(— f1 sin 20 + f5 cos 26).

Inserting this expression into (3.7), we obtain

0
%(ng) = —QHj'Ugg — 2HCLu + 2cug + 2cuggy + 4(— f1sin 260 + f5 cos 20) + Fy.

By (3.6), the sum of two last terms on the right-hand side of the latter equality is equal
to zero, and we arrive at the equation

o)
%(ng) = —2H}p + 2cpy. (3.8)

Although we have proved (3.8) with the help of local coordinates, it is an invariant equa-
tion and therefore is valid globally on QM.
By (3.8),
0

2 (Hoo gg(H)) =l ol + A oo =
Ly(QM)

— 4| e — oo/ 2o + [ RS
oM
Inserting this expression into the left-hand side of (2.8), we arrive at (3.1).
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4 Proof of Theorem 1.1

First of all we will prove the following

Lemma 4.1 Under hypotheses of Theorem 1.1, there exists a real function ¢ € C*(Q2M)
satisfying the inequality
He+2% + K <0, (4.1)

where K 1is the Gaussian curvature.

Proof. Let us fix a unit speed geodesic 7 : [0,[] — M with endpoints on the boundary,
7(0),~v(l) € OM. We will first prove that inequality (4.1) has a solution on . Putting
x=7(t),§ =4(t) in (4.1), we arrive at the inequality

é+2 + K <0, (4.2)
By the change ¢ = a/2, the inequality is transformed into the following one:
a+a®+2K <0. (4.3)
Since the geodesic v has no focal points, the Jacobi equation
y+Ky=0 (4.4)

has a positive solution | with the positive derivative ] on [0,l]. Consequently, the
function a; = ¢ /y] is positive and satisfies the Riccati equation

a +aj+ K =0. (4.5)

Applying the same argument to the geodesic v with the reversed orientation, we obtain
a positive solution y; to the Jacobi equation (4.4) with negative derivative g5 on [0, ].
Consequently, the function ay = 33 /y5 is negative and satisfies the Riccati equation

as + a3+ K = 0. (4.6)

Summing (4.5) and (4.6), we conclude that the function a = a; + as satisfies the
equality
a+ (12 + 2K = 2(11@2.

Since the functions a; and ay have different signs, we see that inequality (4.3) is satisfied
by a.

We represent QM as the union of disjoint curves, the orbits of the geodesic flow, which
are geodesics considered as curves in QM. We have proved that inequality (4.1) has a
solution on every such curve. We have now to choose these solutions in such a way that
their union gives us a function that is smooth on the whole of QM. To this end we
observe that the above-discussed construction of the function ¢ has only the choice of
the initial values y;(0), 9, (0) (i = 1,2) of the solutions to the Jacobi equation which can
be arbitrary. The family of oriented geodesics v can be parameterized by points of the
product Q' x Q! of two circles. Choosing smooth on Q! x Q' functions y;(0), 77 (0), we
obtain the solution ¢ to inequality (4.1) which is smooth on QM. The lemma is proved.



We start proving Theorem 1.1. Given a real tensor field f € Z(S*7},), we define the
function u € C(2M) by putting

0

u@, &) = [ Fulue®)i @) d. (4.7
T (2.,8)

where v, ¢ @ [7-(2,€),0] — M is the geodesic satisfying the initial conditions 7,¢(0) =
z, Y.e(0) = € and such that v, ¢(7_(z,§)) € OM. The function u satisfies the kinetic
equation (1.4) and the homogeneous boundary condition

w(,€)|zeconr = 0. (4.8)

The function u(z, &) depends smoothly on (x,£) € QM except of the points of the set
Q(OM) where some derivatives of u can be infinite. Consequently, some of the integrals
considered below are improper and we have to verify their convergence. The verification
is performed in the same way as in Section 4.6 of [13], since the singularities of u are
due only to the singularities of the low integration limit in (4.7). In order to simplify the
presentation, we will not pay attention to these singularities in what follows.

We write down the equality (3.1) for the function ¢ = ugg + u. The boundary integral
is equal to zero as is seen from (2.9) and the fact that the function ¢y vanishes on 0(2M),
the latter fact follows from (4.8). We thus obtain

|H o nny + 1 HE @l + AH o = cpo/21 = [ (He+ 26 + K)ghds
QM

By Lemma 4.1, the right-hand side is nonpositive. Since the left-hand side is nonnegative,
this implies that Hp = 0. The latter equation, together with the homogeneous boundary
condition ¢|pary = 0, implies that

0 =1ugg+u=0.
This means that the function « has the form
u(z,y,0) = a(zr,y)cos + [(z,y)sind (4.9)

in isothermal coordinates (2.2).
Substituting the expression (4.9) for u into the kinetic equation (3.2), we see that

fll - 6“(@334—/@6), f12 = ;eu(ay+ﬁx_ﬂy04_ux6)7 f22 = e“(ﬁy"’ﬂx@)-

This equalities are equivalent to the relation f = cVv, where v is the covector field with
the coordinates v; = e« and vy = €. Since v vanishes on OM by (4.8), the field f is
potential. The theorem is proved.

5 Proof of Theorem 1.2

First of all we will reduce the question to the case of orientable M. Let M be a nonori-
entable Riemannian surface satisfying the hypotheses of Theorem 1.2, and 7 : M — M
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be the twofold covering with the orientable M. Then M satisfies also the hypothe-
ses of the theorem. In particular, almost every unit speed geodesic of M is dense in
QM. Let n: M — M be the isometry Changmg two points in every fiber of 7. By
0t C°(Skr =) — C>(Skrt ) and 7 L C°(Skr),) — C=(Skr ) we denote the mappings
of tensor ﬁelds induced by n and m respectively. Since 7 is an 1sometry, n* commutes with
the operator oV.

Given f € Z(S%7},), the field f = 7*f belongs to Z(S2r *) and satisfies the relation

n* f f Assuming Theorem 1.2 to be valid for M, we find 7 € C>(r ’~) such that

f: oVv. We have to prove that v is the lifting of some covector field v on M, i.e., that
v = m*v. To this end we should demonstrate that n*v = v. Indeed,

oV(no—7) =0 (Vi) —oVi=n*f — f=0.

We have thus shown that
oV (' — 7) = 0.
With the help of Lemma 2.1 of [3], the latter equality implies that

n'v—v=0.

The following statement is an analog of Lemma 4.1.

Lemma 5.1 Under hypotheses of Theorem 1.2, there exists a real function b € C(Q2M)
which s smooth on every orbit of the geodesic flow and satisfies the inequality

Hb+2b* + K <0, (5.1)
where K 1s the Gaussian curvature.

Proof. In fact we will repeat the arguments of E. Hopf [8] with a slight modification
related to the absence of focal points.

We consider the Jacobi equation (4.4) along a unit speed geodesic v : R — QM.
Absence of conjugate points means that every nontrivial solution to the equation has at
most one zero, and any two solutions coincide at most at one point if they are not equal
identically. For a # b, let y(t; a, b) be the solution satisfying the conditions

y(a;a,0) =0, y(ba,b) = 1. (5.2)
These functions satisfy the identity
y(t;a,b) = y(Bsa,b)y(t; o, B) + y(os a, b)y(t; B, v). (5.3)

Indeed, both sides of the equality are solutions to (4.4) which, by (5.2), coincide at t = «,
and therefore are equal identically. In the particular case of & = a and g =¥/, (5.3) gives

y(t;a,b) = y(b';a,0)y(t; a,b'). (5.4)
Since ~ has no focal points,

y(t;a,b) >0 for a<b and every t, (5.5)
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and
y(t;a,b) <0 for t<a<b, y(t;a,b) >0 for a<b and t>a. (5.6)

Two solutions y(¢;a,b) and y(t;a’,b), a’ < a, coincide at ¢ = b and at no other point.
Consequently, by (5.6),

y(t;ad',b) <y(t;a,b) for o <a<b<t. (5.7)
(5.6) and (5.7) imply existence of the limit
y(t;0) = lim y(t;a,b) (5.8)

for every t > b.
If @ and g in (5.3) are chosen more than b, it becomes evident that limit (5.8) exists
for every ¢, and y(t;b) is a solution to equation (4.4). This implies also that
y(t;b) = lim 5(t;a,b)

a——00

for every t. Using (5.2), (5.5) and (5.6) we get that
y(b:b) =1, y(t;0) =20, g(t;0) =0

for all ¢. Since y(¢;b) is a solution to (4.4), we have the strong inequality y(¢;0) > 0 for
all .
The function (t:0)
Y\L;
u(t) =
W=y

is independent of b by (5.4). This function is nonnegative, depends smoothly on ¢, and
satisfies the Riccati equation

U+ u+ K =0.

We have thus constructed the function u(t) for every unit speed geodesic v : R — QM.
The value u(t) depends only on the point 7(¢) but not on the choice of the origin ~(0)
on 7. In other words, u can be considered as a well-defined function u(z,£) on QM. As
E. Hopf has mentioned in [8] without proof, the function w is continuous on QM. In our
case continuity of u can be justified as follows. As is established in [5], there is a one-to-
one correspondence between the function u and the stable distribution in the case of an
Anosov geodesic flow. This means that the stable distribution can be expressed in terms
of u and vise versa. On the other hand, it is well known [1] that the stable distribution
of an Anosov flow is continuous. This implies continuity of wu.

We have thus defined a nonnegative function u € C(QM) which is smooth on orbits
of the geodesic flow and satisfies the Riccati equation

Hu+u?+ K =0.
We define now a new function a € C(QM) by putting

a(x,ﬁ) = UJ(CL’,S) - u(x, _5)

11



It satisfies the equation
Ha + a® + 2K = —2u(x, &)u(z, —£).
Since u is nonnegative, a satisfies the inequality
Ha+a*+ 2K <0.

Finally, putting a = 2b, we arrive at (5.1). The lemma is proved.

We start proving Theorem 1.2. Given a real tensor field f € Z(S?7},), the integral
of the function f;;(2)£'¢? € C*°(QM) over a closed orbit of the geodesic flow equals zero.
Applying the smooth version of the Livéic theorem [10], we obtain a function u € C*°(Q2M)
satisfying the kinetic equation (1.4).

We can assume M to be orientable. Fixing an orientation, the differential operator
0/00 is well-defined on QM. Our aim is to prove that ¢ = ugy + u is a constant function.

The statement of Lemma 3.1 looks as follows in the boundaryless case:

HHSOH%Q(QM) + HHCL<P\|%2(QM) +4||H o — CﬁPe/QH%Q(QM) = / (He+2¢° 4+ K)ggds. (5.9)
oM

Equality (5.9) is valid for an arbitrary function ¢ € C*°(QM). Let now b € C(Q2M) be
the function constructed in Lemma 5.1. With the help of Lemma 4.1 of [4], we can find a
sequence of smooth functions ¢ € C*°(QM) (k =1,2,...) such that ¢, and Hcy, converge
uniformly on QM to b and Hb respectively as k — oo. Writing down equality (5.9) for
¢ = ¢ and passing to the limit in the equality as k — 0o, we obtain the same equality
(5.9) with b in place of ¢. By Lemma 5.1, the right-hand side of the latter equality is
nonpositive. Since the left-hand side is nonnegative, the equality implies that Hyp = 0.
This means that the function ¢ is constant on every orbit of the geodesic flow. Since
there exists such an orbit dense in QM, the function ¢ = wugy + u is constant on QM.
This means that the function w is representable in the form

u(z,y,0) = uo + ui(z,y) cos § + uy(z, y) sin 6 (5.10)

in the domain of an isothermal coordinate system, where ug is a constant.

The rest of the proof is similar to the end of the previous section. Substituting the
expression (5.10) for u into the kinetic equation (3.2), we obtain f = cVuv for the 1-form
v = eM(uydx + uady). The latter form is easily seen to be well-defined on the whole of M.
The theorem is proved.
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