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1. Introduction. The concept of the displacement derivative of a function or a vector
field relative to a moving surface was introduced by Hayes [1] and Thomas [2] and [4]
in discussions of the propagation of waves in solids and fluids. Both Hayes [1, Sec. 3]
and Thomas [2, Sec. 4] and [4, Chap. II] stated, in effect, that the displacement derivative
is the time derivative following the normal trajectory of a moving surface. Using this
concept, Hayes and Thomas obtained a formula for the displacement derivative of the
unit normal n of a moving surface:

n*/ot = —aTlzFrua s, (1.1

where 8/5t denotes the displacement derivative, 4. denotes the normal speed of the
moving surface, a"® denotes the components of the induced surface metric, and z*
denotes the spatial coordinates of the moving surface. Of course, z* is given by functions
of the surface coordinates " and the time ¢, viz.

& =20 5 0. (1.2)

As usual, the partial derivative with respect to a spatial coordinate or a surface coordinate
is denoted by a comma followed by the index of the coordinate—the index of a spatial
coordinate is a Latin minuscule having range from 1 to 3, while the index of a surface
coordinate is a Greek majuscule having range from 1 to 2.

Neither Thomas nor Hayes gave a formula for the displacement derivative of a
surface vector field or a surface tensor field. However, following Hayes and Thomas’
concept, Truesdell and Toupin [3, Sec. 179] presented a generalization to displacement
derivatives for arbitrary mixed spatial-surface tensor fields. Specifically, Truesdell and
Toupin gave the formula [3, Eq. (179.5)]:

50U e 6t = AW ot + U aen' + W, (1)
where 8,/6t denotes the Truesdell and Toupin generalization of the displacement deriva-
tive, a¥* 71 ::3/dt denotes the usual partial derivative of the components of ¥ with
respect to £, ¥ :nl-f . denotes the components of the spatial gradient of ¥, and
£,Y denotes the Lie derivative of ¥ with respect to the tangential velocity u. For any
function or any spatial vector field, the Truesdell-Toupin formula reduces to a formula
for the displacement derivative as defined by Hayes and Thomas. In particular, Truesdell
and Toupin [3, Eq. (179.19)] recovered the Hayes—Thomas formula (1.1) for the dis-
placement derivative of the unit normal of the moving surface.
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The aims of this paper are two: (i) to determine the geometric meaning, the usefulness,
and the limitation of the Truesdell-Toupin formula (1.3), and (ii) to give a new general-
ization of the concept of displacement derivative different from that of Truesdell and
Toupin for mixed spatial-surface tensor fields. Of course, for functions and spatial
vector fields, our generalization, like that of Truesdell and Toupin, reduces again to the
original concept of Hayes and Thomas. In particular, we shall give also a simple proof
of the Hayes—Thomas formula (1.1).

In order to motivate our generalization of the Hayes-Thomas displacement derivative
for surface tensor fields, we consider the following example: Let S, be a moving cylindrical
surface characterized by the condition

' =tsing, z°=1tcosh z°=z¢, (1.4)

where z° denotes the Cartesian spatial coordinates of S, , and where (r, 8, z) denotes
the usual cylindrical coordinate system whence (9, z) is a surface coordinate system on
the cylinder. Clearly S, moves in such a way that

r=t (1.5)

for all (6, z). Hence the unit normal n has the components (sin 6, cos 8, 1) relative to (z°),
the normal speed u. is equal to 1, and the tangential velocity u vanishes.
Now we consider a vector field v whose components in (z') are given by

v = —2, =2, =0, (1.6)

for all £. Relative to the cylindrical coordinate system (r, 6, z), the components of v are
given by

v =0, v =1, v’ =0, (1.7)

so that v is tangent to S, for all ¢. Indeed, v coincides with the natural basis vector in
the 6-direction of the surface coordinate system (6, z). Now if we regard v as a spatial
vector, then the Truesdell-Toupin displacement derivative of v with respect to S, is
given by

5, v°/8t = (3v*/oz")n', 1.8)
or more specifically
8, v'/8t = — cos @, &, v°/6t = sin 6, 5. v°/8t = 0. (1.9)
On the other hand, if we regard v as a surface vector, then we have
s0"/8t = 0, (1.10)

since the surface components »* of v relative to (6, z) are constant fields. This example
shows clearly that the Truesdell-Toupin displacement derivative of v depends critically
on the status of v as a spatial vector or as a surface vector.

In the next section, we shall determine the geometric meaning of the Truesdell-Toupin
displacement derivative corresponding to the two possible cases illustrated in the
preceding example. Then in Sec. 3, we introduce the new concept of the total displacement
derivative of a tensor field relative to a moving surface. We require that the total dis-
placement derivative of a tensor field ¥ be the time derivative of ¥ along the normal
trajectory of the moving surface, the parallel transport along the normal trajectory
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being the spatial one. Clearly, this definition reduces to the Hayes-Thomas original
definition when ¥ is a function or a spatial vector field, since the total displacement
derivative in general does not depend on the status of its argument as a spatial tensor
field or as a surface tensor field. Further, for a spatial tensor field the total displacement
derivative coincides with the Truesdell-Toupin displacement derivative, but for a surface
tensor field the two displacement derivatives are generally different.

In application to mechanics, especially to the consideration of wave propagation,
the total displacement derivative seems to be a more useful concept than the Truesdell-
Toupin displacement derivative, since it always gives the time rate of spatial change
of a tensor relative to the moving surface even if the tensor is a surface tensor. For
instance, it is the total displacement derivative, not the Truesdell-Toupin displacement
derivative, of the surface amplitude vector of a transverse wave that determines the
growth or decay of the wave.

For simplicity, we carry out the analysis for the total displacement derivative of
tensor fields relative to a two-dimensional moving surface in a three-dimensional
Euclidean space only. The generalization to the total displacement derivative relative
to a moving hypersurface in an n-dimensional Riemannian space is given in the Appendix.

2. The geometric meaning of the Truesdell-Toupin displacement derivative. As
explained in the introduction, a moving surface S, in space can be characterized by the
relations

= xt(yl: yzr D, k=123, 1.2)

where z* denotes the Cartesian coordinates and y* the surface coordinates of a generic
point in S, . We write e, and f; for the natural basis vectors of z* and y* respectively.
Then the component form of fr relative to e, is

fr = (02*/0y")e; . (2.1)
Since {f, , f} spans the tangent space of S, , the unit normal n of S, is given by
n= flez/lflezl . (2.2)

Clearly, {f, , f,, n} forms a basis in space. We denote the dual basis of {f, , f,, n} by
{f', £, n}, so that

fr-f* = ot , r,a=1,2, (2.3)
and
f*-n = 0, A=1,2 2.4)
We define the velocity of S, relative to (y*) by
c = (az'/at)e, . (2.5)

Then ¢ can be decomposed uniquely into a normal component u,n and a tangential
component —u, viz.

C=1u,l — u, (2.6)
where u, is called the normal speed and is given by
Uy = C-ND. 2.7
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It can be verified easily that the normal speed is, but the tangent velocity u is not,
independent of the choice of the surface coordinate system. Further, relative to a change
of coordinates from (y*) to (§"), the corresponding tangential velocities u and @ satisfy
the relation

u — a = (ey*/adfr , (2.8)
where the coordinate transformation from (7°) to (y") is given by
vt =9y"@, 7. (2.9)

A coordinate system (2") on S, is a convected system if the tangential velocity relative
to (zF) vanishes. Clearly, the trace of a surface point with constant coordinates in a
convected system is a normal trajectory of S, . From (2.8), we see that the tangential
velocity u of S, relative to (y¥) is equal to the velocity of the (y*)-surface points relative
to the convected surface points. We denote the natural basis of the convected coordinate
system (z7) by {gr} and its surface dual basis by {g"}. As usual, we have the trans-
formation rules

gr = (8y*/0z")fs , (2.10)
and
7 = (ay"/02%)g". (2.11)

Now let ¥ be a surface vector field. Then we can express ¥ in component form relative
to gr , say

v = ¥, 2 Her . (2.12)

Substituting this component form into the general formula (1.3), we see that the
Truesdell-Toupin displacement derivative of ¥ is given by

8/t = (0¥ (2, t)/0t)gr . (2.13)

Naturally, we call ¥ a convected surface vector if its displacement derivative vanishes.
From (2.13), we see that ¥ is a convected surface vector if and only if it has constant
components relative to a convected coordinate system. In particular, the basis vectors
gr are 1pso facto convected surface vectors.

The same analysis applies to surface covectors. In this case, the convected basis
is the dual basis {g"} of {gr}. In general, the natural product basis of a convected
coordinate system forms the convected basis for surface tensors, and the components
of the displacement derivative of a surface tensor are equal to the partial derivative with
respect to the ¢ of the components of the tensor relative to a convected coordinate
system.

It should be noted, however, that the induced surface metric is not necessarily a
convected surface tensor, since the spatial inner product of the convected basis vectorsgr,

ara = gr-ga, (2.14)

may depend explicitly on ¢. Of course, if the surface metric a is not a convected surface
tensor, then the usual operations of raising and lowering of indices with respect to a
do not commute with the operation of the displacement derivative. In particular, the
dual basis {g”} of {gr} ¢s a convected surface covector basis but is generally not a con-
vected surface vector basis.
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Now we derive the general formula for the displacement derivative in component
form relative to an arbitrary surface coordinate system (y*). Let ¥ be a surface vector
field as before. Then from (2.10) the components ¥ (y’, ¥° t) of ¥ relative to (y) are
related to ¥' (2%, 2%, ¢) by

Y,y ) = ¥, 2, )y /a2, (2.15)
Taking the partial derivative with respect to ¢ holding 2" constant, we obtain

AWy, ) | 3w )y’ _ DY | g,
ot oy® ot at gzt ’

a2yl‘ )
az* ot
Substituting this relation into (2.13), we see that the displacement derivative §,¥/ét has
the component form

&Y _ (awr(y, f)
ot

(2.16)

NV (y, ) 3yt a 020 3% )
at 24 (y7 t) ayA azA at fl‘ (2.17)
relative to (y7). But from (2.8), the tangential velocity u relative to (y*) has the com-
ponent form

T
u= Q;it—f,. . 2.18)

Consequently we can rewrite the component form of §,¥/4¢ as

Y _ (a\If’(y, t)

by
== (5 + e, t))fp, (2.19)

where the components of the Lie derivative £, relative to (y") are given by

¥ (y, 1)

u"(y, t
e, 0 = L, 0 — v, t)“—a(yyH : (2.20)

Eq. (2.20) is a special version of the Truesdell-Toupin formula (1.1). If we select for ¥
the surface vector field fr , then (2.19) and (2.20) yield

5df[‘/5t = —(auA/ayr)fA . (2.21)
Given (2.21) and (1.1) it is possible to use (2.3) and (2.4) to show that
8,87/ 8t = (ou’ Joy™)f*. (2.22)

Clearly, if we are given (2.21) and (2.22), the Truesdell-Toupin formula for surface
tensor fields in general can be derived in a standard way.

Next we consider the geometric meaning of the displacement derivative of a spatial
vector field. According to (1.3), if ¥ has components ¥*(z, ) relative to (z°), then 5,% /8t
has the component form

8. ¥/5t = (0¥’ (z, £)/0t + (¥’ (z, 1)/9z" ) u.n’)e, . (2.23)

This formula shows that the displacement derivative of a spatial vector field is equal to
the time derivative of the vector field along the normal trajectory of the moving surface.
In particular, ¥ is a convected spatial vector with respect to S, if and only if it remains
constant on each normal trajectory of S, . Clearly the same holds for convected spatial
tensor fields in general.
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Comparing (2.23) with (2.13), we see that there is a basic difference between a con-
vected spatial vector and a convected surface vector. Indeed, the example in the intro-
duction shows that a convected surface vector is not necessarily a convected spatial
vector. Conversely, we can give examples of convected spatial vectors that can be
regarded as surface vectors but which are not convected surface vectors.

For spatial-surface mixed tensors, the convected mixed tensor basis relative to the
moving surface, of course, is formed by the tensor products of the convected spatial
basis vectors and the convected surface basis vectors. Thus the displacement derivative
of a mixed tensor is strictly a two-point tensor which is not invariant under the spatial-
surface conversion operations on the mixed tensor.

As explained in the introduction, in consideration of wave propagation it is desirable
to know the spatial derivative of some surface vectors or tensors along the normal
trajectory of the wave. The lack of the spatial-surface convertibility of the Truesdell-
Toupin general formula (1.3) prompts us to introduce the new concept of the fotal
displacement derivative in the next section.

3. The total displacement derivative. Let S, be a moving surface with convected
surface point z as explained in the preceding section, and let ¥ be a spatial, surface,
or spatial-surface mixed tensor field whose domain at any time ¢ contains the surface S, .
Then the restriction of ¥ to S, can be expressed as a field ¥(z, ). We define the total
displacement derivative of ¥ relative to S, by

50 /6t = 3%(z, £)/9t, (3.1)

where the partial derivative on the right-hand side is based upon the usual Euclidean
parallel transport. Since the definition (3.1) does not depend upon the many possible
component representations ¥ might have, §¥/é¢ does not depend upon the choices. For
convenience only, it is often desirable to apply (3.1) when ¥ is represented by spatial
components, since the components of 0¥ (z, )/t are then equal to partial derivatives of
the components of ¥(z, ). For example, if ¥ is a vector field, then

8V (z, t)/8t = (8¥°(z, t)/dt)e; , 3.2)
where ¥°(z, {) are the components of ¥(z, t) relative to the rectangular Cartesian spatial
coordinate system (z'), viz.

¥(z, t) = ¥i(z, t)e, . (3.3)
Notice that we can always use the components of ¥ relative to the spatial coordinate
system (z‘) in (3.2) regardless of the status of ¥ as a spatial vector or as a surface vector.
If ¥(z, t) is a surface vector with components T (z, t) relative to the surface coordinate

system (z"), then its spatial components ¥'(z, {) can be determined by
Vi, t) = ¥T(z, 1) 8z°/32", (3.9

where

=z 25 1) 3.5)
characterizes the relation between the spatial coordinates z* and the surface coordinates

2" of a generic convected surface point z £ S, . In particular, if ¥(z, t) is equal to the
surface vector gr , then

5g /o8t = (8/dt)(9z°/3z")e; . (3.6)
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For a smooth moving surface, the partial derivative on the right-hand side can be

expressed as
a1 G5) - () - o
Hence by Weingarten’s formula (cf. [3, App. Eq. (21.6)])
on/dz" = —brag®, (3.8)
where br, denotes the components of the second fundamental form b of S, , we obtain
3gr/ 6t = (3Us/32°)n — brau.g". 3.9

This formula shows that the total displacement derivative of the surface basis vector gr
need not vanish in general. More specifically, the normal component of 5gr /4t is produced
by the nonuniformity of the normal speed u, on S, and the tangeniial component of
5gr/ 6t is produced by the curvature of S, .

From (3.2), it is easily seen that the total displacement derivative satisfies the usual
product rule with respect to the spatial inner product. Hence from the condition

n-gr =0, (3.10)
we obtain
(én/8t)-gr + n-(égr/6t) = 0. (3.11)

Now since n is the unit tangent of the normal trajectory of S, , its total displacement
derivative is necessarily a tangential vector, i.e.,

(én/ét)-n = 0. 3.12)
Combining (3.11) and (3.12) and using the formula (3.9), we then obtain
on/st = —(ou./02")g". (3.13)

This is the Hayes-Thomas formula (cf. (1.2)) relative to the coordinate system (z).
Finally, from the conditions

gr-g® =3, ng' =0, (3.19)
we obtain
(ogr/8t)-g" + gr-(3g"/8t) = O, (3.15)
and
(én/8t)-g* + n-(5g"/8t) = 0. (3.16)
Substituting (3.9) and (3.13) into (3.15) and (3.16), we obtain the formula
5g%/ 8t = a*T(9ua/82")n + b*Tungr . (3.17)

The formulae (3.13), (3.9) and (3.13), (3.17) give completely the total displacement
derivatives of the basis {g, , g, , n} and the dual basis {g', g', n}.

Now we consider the total displacement derivative of the bases {f, , f. , n} and
{f', £, n} corresponding to an arbitrary surface coordinate system (y*) on S, . Since
the normal speed u. does not depend on the choice of the surface coordinate system,
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we obtain from (3.13)
on/st = —(du./oy")f . (3.18)

This is the Hayes-Thomas formula relative to the coordinate system (y*). Next, from
(2.10) we have

é&_i(@ﬁ) oy’ s
5t = 31 £, + . (38.19)

Since dy*/dz" is a function of (2!, 2%, ?), its total displacement derivative is equal to its
partial time derivative, viz.

3 «‘f_zf)_z(a_yi)_i(@ﬁ)
ot (azr - at azr - azr at (3.20)
Hence (3.19) implies

of 32" 5 u'(y, t

where u"(y, ) denotes the tangential velocity relative to (y") (cf. (2.18)). Substituting
(3.9) into (3.21), we obtain

o, _ ua

)
3 e D bar Dt — fr, (3.22)

ou (y,
iy
where bar(y, t) denotes the components of the second fundamental form b relative

to (y7). By a similar argument, we have also

of° ar Uy ar ou'(y, 0) or

= WY a?n + b7 (y, Huafr + ?’— £, (3.23)
where a'2(y, t) denotes the components of the surface metric a relative to (y7). The
formulae (3.18), (3.22) and (3.18), (3.23) give completely the total displacement deriva-
tive of the bases {f, , f, , n} and {f', f*, n}.

Having determined the total displacement derivatives of the basis vectors, we can

now derive a general formula for the total displacement derivative of an arbitrary vector
field ¥. First, we express ¥ in component form relative to the basis {f, , f. , n}, viz

¥ = V,(y, )n + ¥ (y, t)fp . (3.24)
Computing the total displacement derivative and using the product rule, we find
& of
i (\Ifn(y, Hn) + o > @, Ot + ¥, )5 (3.25)

The total displacement derivative of the function ¥ (y, ) can be calculated in the usual
way by

T T
50 ) = D Dy, (3.26

It follows from (1.1), (1.3) and (3.18) that for the vector ¥, (y, f)n
(8/80)(¥a(y, t)n) = (3./88)(¥a(y, t)n). (3.27)
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Substituting (3.26), (3.27) and (3.22) into (3.25) we find

& _ 4 o (y, 8) | ¥ (y, 1) b ' (y, t))
- w0 + (D 4 D gy g - v, 9 2D
Ug A
+ ¥'(y, t)( n — bra(y, Huaf ) (3.28)
If we now use (2.19), (2.20), and (3.24), (3.28) can be written
?; 6"‘1/ + ¥'(y, t)( tn — bra(y, t)u,,f“) (3.29)

which shows clearly the difference between the total displacement derivative and the
displacement derivative in Truesdell-Toupin’s sense.

The total displacement derivative of a tensor field in general, of course, can be
determined in a similar way. The basic rules are the following four:

(i) The total displacement derivative obeys the product rule with respect to the

tensor product and the spatial inner product.

(i1) The total displacement derivatives of the spatial basis vectors e; of the Cartesian
coordinate system (z‘) vanish identically.

(iii) The total displacement derivatives of the bases {f, , f., n} and {f', f*, n} are
given by (3.18), (3.22) and (3.18), (3.23), respectively.

(iv) The total displacement derivative of a function f(z, y, ) is given by

I {ETAR) ) (3% ') of(z, Y, ), r
6t at oz’ oy©

un’ + u'(y, t). (3.30)

In fact, (3.30) is a valid equation even if f is a spatial-surface tensor field.
As an application of the above rules we consider the total displacement derivative
of the surface metric a whose component form relative to (y*) may be written either as

a = au(y, t)fr ® fA (3.31)
or as
a=f&@fF. (3.32)

As we have mentioned earlier, the total displacement derivative of a does not depend
on the choice of the component form of a. Applying the basie rules (i)-(iv) successively
on (3.32), we obtain

da/dt = (du,/9y*)m X f* + £* @ n). (3.33)
Of course, this result is also a consequence of the identity
=1-n®n. (3.24)
Indeed, from (3.18) we have
Z? (5t @2 +0Q at) au., : @0 +2Q1. (3.35)

We can deduce a formula for the Truesdell—Toupm displacement derivative of the
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surface metric a from the formula (3.33). First, we write the surface metric in the com-
ponent form

a = ara(z )g" @ g*. (3.36)
The tensorial status of a now is important. By definition (cf. (2.13)) we have

(Sda aar A (Z t)

5l g ®egt (3.37)
But from (3.36) we have also
6a  daraslz,t og’
ot PSE @+ % 7 Der+ e R (8:38)
Hence
b _a, o
o ot T et Dt er @y (3.39)

Substituting (3.33) and (3.17) into this equation, we then obtain
8.2/t = —2bra(z, Huag" X g°. (3.40)

This formula agrees with [3, Eq. (179.10),].

Appendix. Total displacement derivative relative to a moving hypersurface in an n-
dimensional Riemannian manifold. Let M be an n-dimensional Riemannian manifold
and let S, be a moving hypersurface in M. Then for any tensor field ¥ (spatial, surface,
or spatial-surface mixed) whose domain at any time ¢ contains the surface S, we define
the total displacement derivative of ¥ by

8%/t = D¥(z, t)/Dt, (A.1)

where z denotes a generic convected surface point on S, , and ¥(z, ¢) denotes the value
of ¥ along the normal trajectory of S, at the point z. The operation D/Dt¢ is the usual
covariant derivative along a curve with respect to the Riemannian connection of M.
Hence if ¥(z, t) is a vector field with components ¥°(z, t) relative to a spatial coordinate
system (z',7 = 1, --- , n), then

% a\I/ (z U] + {J }\Ir Gz, t)u,n (A.2)

where {},} denotes the Christofell’s symbols of the Riemannian metric relative to (=),
and where e; denotes the natural basis vectors of (z‘). Notice that e, is not necessarily
a convected field in this general case.

According to the general formula (A.2), the total displacement derivative of the basis
vector gr is still given by a formula of the form (3.9), viz. .

ogr/8t = (dua/32")m — brauag®. (A3)

Consequently the formulae (3.13), (3.17), (3.18), (3.22), and (3.23) are also valid in
general, since the spatial Riemannian metric is a convected field with respect to the
Riemannian parallel transport along the normal trajectory of S, .

By the same argument as before, we can compute the total displacement derivative
of a tensor field in general by applying the four basic rules successively as explained
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in Sec. 3, except that the total displacement derivatives of the spatial basis vectors e; no
longer vanish in general but are given by

é% - {Z,]k}unn"e; ) (A.4)
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