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Abstract

By the study of various properties of some divided-difference equations, we simplify the defi-
nition of classical orthogonal polynomials given by Atakishiyev, Rahman and Suslov (1995), then
prove that orthogonal polynomials obtained by some modifications of the classical orthogonal
polynomials on nonuniform lattices satisfy a single fourth-order linear homogeneous divided-
difference equation with polynomial coefficients. Moreover, we factorize and solve explicitly
these divided-difference equations. Also, we prove that the product of two functions, each of
which satisfying a second-order linear homogeneous divided-difference equation is a solution of
a fourth-order linear homogeneous divided-difference equation. This result holds in particular
when the divided-difference operator is carefully replaced by the Askey-Wilson operator D, fol-
lowing pioneering work by Alphonse Magnus (1988) connecting D, and divided-difference oper-
ators. Finally, we propose a method to look for polynomial solutions of linear divided-difference
equations with polynomial coefficients.
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1 Introduction

Let x(s) be a function of the variable s and y(x(s)) a function of x(s) satisfying a difference equation
of hypergeometric type namely

A [Vyx(s) | | vlas) [Ayla(s) | Vy(z(s))
9((s)) Axl(s){ Va(s) ]+ 2 [ Ax(s) - V(s)

where ¢ and 1) are polynomials of degree at most 2 and 1 respectively; \ is a constant, A and V are
the forward and the backward operators

Af(s) = f(s+1) = f(s), V[(s) = f(s) = f(s = 1). 2)
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Here the lattice x,,(s) for a complex number 1 is defined as

zu(s) = z(s+ g) (3)

Atakishiyev, Rahman and Suslov [5] (see also [28]) proved that the divided-difference AZE:”((SS))) sat-
isfies an equation of the same type as (1) if and only if x(s) is a linear, a g-linear, a quadratic or a

g-quadratic lattice; that is z(s) is of the form

Jagtt e tez if g#1
x(s)_{c452+c5s+c6 if ¢g=1, “)

where ¢ € C, and the ¢; are arbitrary constants such that (c1,c2) # (0,0) and (cq,c5) # (0,0).
Lattices of the form (4) with ¢; co # 0 or ¢4 # 0 are called nonuniform lattices [5, 28].

Next they used this characterization to give a definition of classical orthogonal polynomials (in
the broad sense of Hahn, and consistent with the latest definition proposed by Andrews and Askey

[2]):
Definition 1 A polynomial sequence (P,) is classical if and only if:

1. (PB,) is orthogonal on a real interval (x(a), x(b)) with respect to the weight function p(s) i.e.

degree(P,) =n, n >0,

N (5)
> Po(x(si)) Po(x(s:)) p(si) Var(8i) = kn dpm, ko # 0, n, m >0,
i=0
with
So=a,Si+1 =5 +1, syr1=0b N €NyU{oo} (6)
for the discrete orthogonality or
degree(P,) =mn, n >0,
(7)
Jo Pu(x(5)) Pro(2(5)) p(s) Vi (s) ds = ky Opm, kn # 0, n, m >0,
where C' is a contour in the complex s-plane, for the continuous orthogonality;
2. Any P,(xz(s)) satisfies a difference equation of the form (1) with x(s) given by (4).
3. The weight p satisfies the Pearson-type difference equation
A
o () = () L) ®
where (s) is a polynomial of degree 1 in x(s) and the function ¢ defined by
1
¢(z(s)) = o(s) + 5¥(a(s)) Vau(s) )

is a non-zero polynomial of degree at most 2 in the variable x(s), with the border conditions

a(s)p(s) x*(s — %)}S:mb =0,k=0,1,2,...,

(10)
JoAlo(s)p(s)a®(s —3)]ds=0,k=0,1,2,....

for the discrete orthogonality and the continuous orthogonality respectively.
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This definition covers the ¢g-Racah polynomials as well as the Askey-Wilson polynomials and their
limiting and special cases. It covers also the very classical orthogonal polynomials— the classical or-
thogonal polynomials of a continuous variable (Jacobi, Laguerre and Hermite by virtue of the limiting
procedure); the classical orthogonal polynomials of a discrete variable (Hahn, Meixner, Charlier and
Krawtchouk) and the classical orthogonal polynomials of a ¢g-discrete variable (Big g-Jacobi, .. .).

Remark 1 [t should be noticed that in case of the continuous orthogonality, for the family (P, (x(s)))
to be classical orthogonal polynomials in the real variable x(s), it should be possible [5] to choose
a contour C' in such a way that the second relation of (7) can be expressed as a real orthogonality
relation

b
/ P,(z) P,(z) p(x) dx = ky, 0pm, kn # 0, n, m >0,
with p(xz) > 0, x € (a,b).

According to this definition, for a family of polynomials (P, ) orthogonal with respect to a certain
weight function p to be classical, the weight should satisfy a Pearson-type equation with some border
conditions and any P, should additionally satisfy an equation of type (1).

By studying various properties of the operators D, and S,

D, f(a(s)) = %(S)), S, = LT T Selo)

(11)

we prove that the second condition of Definition 1 is not necessary. Therefore, we get rid of this
condition and obtain a definition which is similar to that of the very classical orthogonal polynomials.
Next, we derive, factorize and solve the fourth-order divided-difference equation satisfied by the
orthogonal polynomials obtained by modifications of classical orthogonal polynomials.

Section 2 is devoted to the study of the properties of the operators D, and S,. In particular, we
prove that the product of two functions, each of which satisfying a second-order linear homogeneous
divided-difference equation is a solution of a fourth-order linear homogeneous divided-difference
equation. We show how this result works when the divided-difference operator is replaced by the
Askey-Wilson operator D,. In the third section we simplify Definition 1 and derive the expressions of
the recurrence coefficients of classical orthogonal polynomials in terms of the polynomials ¢ and 1
in the same line as for the very classical orthogonal polynomials. The fourth section is devoted to the
derivation, the factorization as well as the solution of the fourth-order divided-difference equations
for modifications of classical orthogonal polynomials (see [11, 12, 13] for the cases of the very clas-
sical orthogonal polynomials). Section 5 gives some specializations and applications. In particular,
we point out some situations for which the first associated of the Askey-Wilson (resp. the Racah)
polynomials remains classical and express these in terms of the initial families. We also point out
a method to look for polynomial solutions of higher order divided-difference equations with poly-
nomial coefficients in the same line as the one of higher order differential equation with polynomial
coefficients.

To complete the introduction, we would like to mention that here by modifications of orthogonal
polynomials (P,,) we mean any family of orthogonal polynomials (P,) which is related to the initial
family (P, ) by a relation of the form

By = Ly i (%) Poyr(x) + Jppi(z) P (), (12)

where Pn(i)r_l is defined in (13) and (14), r and k are nonnegative integers, I, , x(z) and J,, () are
polynomials in the variable x with the property that they do not depend on n for n > k, i.e.:

In,r,k = [r,k’a Jn,r,k = J’r‘J{; 7é 0, n> k.
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Among these modifications are the rth associated orthogonal polynomials which are obtained by re-
placing n by n + r in the recurrence coefficients /3, and -, of the three-term recurrence relation
satisfied by the initial orthogonal polynomial sequence (P,)

Poii(z) = (x = Bn) Pu(z) — Yn Poa(x), n > 1, Po(z) =1, P_y(z) =0. (13)

The new polynomial family obtained, which is denoted by (R(f)), is orthogonal thanks to Favard’s
theorem [8] since it satisfies

P (x) = (& = Bugr) PO(@) = vpyr P (), n> 1, P(2) =1, PU)(2) =0 (14)

n —

The relation

P p(i)
P(r) —-r-1 P( ) o Tr=2
n Frfl n+r—1 Frfl

linking (P, ) and its rth associated compared to relation (12) yields

P,y,n>0,r>1, (15)

k
, with Ty =[], k>1, Tp=1. (16)

j=1

P P
k=0, Jr,oz—FH, Jro =5 !
r—1 r—1

Other modifications of the three-term recurrence relation which lead to relations of the type (12)
are the co-recursive and the generalized co-recursive orthogonal polynomials; the co-recursive as-
sociated and the generalized co-recursive associated orthogonal polynomials; the co-dilated and the
generalized co-dilated orthogonal polynomials; the co-modified and the generalized co-modified or-
thogonal polynomials. Information about these families of orthogonal polynomialsas well as the
relations of type (12) they satisfy can be found in [11, 12, 13] and references therein.

2 Properties of some divided-difference operators

2.1 Properties of the quadratic and g-quadratic lattices

Let z(s) be a lattice given by (4). Such lattice satisfies [5]

r(s+k)—x(s) = v Va(s), (17)
z(s+ k:2) + z(s) — o a(s) + B, (18)

fork =0, 1, ..., with
avw=1La=a, =0, 06=0,7%=0,1=1, (19)

where the sequences (ay), (Bk), (1) satisfy the following relations

Q1 — 2a o + o1 = O,
Br+1 — 20k + B = 2By, (20)
Vi1 — Vi1 = 20,

for k =0, 1, .... The lattice z(s) has also the property [28]
z(s+ 1) 4+ 2(5)* = 2 As(21(8)) = az x1(s)? + a1 z1(s) + ao, (21)

where the a; are constants (to be found later in (36)), with ay # 0.
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For practical reasons, it is important to express z(s), —4 < k < 4, in terms of z(s) and z(s+1) =
xo(s) using (17) and (18). For this purpose, we consider Equation (17) for k = 2, s = s — 1 and
k=2, s=s—32;and Equation (18) fork =1; s = s,fork=1; s = s— S andfork =2, s =s—1.

Then we solve the system of five linear equations obtained for the unknowns

x_3(s), z_1(8), z_2(s), x1(s), z3(s)

and obtain the expressions

20z_3(s) = —(2a—1)(20+ 1) z3(s) + (40® + 2a — 1)(4a? — 2o — 1) z(s)

+26 (2 + 1)(40? + 200 — 1);

T o(s) = —xo(s) + (40 —2) x(s) + 48 (a + 1);
20z 1(s) = —wa(s)+ (20— 1)(2a + 1) z(s) + 28 (2 + 1);
2awi(s) = wo(s) +a(s) — 25;

2az3(s) = (2a—1)(2a+1)za(s) — 2(s) + 28 (2a + 1),

from which we deduce

T 4(s) = —(4a® —2)my(s) + (4a® — 1) (4a® — 3) x(s) + 48(a + 1)(4a® — 1);

z4(s) = (4a® —2) 2a(s) — x(s) +48(a + 1).

2.2 The operators D, and S,

(22)

(23)

The operators D, and S, defined in (11) transform any polynomial in z(s) into a polynomial of the

variable x;(s). More precisely we have (see also [28], p. 149):

Proposition 1 If P, (x(s)) is a polynomial of degree n > 1 in x(s), then

D:(Po((5))) = gn-1(21(5)), Sa(Pa(2(s))) = ra(21(s)),

where q,,_1 and r,, are polynomials of degree n — 1 and n respectively.
More generally,

]Dacu (Pn(xu(S») = QNn—l(Iu+1(3))v SzH(Pn(xu(S))) = fn<xu+1(3))7
where q,,—1 and T,, are polynomials of degree n — 1 and n respectively.

Proof: First, for fixed n > 1, we write the relation

fls+1)+ f(s)
2

g(s +1) +9(s)
2

Af(s)g(s)) = Ag(s) +

A f(s),

for f(s) = 2"7'(s) and g(s) = z(s) and obtain using relations (18) for k = 1

D, 2"(s) = (az1(s) + B) Dy 2" (s) + S, 2" (s).

(24)

(25)



In the same way using in addition (21), we obtain by taking f(s) = 2" !(s) '™ * and g(s) = x(s)

Sy 2"(s) = (aw1(s) + B) Sy 2" (s) + [Ag(wl(s)) — (axq(s) + 5)2} D, 2" (s).

From the two previous relations, it is easy to show by induction that D, 2" (s) and S, 2" (s) are poly-
nomials of degree at most n — 1 and n respectively in the variable z;(s). Next, we write

7’L—1 n
=Y Duial(s), Sea™(s) = Suxi(s), (26)
k=0 k=0

and get from the previous equation a system of two recurrence relations in D,, ,_; and .S, ,,. Solving
this system with the initial conditions Do =1, Dy; = 2a, Spo = 1, S11 = a, one obtains that

Dypp1#0, n>1and S,, #0, n>0.

This proves the first assertion of the proposition. Equation (25) is obtained by replacing s by s + £ in
(24). The coefficients D,, ,_; and .S,, ;, for K = n, n — 1 and n — 2 will be given explicitly later.  [J

2.2.1 The product and quotient rules for D, and S,
Next, we state and prove product and quotient rules for the companion operators D, and S,.

Theorem 1 The following statements hold.

1. The operators D, and S, obey the following product rules:

Dy (f(x(s))g(x(s))) = Sof(x(s)) Dag(a(s)) + Do f(2(s)) Seg(2(s)), 27
Se (f(x(s))g(x(s))) = Qa(21(s)) Do f(x(s)) Dag(x(s)) + Sef(x(s)) Szg((s)), (28)

where ()5 is a polynomial of degree 2
Qa(w1(s)) = (o = 1) 21(s) + 28 (@ + 1) 21(5) + ba (29)

and §,. is a constant depending on «, (3 and the initial values x(0) and x(1) of (s):

2(0 2(1 202 — 1 1 2 1)?
5, = )41;;6 L _{ s ) (0) (1) - %@(0) + (1)) + 5((;—2*). (30)
2. The operators D, and S, also satisfy the quotient rules
flz(s)\ _ ( (s)) Dyg(z(s)) — Dy f(2(5)) Sag(z(s))
b <g<x<s>>> = ) DT - BT Gh
f(@(s)) _ Qaz1(8))Duf(x(s)) Dug(x(s)) — Saf(x(s)) Sag(x(s))
o <g<x<s>>> - 02o1(9)) Deg @) — Beg@()P ’ G2

provided that g(x(s)) # 0, s € (a,b).

3. More generally, relations (27)-(32) remain valid if we replace v and x, by v, and x,, re-
spectively, i € C. In particular, the constant 0, remains unchanged if we replace x in (30) by
Ty, k €7, ie.,

0z, = 0, =10, k € Z. (33)



Proof:  First, we solve the equations

flx(s +1)) = f(x(s))
z(s+1) — z(s)

fx(s +1)) + f(x(s))

D f(a(s)) = Sl (als) = : ,

in terms of f(x(s + 1)) and f(x(s)). Then, we substitute this result for f and g in the equations

D, (f(a(s)) gla(s)) = LT Dotele £ 1) — Jrls)g(ls),

o(s 1) — (9
5. (o) (s — L6+ Dol 1)+ Feotat)
and obtain respectively (27) and
S (Fle(Ng(e(s) = CEVZINp ra0) D,g(a() + 5. 1(2() Saala(s)).

By taking f(x(s)) = g(x(s)) = x(s) in the previous equation, we get

(z(s +1) —
4

Qo(z1(5)) := 2(8))° _ S,2%(s) — (Spz(s))?.

By means of Proposition 1, Q(z1(s)) is a polynomial of degree at most 2 in the variable x;(s).
Hence,

(z(s+1) — 2(s))* = dy 23(s) + 61 21(5) + dp,

where ¢; are constants. Application of the operator ID,, on both sides of the previous equation and
use of Equations (17) and (18) for &£ = 2 produce

(x(s+2)—=2z(s+ 1)+ 2(s)) (z(s +2) — x(s))
z1(s+ 1) — z1(s)
= 27 [(ag — 1) x(s + 1) + Ba.

The previous equation gives by means of (18) for £ = 1 and s replaced by s + %

20y (ax(s+ 1)+ 5)+01 =27 [(aa — 1) z(s + 1) + Bal.

dy(x1(s+1)+x1(s) + 01 =

Therefore,
5y = —72(0‘;_ D y?=1), 6 =88 (a+1)
and )
Qs (s)) = FEF 1>4_ T (02— 1) 2(s) + 28 (a+ 1) 2 (s) + b0, (34)

Equation (30) is obtained by taking s = 0 in the previous equation and using (22).
To prove the second statement, we take f(x(s)) = m in (27) and (28) to get

1 1
O RO
1 1
92 () + Q2(x1(s)) Dzg(a(s)) Dy

The determinant of the previous system with respect to the unknowns

1 1
and D

g(a(s)) "g(z(s))

Szg(z(s)) S,

Ss




Q2(21(5)) Dag((s))]* — [Sag((s))]* = 4 g((s)) g(x(s + 1)) # 0. (35)

Hence,

1 —S,g(2(s))

g(z(s)) Q2(71(s)) Dy ( (8)]? = [Szg((s))]*’
o +9(x(s))

“g(x(s)) Q2(71(s)) Dy ( (s)]? = [Szg(x(s))]*

)
Application of the product rules (27)-(28) to the product f(x(s) & (S 5 produces (31) and (32). The

) X
third statement of the theorem is proved by replacing s by s + £ in (27) (32). Also, Equation (33) is
obtained by direct computation using (22) and (30). U

From now on we denote ¢, by 9, i.e. § := 4.

Remark 2 The operators D, and S, appeared already in the works of Magnus [23, 24, 25]. In [23]
Magnus gave also the product and quotient rules for a more general divided-difference operator.
Theorem 1 is more specific to quadratic lattices and gives in detail the coefficients appearing in the
product and quotient rules, in terms of the parameters «,  and J of the lattice.

Corollary 1 As direct consequence of the previous theorem we have:

1. From the quotient rules (31) and (32), one observes that the operators D, and S, transform a
rational function of the variable x(s) into a rational function of the variable x1(s).

2. If we square both members of (18) for k = 1 and combine with (34), we obtain

s+ 1) +2%(s) = 212 -1 23(s)+4B82a+ 1) zi(s) +2(B3*+6), (36)
r(s)x(s+1) = 2i(s) —2Bx1(s) + B —6. (37)

Remark 3 The parameters «, B and § are the ingredients for the classical orthogonal polynomials.
As will be shown later, the recurrence coefficients of the classical orthogonal polynomials are ex-
pressed explicitly in terms of these three parameters and the coefficients of the polynomials ¢ and 1
involved in the Pearson-type equation satisfied by the orthogonality weight function (see (8)).

2.2.2 Consequences of the product and quotient rules

The product rules for I, and S, provide the recurrence relations for the coefficients D,, ;, and .S,, .

Proposition 2 The coefficients D,, ;, and S, . of the expansions (26) satisfy

Spkp = —aDpp1—=BDpp+ Dpyig, 0<k<mn, (38)
Sn—i—l,k = (a2 - 1) Dn,k_Q + 2 (Oé + 1) B Dn,k’—l + 6Dn,k
+a Sn,k'—l + BSn,ka 0 S k S n—+ ]-7 (39)
with the convention
Dn,n = Dn,nJrl = Sn,nJrl = Dn,fl = Dn,72 = Sn,fl = O, n > 0. (40)

Proof:  Equations (38) and (39) are obtained from the expansion formulaes (26) and the product
rules (27) and (28) for f(x(s)) = 2™(s) and g(z(s)) = z(s). O



Coefficients D,, ;, and S, ;.
Substitution of (38) in (39) reads

Diior —2aDyii g1+ Dypo=28Dpi15+ (0 — ) Dpp +28Dyp1. (41)

The previous equation for £ = n + 1 gives a second-order homogenous linear difference equation
with constant coefficients

Dn+2,n+1 -2« Dn+1,n + Dnm,—l = 07

whose solution with the initial conditions Dy =0, Do =118

n if a=1,
Dn,n—l = q? —q:1% if o = q%+2q7% : (42)
q2—q 2)
where the parameter ¢ is the one appearing in (4).
Sh.n 18 therefore deduced using (38) for k = n
1 if a=1,
S = q%+2q’% i o= q%JrQq’%‘ (43)

The coefficients D,, ,,_» and S,, ,,_; are deduced by solving (41) for kK = n — 1 with the initial condi-

tions Dy _o = D; 1 = 0 and using (42) and (43). Using the computer algebra software Maple 9 [27]
we get with p = ¢*

sBn(n—1)(2n—1) if a=1,
D2 = 2pBn(p~"+p")  2p*B(P"—p ") if a= gZ+q" % (44)
(p+1) (p—1)2 (p+1) (p—1)3 5
fn(2n—1) if a=1,
Smn—l { Bn( 1-n_ ) . %4— _% (45)
_% if a=4 2q ]

The coefficients D, ,,_3 and S, ,_» are obtained likewise using Equations (38)-(45) with the initial
conditions Dy o = Dy _1 =0

(gn(n—1)(n—2)(48°n? —88%n+56+ 3 3?), for a=1;
2 n+ n pn_pfn 3
Dp oz = <<2 eyl = 1>32p)53 i N (46)
’ n_7p 7n+7pn +pn
+<<T 2P + Py P 1
543
+7(p 15 (o1 Gp)BQ for a=2+%42 .
and
tn(n—1)(46°n*-86n+306+3057%), for a=1;
Sn’n_2 - n n+1 2—n 3—n 5 -3 (47)
P2 L 1)5n+ (p( p1)2 n _|_p "—3p 2(23;;))3 —p n) 627 for a = q2+2q 2‘

The remaining coefficients D,, ,_; and S, , kK = 1...n — 3 can be computed by following the same
procedure.



Additional properties for D, and S,

The product rules for D, and S, can also be used to write the expressions D,z"(s) and S,z"(s) in
terms of the polynomials (); and ()5 and also in matrix form:

Theorem 2 For any integer n, the following relations hold

(@11 (5) + V@0 ®) "~ (@u(1(5)) — VQma())

Do (s) = 2/ Q2(z1(s)) 7 )
(@@1(5) + V@@ () + (Qu(ar(5) — VQalma()))
Sya"(s) = (49)

2 )
where Q1(z1(s)) = S, x(s) = axi(s) + 8 and Q2(z1(s) given by (29).

Proof:  Let n be a nonnegative integer. From (27) and (28) for f(x(s)) = x(s) and g(z(s)) = z"(s),
we obtain the relation

|: D, z" 1 (s) ] ! Q1(z1(s)) 1
Q2(z1(s))  Q1(z1(s))

[ D,z (s) ] { Q1(z1(s)) 1 ]n { 0 ]

Sex"(s) Q2(z1(s))  Qu(x1(s)) 1

Since the matrix involved in the previous equation is invertible for its determinant being different
from zero, we perform linear algebra calculus to compute its nth power in terms of ()1, (J» and n and
deduce (48) and (49) for any nonnegative integer n.

Taking into account that relations (48) and (49) are satisfied for nonnegative integers, these rela-
tions for negative integers are obtained by using (31) and (32) for f(z(s)) = 1 and g(z(s)) = 2™(s)

D,z"™(s) ]

Szx™(s)

Sxxn—i-l (S)

from which we deduce

-n Dfﬂxn(s)
Dyx™"(x) = -—
@) = () Der ()] — B (3]
(@@ + V@@ (3) - (@) - VQuai(s)
N 2 /Qa(z1(s)) ’
Spx™"(z) = Sx:c"(sg

Qa(21(s)) Daz"(s)]* — [Spam(s)]”

<Q1($1(S)) ! Q2(x1(8)))7n + <Q1($1(8)) - \/M) B
2 .

The proof is therefore complete. Notice however that (48) and (49) can also be obtained directly
using the equations

Qun(s) = am(s)+ =TT,

(z(s +1) — x(s))*
4

Q2(z1(5)) = (a® —1)23(s) +2B(a+1)x(s) +0 =

10



to express x(s) and (s + 1) in terms of Q;(z1(s)) and Qa(x1(s))

z(s+1) = Qi(71(s)) + VQ2(x1(s)), z(s) = Qu(z1(5)) — v/ Qa2(1(5)).

The following theorem gives relations between the products of the operators I, and S,
Dx,1 ]D):rfy Dx,l Srfzv S:v,l ]Dm,w S:p,l Sx,g-

These relations happen to be very important in the next part of this work as well as in the characteri-
zation of the classical orthogonal polynomials [14].

Theorem 3 The following relations hold:

]D)JLI SJLQT_Q = 0483571 Dx72T_2 + Ul(s) ]D$71 D$72T_2; (50)
SQLI 81721‘_2 = Ul(S) Sm,l ]D)QLQ’]T_Q + « UQ(S) Dx,l DxizT_Q + 1, (28]
where
Ui(s) = Ui(a(s)) = (@® = 1)a(s) + B (a + 1); (52)
Ua(s) = Ua(z(s)) = Qa2(z(s)) = (a2 —1) x2(s) +28(a+1)x(s) + 0.

Here, the operator T, which acts on the variable s is defined by

Tof(s) = (s + 5, or Tuf(e(s) = flau(s)), (53)

while 1 is the identity operator 1f(s) = f(s).

Proof: We write

Dz s Sz, f(z-2(5)) = B1Se Do, f(z-2(s)) + B2 Dy Do, f(2-2(s)) + B3 f(2(s));

Sy_1 Su_pf(w—2(s)) = C1Sp Dy, f(w-2(s)) + CoDy, Dy, f(w—2(5)) + C5 f(x(s)),

and use (11) with = replaced by x_; or x_5 to transform the previous equations into linear combina-

tions of f(z(s—1)), f(z(s))and f(z(s+1)). Then we equate the coefficients of f(z(s—1)), f(z(s))
and f(x(s+ 1)) in the resulting equations and obtain for each equation a system of three linear equa-
tions in terms of the unknowns B; (respectively (C;)). Solving these two systems, we obtain

_la(s+1) —az(s—1) r(s+1)—2x(s) +z(s — 1)

1_2x(5+%)—x(s—%)’ Bz = 4 » Bi=0,
and
o - z(s+1) —23:4(5)—1—3:(3— 1)’ Cy=1,
Cy = —éx(s— 1)x(s+%)—|—ém(s—1)x(s— %)+éx(s+1)x(s+ 2~ éx(s—kl)x(s— 0.
The previous equation combined with (22) and (49) yields
By =«a, By =U(s), B3 =0, C, =Uy(s), Cy = alUs(s), C3 = 1.
OJ
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2.3 The operators [, and M,

For the manipulation of the difference equations for orthogonal polynomials, it is sometimes more
convenient to work with the operators F, and M,

AVHS) g L(AMS) | VA
Az(s — 3) V(s)’ M. f(s) = (Ax(s) N Vx(s)) ’ >4

F:ch(5> =

for they share the property of transforming any polynomial in the variable x(s) into a polynomial of
lower degree but in the same variable z(s). This property is similar to the one of the usual derivative.
2.3.1 The product and quotient rules

Theorem 4 The following properties hold:

1. If P,(x(s)) is a polynomial of degree n in the variable x(s), then F, (P, (x(s))) and M, (P, (z(s)))
are polynomials of degree n — 2 and n — 1 respectively in x(s).

2. F, and M, obey the product rules

F.M,f(s) = (2a*—1)M,F,f(s)+2aU(s)F,F,f(s); (55)
MM, f(s) = aF,f(s)+2aU(s)M,F,f(s)+ (2a* — 1) Us(s) F.F,f(s), (56)

where the expression F, M, f(s) refers to F, (M, f(s)) and
Ui(s) = (a+ 1) [(a—1)z(s) + 8], Us(s) = (a®> = 1) 2*(s) + 2B (a+ 1) z(s) + 6. (57)
Proof: From the definition of D,, S,, F, and M, (see (11) and (54)) we have

B (f(x(s) = M(f_l)vé(x{)” D, D, f(a-a(s)). 58)
(

2

flx(s))  VI((s))
(s = 5 (L S s, b 69
The previous relations are equivalent to
]Fx = ]Dac,1 Dx,g T727 M:v = S:p,l DI,Q PII--‘72- (60)

Let P,(x(s)) be a polynomial of degree n in z(s). From (58) and Proposition 1, we deduce that
D,_, transforms P,(z_»(s)) into a polynomial of degree n — 1 in z_;(s) and D,_, transforms
D, _,P,(x_3(s)) into a polynomial of degree n — 2 in x¢(s) = x(s). Therefore, F, P, (z(s)) is a
polynomial of degree n — 2 in x(s). Similarly, we deduce that M[, P, (z(s)) is a polynomial of degree
n—1inz(s).

Before starting the proof of the second statement, one should keep in mind the relations

T.D, =D,,, T,S,=S8,,. (61)
In the first step, we combine (60) with (61) to get

F.M, = D, D, , T [S;_,D,_, T_5]
D, ,D,_, [Sx 2Dy, T 4]
= D, , D, ,S;,] D, , T4
Dy, Do, S, Ts] Ts [Py, T_4]] -

12



Use of (50) (and later on (27)) transform the previous equation into

F,M, =

Dy, [aSe Dy ;T34 Ui(z_1(s)) Dy, Dy T3] T3Dy_, Ty
aDy  Sp Dy Dy Ty + Dy, [Ur(z-1(5))Dy_, Dp_,T_3] T3D,_, T4
o [aS;_ Dy ,T—o + Ur(z(s)) Dy, Dy, T—2] To Dy, Dy, Ty

+ Dy, [Ui(z-1(5)) Dp_y Dy, T_3] T3D,_, T4

(2a% = 1) M, F, +2aU;(z(s)) F, Fy,

taking into account that

D, , [Ui(z_1(s)]=a* =1 and S,_, [Ui(z_1(s))] = a Uy (z(s).

Relation (56) is obtained in the same way using (28), (50) and (51).

Theorem 5 The following product and quotient rules hold:

F

2 (f9) = Fo(f)g+ fFa(g9) +2aM.(f) Ma(g)

+ 201 [Fo(f) Ma(g) + Mo (f) Fa(9)] + 2 Uz Fu () Fa(9);

Mm(fg) = Mx(f)g+sz(g)+2U1Mx(f)M:Jc(g)

with

+ 20Uz [Fo(f) Me(g) + Mo (f) Fa(g)] + 2U1 U2 Fo(f) Fe(g);

) = {20/ Ma(0) ~20M,(N)Mo(9) g+ Fol) g~ fgFsl9)

+ 2aUsFu(f)Falg) g —2aUs f [Falg))
+ 201 Fo(f)Ma(g9) g —2U1 M (f) Fa(g) g } /
{02 W1 Fu9) +aML(9) = [+ 201 Ma(9) + 20 e Fa(9)) |

{20002 f [Fu(9))” = 201 U Fo(£) Fal9) 9 + M) 8° = g Ma(9)

+ QQUQMx(f)Fx(Q)g—QQUQFx(f)Mx(g)g
+ 201 ML) M) g —2Us f Ma(9)*} /

{Us 01 Falg) + aML(9)] = [g + 201 Ma(g) +2a Us Falg)} g,

f=f(s),U; =U;(s)and g = g(s) # 0, Vs € (a,b).

Proof:  Use of (60) gives the equation

Fa (f(2(s)) g(2(s))) = Do, Do, (f(2-2(5)) g(2-2(5)))

13

(62)

(63)

(64)

(65)



which using (27) and (28) is transformed into

Fo (f(2(s)) g(z(s))) =
Dy, Doy f(2-2(5))Se, g(x—2(5)) + Sz, f(2—2(5)) Da_, g(z—2(5))]
= Dy Ds, f(2—2(5))Ss_1 Su_, g(x-2(8)) + Sz Dy, f(x-2(8)) Dy, Sz, g(x—2(5))

+ Do Sp oy f(2-2(8))Se_ Day g(x—2(8)) + Sz Su, f(@-2(5)) Dy Dz, g(x—2(5)).

Elimination of the products of the form'S, |, S, ,f(z_2(s)) and D, , S, , f(x_2(s)) in the previous
equation using (50) and (51) produces

Fo (f(2(s)) 9(2(s))) = Falf) [Ur(s) Mx(g)JrOéUz( )Fa(9) + 9] + Ma(f) [a M
+ Fe(g) [U1(s) Ma(f) + aUa(s) Fo(f) + f] + Me(g) [
= Fa(f)g+ fFa(g )+2aM (f) M (g)
+ 201 [Fo (f) M (9) + M (f) Fa(9)] + 2 U2 Fo (f) Fa(g).

(9) +Ui(s) Fz(9)]
aM(f) + Ui(s) Fz(f)]

Relation (63) is derived in the same way.
The quotient rules (64) and (65) are derived by applying the product rules (62) and (63) to

f(s) x ﬁ. In fact, we first express I, (ﬁ) and M, ( G )) for g(s) # 0, Vs € (a,b), in terms of
g(s), F.g(s) and M, g(s). For this purpose, we take f(s) = ﬁ in (62) and (63) and get the linear

system in IF,, (é) and M, (%)
1 1
9+ 2U1 M, (g) + 22 Uz Fo(9)] F, (g) 4+ 2[U1 Falg) + a Mo (g)] M, <g) _4@

2U2[U1Fx<g>+aMx<g>m(;)+[g+2U1 A(g) + 2 UsF <>Mx< = -i.(y

N———

1
g
whose determinant is

[9+2U1 Ma(g) + 2 Us Fo(g)]* — 4Us [Ur Fo(g) + aMo(g)]* = g(s— 1) g(s +1)
# 0,Vs € (a,b).

Therefore, [F, <§> and M, (é) are uniquely determined from the previous linear system, and quo-
£

tient rules IF,

Q

and M, (%) are deduced by application of the product rules (62) and (63) to
f(s) x ﬁ. O

2.3.2 Consequences of the product and quotient rules

The product rules provide the recurrence relation for the coefficients F;, ,, and M,, ;, of the expansion

n—2 n—1
= Z Fopa®(s), Mya"(s) = Z M, 2" (s). (66)
k=0 k=0
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Proposition 3 The coefficients I, ,, and M, j, satisfy

Foop—2aM,,—28(a+1)F+(1—20*)F,1=0,0<k<n-—1, (67)
My —2B8(a+1) My —2a(a® —1)Fopo—2ad F,y
—daf(a+1)Fop 1+ (1 —=20*) My 1 — 0, =0, 0<k <n, (68)

where 0,1 is the Kronecker symbol, with the convention
Fn+1,n = I'nnt+l — Mn,n—i—l - Fn,n - Mn,n = Lp-1—= Fn,—2 - Mn,—l - 07 n Z 0.

Proof:  The proof is obtained using (66) and the product rules (62) and (63) for f(s) = z"(s), g(s)
x(s).

Ol

The previous proposition allows to compute recurrently the coefficients F,, , and M,, ;.. Further-
more, these coefficients can also be computed via the following relations in terms of the coefficients
Dn,k and Sn,k:-

Proposition 4 The coefficients D,, ;, and S, . of the expansions (26) are related to the coefficients
F, i and M, ;. of the expansions (66) by

n—1
Fok = Y DynjDjx, 0<k<n—2, (69)
j=k+1
n—1
Muyg = > DnjSin, 0<k<n—1. (70)
j=k
Proof: The proof follows from Equations (26), (58), (59) and (66). Notice that the coefficients
Frn—o—k, My n—1-k, 0 < k < 2 are computed explicitly in (97) and (98). Il

As another consequence of the product rule, we state the following:

Proposition 5 For any nonnegative integer n, the following relations hold

Foa™(s) = Z;:z\”j%(s) [(%(s)+2am>n_l_k—(Vl(s)—2a U2(s))”_1_k]; 1)
1

M, z"(s) = . [(Vl(s)—i—Qa\/Ug(s))n_l_k—i—<V1(s)—2a UQ(S))"_I_'“]; (72)

] ; (73)

—n—1

M, 1 _zn::z_’;(S) [(‘/1(3) L 9a UQ(S))k

v (Vl(s) ~2a \/UQ(S))k_n_1:| . (74

with Vi(s) = z(s) + 2 U, (s) where Uy (s) and Us(s) are given by (57).

Proof:  Using the product rules (62), (63) for f(z(s)) = 2"(s), g(x(s)) = x(s) (respectively f(z(s)) =

s 9(x(s)) = 2(s)), we obtain

[ Fox"(s) ] Vi(z(s)) 2a ] { Foz"1(s) ] { 0 ]
= +
M, z"(s) 2aUs(xz(s)) Vi(x(s)) M,z 1(s) " 1(s)
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and

Fo sty [ Vi(x(s)) 2 ] Fo s { 0 ]
= +
M 2aUs(xz(s)) Vi(x(s))

1
T .’L'"il(s)

respectively.
The changes of variables

N Fpa™(s) . 0 _ Fy xnl(s) _, 0 Vi 2«
Wn: 7Xn: 7YTL: 7Z7l: 7A:
Mz™(s) x"(s) me%(s) xnl(s) 20U, Wi

transform the previous two equations into relations

‘Vn) - AWn—l _’_Xn—;a Yn—l = A?n + Zta

whose iteration taking into account that the matrix A is invertible gives

S
—

V[—/>n _ Anti-k AY]; ?n _ _ZAk—n—l Zz

0 k=1

B
Il

Equations (71)-(74) are obtained from the previous ones by computing the kth power of the matrix A
in terms of its eigenvalues Vi (s) + 2 a /Ua(s) and Vi(s) — 2a /Ua(s). U

As a fourth consequence of the product rules, we shall prove another important result concern-
ing the linear divided-difference equation of higher order satisfied by products of functions each of
them satisfying a linear divided-difference equation. For this purpose, we start with the following
preliminaries.

Lemma 1 Let f(s) be a function of the variable x(s) satisfying a second-order divided-difference
equation

F.f(s)+ai(s) M, f(s)+ao(s) f(s) =0, (75)

where ay and ay are given functions of x(s).
Then the expressions F,F, f(s), M.F,f(s), F,M,f(s), MM, f(s) and F,f(s) can be written
uniquely in the form

c1(s) f(s) + ca(s) Mo f(s),
where c1(s) and co(s) are functions of ao(s) and a;(s).
Proof:  Assuming that z(s + 1) # z(s) for s € (a,b), Equation (75) is equivalent to
(Vi(s) ar(s) +2) f(s +1) + Co(s) f(s) + (Vai(s) ar(s) = 2) f(s = 1) = 0, (76)
where Cj(s) is a function of a;(s), aog(s) and x(s).
2 f(s+1)

1. If ay(s) = im, then the previous equation is equivalent to o C4(s); therefore,

f(s+j), j=1...1s proportional to f(s).

16



2. Ifai(s) # i#(s), then from (76), we get
fls—2) =
([F442a1(s) Va1 (s) —2a1 (s —1)Vay(s—1)4+ a3 (s — 1) Vay (s — 1) a1 (s) Va1 (8)] £ (s)
(=2+a1(s)Vzy (s))(—2+a1 (s —1)Vzy (s — 1))
n (Co(s=1)Co(s)) f (s)
(=2+a1(s) Vi (s)) (-2 + a1 (s —1) Va1 (s — 1))
Co(s—1)(2+a1(s)Vzy(s)) f(s+1)
(=2+a1(s) Vi (s)) (-2 + a1 (s —1) Va1 (s — 1))

(77)

_l’_

_ (Vo) an(s) +2) f(s +1) + Cols) f(5).
Je-1) = Vzi(s)ai(s) — 2 ’

_ (Ami(s)ar(s+1) =2) f(s) = Co(s +1) f(s +1)
fs+2) = Azi(s)ai(s+1)+2 '

Then, we use the definition of the operators IF,, and M, of (54) to write F,F, f(s), M,F, f(s),
F.M, f(s) and M[,M, f(s) as linear combination of f(s + j), —2 < j < 2.

Next, we use the previous equations to write the expressions F,F, f(s), M,F, f(s), F.M, f(s)
and M, ML, f(s) as linear combination of f(s) and f(s + 1) only. Finally we use (75) and the
following equation linking the operators D, [F, and M,

Fls+1) = £(5) + DML (5) + 5V (5) A (s) Fof ()

to convert the expressions F,F, f(s), M,F, f(s), F.M, f(s) and MM, f(s) from the linear
combination of f(s)and f(s + 1) to the linear combination of f(s) and M, f(s).

g

Theorem 6 Let f(s) and g(s) be two functions of the variable x(s) satisfying respectively
Fof(s) + a1(s) Maf(s) + ao(s) f(s) = 0, Fog(s) + bi(s) Mag(s) + bo(s) g(s) =0, (78)

where a; and b; are given functions of x(s).
Then, the product f(s) g(s) is a solution of a fourth-order divided-difference equation of the form

Ly(s) FaFoy(s) + Ls(s) Moy (s) + Io(s) Fay(s) + Lh(s) May(s) + Lo(s) y(s) = 0

where I; are functions of a; and b;. If the a;(s), j = 0, 1 and the b;(s), j = 0, 1 are rational
functions in x(s), then the coefficients 1;(s), j = 0 ... 4 can be chosen to be polynomials in the
variable x(s).

Proof: We apply the identity operator as well as the operators F,F,, M, F,, F, and M, to the
equation

y(s) = f(s)g(s),

and use the product rules (62) and (63) to get five equations whose right-hand sides are linear combi-
nations of expressions of the form p; (s) pa(s) with

p;(s) € {F.Fyhi(s), MuF,h;(s), FoM,h;(s), MM,h;(s), F.h;(s)}, 7=1, 2,
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with hy = f, ho = ¢. These right-hand sides are transformed by means of the previous lemma into
linear combinations of

f(s)g(s), f(s) Mzg(s), [Maf(s)] g(s) and [M f(s)] Mzg(s).

Thus, these five equations can be written as

Xoo = y(s),
ca,1(8) Xoo(s) + ca2(s) Xo1(s) + ca3(s) X1,0(8) + c24(s) X11(5) = Myy(s),
c3,1(5) Xoo(s) + c32(5) Xoa(s) + cs3(s) Xio(s) +cs4(s) X11(s) = Fay(s), (79)
c4,1(5) Xoo(s) + ca2(s) Xoa(s) + cas(s) Xio(s) +caa(s) X11(s) = M,F.y(s),
cs5,1(5) Xoo(s) + cs52(5) Xo,1(8) + ¢5,3(5) X1,0(8) + c54(5) X1.1(5) F.F.y(s),

with the notations

Xoo = f(5)g(s), Xoa = f(5)Mag(s), X1 = [Maf(s)] g(s), X11 = M f(s)] Mag(s)

where c;;, are functions of a; and b;. The system (79) contains 5 linear equations for 4 unknowns,
namely X ;(s), 7,k = 0, 1. For the solutions of this system to exist, it is necessary for y(s) to satisfy
the equation

1 0 0 0 y(s)
c21(8) C22(s) ca3(s) caals) Muy(s)
c31(8) c32(s) c33(s) c3als) Fay(s) =0, (80)
c11(8) cap(s) caz(s) caa(s) MiF.y(s)
c51(s) c52(8) cs53(s) csals) FoFuy(s)
which is the fourth-order divided-difference equation desired. U

As consequence of this theorem, we claim the following:

Corollary 2 If f;, j = 1,...n are functions of the variable x(s) such that any f; satisfies a linear
divided difference equation of order r; involving only the operators F, and M,, then the product
f= H f; satisfies a divided-difference equation of order r = H r; involving only (at most) the

j=1 j=1
operators

MBS =01 w022k 4 <= [,
j=0

3 Recurrence coefficients for classical orthogonal polynomials

3.1 From orthogonality to second-order difference equation

The definition of classical orthogonal polynomials given in [5] is not similar to those of the very
classical orthogonal polynomials, because, according to this definition, for a family of polynomials
to be classical, it should be orthogonal with respect to a weight function satisfying a Pearson-type
equation; and, should in addition, satisfy a second-order difference equation. The requirement for
P, to satisfy a second-order difference equation, which in the case of the very classical orthogonal
polynomials is a consequence of the orthogonality, is redundant. This condition can be omitted.

Let us remind that Atakishiyev, Rahman and Suslov [5], using the second-order difference equa-
tion (1) satisfied by an orthogonal family (P, ), the Pearson-type equation (8) satisfied by the orthog-
onality weight and the border conditions (10), obtained the orthogonality relation (5). Here, we prove
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the converse: The orthogonality relation plus the Pearson-type equation and the border conditions (all

provided in Definition 1) lead to the second-order divided-difference equation of form (1).

Theorem 7 Let (P,) be a sequence of polynomials orthogonal with respect to a weight function p

(see (5)) satisfying (8) and (10). Then, each P, satisfies
P(x(s5)) FoPo(x(s)) + 1(2(s)) Mo P (2(s)) 4+ An Pa(x(s)) = 0,

where \,, is a constant term given by

A =—Dpn1(P2 D12+ U1 Sn_1n-1),
with
$(x(s)) = d22%(s) + dra(s) + do. ¥(x(s)) = 1 2(s) + .
In order to simplify the proof, we state and prove the following lemma
Lemma 2 Under the hypothesis of the previous theorem, the following identities hold:

A o0t T b a5 - & o) 00

= A{o(s) p(s) W(Pn(2(5)), P (2(5)))};

‘7f’ (z(s))
Vi(s))

Po(x(s))

A -a(s) p(s) V];”;(é)(;))]
= [d(2(5) Fu P (2(5)) + ¥ (2(5)) My Py (z(5)] p(s) Vai(s),
where
VP, VP,
WP a(s), Pala(s) = Palalo) Yo ) = Pata(s) Yot

is the discrete analog of the Wronskian.

(81)

(82)

(83)

(84)

(85)

(86)

The Wronskian W (P,,(z(s)), P (2(s))) is a polynomial of degree at most n+m—1 in the variable

z_1(s) = z(s — 3).

Proof:  First, we observe that the Pearson-type equation (8) is equivalent to

pls +1) _ ols) + o(s) Vau(s)
o(s) os+1)

with ¢(z(s)) = o(s).
Using the relation

A(f(s)g(s)) = f(s) Agls) +g(s + 1) Af(s) = f(s + 1) Ag(s) + g(s) Af(s),

we obtain for given n, m € N,

A o)1) YA Pt - & ots) ots) T | BuGato)
= A [o(s) ) W(Pala()) Pua(s))]

where
WP (o(8) Poo()) = Pala(e) Vg = Pala(s) el
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The Wronskian W (P, (z(s)), P,(z(s))) thanks to (88) can also be written as
W(P,(x(s)), Pn(z(s))) = (90)
Se_y Pu(®-2(8)) Dy_y Pr(7-2(8)) — Sa_y P -2(8)) Do, P 2(5)).

Therefore, from (25), we remark that W (P,(z(s)), Pn(z(s))) is a polynomial of degree at most

n+m — 1 in the variable z_(s) = z(s — 1 ).

For the second identity, we use again (88), then (8) together with (87) and finally the identity (easy

to obtain) 1 |:Ay(3) N VZU(S)} _ zygsi + %V [;yisi] ’

to get

with ¢ given by (9). U

Next we give the proof of Theorem 7.
Proof: We set n, m € N and write

Va((s)) = ¢(2(s)) Fo P (2(s)) + P (2(s)) M Po(2(s), n > 1, Vo(x(s)) = 1.

We shall prove that the family (V/},) is also orthogonal with respect to the weight p(s). First we prove
that degree(V,,) = n, n > 1. To do this, we assume that (P,) is monic and use the expansions (66)
of F,2"(s) and M, 2" (s) to obtain that the leading coefficient of V,,, which we denote by h,,, is

hn = ¢2 Fn,n72 + wl Mn,nfl (91)
= Dpn1(p2Dp_1pno+ U1 S-1n-1),n>1, hy=1,

with the latter identity obtained thanks to Proposition 4.
Following [5], page 204, if we define the moments of the weight function p by

M, = Z_:[x(s) —z(a+n —1)]™ p(s) Vay(s)

or

1
M, =— [ [z(s) —z(a+n—1D]™ p(s) Vai(s) ds
2m Jo
for the discrete or the continuous orthogonality respectively, with o(a) = 0 and the generalized power

of the lattice x(s) defined as



it turns out that M,, satisfies (see [5], Eqn. (6.8))
(2 Dyt + 1 Spn) Myi1 = —0n(a) M, n > 0.
For all the moments M,,, n > 0 to exist, it is necessary to have
G2 Dpp1 + 9180, #0, n>0.

Since D,, ,,—1 # 0, n > 1, we deduce that h,, # 0, n > 1 and degree(V,,) =n, n > 1.
Next, we assume without any loss of generality that m < n. Then, using (84) and (85), we get

N
D Vala(si)) Pn((s0)) plsi) Y (s:)
=0
N
= D Pala(si)) Vin(a(s:)) plsi) Vaa(so) + o(s5) pls) W (Pa(a(sy), Pr(a(s) 5"
=0

Finally, use of the previous relation, the orthogonality relation for (P,) (5) and the border conditions
(10) together with the fact that W (P, (z(s)), Pr.(z(s))) is a polynomial in the variable (s — 3), gives

Z Vi(@(si)) Bn(2(si)) p(si) Vi (s;) = Z Po(x(s:)) Vin(@(s:)) p(s:) Vai(si) = hy kn -

The latter relation, combined with the fact that V,, is of degree n assures that the family (V},) is
orthogonal with respect to the weight function p. Hence, (P,) and (V},) are proportional since they
are orthogonal with respect to the same weight; therefore there exists a constant term J\,, such that

Va(z(s)) = =\, Pu(z(s)), n > 0.
Comparison of the leading terms in both members of the previous equation yields

)\n - _Dn,n—l (¢2 Dn—l,n—Q + wl Sn—l,n—l)-

The proof using the continuous orthogonality is obtained in the same way. U

Definition 2 We therefore propose as definition of classical orthogonal polynomials Definition 1
without the second condition.

3.2 Parameters o, 3, 0, ¢, ¥

Let x(s) be a lattice of the form (4). It satisfies (17) and (18), and therefore, z(s) depends only on the
parameters «, [ and ¢ with the latter given by (30).
The classical orthogonal polynomials (P, (x(s))), solution of

¢(2(s)) Fo Pr(2(s)) + ¢ (x(s)) Mo P (2(s)) + An Pr(2(s)) = 0, (92)

depend only on the parameters «, 3, J and the five coefficients of the polynomials ¢ and ). Equation
(92) is the most general second-order difference equation satisfied by classical orthogonal polynomi-
als. It contains the very classical orthogonal polynomials (special and limiting cases) as well as the
classical orthogonal polynomials of quadratic and g-quadratic lattices.
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In the following, we shall discuss special values of the parameters «, 3, ¢ and the corresponding
polynomial families.

First, computations using relations (17) and (18) show that x(s) satisfies a second-order difference
equation of the form [5]

z(s+1)—22a* =1 a(s) +a(zr—1) =48 (a+1),
whose solution is

o Olqs+c2q_s+%7 Oé7é].,
5’3(3)_{ 485+ C3s+Cy,  a=1. ©3)

321 Casel:a=1
When « = 1, the lattice x(s) = 43 52 + Cs s + C} is quadratic.

Casell: a=1,=0C3=0

In this case, the lattice z(s) = C} is constant and from (30), §, = 0. Therefore,

_ oy JEGED) —fE) A
]D)ocf(flf(s)) - x(s-i—ll)—m(s) 33(8 + 1) — x(s) B dl’f( )7

and [F,,, M, correspond to

d? d
F,=—, M, = —.
da? dx

Equation (92) reads
¢(x) Py () +¢(z) Py(x) + Ay Polz) = 0.

Therefore, the case « = 1, § = 6 = 0 corresponds to the classical orthogonal polynomials of a
continuous variable [19] (Jacobi, Hermite, Laguerre and Bessel).

Casel2: a=1,05=1,=C;=0

The lattice reads x(s) = s from which one gets §, = i. Equation (92) reduces to

d(s)AV P, (s) + ¥ (s) AP, (s) + Ay Pu(s) =0,

with ¢(s) = ¢(s) — L4(s). Thus the case « = 1, 3 = 0,6, = 1 corresponds to the classical
orthogonal polynomials of a discrete variable on a linear lattice [19] (Hahn, Meixner, Charlier and

Krawtchouk).

Casel3: a=1,0+#0

Here, the lattice x(s) = 43s* + C3s + C, is quadratic and the corresponding polynomials are
called classical orthogonal polynomials of a discrete variable on a quadratic lattice [19] (Wilson, the
continuous dual Hahn, the continuous Hahn, the Meixner-Pollaczek, the Racah and the dual Hahn
polynomials).

33 CaseII:cv:q%—I—q_%, q#0,q#1

In this case, it can be seen from (93) that the coefficient [ is involved only in the constant term of the
lattice. This constant can therefore be omitted without any loss of generality.
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Casell.l: 5=0,0=0

For f = Cy = 0 and C = 1, then z(s) = ¢° and one gets from (30) § = 0. The operators D,., F, and
ML, in this case read

1
D, = D,, F, = D, D1, M, = ~ [Dq+D;},

2
where D, is the Hahn operator [17] (also called Jackson derivative [18])
flgz) — f(z
D, f(z) = 11T,
(-1

Equation (92) is therefore equivalent to

H(x) Dy D Py(x) +1(x) DyPae) + Ay Pule) =0, ="

with ¢(z) = ¢* d(z) — 2(q — 1)z 4(z). Thus the case o = ¢z +q 2, =08 = 0 corresponds to
the g-classical orthogonal polynomials [19, 26]: The Big g-Jacobi, Big g-Laguerre, Little g-Jacobi,
Little g-Laguerre (Wall), g-Laguerre, Alternative g-Charlier, Al-Salam-Carlitz I, Al-Salam-Carlitz
II, Stieltjes-Wigert, Discrete ¢-Hermite, Discrete ¢~ !-Hermite II, ¢-Hahn, ¢g-Meixner, Quantum g¢-
Krawtchouk, ¢g-Krawtchouk, Affine g-Krawtchouk, and g-Charlier polynomials).

Casell.2: 5=0,0#0

When C; Cy # 0, then from (30), § # 0. The lattice x(s) = Cy ¢° + Cy ¢ is g-quadratic and the
corresponding orthogonal polynomials are the classical orthogonal polynomials of a discrete vari-
able on g-quadratic lattices [19] (The Askey-Wilson, the g-Racah, the continuous dual g-Hahn, the
continuous ¢g-Hahn, the dual ¢g-Hahn, the Al-Salam Chihara, the g-Meixner-Pollaczek, the continu-
ous g-Jacobi, the the continuous dual g-Krawtchouk, the continuous big g-Hermite, the continuous
q-Laguerre, the continuous g-Hermite, the Wilson, the continuous dual Hahn, the continuous Hahn
and the Meixner-Pollaczek polynomials).

To conclude this section, we give the parameters «, 3, ¢ as well as the polynomials ¢ and v for
14 families of classical orthogonal polynomials on nonuniform lattices out of 18 listed above. The
four remaining families, namely, the Wilson, the continuous dual Hahn, the continuous Hahn and the
Meixner-Pollaczek polynomials deal with the complex difference-derivative which is not included in
this work and will be treated later separately. However, these families can be reached by limiting pro-
cedures from the Askey-Wilson polynomials for which we illustrate in the following lines the method
we have used to obtain the parameters «, 3, .

Part I: Cases of the ¢g-quadratic lattices
1. Askey-Wilson polynomials

2"a"(abed ¢ q)y . ¢ ", abedq" ', ae? ae~

pn(xu a, b> C, d‘Q) = 4¢3<

q;q), x = cosb.

(ab, ac, ad; q), ab, ac, ad
1 G ’
p(l’) = p(l’, a,b, C=d|Q) = 1 — 22 (aeie,b6i9706i97d6w;q)m , & = cosf.

If a, b, c and d are real, or occur in complex conjugate pairs if complex, and if

max(fal, 8], e], |d]) < 1,
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then we have the following orthogonality relation

1 [
o p(x) P (x50, b, ¢, d|q) Pm(x;a,b, ¢, d|q) dx = hy, 6y,
TJ
where i
p _ [27 (abedg" 5 q), ] (abedq™™"s q)n (abedg™; q)

(¢"*, abq™, acq™, adq™, beq™, bdq™, cdq™; q)
For the lattice we write

x =cosf = 5 = 5 =1x(s), ¢° :=e".

It follows from (18) that o, = ©H2 3, = 0, C5 = Cg = § and 8, = — 72 by (30).
The Askey-Wilson operator

with

can be written in terms of ID,, as

_¢ta’

Dyf(x) = Dy, f(z-a(s)), = 2(s) 5

94)
More details about the Askey-Wilson operator are given in Subsection 5.1.4.
In order to compute the polynomials ¢ and 1), we write the Pearson-type equation (8) in its equiv-
alent form (using (9))

pls+1)  Bls)+ 30(s)Vn(s)

p(s)  @(s+1)— L(s+1)Azy(s)
and use the previous expression of the Askey-Wilson weight p(z) = p(z(s)) = p(s) to get

(—1+ag®)¢* (=1 +bg°) (1 +cg®) (-1 + dg°)
(¢°q¢ —d) (g —¢) (¢°q = D) (¢°q —a)

Then we combine the last two equations and use the expansion (83) with x(s) = % to obtain
a polynomial equation in ¢® with coefficients depending linearly on those of the polynomials ¢ and
1. Collection of different coefficients of the powers of ¢° leads to a system of linear equations in the
variables ¢o, ¢1, ¢g, 11 and 1)y. Solving this system, we obtain the polynomials ¢ and v:

¢(s) = 2(deba+1)2?(s) — (a+b+ c+d+ abc+ abd + acd + bed) x (s)
+ab+ ac+ ad + bc+ bd + c¢d — abed — 1,
4(abcd—1)q%x(s) +2(a+b+c+d—abc—abd—acd—bcd) qz
q—1 q—1 '

By using the relations (24), (27), (58), (59) and (94), we have checked that the difference equation
(Equation (3.1.6) in [19])

1 1 1 1 ~ ~
(1 - Q)2 Dq p(w;aq2,bq2,cq2,dq2, |Q) qun(l')] + >\n p(x;a, ba Ca d|Q) pn(l‘) = 07 T = 60807
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with p,(z;a, b, ¢, d|q) = pn(x), is equivalent to
¢() Dypn(w) + () SyDybn() + A ba(2) = 0,

where the operator S, is given in the next section by (130) and the constant \,, by (104) with the
polynomials ¢(s) and 1 (s) given as above.

The coefficients a, 3, § (relabelled ., 3., 0, in order to avoid confusion with the parameters
bearing the same names involved in the definition) as well as the polynomials ¢ and i) given below
for the remaining families are obtained in the same way using the notations from [19]:

2. g-Racah polynomials

The lattice z(s) and the coefficients o, 3, and ¢, are:

¢ +q?

s+1
, Qg 9

x(s) = q ° +0q B =0, 6, = —(q — 1)%40.

Polynomials ¢ and ) are:
¢ (z(s) = (FPaB+1)2?(s)—(gB6y+qay+qaBd+aBq+a+pB5+v5+7)qx(s)
2 (Payd B —qBdy — qa B5 — q7°6 — qay § — qay — gy 628 +76) g,

2 (2af— 1) g2a (s)  2q(gB0y +qay +qaB+afqg—a—B5—45—7)q?
g—1 g—1 '

¥ (x(s)) =

3. Continuous dual g-Hahn polynomials

The lattice z(s) and the coefficients «,., (3, and J, are:

¢ +q° ¢ +q: (¢ —1)°
L= =0, 0= -
o) = L 0, =L -
Polynomials ¢ and v are:
¢ (x(s)) = 22%(s)—(a+b+c+abc)x(s)+ ab+ac+be—1,
1 1
_ 4qrx(s) | 2(a+b+c—abc)q2
4. Continuous ¢g-Hahn polynomials
The lattice x(s) and the coefficients «,, (3, and d, are:
i S —ip ,—S 1 -1 -1 2
$(S):€ q+2€ q ’ax:q2‘|’2q 2,/6x:0,5x=—(q4q),6291:q8

Polynomials ¢ and v are:

d + deb + at? + bt*ad + cbat® + ¢ + cda + bt?
¢ (x(s) = 2(dcba+1)x2(s)_( coTa ad + coa c+ eda )x(s)

t
+cat2 + bt2d — t2chbad + cbt? + cd + 2 + bt*a + t2ad
12 ’
4 (—1+ dcba) e (s) 22 (—c—d+ cda — bt? — at® + deb + cbat® + bt?ad)
v(als)) = e i ,
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with the notation ¢ = %,
5. Dual ¢-Hahn polynomials

The lattice z(s) and the coefficients «,., [, and J, are:

¢ 42

z(s) = q° +70¢°t, 5

Polynomials ¢ and v are :

6 (x(s)) = xz(s)_(7(1+qu75+7qu+1)3;(3)+7(qu75_5QN+5+1)q

2qN 2qN ’
b (a(s) = _2q%x@)+_@qu5+7qu—7q+-Uq%
q—1 (¢—1)g"
6. Al-Salam-Chihara polynomials

The lattice z(s) and the coefficients o, 3, and ¢, are:
1 1

¢ +q* gz +q2 (¢ — 1)

= — ZE:—7 x:ojdxz— .

Polynomials ¢ and :

_4q%x(s) N 2(a+b)q%

¢ (2(s)) =22%(s) — (a+b)z(s) +ab—1, ¥ (x(s)) = 1 -1

7. g-Meixner-Pollaczek polynomials

The lattice z(s) and the coefficients o, 3, and ¢, are:

. . 1 1
€Y g+ e g qz +q 2 (q—=1° 4
- z = y Pz = 07 5.% = - ) Y=gt
x(s) 5 , — B 10 e q
Polynomials ¢ and ) are:

¢ (x(s)) =22 (s) —2a cospz(s)+a® —1, ¥ (z(s)) = — 4q2 z(s) n 4daq? Cos g

g—1 q—1
8. Continuous ¢-Jacobi polynomials
The lattice z(s) and the coefficients o, 3, and ¢, are:
1 1
¢ +q* qz +q 2 (¢ —1)°
x(s):T7a$:T7ﬁxzoaax:_ 4q
The coefficients of the polynomials ¢ and v are:
1 1
by = pPOtBTLLq g — 5 (p+1)p? (p2a+6+2 O pot2p +p5> 7
1 1 1 1 1 1
¢O _ _§p2a+2/5+4 . 5poH»ﬁJr?) + §p2a+2 _pa+ﬁ+2 + §p2ﬁ+2 - §p1+a+/3’ N 57
o 2p (p2a+25+4 . 1) do _pg (7p2a+5+2 — P~ +p°‘+25+2 +p5)
T -0+ T p1 :

26



with ¢ = p?.
9. Continuous Dual ¢g-Krawtchouk polynomials

The lattice z(s) and the coefficients «,., (3, and J, are:

2(s) = ¢+ e, ap =, . =0, &, = —c(qg — 1)*¢
Polynomials ¢ and 1) are:

2c+1)qz
(¢—DgV

d(a(s)) = a*(s) = (c+ 1) gV a(s) = 2c(¢™" —q7*"), ¥(a(s)) = -
10. Continuous big ¢-Hermite polynomials

The lattice z(s) and the coefficients o, 3, and ¢, are:

1
¢ +q qz +q 2
() = ——, g =——, By

(g —1)
~0, 6, = — .
2 0 4q

Polynomials ¢ and v are:

4q%
T
qg—1

Bla(s)) = 20%(s) — a(s) — 1, la(s)) = -

11. Continuous g-Laguerre polynomials

The lattice z(s) and the coefficients o, (3, and ¢, are:

¢ +q gz +q 2 o (g—1)?

Polynomials ¢ and v are:

O(x(s)) =227 (s) = p™*% (p+ D () 4 = 1, ¥ (a(s)) = — 5= (s) +
12. Continuous ¢-Hermite polynomials

The lattice z(s) and the coefficients «,., [, and 9, are:

¢ +q qz +q 2
x(s) = ————, ap = —7—

Polynomials ¢ and ) are:

Part II: Cases of quadratic lattices
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13. Racah polynomials

The lattice z(s) and the coefficients o, 3, and ¢, are:

2
z(s)=s(s+v+0+1), a, =1, 633:%, 5:0:@.

Polynomials ¢ and v are:

¢(x(s) = 22 (s)+[-Bo+By+2y+ay+2y6+4+ad
+3a+38+2B8a+28z(s)+(1+7)A+5+)(+B+1)(a+1),
P (x(s)) = (a+28+4)z(s)+2(1+7)(0+8+1)(a+1).

14. Dual Hahn polynomials

The lattice z(s) and the coefficients o, 3, and ¢, are:

2
$(8)28(5+’}/+(5—|—1>, @x:L ﬂx:i’ 596:@

Polynomials ¢ and v are:

d(x(s))=(—142N+5—7)x(s) + N1+vy)(1+d+7), ¥(x(s) =—-2x(s)+2N(1+7~).

3.4 Three-term recurrence coefficients

The method we will use here to compute the recurrence coefficients is the same used for the very classical
orthogonal polynomials, see e. g. [20].

We assume that (P,,) is a system of monic classical orthogonal polynomials such that each P, satisfies
the equation (1). Because of the orthogonality, (P,,) satisfies the three-term recurrence relation (13) which we
recall here:

Poii(z) = (z — Bn) Po(z) — v Po—1(z), n>1, P.y1 =0, Py(x) = 1.

First, we write

Po(x(s)) =Y Ton—j2'(s), Tno=1, (95)
7=0

and substitute this expression into equation (1) (or (92)), then use the expansions (66) to get

n—2 n
(b2 2%(s) + d1a(s) +d0] D | D Tunj Fin | 2"(s) +
k=0 \j=k+2
n—1 n n
[Wra(s) +20] D [ D Tomei Mg | 2¥(s) + X D Toi 2¥(s) = 0.
k=0 \j=k+1 k=0

Then we look for the coefficients of the monomials 2™ (s) in the previous equation and obtain

>\n = _¢2 Fn,n72 - @ZJI Mn,nfl' (96)
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Next, we collect the coefficients of the monomials 27 (s), 7 = n — 1, n — 2 to get the following linear system
with respect to the unknowns 7, 1, 17, 2

()\n + ¢2Fn—1,n—3 + 77b1]\4n—1,n—2) Tn71 + ¢2Fn,n—3 + ¢1Fn,n—2 + wan,n—Q + 77b()-1\4n,n—1 = 0,

(YoMp—1p—2 + V1 Mp_1n-3+ O1Fn_1n—3+ ¢2Fn_1n-4) Tn
+ (P2 Fn—2p—a+ 1 My_2pn—3+ ) T2
+ wOMn,n—2 + wan,n—S + ¢1Fn,n—3 + ¢2Fn,n—4 + ¢0Fn,n—2 =0.

Solving this system produces the coefficients T}, 1 and 7T}, .
Computations taking into account (42)-(47) and the relations

Myn—1 = Dnn-1S—1n-1,
Myn—2=Dnn-1Sn—1n—2 + Dpn—2—-2n—2,
My n—3=Dpn-1Sn-1,n-3 + Dnn-251-2n-3+ Dpn-3S-3n-3,
Fon—2=Dppn-1Dn_1n-2,
Fon-3=Dpn1Dpn1n-3+ Dppn—2oDn_2pn_3,
Fon-s=Dppn1Dp1n-a+Dppn2Dp 244+ Dyp3D,_3n—4,

obtained from (69) and (70), give the following expressions for the coefficients F;, 1 and M, j for k =

n,n—1landn — 3.
First case: a; = 1:

4
Fppmoy = n(n—l),an_g:gﬁzn(n—Q)(n—l)Q,

1
Fona = g7 (n—1)(n—2)(n—3)(328,°n* — 96 B,’n + 52 3,° + 154, ,
Mn,n—l = n,
2
Myp—o = 3 Bzn (n—1)(4n—75), 97)
2
Myng = fzn(n—1)(n—2) (16 B.°n* — 52 B,*n + 32 8,> + 58;) .
1 1
. __g24q 2 N
Second case: o, = 5=, 3, = 0:
1
Fo (" =1 (q" — q)q?
’ (q—1)2¢qn
Fn,n73 = Oa
PR (C ) [C ki) KU U ) [ A el 3¢%)q> 5
n,n— (q . 1)3 anr% (q _ 1)4 qn T
(¢" —1(q" +q)
My, p— , (98)
! 2(q—1)gn
Mn,n—2 = O,
0 ((g+ D@+ ) (g+D)(¢" = 1D)(¢" + %)
Mpn-s = - 2 ntl - 3 n ‘
2 (g—1)%*q (q—1)%q

The coefficients (3, and +,, are deduced from 7}, ; and T}, » using the following relations between (3, 7, and
the T}, ; [8, 9]

Toy11 =T — By Tht12=Tho — BnThi — Tns
and the previous expressions of F;, ;. and M,, ;.. We can now state the following explicit results obtained with
the help of Maple [27]:
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Theorem 8 The coefficients 3, and ~, of the recurrence coefficients (13) of the classical orthogonal polyno-
mials satisfying (92) are given explicitly by:
Casel: o, = 1:
5, = _dn (2¢1n — b1 — 2¢dan + 2 gan?) (1 +¢2n—¢2)5 99)
" (2¢2n +11) (2¢2(n — 1) +¢1) ’
_ —2¢0¢2 + P1tho — 2¢1n¢2 + 2 g1in + 210 ps
(2¢2n + 1) (2¢2(n — 1) +¢1) 7

by = 1) (Wt don = do) (Y1 + don —269)
" (2dan — g2+ 1) (2¢2n — 32 +¢1)
16 (n — 1)% (41 + dan — 2¢2) (11 + dan — ¢2)°n 32
(2¢9n — 3o + 1) (2¢an — g2 + 1) (2¢an — 2o + 1)
+ (2¢11° 2 — 4 p1ngo + 2 dribin + 2 a1 — 2 prih1 + Y1) X (100)
4(n—1) (Y1 + gan — ¢2) (Y1 + dan — 22)n 5
(2¢2n — B¢ + 1) (26am — do + 1) (2dom — 203 + ¥1)°
_ (Y1 + gan —2¢2)n o
(2¢9n — B + 1) (2¢an — do + 1) (2¢an — 2o + 1)
(4 0" n” — 8 o™ n + 4 P — ¢1°n’da + 2 1 °npa + 4 Poanii1 + Yo° b
—4 godat1 — d17 P — P11 + d1%Y1 + doti® — Yodr1tn)

-1
Case 2: Fora, = 2 +g and 3, = 0, with the notations

p=q2, ¢#0,1, and = p",

Bn

[(=2¢10° + 1hop® — 24h0p® + 1o — 2pe1) (v1p® + 2 dop — 1) C°
(p* + 1) (p®P1voo + 2P P11 — 2P Yoda — 4p Pad — phib1bo
+4p* Yot — 4p Y161 — AP B1¢o — P20 + 2pdr1ihr — 2¢0dap + P1tho) ¢
p? (=210 + Yop* — 290 + Yo — 2p¢1) (Y1p? — 2h9p — Y1) ¢*] / (101)
{((¥1p* +2¢2p — 1) ¢ + ¥1p® = 2ap — ¢h1) X
((1p® +2¢ap — 1) ¢* +p* (Y1p* —2¢ap — 1))},

= {2 (=ip" — 1+ Y1p° + Y1p*C 4+ 2hap F — 2 h2p°) X
(2= 1)p*¢ (»* )2( Pipt — it + i’ + i tp +2¢2PC4—2¢2P5)2¢>0
+ (="' — 1P+ hip® + ip?C + 2¢ap (P — 2¢0p°) (2 — 1) p? (p — ¢F) x
(=220 + 2 ¢op (% — 1p* + 1p* — 1% + Y1p?C?) x
(—erp — ¢+ + iCp? +200p ¢t — 260p°)7 6, (102)
+ (=1pt = 1P+ 1p° + 1P P+ 269 — 2¢0p°) x
(€2 = 1) p*¢t (1° = 1)° (Yop* — 2610* — dop® + (Pbop® + 2 61¢%p — (2l x
(PPrtbo — 2P o + 2P Prebr — p*h1CPebo — 2p"1vho — 4p*dads — 20°CPdaro + 20°Cith
+2p Yode — 2P P11 + 2p 1o
+4p°Chrgo + PPt +2p Cdato — 2p o — i)}/
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{®* = 1) ((Y1p* + 2 ¢2p — 1) ¢+ p° (Y10? — 2 dop — 1))
((1p® + 2 op — 1) ¢* + p* (Y1p* — 2 op — wl))

((1p® + 2 op — 1) ¢* +p* (Y1p* — 2 op — 2}

X
X

The coefficient A\, of (92) is given by

A =—n (Y1 +(n—1)¢2), (103)
for o, = 1 and

(—=t1p? = 2¢ap + 1) C* 4 (2019 + 2 op — 1 + 2 dop® — h1p*) (2 + p? (V1p? — 2 dap — 1)

A= 2(p*—1)%¢?

(104)

-1
for o, = pﬂ;

, with p = q% and ¢ = p".

Remark 4 1. By selecting specific values of the parameters o, B, and 0., (as indicated in Subsection 3.2)
in the previous theorem, we recover after appropriate changes in ¢ and 1 the coefficients 3, and ~y, of
the very classical orthogonal polynomials. The coefficients 3, and v, of the very classical orthogonal
polynomials were given explicitly by W. Koepf and D. Schmersau [20, 21] using a similar approach.

2. The relations (99)-(102) are important tools for computer algebra since they provide in 4 relations the
recurrence coefficients of all classical orthogonal polynomials [19].

4 Fourth-order divided-difference equations for O.P.

4.1 Functions of the second kind

In connection with the classical orthogonal polynomials (P, ), there is an important function called function of
second kind denoted @,, and connected to P, in the following way [31]

b—1

2(2)) = 1 P, (z(s)) p(s) Vz1(s) Y24 a B
Qn(z(2)) p(z)z o) o) Fmaetl bl (105)

s=a

Also, the first associated P, ,S ) of P,,, defined by the recurrence relation (14) for » = 1 is related to P, by

b—

PG Z Fenl afs)+ 1(28””(3) Vol L savat1 . b-1. (106)

for the discrete orthogonality.
The following properties [31] will be used in the next subsection.

Theorem 9 The function Q,, obeys:
1. Vn € Ny, P, and Q,, are two linearly independent solutions of (92).

2. P, and Q,, are the two linearly independent solutions of the recurrence relation
XnJrl(:C(S)) = (l’(s) - ﬁn) Xn(x(s)) — Tn anl(x(s))v n > 1.
3. P, and Q,, and the first associated P7(ll) are related from (105) and (106) by

Qn(z(3)) = Po(z(s)) Qo(z(s)) + p?0> PY (x(s), n>1,s#4a,a+1,...,b—1. (107

31



4. Q,, fulfils the following asymptotic property

IZTO%
Qn(z(s)) = T o(s) 2 (s) [1 + O (

ﬂ . 2(s) = o0, (108)

with
Yo = Zp )Vaxi(s) or v9 = / p(s) Vzxi(s)ds,
C

for the discrete and the continuous orthogonallty respectively (see definition I).

4.2 Intermediate relations

To derive the fourth-order difference equations for the modifications of the classical orthogonal polynomials,
we shall start with the following intermediate result.

Theorem 10 Let (P,) be a sequence of classical orthogonal polynomials satisfying the second-order difference
equation (92) with the corresponding orthogonality weight satisfying the Pearson-type equation (8) and the
border conditions (1 0) where the functions o (s) and the polynomials ¢(s) and 1 (s) are related by (9). Then,

the first associated ( ) of (P, satisfies

¢(s) [A1(s) Fy + By (s) M, + C1(n)] PV, (2(s)) = 21 [D1(s) M, + Ei(s,n)] Pa(s),  (109)

with
Ai(s) = —o(s) =207 Us(s) ¢" +2aUs(s) ¢(s) — 2U1(s) Mag(s)
+4aUE(s) ) + 2a (2a% — 1) Us(s) ¥/,
Bi(s) = (207 =1)(s) = 2aMa¢(s) + 2 (40 = 1) Ur(s) ¥’ — 2a Ui (s) ¢", (110)
Ci(n) = (20 =1)¢ —ag¢” =\,
Di(s) = ad(s)—Ui(s)y(s),
Ei(s,n) = =X\, Ui(s),

where the polynomials Uy and Us are defined by (57),

n= (%W-i) 70:(04z1/}1_¢2)707 (111)
and

Y = Zp Vzi(s) or v = /C,o(s) Vzi(s)ds (112)

for discrete and continuous orthogonallzy respectively.
The proof of the theorem will use the following lemma.

Lemma 3 The function of second kind Q,(x(s)) defined by (105) satisfies:

(6(s) — %¢(5) V() pls) w o Vse(ab), sEaatl, . b—1; (113
pls) M, Qo ((s) = ) (114)

¢?(s) — Ua(s) *(s)’
where 1 is given by (111).
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Proof:  Since @), is a solution of (92), taking into account the fact that \y = 0 from (96), we have

1 VQo(x(s
) P2 Qua(e) + 706 ML Qu(a(5) =05 & |(6(6) = 5005 Toa(s) o)~ s
Therefore, the left-hand side of (113) is a periodic function of period 1. This combined with the asymptotic
behavior obtained using (108)

1 VQo(x(s)) 1
- = ——= =1 [14+0 | —= —
(65) = 0(5) V() (o) gy = [140 (5 ) |- #9) =
allows to deduce that the left-hand side of the previous equation is the constant 7).
To derive Equation (114), we use an equivalent form of (113)

VQo(z(s))

U
Vi (s) p(s) (6(s) — 5(s) Vai(s))

and obtain

p(s) M, Qo(a(s)) = LU (AQo(x(s» N VQ()(Q?(S)))

2 Ax(s) V(s)
1 np(s) n ) _

2 <p<s T B+ 1) — Lo+ D) Ani(s)] | o(s) — Lu(s) Van(s)

Next, we use an equivalent form of the Pearson-type equation (8)

p(s +1) d(s) + 59 (s) Vau(s)

= 115
o) o+ D)~ Jus + D) Au(s) e
to get
1 n n
ML, = =
P MQolzls)) = 3 <¢<s> I Vo) | 90— 29s) vms))
_ n¢(s)
2(s) — § [ (s) Var (s))?
_ n¢(s)
¢?(s) — 2(s) Uz(s)’
since from Equation (34),
VA _ Qa(s) = vats)
O
Let us now give the proof of Theorem 10.
Proof:  In the first step, we use relation (107) and the fact that (), is a solution of (92) to get
(B(5) Fa +16(5) M + Aa) | Pou(a(s) Qo(a(s)) + —— P, (a(s))| = 0. (116)

p(s)

Using the product rules (62) and (63) for F,, and M, and Equation (92) in order to eliminate all occurrences
of F; P, (z(s)) and F,Qo(x(s)) we transform the previous equation into an equation whose left-hand side is a
linear combination of

F, P (2(s)), Mo P, (2(s)), PV, (2(s)), MyPy(2(s)) and P, ((s)).
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The coefficients of this linear combination are functions of

x(s), ¢(s), ¥(s), Ui(s), Ua(s), MuQo(z(s)), Fzp(s), Myp(s), and p(s).

The expression M;Qo(z(s)) is eliminated thanks to (114). It remains now to express F,p(s) and M, p(s) in
terms of p(s) times rational functions of z(s).
For this aim, we use (115) to eliminate all occurrences of p(s — 1) and p(s + 1) in the equations

and obtain
Fap(s) and M p(s)
p(s) p(s)
as rational functions of the two variables x(s) and (s + 1) whose coefficients depend only on those of the
polynomials ¢(s) and v(s) ((22) and (23) have been used as well). Then, assuming o # 1, we combine (57)
and the relation (which is easily deduced from (34) using (22))

z(s —2a2)z(s) — 28(a 2
U2(5):[(+1)+(1 24032() 28(a+ V) = (o = 1)2%(s) + 26 (a+ 1) x(s) + 9,

to get the system

Ui(s) = (a4 Df(a=1z(s) + A,
2ua/Us(s) = z(s+1)+ (1—2a)z(s) —28(a+1),
where u = +1. Solving this system in terms of the unknowns z(s) and (s + 1) yields
z (s) — Ui(s) B

(a—1)(I1+a) a—1°
117)

2a2-1)U(s)
z(s+1) = %—FQUG[\/Ug(S)—%.

Computations with Maple 9 [27] using the previous equation allow to express

Fup(s) 4 Map(s)
p(s) p(s)

as rational functions of the variable z(s) depending only on integer powers of the functions

Ul(S)a U2(5), Fx¢(5)7 Mx¢(5)a¢(5)v wa(s) and 1/)(8)

Summing up, we obtain Equation (109).
Notice that if & = 1, the result obtained is still valid since the singularity ﬁ appearing in (117) will be
automatically cancelled in the expressions of

after the computations.
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4.3 Fourth-order difference equations for modifications of the classical or-
thogonal polynomials

Theorem 10 is the key to the following fundamental result.

Theorem 11 Let (P,) be a classical orthogonal polynomial system satisfying (92) and (P,) the orthogonal
polynomial system related to (P,,) by

Pr(a(s)) = Inrk(s) Pogr(2(5)) + Jnrk(s) Péi)r—l(w(s))a (118)

where 1 and k are nonnegative integers, I, , 1 (s) and Jy ;1 (s) are polynomials in the variable x(s) but not
depending on n forn >k, i.e.

Iy k() == Loi(s), Jnri(s):=Jrp(s) #0 for n> k. (119)
Then, each P, satisfies a fourth-order difference equation of the factorized form
Gn,r,k(y(x(s)) = [An,r,k(s) F, + Bn,r,k(s) M, + én,r,k(s)] X (120)
[Ark(8) Fo + Br(s) My + Cr i (s)] y(s) =0, n >k,

where A, 1(5), Brr(s), Cnri(s), flnmk(s), Bnmk(s) and C’n,nk(s) are polynomials in the variable x(s)
whose degree does not depend on n.
This fourth-order difference equation can also be written as

Gnrk(y(z(s)) = [Ga(s;n,r k) FFy + Gs(s;n,r, k) MF, + Ga(s;n, 7, k) Fy
+ Gi(s;n,r k)M, + Go(s;n,r k)] y(s) =0, n >k, (121)

where Gj(s;n,r, k), j =0 ... 4 are polynomials in the variable x(s) whose degree does not depend on n.

Proof:  First, we use Equation (109) for n = n + r and (118) to get

d(8) [A1(s) Fy + Bi(s) M, + Ci(n+7)] x
ﬁn(x(s)) B I, 1(s)

Jr,k(s) Jr,k(s)
= 21 [D1(s) My + E1(s,n +7)] Poyr(s), n > k.

Poyr(2(s)) (122)

Next, we combine the previous equation, the quotient rules (64)-(65) and Equation (92) (in order to eliminate
F.P,1r(2(s))) to obtain

(A k(8)Fp + By (s) My + Cp  i(5)] Pn(fc(s)) (123)
= [Dy,rk(8) Mz + Ep y i (8)] Pagr (2(5)), n >k,

where the coefficients A, ;.(s), By x(5), Crnri(s), Dy rk(s) and E, ;. (s) are polynomials, and functions of
the polynomials I, j(s), Jyx(s), Ai(s), Bi(s), Ci(n), D1(s) and E1(s,n + ).
If we write
Qntr(2(s)) = [Dyri(s) My + Ep 1 (5)] Pogr(2(s)), n >k, (124)

then using the result of Lemma 1 and the fact that P, satisfies (109) for n = n 4+ r, we get

Mo Qnir(2(5)) = [Grpk(s) My + Hppi()] Prgr(2(s)), n >k, (125)
FoQnir(z(s)) = [ém,k(s) My + Hppo(8)| Pagr(z(s)), n >k, (126)
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where G, ;1 (5), G rk(5), é’nmk(s) and ﬁn,nk(s) are rational functions of the variable x(s). Equations
(124)-(126) which can be seen as a system of three linear equations with respect to the unknowns M, P, 1. (x(s))
and P,,1,(z(s)) produce the second-order difference equation for Q4+, (x(s))

Dn,r,k(s) En,r,k(s) Qn+r($(8))

Gnmk<5) Hn,r,k(3> Ma:@n+r(x(8)) =0, n>k.

Gn,r,k(s) ﬁn,r,k(s) Fa:@n-i—r (‘75(5))

The previous equation after cancellation of the common denominator can be brought into the form
An,r,k(s) Fy + Bn,r,k(s) M, + én,r,k(s) Qn—i—'r(w(s)) =0, n>k,

where fln,r,k(s), Bnmk(s) and énmk(s) are polynomials in the variable z(s) whose degree does not depend
on n. Combination of (123) and the previous equation produces Equation (120). Finally, (121) is derived from
(120) by simultaneous application of the product rules (55)-(56) and (62)-(63). O

4.4 Solutions of the fourth-order difference equations

In the following, we solve the fourth-order difference equation satisfied by the modifications of classical or-
thogonal polynomials in terms of the polynomials P, and its corresponding function of second kind @Q),.

Theorem 12 Under the hypothesis of Theorem 11, we have: The four linearly independent solutions of the
difference equation (120)
Gnﬂ',k(y(s) = O? n Z ka

Si(s;n,m,k) = p(s) Jrk(s) Pogr(2(s)),
Sa(s;n, 1, k) = p(s) Jrk(s) Qnir(2(s)),
Ss(sin,r,k) = [Ink(s) =9 p(5) Qo((5)) Jrk(s)] Pasr(x(s)),
Su(sin,r k) = [Lrk(s) = p(s) Qo(a(5)) Jrk(5)] Quar(2(s))

Proof: In the first step, we observe that because of the factorization in Equation (120), any solution of the
equation
[Ar k() Fy 4+ Bri(s) My + Crri(s)]y(s) =0, n > k (127)

is also solution of (120).
In the second step, we also observe from the procedure we have used to construct Equation (120) that (using
(116) and (122))

Ark(9)Fa+ Bra(s)Ma +  Crup(s)]y(s) = 0

Jr,k(s)

y(s)
At { o) (5

Therefore, S1(s;n,r, k) and Sa(s;n,r, k) are solutions of (127) and therefore of (120).

n
0

[A1(s)Fy + Bi(s)M, + C’l(n+r)]{ y(s) }:O,nZk
0
+

[6(5)Fz + ()M, } 0. n>k
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In the third step, we use (118) and the relation

(1 (4(s)) = PENPr=1(2(5)) Quir(2(5)) = Qr-1(2(5)) Patr(2(s))]
) Yo I'v—1

obtained from the fact that P, ,, Q,4, and P,(LT) satisfy the second-order recurrence relation (see Theorem 9
and also [12]) to get .
Po(x(s)) = S3(s;n,7,k) + 95 Sals;n, k).

Here, I',_; and ~y are given respectively by (16) and (112). Then, since P, (x(s)) and Sy (s;n,, k) are both
solutions of (120), it turns out from the previous equation that Ss(s;n,r, k) is also solution of (120). Also,
S4(s;m,r k) is another solution of (120) because it is obtained by replacing P,, 1, by Q. in the expression
of S3(s;n,r, k) and the functions P, 4, and Q. satisfy the same second-order difference equation, namely
(92) for n = n + r. We complete the proof by observing that the four solutions are linearly independent since
by means of (108), they enjoy different asymptotic behavior. O

For any modification of the classical orthogonal polynomials leading to a relation of type (12), we get
explicit expressions of the functions S;(s;n,r, k), j = 1 ... 4in terms of p(s), P,(z(s)) and Qn(z(s)). As
can be seen from the previous theorem, these solutions have the same structure for the difference equations
satisfied by modifications of all classical orthogonal polynomials. These solutions were given explicitly in our
previous works for the modifications of the very classical orthogonal polynomials. We therefore refer to these
three papers [11, 12, 13].

It should be mentioned that the fourth-order difference equation satisfied by the Laguerre-Hahn polynomi-
als orthogonal on special nonuniform lattices was derived in [7]. This result which is based on the properties
of the formal Stieltjes function of the corresponding functional [23] covers the modifications of the classical
orthogonal polynomials. However, it does not deal with factorization nor with the solutions of the difference
equation derived. Our approach, which uses the operators [F,,, M, the Pearson-type equation for the orthogo-
nality weight and the second-order divided difference equation satisfied by the initial polynomials allows us to
factorize and solve the difference equations obtained and constitute a natural extension of the results obtained
for the very classical orthogonal polynomials [11, 12, 13].

Corollary 3 The four linearly independent solutions of the fourth-order divided-difference equations satisfied
by the rth associated classical orthogonal polynomials are

Si(s;n,r,0) = p(8)Pr—1(2(8) Potr(2(5));
Sa(sin,m,0) = p(s)Qr—1(x(s) Prir((s));
S3(sin,7,0) = p(s)Pr—1(2(s) Qnir(x(s));
Sa(sin,m,0) = p(s)Qr—1(x(s) Quir(x(s))

This is obtained by combining the previous theorem, (15), (16) and (107).

Remark 5 The fourth-order divided-difference equation for the rth associated classical orthogonal polynomi-
als of a discrete variable on a nonuniform lattice given in Theorem 11 for nonnegative integer r is valid if r is
a positive real number. The four linearly independent solutions given in the previous corollary are still valid
but one should keep in mind that P, and Q, in this cases represent the two linearly independent solutions of

¢(2(s)) Fry(z(s)) + o (2(s)) Mey(2(s)) + Ary(a(s)) = 0

for the real number r [31]. This extension can be deduced following the method used for the rth associated
classical orthogonal polynomials of a continuous variable (see [12], Theorem 8).
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S Specializations and applications

In this section, we mainly investigate the results obtained for specific values of the parameters «,, 8, and J,
of the lattice x(s), namely those leading to the very classical orthogonal polynomials as already mentioned in
Subsection 3.2. We also give some applications.

5.1 Specializations

5.1.1 The classical orthogonal polynomials of a continuous variable

For
oy =1, B =0and §, =0,
we have
d d?
Mx = %, FZ‘ = W and Ul(S) = UQ(S) =0.
Therefore, Relation (109) reads
d? d
0() 75+ (29/(@) = ¥(s)) T+ ha + ¢ | B, (@) = (6" - 20/) Pi(a).

This relation, which was first derived by Ronveaux [29], is the key to the derivation and solutions of the fourth-
order differential equations satisfied by modifications of the classical orthogonal polynomials of a continuous
variable. For more details, we refer to the paper [12] which appears now to be a particular case of the results
obtained in the framework of this work.

5.1.2 The classical orthogonal polynomials of a discrete variable on a linear lattice

For 1
oy =1, Bzzoandézzz,

we have
1

1
2(s) =5, My = S(A+V), Ur(5) =0, Fo = AV, and Up(s) = 7.

Therefore, Relation (109) reads
{(26(s) + ¢ —¥)AV  + () + [A+ V]§(s)[A + V] + An + ¢ + '} PV, (2)
= (¢" —2¢) AV P,(x).

The previous relation, due to Atakishiyev, Ronveaux and Wolf [6], has been used to derive the fourth-order
difference equations satisfied by the modifications of classical orthogonal polynomials of a discrete variable on
a linear lattice. We refer to the paper [11] for details about these equations as well as their solutions.

5.1.3 The ¢-classical orthogonal polynomials
For
Qp=-———, e =0,=0, withq#0, 1,
we have
#(s) = 4%, Fo = ¢ Dy Dy, My = (D + D), Ur(s) = (a2 — 1) a(s), and Up(s) = (03 — 1) 2%(s)

and the corresponding families are the g-classical orthogonal polynomials.
For x(s) = ¢°, the relation (109) is equivalent to Equation (16) in [13] with the polynomial ¢ replaced by

¢ 6(() — (g — 1) () ¥(a(s).

This relation which is due to Foupouagnigni, Ronveaux and Koepf [10] allowed in [13] to derive and solve the
fourth-order g-difference equation satisfied by the modifications of the g-classical orthogonal polynomials.
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5.1.4 The Askey-Wilson operator
Relations between DD, S, and the Askey-Wilson operator D,

We establish relations between the operators D, S, and the Askey-Wilson operator D, and then use these
relations to state Theorems 1, 2 and 3 for the special case of the Askey-Wilson operator.
The Askey-Wilson operator D, is defined as [4]

Dy f(x) =

] () =1 (%) 1 17 %).

with

The relation with D, and S,
_ _ etfqemi? i0 _ s : — — ¢°+q° ;

For z = cosf) = &—5—, we set '’ = ¢° and obtain x := z(s) = T=5—. The coefficients a, 3 and 0
corresponding to this lattice are

1 1

L qiHq 2, _ (g—1)?
a—T,ﬂ—O,é—— 1 (128)
The operators D, and D, are related by
1y _1
Dyf(a) = LT @ —3) e (o). (129)

2(s+3) = (z(s — 3)

As was the case for D, and S, there is a need to define the companion operator for D, namely the operator
Sq
_ & (@) + & (@)
2

51 (0) =1 (o) & () =5 (2)

This operator is related to S, in the following way

Sqof(x) , T = cosb, (130)

with

Sof (@) = Su_, f(@-1(5)). (131)
The operators equivalent to ', and M, in this case are
}—q = D§7 Mq = Sq Dq- (132)
Iteration of (129) and (131) give
Dif(z) = Do Doyf(z-a(s));
Sif(x) Se_1Se_y f(x-2(5)); (133)
SDyf(x) = S Dy, f(x-2(5));
Dquf(.T) = Dx71§x72f(:6_2(8)).

Using (129) and (131), one remarks that the operator D, (respectively S,) transforms a polynomial of degree n
in the variable x into a polynomial of degree n — 1 in z (respectively of degree n in x). Moreover, we have the
following theorems.

Theorem 13 The following statements hold.
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1. The operators Dy and S, obey the following product rules:

Dy(f() g(x)) = Sqf (x) Deg(x) + Dy f () Sg9(); (134)
Sq(f(fﬁ) 9(x)) = Sqf(x) ng(x) + VQ(x)qu(fL’) Dqg(x), (135)
where
(g2
Va(e) = = (z* = 1). (136)

2. The operators Dy and S, also satisfy the quotient rules:

f@)\  Sef () Dyg(x) — Dyf () Sqg(x)

() - Va(@) Dyg@)l — [Sag@) (137)
f(@)\  Va(z)Dyf(x) Dyg(x) — Sy f () Sqg(x)

Sq <g($)> B ‘/2(3:) [Dqg(x)}Q _ [ng(l,)]Q : (138)

Remark 6 For any integer n, the following relations hold

(aa:+ V(a2 —1)(22 — 1))n — (am —/(a? = 1)(z% - 1)>n

D" = ; 139
! 2/(a2 = 1)(z% - 1) (139
(oz$ + /(a2 = 1) (22 - 1)>n + (ozx — /(a2 = 1)(22 - 1)>n
Sy’ = 5 , (140)
where o is given by (128).
Theorem 14 The following relations hold:
DSy = aS;Dy+axDyDy; (141)
S;S; = ax8;Dy+a(a?—1)(2*—1)D, Dy +1; (142)
FoMg = (2% —1) Mg Fy+2a(a® — 1)z Fy Fy; (143)
MM, = aF;+2a(®—1)aMyF,+ (20 — 1) Va(z) Fy Fy, (144)

where o and Vo (x) given by (128) and (135) respectively.
Remark 7 Theorem 13 and Proposition 6 for the operators F4 and M (see (132)) are deduced from Theorem
1

1o
5 and Proposition 5 by taking x(s) =z, f =0, a = %, with the operators F,,, M, replaced respectively
by F4 and M.

Theorem 15 Let f(x) and g(x) be two functions of the variable x satisfying respectively
Dy f(x) + a1(x) §;Dgf () + ao(x) f(x) = 0, Dgf(w) + bi(x) §Dyf (x) + bo(z) g(w) =0, (145)

where a; and b; are given functions of x.
Then, the product f(x) g(x) is a solution of a fourth-order divided-difference equation of the form

Li(2) Dgy(x) + Is(x) S, Dyy(x) + I2(x) Dyy(x) + L1(x) Sq Dyy(x) + Io(x) y(z) = 0

where 1 are functions of a;j and b;. If the aj(z), j = 0, 1 and the bj(x), j = 0, 1 are rational functions of x,
then the coefficients 1;(x), j = 0 ... 4 can be chosen to be polynomials in the variable x.
More generally, if f;, j = 1,...n are functions of the variable x such that any f; satisfies a linear divided-

n
difference equation of order r; involving only the operators Dg and 84Dy, then the product f = [] f; satisfies

7j=1
n
a divided-difference equation of order v = [[ r; involving only (at most) the operators
Jj=1

n
D} and S;DF 7", with0<2i <r, and0<2j—1<2j<r =[]
k=1
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As consequence of the previous theorem we state the following.

Corollary 4 If P,,(z) is a solution of a second-order divided-difference equation of hypergeometric form
¢(x) Dy y(x) +(x) Sg Dgy() + M y(a) =0,

where ¢ and 1) are polynomials of degree at most 2 and one respectively, then the product P, (x) P.(x) satisfies
a fourth-order divided-difference equation

Iy(n,r,x) Dgy(:(:) +13(n,r,x) Sy Dg’y(x) +Ih(n,r, ) Dgy(x) +11(n,r,x) Sq Day(x)+1Io(n, 7, x) y(x) = 0,

where the 1;(n,r,x) are polynomials whose degree doesn’t depend on n. Computations using computer
algebra software can allow to find explicitly the coefficients Ij(n,r, x) in terms of ¢, 1 and \y,.

5.2 Applications
5.2.1 Special cases of classical orthogonal polynomials

The relation (109) allows to observe that when = 0, the first associated PT(LI_)1 satisfies the second-order
difference equation
[A1(s) Fo + Bi(s) M, + C1(n)] y(s) =0,

where the coefficients Ay, B1 and C are those of (109). It turns out that the previous equation is of hyperge-
ometric type. Under certain conditions (on the parameters involved in the definition), the first associated of the
Askey-Wilson, the ¢g-Racah and the Racah polynomials, remains classical. This property is not true in general
because the first associated of classical orthogonal polynomials is in general not classical but belongs rather to
the so-called Laguerre-Hahn class [22]-[24]. Similar results exist for the very classical orthogonal polynomials
[10, 29, 30]

Theorem 16 We have the following.

1. Forabcd = q, the first associated of the Askey-Wilson polynomials remains classical and is related to
the Askey-Wilson polynomials by

Y ()00, -0 Jg) = (wals); 22,48 2 wabelg) (146)
with u = £1.

2. For afBq = 1, the first associated of the q-Racah polynomials remains classical and is related to the
q-Racah polynomials by

~ 1 - (x(s) 1 11
RV so,——,7,0]q ) = (YO)" Ra | =2 = aq,—, <lg) - 147
0 (snan ndle) = 0" R (25 Lag L Ji0) 147)
3. For a+ B = —1, the first associated of the Racah polynomials remains classical and is related to the
Racah polynomials by
RW (z(s); 0, —1 — a,7,8) = Ry, (2(s) + (@ +1);0 — o, 1 + o — 8, —,0) . (148)

Proof:  For the Askey-Wilson polynomials, one obtains by direct computation using (111) and the data given

in Section 3.2.3 that y A( bed)
— abe
n= <Ozx¢/—2> ==

1—-g¢q
with o, = ¢ +2q and
q _ uq uq ugq .
Tn+1 CL,b,C, |q = Tn 75777)uabc|q )
abc a b’ ¢
q uq uwqg uq
Br+1 (a,b, c, 7|q) = upfB, (*, —, —,uabc|q> )
abce a b’ ¢



The Relation (146) is obtained using the last two relations and the fact that p, 41 and ]5511) satisfy the same

three-term recurrence relation. The proof of the identities (147) and (148) is obtained in the same way since

1 _1

2¢(1 — afBq 0 - 2ta:

1_q ) X 2 )
1

1 1 1
Yn41 <Oé, 7’775> = ’72 62 Tn (,aq, Ll Q> ;
qo @ v o

1 1 11
ﬁTH’l (()4,77,(5) = 75,8n ()QQ7’|q>
qo « v o

T,:

and
77:2(04+5+1), ap = 1
'VnJrl(aa*l—aa’V’&) = fyn((s*aalea*(;a *776);
ﬁn+1(a,—1—a,’y,5) = Vn(é_a51+a_67 _7)6)_7(04_'_1)
for the g-Racah and the Racah polynomials, respectively. U

Notice that relations such as (146)-(148) exist for very classical orthogonal polynomials. They were given in
references [15, 16], [3], [10] for Jacobi, Hahn and Big-g-Jacobi (and also Little-g-Jacobi) respectively.

5.2.2 Polynomial solutions of some difference equations

The product rules (55)-(56) and (62)-(63) can be used to look for polynomial solutions of difference equations
with polynomial coefficients involving only the operators F,, and M. For example, if A(s), B(s), C(s) and
D(s) are polynomials in the variable z(s), then the polynomial solution of the equation (if it exists)

A(s) Fay(s) + B(s) May(s) + C(s) y(s) = D(s)
can be found by writing

y(s) =D anpa(s),
k=0

and solving the linear system obtained with respect to the unknowns a,, j in terms of the coefficients of the
polynomials A(s), B(s), C(s) and D(s). This in the same way as for the usual differential equation since the
operators F,, and M, transform a polynomial in the variable x(s) into a polynomial of the same variable. Using
the quotient rules, one can look for rational solutions of some difference equations with polynomial coefficients
in the same way. This approach can be used to look in general for analytic solutions (here we mean solutions
which can be expanded in power series in terms of the variable z(s)) of difference equations with polynomial
coefficients.

5.2.3 Steps forward towards the characterization of some classes of OP

In this work, we have derived diverse results for classical orthogonal polynomials in the same line as for those
of the very classical orthogonal polynomials. In the sequel, we have obtained many intermediate results such
as the product and quotient rules, the coefficients Dy, 1., Sy k, Fn ks Mp i, Bn, Ty Thy2, Bn and 7;,. These
coefficients can be used for the implementation of codes in computer algebra relative to the classical orthogonal
polynomials on quadratic and g-quadratic lattices. They could also be used for the complete characterization
of the classical orthogonal polynomials. As illustration, for the very classical orthogonal polynomials, the ratio

—E_ g a rational function of n or ¢" depending on whether the variable is continuous, linear or g-linear

Tn,szl
respectively. This is an equivalent characterization property for the very classical orthogonal polynomials
[1, 17]. But from the results obtained here, we observe that the ratio ;Lf is a rational function of n and

q" (at the same time) for the g-quadratic lattice and for the basis (z"(s)). This is an indication for the
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complexity for the formulation of the characterization theorems for the classical (not very classical) orthogonal
polynomials. Summing up, we can conclude that the results obtained in this work constitute some important
steps forward towards the complete characterization of the classical orthogonal polynomials as well as that of
the semi-classical and the Laguerre-Hahn orthogonal polynomials of a discrete variable on nonuniform lattices
[24, 23].
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