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Abstract

A graph Γ = (V,E) of order n is distance magic if it admits a bijective labeling ℓ : V →
{1, 2, . . . , n} of its vertices for which there exists a positive integer κ such that

∑

u∈N(v) ℓ(u) =

κ for all vertices v ∈ V , where N(v) is the neighborhood of v.
A circulant is a graph admitting an automorphism cyclically permuting its vertices. In

this paper we study distance magic circulants of valency 6. We obtain some necessary and

some sufficient conditions for a circulant of valency 6 to be distance magic, thereby finding

several infinite families of examples. The combined results of this paper provide a partial

classification of all distance magic circulants of valency 6. In particular, we classify distance

magic circulants of valency 6, whose order is not divisible by 12.
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1 Introduction

Throughout this paper all graphs are simple, undirected, finite and connected. A graph Γ =
(V,E) of order n is distance magic if it admits a bijection ℓ : V → {1, 2, . . . , n} for which there
exists a positive integer κ such that

∑

u∈N(v) ℓ(u) = κ for all vertices v ∈ V , where N(v) is the
neighborhood of v. In this case ℓ is a distance magic labeling of Γ and κ is the magic constant

of Γ. Magic labelings of graphs appeared in the literature under various names. They were
first defined in [16] as Σ-labelings and later in [11] as 1-vertex magic vertex labelings. Following
the paper by Sugeng et al. from 2009 [14] the term distance magic labeling started to be used
consistently. Since then, numerous papers on the topic appeared - see [1] for a (now already not
up to date) survey of the topic and [2, 5, 7, 9, 10, 15] for some recent papers on distance magic
graphs.

A simple double counting argument shows that for a k-regular distance magic graph Γ of
order n its magic constant is κ = k(n + 1)/2. It follows that regular distance magic graphs are
of even valency. Moreover, it is clear that the 4-cycle is the only distance magic cycle. This
motivated Rao [12] to pose the problem of characterizing tetravalent distance magic graphs. It
seems that the solution of this problem in its whole generality is beyond reach, and so Cichacz and
Froncek [4] decided to study a particularly nice class of tetravalent graphs, namely tetravalent
circulants, which are graphs admitting an automorphism cyclically permuting its vertices. They
obtained a partial classification of these graphs (see [4, Theorem 16]). A complete classification
of distance magic tetravalent circulants was recently achieved in [9].
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With the classification of distance magic tetravalent circulants completed, there are now two
obvious directions for further research: the first one is to study other nice families of distance
magic tetravalent graphs, and the second one is to study distance magic circulants of the next
admissible valency, namely 6. In this paper we initiate the latter direction of research.

As in the case of the investigation of distance magic tetravalent circulants in [9], the main
tool for studying distance magic circulants of valency 6 in this paper will be the irreducible
characters of cyclic groups. It turns out that the so-called admissible irreducible characters of
the cyclic group Zn (see Section 3 for the definition and details), which play the key role in our
investigation of 6-valent distance magic circulants of order n, come in three different types. In
this paper we obtain a complete classification of 6-valent distance magic circulants for which
all admissible irreducible characters are of the same type (see Theorem 4.5, Theorem 5.5 and
Proposition 6.2). We further show that no 6-valent distance magic circulant can have admissible
irreducible characters of all three types and that at most two combinations of two types are
possible. For such examples we obtain some partial results. We also obtain infinite families of
nontrivial examples of distance magic circulants of valency 6 (in the sense that they are not the
rather “obvious” examples of lexicographic products of a prism or a Möbius ladder by 2K1 or of
a cycle by 3K1 - see Section 2). Finally, the combined results of this paper provide a complete
classification of distance magic circulants of valency 6, whose order is not divisible by 12 (see
Theorem 6.3).

2 Preliminaries

We first set some standard notation that will be used throughout the paper. For an integer n
we let Zn denote the ring of residue classes modulo n (and at the same time the cyclic group of
order n) and we let Z∗

n be its group of units. For a subset S of Zn and an element q ∈ Z∗
n we

let qS = {qs : s ∈ S}. For a, b ∈ Zn we let a = ±b mean that a is equal to b or −b, while we let
a 6= ±b mean that a is not equal to b nor to −b.

As stated in the Introduction we will be studying distance magic circulants of valency 6 in
this paper. Recall that a circulant is a Cayley graph of a cyclic group. More precisely, for an
integer n and a subset S ⊂ Zn with S = −S and 0 /∈ S the circulant Circ(n;S) is the graph
with vertex-set Zn in which distinct vertices i and j are adjacent if and only if j − i ∈ S (where
the computation is done modulo n). The comments from the previous section imply that if a
circulant Circ(n;S) with |S| = 6 is distance magic, then its magic constant is

κ = 3(n+ 1). (1)

As mentioned in the Introduction there are some rather obvious examples of distance magic
circulants of valency 6. To describe them we first recall the definition of a lexicographic product
of graphs. For graphs Γ1 = (V1, E1) and Γ2 = (V2, E2) the lexicographic product Γ1[Γ2] of Γ1

by Γ2 is the graph with vertex-set V1 × V2 in which vertices (u1, u2) and (v1, v2) are adjacent
whenever either u1 = v1 and u2 ∼ v2 in Γ2, or u1 ∼ v1 in Γ1. It is well known and easy to
verify that the well-known Möbius ladder Mlm of order 2m, where m ≥ 3, is the cubic circulant
Circ(2m; {±1,m}). Similarly, for an odd m ≥ 3 the prism Prm of order 2m is the circulant
Circ(2m; {±2,m}) (we point out that prisms are defined also for m even, but in that case they
are not circulants, and so in this paper we will only consider Prm for m odd). It is straightforward
to verify that

Mlm[2K1] ∼= Circ(4m; {±1,±m,±(2m − 1)}) and Prm[2K1] ∼= Circ(4m; {±2,±m,±(2m − 2)}).
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That Mlm[2K1] for m ≥ 3 and Prm[2K1] for an odd m ≥ 3 are examples of distance magic
circulants of valency 6 is easy to see, since one can simply assign the labels i and 4m + 1 − i,
1 ≤ i ≤ 2m, to the 2m pairs corresponding to 2K1 (but see also [11, Lemma 2]). It is also
straightforward to verify that for each m ≥ 3 we have that

Cm[3K1] ∼= Circ(3m; {±1,±(m − 1),±(m+ 1)}),

where Cm is the cycle of length m. By [13, Theorem 3.5] the graph Cm[3K1] is distance magic
if and only if m is either odd or is divisible by 4. In this paper we will say that the distance
magic circulants Mlm[2K1], m ≥ 3, Prm[2K1], m ≥ 3 odd, and Cm[3K1], m ≥ 3 odd or divisible
by 4, are trivial examples of 6-valent distance magic circulants. Our aim is to investigate the
nontrivial ones.

As was pointed out in [9] the property of being distance magic is very nicely characterized
by eigenvalues and eigenvectors of the adjacency matrix when it comes to regular graphs. Since
this result will play an important role in our arguments, we restate it here for ease of reference.

Lemma 2.1 ([9]). Let Γ = (V,E) be a regular graph of order n and even valency. Then Γ is

distance magic if and only if 0 is an eigenvalue of the adjacency matrix of Γ and there exists an

eigenvector for the eigenvalue 0 with the property that a certain permutation of its entries results

in the arithmetic sequence

1− n

2
,
3− n

2
,
5− n

2
, . . . ,

n− 3

2
,
n− 1

2
. (2)

In particular, if Γ is distance magic then 0 is an eigenvalue for the adjacency matrix of Γ and

there exists a corresponding eigenvector all of whose entries are pairwise distinct.

It was also pointed out in [9] that when studying the property of being distance magic for
Cayley graphs of abelian groups, group characters can be very useful. The situation is particularly
nice in the case of cyclic groups since its characters are very easy to describe. We give here only
the necessary ingredients for our arguments, but refer the reader to [9] for details.

It is well known that the group Ẑn of irreducible characters for the cyclic group Zn consists
of the n homomorphisms χj, 0 ≤ j < n, from Zn to the unit circle in the complex field C where
χj maps according to the rule

χj(x) =
(

e
2πi

n

)jx

= cos

(

2πjx

n

)

+ i sin

(

2πjx

n

)

. (3)

What is more, by [8, Lemma 9.2, p. 246] the spectrum (that is, the set of all eigenvalues of the
adjacency matrix) of the circulant Circ(n;S) is given by

{χj(S) : 0 ≤ j ≤ n− 1} , (4)

where χj(S) =
∑

s∈S χj(s). Moreover, letting wχ denote the column vector with its entries
indexed by g ∈ Zn such that the g-entry of wχ is equal to χ(g), the n vectors wχj

, 0 ≤ j < n,
are a complete set of eigenvectors for the adjacency matrix of Circ(n;S) and wχj

corresponds to
the eigenvalue χj(S).

3 The eigenvalue 0

By Lemma 2.1 and the discussion at the end of the previous section the only candidates for
distance magic circulants Γ = Circ(n;S) are the ones for which χj(S) = 0 for at least one
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j, 0 ≤ j < n. This motivates the following definition. For a positive integer n we let In =
{0, 1, . . . , n− 1} and for a subset S ⊂ Zn with S = −S and 0 /∈ S we let

An(S) = {j ∈ In : χj(S) = 0}.

We say that An(S) is the set of all admissible elements of In with respect to S and also say that
the corresponding irreducible characters χj are admissible for S. When the set S is clear from the
context we simply write An and say that j (or χj) is admissible. The following straightforward
result will be useful.

Lemma 3.1. Let Γ = Circ(n;S) be a circulant. If there exists a divisor d of n with 1 < d < n
dividing each j ∈ An(S), then Γ is not distance magic.

Proof. Suppose such a divisor d exists and take any j ∈ An(S). By (3) we have that χj(0) =
1 = χj(n/d). Recall that the eigenvectors wχj

, where j runs through the whole set An(S),
constitute a basis for the eigenspace corresponding to the eigenvalue 0 of the adjacency matrix
of Γ. Therefore, each eigenvector for the eigenvalue 0 of Γ has equal entries at 0 and n/d, and
so Γ cannot be distance magic by Lemma 2.1.

Now, let n ≥ 7 be an integer, let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and let
Γ = Circ(n;S). Suppose that the set An(S) is nonempty (by Lemma 2.1 this must be the case
if Γ is distance magic). By the discussion of the previous section and (3) this holds if and only if

cos

(

2πja

n

)

+ cos

(

2πjb

n

)

+ cos

(

2πjc

n

)

= 0. (5)

Observe that each of 2ja
n

, 2jb
n

and 2jc
n

is a rational number. Moreover, since cos(x) = cos(−x)
for all x we can (at least for the purposes of considering the possible solutions of (5)) assume
that 0 ≤ 2ja

n
, 2jb

n
, 2jc

n
≤ 1. The problem, posed in 1944 by H. S. M. Coxeter, of determining all

rational solutions of the equation

cos(r1π) + cos(r2π) + cos(r3π) = 0, 0 ≤ r1 ≤ r2 ≤ r3 ≤ 1, (6)

was solved in 1946 by W. J. R. Crosby [6]. It was proved that, except for a pair of “symmetric”
exceptions, the only solutions of (6) are those that belong to two infinite families of “obvious”
triples (r1, r2, r3), namely

0 ≤ r1 ≤
1

2
, r2 =

1

2
, r3 = 1− r1, (7)

and
0 ≤ r1 ≤

1

3
, r2 =

2

3
− r1, r3 =

2

3
+ r1. (8)

The only two exceptions are

r1 =
1

5
, r2 =

3

5
, r3 =

2

3
and r1 =

1

3
, r2 =

2

5
, r3 =

4

5
. (9)

It is clear that no triple (r1, r2, r3) of rational numbers with 0 ≤ r1 ≤ r2 ≤ r3 ≤ 1 which
satisfies any of the two possibilities from (9) satisfies (7) or (8). Moreover, the only triple
(r1, r2, r3) which satisfies both (7) and (8) is (16 ,

1
2 ,

5
6). We can thus introduce the following

terminology. For a given integer n ≥ 7 and a subset S = {±a,±b,±c} ⊂ Zn of size 6 we say that

4



a j ∈ An(S) (as well as the corresponding character χj) is of type 1, type 2 or type 3, respectively,
if the corresponding solution of (6) is of type (7), (8) or (9), respectively. Except for the one
above mentioned exception (where a j ∈ An(S) can be of types 1 and 2) each j ∈ An(S) thus
has a unique type. We point out that whenever we will say that all j ∈ An(S) are of type 1

(type 2, respectively) we will mean that each j ∈ An(S) is of type 1 (type 2, respectively) but
we do allow the above mentioned possibility that some j ∈ An(S) are at the same time of type 2
(type 1, respectively). In the following sections we analyze each of the three types separately.

4 Type 1

In this section we consider admissible j ∈ An(S) of type 1 and classify the distance magic
circulants of valency 6 for which all admissible characters are of type 1. Before stating our first
result we introduce the following terminology that will be used throughout the rest of the paper.
For an integer m and a prime p we let the p-part of m be pt, where t is the largest integer such
that m is divisible by pt.

Lemma 4.1. Let n ≥ 7 be an integer and let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and

〈S〉 = Zn. Suppose at least one j ∈ An(S) of type 1 exists. Then n = 4n0 for an integer n0 ≥ 2.
Moreover, for each such j there are s1, s2, s3 ∈ S with {±s1,±s2,±s3} = S such that s1 + s3 is

even and

js2 = n0(1 + 2k1) and j(s1 + s3) = 2n0(1 + 2k2) (10)

for some integers k1, k2, where these two equations are to be read within the ring of integers Z.

Proof. Let j ∈ An(S) be such that (5) holds and suppose that the corresponding solution of (6)
is of type (7). There thus is some s2 ∈ {a, b, c} such that cos(2πjs2/n) = 0 (that is, 2js2/n
corresponds to r2 from (7)). Moreover, letting s1, s3 ∈ S \{±s2} be such that 2js1/n and 2js3/n
correspond to r1 and r3 we therefore have that

2πjs2
n

=
π

2
+ k1π and

2πjs1
n

= π −
2πjs3
n

+ 2k2π

for some integers k1 and k2. Rearranging we obtain

4js2 = n(1 + 2k1) and 2j(s1 + s3) = n(1 + 2k2),

and so the first of these two equations implies n = 4n0 for some n0 ≥ 2. The above two equations
then transform into (10). Note that (10) implies that the 2-part of j(s1 + s2) is larger than the
2-part of js2, and so s1 + s3 must be even.

We can now characterize the only candidates for distance magic 6-valent circulants for which
all admissible characters are of type 1.

Proposition 4.2. Let n ≥ 7 be an integer and let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6
and 〈S〉 = Zn. If Γ = Circ(n;S) is distance magic and all j ∈ An(S) are of type 1, then n = 4n0

for some n0 ≥ 2. Moreover, either Γ is trivial in the sense that there exists some q ∈ Z∗
n such

that qS = {±1,±n0,±(2n0 − 1)} or qS = {±2,±n0,±(2n0 − 2)} in which case Γ ∼= Mln0
[2K1]

or Γ ∼= Prn0
[2K1], or one of the following holds:

5



• n0 = dd′ for odd and coprime integers d, d′ with 1 < d < d′ < n0 and there exists q ∈ Z∗
n

such that qS = {±2,±n0,±c′}, where 1 < c′ < n is the unique solution of the system of

congruences

c′ ≡ 0 (mod 4)
c′ ≡ 2 (mod d)
c′ ≡−2 (mod d′).

(11)

• n0 = dd′d′′ for odd and coprime integers d, d′, d′′ with 1 ≤ d < d′ < d′′ < n0 and there

exists q ∈ Z∗
n such that qS = {±d,±b′,±c′}, where 1 < b′, c′ < n are the unique solutions

of the systems of congruences

b′ ≡ 2− d (mod 4) c′ ≡ 2− d (mod 4)
b′ ≡ 0 (mod d′) and c′ ≡ −b′ (mod d)
b′ ≡ −d (mod d′′) c′ ≡ −d (mod d′)

c′ ≡ 0 (mod d′′)

(12)

subject to the condition that 1 < b′ < n is the smallest solution of the left system with

gcd(b′, d) = 1.

Proof. Suppose that Γ is distance magic and all j ∈ An(S) (abbreviated to An in the rest of this
proof) are of type 1. Lemma 4.1 thus imples that n = 4n0 for some n0 ≥ 2, while Lemma 3.1
implies that there is no divisor d > 1 of n dividing all j ∈ An. Suppose that Γ is none of the two
trivial examples of lexicographic products from the statement of the proposition. We proceed by
proving a series of claims. Before stating and proving the first of them we make the agreement
that throughout the rest of the proof for a j ∈ An we let s1, s2, s3 ∈ S and k1, k2 ∈ Z be as
in (10) and similarly we let s′1, s

′
2, s

′
3 ∈ S and k′1, k

′
2 ∈ Z be as in (10) for a j′ ∈ An.

Claim 1: For any prime divisor of n0 precisely one of a, b and c is divisible by the whole p-part
of n0, while the remaining two are coprime to p.
Let p be a prime divisor of n0 and let pt be the p-part of n0. By Lemma 3.1 there is a j ∈ An,
which is coprime to p. Then Lemma 4.1 implies that pt divides s2 and s1 + s3. If p divided any
of s1 and s3, it would thus have to divide both, which is impossible as S generates Zn.

Claim 2: All admissible j ∈ An are odd.
Suppose to the contrary that this is not the case. By Lemma 3.1 we then have j, j′ ∈ An such
that j is even, while j′ is odd. Denote the 2-part of n0 by 2t. Since j is even, (10) implies that
t ≥ 1 and the 2-part of s2 is smaller than 2t. On the other hand, as j′ is odd, the 2-part of s′2
equals 2t (which in turn implies that s′2 is even), and so s′2 and n − s′2 are both divisible by 2t,
implying that s2 6= ±s′2. It follows that s′2 ∈ {±s1,±s3}. Since s1 + s3 is even by Lemma 4.1,
we thus find that s1 and s3 are both even, contradicting Claim 1.

Claim 3: n0 is odd.
By way of contradiction suppose n0 is even. Since all j ∈ An are odd, Lemma 4.1 implies that
for each j ∈ An the corresponding s2 is even. Claim 1 thus implies that one of a, b and c is
even, while the other two are odd. Consequently, for all j ∈ An the corresponding s2 is the
same (modulo multiplication by −1). Denote it by s. Then (3) and (10) imply that χj(4s) = 1
for all j ∈ An, and so Lemma 2.1 forces 4s = 0 in Zn. Since s 6= −s it follows that s = ±n0.
Since for each j ∈ An the corresponding s1 and s3 are both odd and 2n0 is divisible by 4, s1
and s3 have different odd remainders modulo 4. Moreover, for any j, j′ ∈ An we must have that
s′1 + s′3 = ±(s1 + s3), and so letting h be this sum (modulo multiplication by −1) we have that
χj(2h) = 1 for all j ∈ An. Thus h = 2n0 (since s1+s3 6= 0). Multiplying by a suitable q ∈ Z∗

n we
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get qS = {±1,±n0,±(2n0−1)} (note that s1 and s3 are coprime to n by Claim 1), contradicting
our hypothesis that Γ is not trivial.

We now consider two different cases, depending on whether two of the elements from {a, b, c}
are coprime to n0 or not. Note that by Claim 1 at least one of them is not coprime to n0.

Case 1: Two elements of {a, b, c} are coprime to n0:
By Claim 1 one of a, b and c, with no loss of generality assume it is b, is divisible by n0. Since
b 6= −b, it thus follows that b = ±n0. Let p be any prime divisor of n0. By Lemma 3.1 there
is some j ∈ An which is coprime to p. Lemma 4.1 then implies that the corresponding s2 is
divisible by p, and so s2 = ±b. Moreover, the p-part of n0 divides s1 + s3. If for each pair
of primes p and p′ dividing n0 there are corresponding j, j′ ∈ An with p ∤ j and p′ ∤ j′ such
that s′1 + s′3 = ±(s1 + s3), then n0 must divide this common sum (say ±(s1 + s3)), and so
since by Lemma 4.1 this sum is even, it is 2n0. But then Γ is trivial, a contradiction. It thus
follows that there are two distinct primes p, p′ dividing n0 with corresponding j, j′ ∈ An such
that s′1+ s′3 = ±(s1− s3). Hence, s1 and s3 must be even (otherwise one of s1± s3 is divisible by
4, contradicting (10) and Claim 3) and in addition one of them is divisible by 4 while the other
is not. Multiplying by an appropriate q ∈ Z∗

n if necessary we can thus assume that a = 2. By
what we have just shown c is divisible by 4 and for each prime divisor p of n0 the p-part of n0

divides precisely one of c−2 and c+2. Let d be the product of all the p-parts of n0 dividing c−2
and let d′ be the product of all the p-parts of n0 dividing c+ 2. Of course, n0 = dd′. Replacing
the roles of c and −c if necessary we can assume that d < d′. By the Chinese remainder theorem
the fact that 4, d and d′ are pairwise coprime implies that the conditions 4 | c, d | (c − 2) and
d′ | (c+ 2) determine c uniquely (recall that n = 4dd′).

Case 2: At most one element of {a, b, c} is coprime to n0:
Let d = gcd(a, n0), d′ = gcd(b, n0) and d′′ = gcd(c, n0), where with no loss of generality we
assume d ≤ d′ ≤ d′′. Claim 1 implies that d, d′ and d′′ are pairwise coprime and n0 = dd′d′′.
This also implies that d < d′ < d′′ and in particular d′ > 1 (but we may have d = 1). Let p be
any prime dividing d′. By Lemma 3.1 there exists a j ∈ An coprime to p, and so Lemma 4.1
implies that the corresponding s2 is ±b. Then Claim 3 and (10) imply that b is odd and that the
whole p-part of n0 divides c+ δa, where δ ∈ {−1, 1} is the unique element such that c+ δa ≡ 2
(mod 4). Consequently, the whole d′ divides c+ δa. In a completely analogous way we see that
c is also odd and that for the unique δ′ ∈ {−1, 1} such that b + δ′a ≡ 2 (mod 4) the whole d′′

divides b+ δ′a. As b is odd this implies that a must also be odd. Multiplying by an appropriate
q if necessary we can thus assume that a = d. Moreover, by definition of d′ and d′′ we have
that b = ξ′d′ and c = ξ′′d′′ for appropriate ξ′ coprime to 2dd′′ and ξ′′ coprime to 2dd′, where
1 ≤ ξ′ < 4dd′′ and 1 ≤ ξ′′ < 4dd′. Replacing the roles of b and −b and of c and −c if necessary
we can assume that δ = δ′ = 1. Therefore, b is a solution of the system of congruences from the
left-hand side of (12). If d = 1 then b is uniquely determined (since n = 4d′d′′) and is coprime
to d. Moreover, the condition that c ≡ −b (mod d) is trivial, and so c is the (unique) solution of
the system of congruences from the right-hand side of (12). Suppose finally that d > 1. Just as
above we find that the whole d must divide c+ b (note that since b+ a and c+ a are both even
but not divisible by 4, c− b is divisible by 4), and so c ≡ −b (mod d). Therefore, c satisfies the
system of congruences from the right-hand side of 12. Note that once b is fixed c is completely
determined by (12). To see that we can assume b is the smallest solution of the system from
the left-hand side of (12) such that gcd(b, d) = 1, suppose b1 and b2, 1 < b1, b2 < n are two
solutions of that system with gcd(b1, d) = gcd(b2, d) = 1. Then b2 − b1 is divisible by 4d′d′′, say
b2 = b1 + 4ξd′d′′ with 0 < ξ < d. Let c1 and c2, 1 < c1, c2 < n, be the corresponding unique
solutions of the system on the right-hand side of (12). Since gcd(b1, d) = 1, there exists some
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η, 1 ≤ η < d, such that ηb1 ≡ 1 (mod d). Set q = 4ηξd′d′′ + 1 and note that q is coprime to
4d′d′′ and that b2 = qb1 in Zn. Since gcd(b2, d) = 1 this in fact implies that q ∈ Z∗

n. Clearly,
qd ≡ d (mod n). It is now easy to see that c2 = qc1 (as qc1 satisfies all four conditions for c2
in (12) with b = qb1). Therefore, all of the possible solutions for b and c are equivalent up to
multiplication by a suitable q ∈ Z∗

n preserving d.

As an example let us determine (by using Proposition 4.2) the only candidates for possible dis-
tance magic circulants of the form Circ(1540; {±a,±b,±c}), where a < b < c < 770. We of course
have the lexicographic products Circ(1540; {±1,±385,±769}) and Circ(1540; {±2,±385,±768}).
Since 1540 = 4 · 5 · 7 · 11, we have all of the possibilities from the above proof. Up to multi-
plication by an appropriate q ∈ Z∗

1540 we have the following possibilities. For the possibility
when two of {a, b, c} are coprime to n0 we get Circ(1540; {±2,±152,±385}) (when d = 5),
Circ(1540; {±2,±385,±548}) (when d = 7) and Circ(1540; {±2,±68,±385}) (when d = 11).
For the other possibility we get three with d = 1, namely Circ(1540; {±1,±155,±231}) (when
d′ = 5), Circ(1540; {±1,±329,±715}) (when d′ = 7) and Circ(1540; {±1,±209,±595}) (when
d′ = 11), while there is a unique one for d = 5 (and thus d′ = 7 and d′′ = 11), namely
Circ(1540; {±5,±413,±737}). As we show in the next two lemmas, all of these graphs are in
fact distance magic.

We already mentioned in Section 2 that the trivial examples (the two lexicographic products)
from Proposition 4.2 are indeed distance magic. For the nontrivial examples we first show that
the graphs corresponding to the first item from Proposition 4.2 are distance magic.

Lemma 4.3. Let d, d′ > 1 be odd and coprime integers and let n0 = dd′ and n = 4n0. Let c
with 1 < c < n be the unique solution of the system of congruences (11). Then the circulant

Circ(n; {±2,±n0,±c}) is distance magic.

Proof. Let c0 = c/2 and note that c0 is even by (11). Consider the subgraph Circ(n; {±2,±c})
of Γ = Circ(n; {±2,±n0,±c}). Since c is even, it is not connected. In fact, it consists of two
isomorphic copies of the graph ∆ = Circ(2n0; {±1,±c0}). It follows from (11) that c20 − 1 is
divisible by n0. Therefore, the fact that c0 is even shows that ∆ satisfies the conditions of [9,
Theorem 1.1], which thus implies that ∆ is distance magic. Let ℓ∆ : Z2n0

→ {1, 2, . . . , 2n0} be
the corresponding distance magic labeling from the proof of [9, Theorem 1.1]. With a slight
abuse of notation we now define a labeling ℓ : Zn → {1, 2, . . . , n} by the following rule:

ℓ(x) =















ℓ∆(x/2) + 2n0 : i ≡ 0 (mod 4),
ℓ∆((x− 1)/2) : i ≡ 1 (mod 4),

ℓ∆(x/2) : i ≡ 2 (mod 4),
ℓ∆((x− 1)/2) + 2n0 : i ≡ 3 (mod 4).

(13)

Using the properties of ℓ∆ we can show that ℓ is a distance magic labeling for Γ. To see
this we first recall that the labeling ℓ∆ assigns the labels from {1, 2, . . . , n0} to all the vertices
y ∈ {0, 1, . . . , 2n0 − 1} with y even. This guarantees that ℓ is a bijection. The other useful
property of ℓ∆ is that ℓ∆(y) + ℓ∆(y + n0) = 2n0 + 1 for all y ∈ {0, 1, . . . , n0 − 1}. Together with
the observation that, for any x ∈ Zn, either precisely one of x+ n0 and x− n0 is congruent to 1
modulo 4 (and the other is congruent to 3 modulo 4), or precisely one of them is divisible by 4
(and the other is congruent to 2 modulo 4), this clearly shows that

ℓ(x+ n0) + ℓ(x− n0) = 2n0 + 1 + 2n0 = n+ 1. (14)
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Note that x + 2 ≡ x − 2 (mod 4), x + c ≡ x − c (mod 4) and x + 2 ≡ x + c + 2 (mod 4).
Therefore, by definition of ℓ from (13) and since ℓ∆ is a distance magic labeling for ∆ (whose
magic constant is 2(2n0 + 1)), we thus find that

ℓ(x+ 2) + ℓ(x− 2) + ℓ(x+ c) + ℓ(x− c) = 2(2n0 + 1) + 2 · 2n0 = 2(n+ 1)

holds for all x. By (1) and (14) this proves that ℓ is indeed a distance magic labeling for Γ.

We next show that the graphs corresponding to the second item from Proposition 4.2 are
also distance magic.

Lemma 4.4. Let d, d′, d′′, where 1 ≤ d < d′ < d′′ be odd and coprime integers and let n0 = dd′d′′

and n = 4n0. Let S = {±d,±b,±c}, where b and c are the solutions of (12) with gcd(b, d) = 1.
Then the circulant Circ(n;S) is distance magic.

Proof. Denote Γ = Circ(n;S) and set

λ = b+ d+ 2n0 and µ = c+ d+ 2n0, (15)

where λ and µ are treated as elements of Zn. Since d is odd, (12) implies that b+ c+ d is odd
and is divisible by each of d, d′ and d′′, and so 2(b+ c+ d) = 2n0 in Zn. It follows that

λ+ 2µ = d− b and 2λ+ µ = d− c (16)

holds in Zn. Since n0 is odd, (12) implies that each of λ and µ is divisible by 4. Moreover, since
gcd(b, d) = 1 and d is coprime to both d′ and d′′, gcd(λ, n) = 4d′′ and gcd(µ, n) = 4d′.

Let H = 〈4〉 be the subgroup of Zn generated by 4 and let ζ : H → {0, 1, . . . , dd′ − 1} and
ξ : H → {0, 1, . . . , d′′ − 1} be the functions such that

x = ζ(x)λ+ ξ(x)µ

holds in Zn for each x ∈ H. Since gcd(λ, n) = 4d′′ and gcd(µ, n) = 4d′ these two functions are
indeed well defined. We now define a labeling ℓH of the elements of H by setting

ℓH(x) = 1 + ζ(x) + ξ(x)dd′ for x ∈ H.

Observe that for each x ∈ H we clearly have that 1 ≤ ℓH(x) ≤ n0. Moreover, ℓH maps H
bijectively onto {1, 2, . . . , n0}.

Now, let δ ∈ {−1, 1} be such that n0 ≡ δ (mod 4). We define a labeling ℓ on Zn by the
following rule:

ℓ(x) =















ℓH(x) : x ∈ H,
n0 + ℓH(x− δn0) : x ∈ H + 1,

4n0 + 1− ℓH(x+ 2n0) : x ∈ H + 2,
3n0 + 1− ℓH(x+ δn0) : x ∈ H + 3.

(17)

It is clear that ℓ is a bijection from Zn to {1, 2, . . . , n}. To see that it is in fact a distance
magic labeling for Γ note first that ℓ(x) + ℓ(x + 2n0) = n + 1 for each x ∈ Zn. Therefore,
w(x) +w(x+2n0) = 6(n+1) holds for each x ∈ Zn, where w(y) denotes the sum

∑

z∈N(y) ℓ(z).
It thus suffices to prove that w(x) = 3(n + 1) for all x ∈ Zn such that x− d ∈ H ∪ (H + 1).

To verify this, note that (15) and (16) imply that for each x ∈ Zn

x− b = x− d+ λ+ 2µ
x− c = x− d+ 2λ+ µ

x+ b+ 2n0 = x− d+ λ
x+ c+ 2n0 = x− d+ µ
x+ d+ 2n0 = x− d+ 2λ+ 2µ.

(18)
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Now, suppose x ∈ Zn is such that x− d ∈ H. By (12) we have that x− d, x− b, x− c ∈ H and
x+ d, x+ b, x+ c ∈ H + 2, and so (17) implies that w(x) = 3(n+ 1) if and only if

ℓH(x− d) + ℓH(x− b) + ℓH(x− c) = ℓH(x+ d+2n0)+ ℓH(x+ b+2n0) + ℓH(x+ c+2n0). (19)

Note that (18) implies that for each y ∈ {x− d, x− b, x− c} there is precisely one z ∈ {x+ d+
2n0, x + b + 2n0, x + c + 2n0} such that ζ(y) = ζ(z) and there is precisely one z′ ∈ {x + d +
2n0, x + b + 2n0, x + c + 2n0} such that ξ(y) = ξ(z′). This clearly shows that (19) does indeed
hold for all x ∈ Zn with x − d ∈ H. The case when x − d ∈ H + 1 is settled in a completely
analogous way, where we simply substitute x− δn0 for x in (18) and then proceed as before.

Combining together the results of this section we have the following classification of the
distance magic circulants of valency 6 for which all admissible characters are of type 1.

Theorem 4.5. Let n ≥ 7 be an integer, let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and

〈S〉 = Zn, and let Γ = Circ(n;S). If all j ∈ An(S) are of type 1 then Γ is distance magic if and

only if it is one of the graphs from Proposition 4.2.

5 Type 2

In this section we consider admissible j ∈ An(S) of type 2 and classify the distance magic
circulants of valency 6 for which all admissible characters are of type 2.

Lemma 5.1. Let n ≥ 7 be an integer and let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and

〈S〉 = Zn. Suppose at least one j ∈ An(S) of type 2 exists. Then n = 3n0 for an integer n0 ≥ 3.
Moreover, for each such j there are s1, s2, s3 ∈ S with {±s1,±s2,±s3} = S such that

j(s2 − s1) = n0(1 + 3k1) and j(s3 − s1) = n0(2 + 3k2) (20)

for some integers k1, k2, where these two equations are to be read within the ring of integers Z.

Proof. Let j ∈ An(S) be of type 2. Observe that this implies that (modulo multiplying some
of a, b and c by −1 and adding or subtracting multiples of 2π) the angles 2πja/n, 2πjb/n and
2πjc/n are 2π/3 apart from one another. In other words, for a suitable choice of s1 ∈ {±a},
s2 ∈ {±b} and s3 ∈ {±c} we have that

2πjs2
n

=
2πjs1
n

+
2π

3
+ 2k1π and

2πjs3
n

=
2πjs1
n

+
4π

3
+ 2k2π

for some integers k1 and k2. Rearranging we obtain

3j(s2 − s1) = n(1 + 3k1) and 3j(s3 − s1) = n(2 + 3k2),

and so n = 3n0 for some n0 ≥ 3. The above two equations then transform into (20).

We can now characterize the only candidates for distance magic 6-valent circulants for which
all admissible characters are of type 2.

Proposition 5.2. Let n ≥ 7 be an integer and let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6
and 〈S〉 = Zn. If Γ = Circ(n;S) is distance magic and all j ∈ An(S) are of type 2, then n = 3n0

for some n0 ≥ 3. Moreover, either Γ is trivial in the sense that there exists some q ∈ Z∗
n such

that qS = {±1,±(n0 − 1),±(n0 + 1)} in which case Γ ∼= Cn0
[3K1], or the following both hold:
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• n0 = dd′ for coprime d and d′ with 1 < d < d′ both of which are coprime to 3;

• letting δ ∈ {−1, 1} be such that n0 ≡ δ (mod 3) and letting c′ ∈ {1, 2, . . . , n − 1} be the

unique solution of the system of congruences

c′ ≡ 0 (mod 3)
c′ ≡ 1 (mod d)
c′ ≡−1 (mod d′),

(21)

there exists a q ∈ Z∗
n such that qS = {±1,±(n0 + δ),±c′}.

Proof. Suppose that Γ is distance magic and all j ∈ An(S) (abbreviated to An in the rest of this
proof) are of type 2. Lemma 5.1 thus implies that n = 3n0 for some n0 ≥ 3, while Lemma 3.1
implies that there is no divisor d > 1 of n dividing all j ∈ An. Suppose in addition that Γ is
not the trivial example Cn0

[3K1]. As in the proof of Proposition 4.2 we proceed by proving a
series of claims. We also adopt the agreement that for j, j′ ∈ An we let s1, s

′
1, s2, s

′
2, s3, s

′
3 ∈ S

and k1, k
′
1, k2, k

′
2 ∈ Z be as in (20).

Claim 1: For any prime divisor p of n0 there are δp, δ
′
p ∈ {−1, 1} such that the whole p-part of

n0 divides each of b− δpa, c− δ′pa and b− δpδ
′
pc.

Let p be a prime divisor of n0 and let pt be the p-part of n0. By Lemma 3.1 there is j ∈ An, which
is coprime to p. Then Lemma 5.1 implies that pt divides s2 − s1 and s3 − s1, and consequently
also s3 − s2. The claim thus follows.

Claim 2: For any odd prime divisor p of n0 and for any s, s′ ∈ S with s′ 6= ±s, precisely one of
s± s′ is divisible by p.
This follows from Claim 1 and the fact that if p divided both s+ s′ and s− s′, it would have to
divide s and s′ (as p is odd), and so by Claim 1 it would divide each of a, b and c, contradicting
the assumption that S generates Zn.

Claim 3: n0 is not divisible by 3.
By way of contradiction suppose 3 divides n0. By Claim 1 there are δ3, δ

′
3 ∈ {−1, 1} such that

the 3-part of n0 divides each of b − δ3a, c − δ′3a and b − δ3δ
′
3c. Then a, b and c are all coprime

to 3 (since S generates Zn), and so a, δ3b and δ′3c all have the same nonzero remainder modulo
3. Now, suppose there exists a j ∈ An such that s2 − s1 is not one of ±(b− δ3a),±(c− δ′3a) and
±(b − δ3δ

′
3c). By Claim 2 we then have that s2 − s1 is coprime to 3, and so (20) implies that

the 3-part of j equals the 3-part of n0. Therefore, s3 − s1 is also coprime to 3. Since none of
s1, s2 and s3 is divisible by 3, this implies that s2 ≡ s3 (mod 3) and hence also s2 − s1 ≡ s3 − s1
(mod 3). But then (s2 − s1) + (s3 − s1) is also not divisible by 3, which is impossible since (20)
yields j(s2 − 2s1 + s3) = 3n0(1 + k1 + k2) (recall that the 3-part of j equals the 3-part of
n0). This (and an analogous proof for s3 − s1) finally shows that for each j ∈ An each of
s2 − s1 and s3 − s1 is one of ±(b − δ3a),±(c − δ′3a) and ±(b − δ3δ

′
3c). Combining this with

Lemma 3.1 and Claim 2 we thus find that the whole n0 divides each of b − δ3a, c − δ′3a and
b− δ3δ

′
3c. It thus follows that S = {±a,±(a + n0),±(a + 2n0)}. But since 3 divides n0 and S

generates Zn, it must be that gcd(a, n) = 1, and so multiplication by a suitable q ∈ Z∗
n gives

qS = {±1,±(n0 + 1),±(2n0 + 1)} = {±1,±(n0 − 1),±(n0 + 1)}, contradicting the assumption
that Γ is not trivial.

Claim 4: For precisely one s ∈ {a, b, c} we have that gcd(n, s) = 3, while the remaining two are
coprime to n.
That no prime p, other than perhaps 3, can divide any of a, b and c follows from Claim 1 and
the fact that S generates Zn. Now, take any j ∈ An. By Claim 3 and (20) none of j, s2− s1 and
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s3 − s1 is divisible by 3. Moreover, as j(s3 − s2) = n0(1+ 3k2 − 3k1), s3 − s2 is also not divisible
by 3. But then precisely one of s1, s2 and s3 must be divisible by 3.

We now complete the proof as follows. Claim 4 implies that multiplying by a suitable q ∈ Z∗
n

we can assume that S = {±1,±b,±c}, where one of b and c is coprime to n, while the other
is divisible by 3 but coprime to n0. With no loss of generality assume b is coprime to n. Then
precisely one of b ± 1 is coprime to 3. Exchanging the roles of b and −b if necessary we can
thus assume that b + 1 is coprime to 3. By Lemma 5.1 it follows that for any j ∈ An one of
s2 − s1, s3 − s1 and s2 − s3 (which are all coprime to 3 by Claim 3 and (20)) must be one of
±(b+ 1). Then Lemma 3.1 and (20) imply that for each prime divisor p of n0 the whole p-part
of n0 divides b+ 1, and so n0 divides b+ 1. As b 6= ±1, we must have that b is one of −1± n0,
depending on which of the two is coprime to 3. In other words, letting δ ∈ {−1, 1} be such that
n0 ≡ δ (mod 3) we have that b = ±(n0 + δ). Therefore, S = {±1,±(n0 + δ),±c} for some c
divisible by 3 but coprime to n0.

Claim 1 implies that for any prime divisor p of n0 the whole p-part of n0 divides one of c± 1
(in the case that p = 2 and the 2-part of n0 is 2, it divides both). If for all prime divisors p of
n0 the p-part of n0 divides c− 1 (or analogously if it always divides c+ 1), then c = ±(n0 − δ),
contradicting the assumption that Γ is not trivial. We now define coprime d and d′ with n0 = dd′.
Let p be any prime divisor of n0. If p 6= 2, then by Claims 1 and 2 the p-part of n0, say pt,
divides precisely one of c− 1 and c+1. We let pt be the p-part of d or d′, depending on whether
pt divides c− 1 or c+1, respectively. If p = 2, we do the following. If the p-part of n0 is 2, then
we let the 2-part of d be 2 (and d′ be odd). If however the 2-part 2t of n0 is at least 4, then we let
2t be the 2-part of d or d′, depending on whether 2t divides c− 1 or c+ 1, respectively. Clearly,
n0 = dd′. Moreover, we have that 3 | c, c ≡ 1 (mod d) and c ≡ −1 (mod d′) which determines
c completely. Exchanging the roles of c and −c if necessary we can assume that d < d′.

We next show that in fact each distance magic circulant Circ(n; {±a,±b,±c}) of valency 6
for which all admissible characters are of type 2 is of odd order.

Corollary 5.3. Let n ≥ 7 be an integer and let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and

〈S〉 = Zn. If Γ = Circ(n;S) is distance magic and all j ∈ An(S) are of type 2, then n is odd.

Proof. In view of Proposition 5.2 we know that n = 3n0 for some n0 ≥ 3. By way of contradiction
suppose n0 is even. We first deal with the trivial example Circ(n; {±1,±(n0 − 1),±(n0 + 1)}).
Since Γ is distance magic, we cannot have n0 ≡ 2 (mod 4). This is easy to see (but see also [13]).
Namely, since n is even the magic constant 3(n+1) of Γ is odd. But since the set of neighbors of
a vertex x consists of the union of cosets H+x+1 and H+x−1 of the subgroup H = 〈n0〉 ≤ Zn,
the fact that the number of cosets of H in Zn is twice an odd number shows that the sum of the
labels on each coset of H would have to be 3(n+1)/2, which is not an integer. If n0 is divisible
by 4, say n0 = 4m for some m ≥ 1, then Γ is in fact indeed distance magic (see [13]) but in
this case not all admissible j ∈ An are of type 2. Namely, since j = 3m = n/4 satisfies (5),
it is admissible. However, if j satisfied (20) for some s1, s2, s3 ∈ S and integers k1, k2, then
3(s2−s1) = 4(1+3k1) would hold, which is clearly impossible. Therefore, this j is not of type 2.

To complete the proof we now assume that there is no q ∈ Z∗
n such that qS is {±1,±(n0 −

1),±(n0 +1)}. By Claim 2 from the proof of Proposition 5.2 we then have that n0 is coprime to
3. Since all j ∈ An(S) are of type 2, we see that (20) implies that all j ∈ An(S) are coprime to
3. But then (3) implies that for each j ∈ An(S) we get

∑

x∈〈n0〉

χj(x) = 1 + e
2πji

3 + e
4πji

3 = 1 + e
2πi

3 + e
4πi

3 = 0. (22)
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The discussion from the last paragraph of Section 2 thus shows that for any eigenvector for the
eigenvalue 0 of the adjacency matrix of Γ the sum of the entries corresponding to 0, n0 and 2n0

is 0. But this contradicts Lemma 2.1 since the nominators of the numbers in (2) are all odd
(recall that n was assumed to be even). This contradiction shows that either Γ is not distance
magic or there are admissible j ∈ An(S) which are not of type 2.

We next show that the examples from the second part of Proposition 5.2 with n0 odd are all
distance magic.

Lemma 5.4. Let d and d′, where 1 < d < d′, be coprime integers which are both coprime to 6, and

let n0 = dd′ and n = 3n0. Let δ ∈ {−1, 1} be such that n0 ≡ δ (mod 3), let c ∈ {1, 2, . . . , n− 1}
be the unique solution of (21) and set S = {±1,±(n0 + δ),±c}. Then the circulant Circ(n;S) is

distance magic.

Proof. Denote Γ = Circ(n;S) and set

λ = c+ 1− δn0 and µ = c− 1 + δn0, (23)

where λ and µ are treated as elements of Zn. Note that δn0 ≡ 1 (mod 3), and so as d and d′ are
odd and coprime, (21) implies that

gcd(λ, n) = 3d′ and gcd(µ, n) = 3d.

Similarly as in the proof of Lemma 4.4 let H = 〈3〉 ≤ Zn and let ζ : H → {0, 1, . . . , d − 1} and
ξ : H → {0, 1, . . . , d′ − 1} be the functions such that

x = ζ(x)λ+ ξ(x)µ

holds in Zn for each x ∈ H. We define a labeling ℓH of the elements of H by setting

ℓH(x) = 1 + ζ(x) + ξ(x)d for x ∈ H. (24)

Observe that for each x ∈ H we have that 1 ≤ ℓH(x) ≤ n0. Moreover, ℓH maps H bijectively
onto {1, 2, . . . , n0}. We now define a labeling ℓ : Zn → {1, 2, . . . , n} of the vertices of Γ as follows:

ℓ(x) =







ℓH(x) : x ∈ H,
n0 + ℓH(x+ λ− 1) : x ∈ H + 1,

2n0 + ℓH(−2(x+ 2(λ− 1))) : x ∈ H + 2.
(25)

Since 3 divides λ, we have that λ− 1 ≡ −1 (mod 3), and so ℓ is well defined. Moreover, as n is
odd, −2 has a multiplicative inverse in Zn, and so ℓ is a bijection. We prove that it is in fact a
distance magic labeling by proving a series of claims.

Claim 1: For each q ∈ Z∗
n and for each x ∈ H we have that

ℓH(q(x− c)) + ℓH(q(x+ c)) = ℓH(q(x+ δn0 − 1)) + ℓH(q(x− δn0 + 1)).

Note first that the claim makes sense since c, δn0 − 1 ∈ H, so that we can actually compute ℓH
on all of these elements. To see that the equality does indeed hold it suffices to observe that
by (23) each of the following holds in Zn:

x+ c = x− c+ λ+ µ
x+ δn0 − 1 = x− c+ µ
x− δn0 + 1 = x− c+ λ.
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Claim 2: For each x ∈ Zn we have that ℓ(x− c) + ℓ(x+ c) = ℓ(x+ δn0 − 1) + ℓ(x− δn0 + 1).
This is an immediate consequence of Claim 1 and (25).

Claim 3: We have ζ(c) = (d+ 1)/2 and ξ(c) = (d′ + 1)/2.
This holds as n is odd, λ+ µ ≡ 2c (mod n) and dλ ≡ 0 (mod n) and d′µ ≡ 0 (mod n).

Claim 4: If for each integer x we let (x)d ∈ {0, 1, . . . , d − 1} be the remainder of x modulo d,
then for each y ∈ Zn we have that (y)d + (y + (d+ 1)/2)d + (−2y − 2)d = d+ (d− 3)/2.
Denote the left-hand sum by z. Observe first that z ≡ (d − 3)/2 (mod d). It thus suffices to
verify that (d− 3)/2 < z < 2d+ (d− 3)/2. Since d ≥ 5 and is odd we clearly have that

(d− 3)/2 < (y)d + (y + (d+ 1)/2)d ≤ d+ (d− 3)/2,

and so the claim follows.

Claim 5: For any x ∈ Zn we have that ℓ(x) + ℓ(x+ δn0) + ℓ(x− δn0) = 3(n+ 1)/2.
Observe first that (since δn0 ≡ 1 (mod 3)) it suffices to prove that this holds for each x ∈ H.
Suppose then that x ∈ H. By (23) and (25) and since δn0 ≡ 1 (mod 3) we have that

ℓ(x+ δn0) = n0 + ℓH(x+ δn0 + λ− 1) = n0 + ℓH(x+ c).

Similarly, since 3n0 = 0 in Zn, we have that

ℓ(x− δn0) = 2n0 + ℓH(−2(x− δn0 + 2(λ− 1))) = 2n0 + ℓH(−2x− 4c).

By (24) we thus have that ℓ(x) + ℓ(x+ δn0) + ℓ(x− δn0) equals

3 + n+ ζ(x) + ζ(x+ c) + ζ(−2x− 4c) + d(ξ(x) + ξ(x+ c) + ξ(−2x− 4c)).

To prove our claim it thus suffices to show that this equals

3 + n+ d+ (d− 3)/2 + d(d′ + (d′ − 3)/2) = 3(n + 1)/2.

This for sure holds if we can prove that

ζ(x)+ζ(x+c)+ζ(−2x−4c) = d+(d−3)/2 and ξ(x)+ξ(x+c)+ξ(−2x−4c) = d′+(d′−3)/2.

By Claim 3 we have that

ζ(x+ c) = (ζ(x) + (d+ 1)/2)d and ζ(−2x− 4c) = (−2ζ(x)− 4(d + 1)/2)d = (−2ζ(x)− 2)d.

By Claim 4 it thus follows that

ζ(x) + ζ(x+ c) + ζ(−2x− 4c) = d+ (d− 3)/2,

as claimed. A similar argument in which we replace d by d′ shows that also ξ(x) + ξ(x + c) +
ξ(−2x− 4c) = d′ + (d′ − 3)/2 holds.

To complete the proof let x ∈ Zn and observe that ±(n0+ δ) = ±(δn0 +1). By Claim 2 we have
that the sum of the labels of the neighbors of x is

ℓ(x− 1) + ℓ(x+ 1) + ℓ(x+ δn0 + 1) + ℓ(x− δn0 − 1) + ℓ(x+ δn0 − 1) + ℓ(x− δn0 + 1),

which by Claim 5 equals 3(n + 1)/2 + 3(n+ 1)/2 = 3(n + 1), as required.
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Note that, in view of Proposition 5.2, Corollary 5.3 and Lemma 5.4 the only examples with all
admissible characters being of type 2 for which we have not yet given a distance magic labeling
are the trivial examples Circ(3n0; {±1,±(n0 − 1),±(n0 + 1)}) ∼= Cn0

[3K1] where n0 is odd.
Recall from Section 2 that these graphs are indeed distance magic (see [13]). It is interesting
to note that, at least when n0 = dd′, where 1 < d < d′ are coprime and are both also coprime
to 6, a distance magic labeling can be obtained by simply taking the labeling from the proof of
Lemma 5.4 (this follows from Claim 2 of that proof).

We wrap up this section by stating the obtained classification of the distance magic circulants
of valency 6 for which all admissible characters are of type 2.

Theorem 5.5. Let n ≥ 7 be an integer, let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and

〈S〉 = Zn, and let Γ = Circ(n;S). If all j ∈ An(S) are of type 2 then Γ is distance magic if and

only if n is odd and Γ is one of the graphs from Proposition 5.2.

6 Type 3

In this section we analyze the examples which admit at least one exceptional solution of (6). In
other words, we analyze the examples for which at least one admissible character is of type 3.

Lemma 6.1. Let n ≥ 7 be an integer and let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and

〈S〉 = Zn. Suppose there exists a j ∈ An(S) of type 3. Then the following all hold:

• n = 30n0 for an integer n0 ≥ 1;

• j = j0n0 for some j0 ∈ {1, 7, 11, 13, 17, 19, 23, 29};

• up to multiplying by −1 and changing the roles of a, b and c one of the following holds:

– a ≡ 3 (mod 30), b ≡ 9 (mod 30) and c ≡ 10 (mod 30), or

– a ≡ 5 (mod 30), b ≡ 6 (mod 30) and c ≡ 12 (mod 30).

Proof. Let j ∈ An(S) be of type 3 and suppose that the corresponding solution of (6) is of the
first of the two forms from (9). With no loss of generality we can then assume that

2πja

n
=

π

5
+ 2k1π,

2πjb

n
=

3π

5
+ 2k2π and

2πjc

n
=

2π

3
+ 2k3π

for some k1, k2, k3 ∈ Z. Rearranging we obtain

10ja = n(1 + 10k1), 10jb = n(3 + 10k2) and 3jc = n(1 + 3k3). (26)

The first of these shows that 10 | n and the third that 3 | n, and so n = 30n0 for some n0 ≥ 1.
Using this in (26), dividing the first two equations by 10 and the third by 3, we find that n0

divides each of ja, jb and jc. Since 〈S〉 = Zn it follows that n0 | j, and so j = j0n0 for some
positive integer j0. This translates (26) to

j0a = 3(1 + 10k1), j0b = 3(3 + 10k2) and j0c = 10(1 + 3k3).

The third of these implies that 3 divides none of j0 and c, and so the first two equations imply
that both a and b are divisible by 3. Similarly, a, b and j0 are all coprime to 10, and consequently
c is divisible by 10. Observe also that as j < n and gcd(j0, 30) = 1 this in fact implies that
j0 ∈ {1, 7, 11, 13, 17, 19, 23, 29}, as claimed. It is now clear that c ≡ ±10 (mod 30) and that, after
possibly replacing the roles of a and b, we have that a ≡ ±3 (mod 30) and b ≡ ±9 (mod 30).

The proof for the solution of (6) of the second of the two forms from (9) is done in a completely
analogous way and is left to the reader.
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Proposition 6.2. Let n ≥ 7 be an integer and let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6
and 〈S〉 = Zn. Suppose that the circulant Γ = Circ(n;S) is distance magic and that there exists

at least one j ∈ An(S) of type 3. Then the following all hold:

• n is divisible by 60, the 3-part of n is 3 and the 5-part of n is 5;

• there is a unique s ∈ S with 5 | s and s < n/2, and this s is one of n/12 and 5n/12.

• there exists at least one j ∈ An(S) of type 1 and there are no j ∈ An(S) of type 2;

• all j ∈ An(S) of type 1 are odd and are divisible by 15, while all j ∈ An(S) of type 3 are

even and coprime to 15;

Proof. By Lemma 6.1 precisely one of a, b, c is coprime to 3, precisely one is divisible by 5, and
n = 30n0 for some n0 ≥ 1. We abbreviate An(S) to An and proceed by a series of claims.

Claim 1: Each j ∈ An of type 1 is divisible by 3.
Suppose j ∈ An is of type 1. Letting s1, s2, s3 ∈ S be as in Lemma 4.1 we then have that js2
and j(s1+ s3) are both divisible by 3. Since precisely one of s1, s2 and s3 is coprime to 3, it thus
follows that 3 | j, as claimed.

Claim 2: n0 is coprime to 3.
By way of contradiction suppose 3 | n0. By Claim 1 all admissible j ∈ An of type 1 are divisible
by 3, while by Lemma 6.1 the same holds for each j ∈ An of type 3. By Lemma 3.1 there thus
must exist at least one j ∈ An of type 2 which is coprime to 3. Letting s1, s2 and s3 be as in
Lemma 5.1 for this j ∈ An we have that 3 divides each of s2 − s1 and s3 − s1, which contradicts
the fact that precisely one of s1, s2 and s3 is coprime to 3.

Claim 3: There are no j ∈ An of type 2.
Suppose to the contrary that there exists a j ∈ An of type 2 and let s1, s2 and s3 be as in
Lemma 5.1. By Claim 2 and Lemma 5.1 none of s2 − s1, s3 − s1 and s3 − s2 is divisible by 3,
contradicting the fact that two of s1, s2 and s3 are divisible by 3.

Claim 4: There exists at least one j ∈ An with 3 | j.
By way of contradiction suppose that all j ∈ An are coprime to 3. Letting H = 〈10n0〉 be the
subgroup of Zn of order 3 we then see, just as in (22), that

∑

x∈H χj(x) = 0 holds for each
j ∈ An. As in the proof of Corollary 5.3 we see (as n is even) that this contradicts Lemma 2.1.

Claim 5: There exists at least one j ∈ An of type 1 and n0 is even.
Claim 2 implies that n is not divisible by 9, and so Lemma 6.1 shows that all j ∈ An of type 3
are coprime to 3. Claims 3 and 4 therefore force the existence of at least one j ∈ An of type 1.
Lemma 4.1 then yields 4 | n, and consequently n0 is even.

Claim 6: Each j ∈ An of type 1 is divisible by 5 and n0 is coprime to 5.
Take any j ∈ An of type 1 and let s1, s2 and s3 be as in Lemma 4.1. Since s1+ s3 must be even,
s1 and s3 are of the same parity, and so Lemma 6.1 implies that s2 is divisible by 5 while s1
and s3 are not. In fact, the possibilities for a, b and c from Lemma 6.1 show that s1 + s3 is not
divisible by 5. Lemma 4.1 thus implies that j must be divisible by 5, which proves the first part
of this claim. But since we now know that each j ∈ An of type 1 is divisible by 5, Lemma 3.1,
Lemma 6.1 and Claim 3 imply that n0 is coprime to 5.

Claim 7: Each j ∈ An of type 1 is odd and the corresponding s2 from Lemma 4.1 is divisible
by 5.
Let j ∈ An be of type 1 and let s1, s2 and s3 be as in Lemma 4.1. Since s1 + s3 is even, s1
and s3 are of the same parity, and so Lemma 6.1 implies that s2 is divisible by 5. To prove the
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first part of the claim suppose that j is even and denote m = n/4, which must be even by (10).
Lemma 6.1 then implies that all j′ ∈ An of type 3 are even. By Lemma 3.1 and Claim 3 there
thus exists an odd j′′ ∈ An of type 1. The corresponding s′′2 from Lemma 4.1 then must be even.
But since s′′2 is divisible by 5, Lemma 6.1 implies that s2 = ±s′′2, and so js2 and j′′s′′2 do not
have the same 2-part (since j is even while j′′ is odd), contradicting (10). This thus shows that
no even j ∈ An of type 1 exists.

To complete the proof let s ∈ S be the unique element with s < n/2 and 5 | s (see Lemma 6.1).
By Claim 7 it then follows that for each j ∈ An of type 1 the corresponding s2 is ±s. Now, let p
be any prime divisor of n, different from 2, 3 and 5. By Lemma 6.1 this p divides each j′ ∈ An of
type 3, and so Lemma 3.1 and Claim 3 imply that there is at least one j ∈ An of type 1, which
is coprime to p. By Lemma 4.1 it thus follows that the whole p-part of n divides s. Moreover,
by Claim 7 the 2-part of s coincides with the 2-part of n/4. Since s is not divisible by 3 (by
Lemma 6.1) we finally see that s is one of n/12 and 5n/12.

Since Proposition 6.2 shows that there is no distance magic circulant of valency 6 all of whose
admissible characters are of type 3, the previous two sections provide a complete classification of
distance magic circulants of valency 6 for which all admissible characters are of the same type.
In fact, combining together Lemmas 4.1 and 5.1, Theorems 4.5 and 5.5 and Proposition 6.2 we
have the following result (which in particular implies that there are no connected distance magic
circulants of valency 6 and order twice an odd number).

Theorem 6.3. Let n ≥ 7 be an integer, let S = {±a,±b,±c} ⊂ Zn be such that |S| = 6 and

〈S〉 = Zn, and let Γ = Circ(n;S). Then the following both hold:

• If n is not divisible by 3 then Γ is distance magic if and only if Γ is one of the graphs from

Proposition 4.2.

• If n is not divisible by 4 then Γ is distance magic if and only if n is odd and Γ is one of

the graphs from Proposition 5.2.

7 Mixed types

By the results of the previous sections the only remaining circulants of valency 6 that need to
be investigated are those having admissible characters of at least two types. By Proposition 6.2
all such distance magic examples have admissible characters of type 1, and so Lemmas 4.1, 5.1
and 6.1 imply that for such graphs the order n needs to be divisible by 12. Moreover, either all
admissible characters which are not of type 1 are of type 2 or they are all of type 3.

Using Lemmas 4.1 and 5.1 it is easy to see that, up to isomorphism, the only two connected
circulants of order 12 and valency 6 for which there are admissible characters of types 1 and 2 are
the trivial examples Circ(12; {±1,±3,±5}) ∼= Ml3[2K1] and Circ(12; {±2,±3,±4}) ∼= Pr3[2K1]
which we already know are indeed distance magic.

The situation get more interesting already at the next possible order, namely 24. Using
a computer one can easily verify that up to isomorphism there are precisely five connected 6-
valent circulants of the form Circ(24;S) for which the set of all admissible j ∈ A24(S) does
not have a nontrivial common divisor (so as to present a possible distance magic graph in view
of Lemma 3.1). These are the trivial examples Γ1 = Circ(24; {±1,±6,±11}) ∼= Ml6[2K1] and
Γ2 = Circ(24; {±1,±7,±9}) ∼= C8[3K1] and the three nontrivial ones

Γ3 = Circ(24; {±1,±2,±3}), Γ4 = Circ(24; {±1,±3,±10}), Γ5 = Circ(24; {±1,±5,±6}).
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That Γ1 and Γ2 are distance magic was explained in Section 4. As for the nontrivial examples, it
is not difficult to verify that for each of the graphs Γ3, Γ4 and Γ5 the corresponding set A24(S)
is {±3,±8,±9}, where ±3 and ±9 are of type 1, while ±8 are of type 2. Consequently, by
the discussion at the end of Section 2 the eigenspace corresponding to the eigenvalue 0 of the
adjacency matrix of Γi is the same for all i ∈ {3, 4, 5}. Lemma 2.1 therefore implies that if any
of these graphs is distance magic then they all are (and any distance magic labeling for one of
them is also a distance magic labeling for the remaining two). It follows from [3, Theorem 10]
that Γ3 is distance magic. In fact, one can check that a magic labeling ℓ is given by

ℓ(0) = 2, ℓ(1) = 7, ℓ(2) = 15, ℓ(3) = 5, ℓ(4) = 22, ℓ(5) = 18,
ℓ(6) = 11, ℓ(7) = 19 ℓ(8) = 3, ℓ(9) = 8, ℓ(10) = 13, ℓ(11) = 6,
ℓ(12) = 23, ℓ(13) = 16, ℓ(14) = 12, ℓ(15) = 20, ℓ(16) = 1, ℓ(17) = 9,
ℓ(18) = 14, ℓ(19) = 4, ℓ(20) = 24, ℓ(21) = 17, ℓ(22) = 10, ℓ(23) = 21.

The graphs Γ3, Γ4 and Γ5 are thus all examples of nontrivial distance magic circulants of valency
6 having admissible characters of types 1 and 2. It appears that the analysis of all distance magic
circulants of valency 6 having admissible characters of type 1 and also of type 2 is considerably
more complicated than the analysis from Section 4 and 5. We thus propose the following problem.

Problem 7.1. Classify distance magic circulants of valency 6 for which some admissible char-

acters are of type 1 and some are of type 2.

Let us finally consider circulants of valency 6 having admissible characters of types 1 and 3.
By Proposition 6.2 the first possible order of such a circulant is 60. That proposition also states
that if Γ = Circ(60; {±a,±b,±c}) is such an example then we can assume that a is one of 5
and 25. Lemma 6.1 then further implies that, up to changing the roles of b and c, we have that
b ∈ {6, 24} and c ∈ {12, 18}. Finally, by Lemma 4.1 precisely one of b and c is divisible by 4,
and so there are only four possibilities for a, b and c. It is easy to see (consider multiplication
by 7 and by 13) that all four give isomorphic graphs, so we can just take one of them, say
Γ = Circ(60; {±5,±6,±12}). It is straightforward to verify that the corresponding A60(S) is
{±2,±14,±15,±22,±26}, where j = ±15 are of type 1, while all other j ∈ A60(S) are of type 3.
We do not know whether Γ is distance magic or not, and so we propose the following problem.

Problem 7.2. Classify distance magic circulants of valency 6 for which some admissible char-

acters are of type 1 and some are of type 3.

We conclude the paper by a comment that perhaps indicates that at least Problem 7.1 might
be quite difficult. Using a computer one can verify that there are precisely 15 nonisomorphic
connected circulants of the form Circ(60;S) for which the set of all admissible j ∈ A60(S)
does not have a nontrivial common divisor (so as to make them potential candidates for being
distance magic by Lemma 3.1). Except for the above mentioned Circ(60; {±5,±6,±12}) all of
the remaining 14 have admissible j ∈ A60(S) of type 1 and also admissible j′ ∈ A60(S) of type 2.
Three of these are the trivial Pr15[2K1], Ml15[2K1] and C20[3K1]. But there are thus 11 nontrivial
examples. We did not try to see which of them are distance magic as this does not seem to be
easy to determine. But the number of examples does explain our above mentioned feeling that
the analysis of examples having admissible characters of types 1 and 2 might be difficult. We
also mention that two of them, for instance Circ(60; {±1,±5,±9}), actually demonstrate that
the one exception regarding types of admissible characters that we mentioned in Section 3 can
indeed occur. Namely, the admissible 5 ∈ A60({±1,±5,±9}) is at the same time of type 1 and
of type 2.
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