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Abstract

In a graph G, a vertex dominates itself and its neighbors. A subset
S C V(G) is a double dominating set of G if S dominates every vertex
of G at least twice. The minimum cardinality of a double dominating
set of G is the double domination number yx2(G). A function f(p) is
defined, and it is shown that vx2(G) = min f(p), where the minimum
is taken over the n-dimensional cube C" = {p = (p1,...,Pn) | Pi €
R,0<p; <1,i=1,...,n}. Using this result, it is then shown that
if G has order n with minimum degree § and average degree d, then

Yx2(G) < (In(1 +d)+1nd+1)/0)n.
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1. Introduction

In this paper we continue the study of double domination in graphs started
by Harary and Haynes [5] and studied further in [1, 2, 3, 8, 9, 10] and
elsewhere.

Domination in graphs is now well studied in graph theory and the lit-
erature on this subject has been surveyed and detailed in the two books
by Haynes, Hedetniemi, and Slater [6, 7]. For a graph G = (V, E), the
open neighborhood of a vertex v € V is N(v) = {u € V | wv € E} and
the closed neighborhood is N[v] = N(v) U{v}. A set S C V is a dom-
inating set if each vertex in V — S is adjacent to at least one vertex of
S. Equivalently, S is a dominating set of G if for every vertex v € V,
|IN[v]NS| > 1. The domination number ~v(G) is the minimum cardinality of
a dominating set.

In [5] Harary and Haynes defined a generalization of domination as
follows: a subset S of V' is a k-tuple dominating set of GG if for every vertex
veV,|NwNS| >k, that is, v is in S and has at least k£ — 1 neighbors in S
or v is in V — S and has at least k neighbors in S. The k-tuple domination
number v (G) is the minimum cardinality of a k-tuple dominating set of G.
Clearly, 7(G) = 7x1(G) < vxk(G), while 1(G) < 7x2(G) where 1(G)
denotes the total domination number of G (see [6, 7]). For a graph to have
a k-tuple dominating set, its minimum degree is at least £ — 1. Hence for
trees, k < 2. A k-tuple dominating set where k& = 2 is called a double
dominating set (DDS). A DDS of cardinality yx2(G) we call a yx2(G)-set.
The redundancy involved in k-tuple domination makes it useful in many
applications.

For notation and graph theory terminology we in general follow [6].
Specifically, let G = (V, E) be a graph with vertex set V' of order n and edge
set E. The degree of a vertex v in G is denoted by d(v). The minimum
degree among the vertices of G is denoted by §(G), while the average degree
of G is denoted by d(G) = 2 3, oy d(v).

2. Main Result

Let IR be the set of real numbers and let f: C" = {p = (p1,...,pn) | pi € R,
0<p;<1,i=1,...,n} — IR be the function defined by
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Using similar techniques to those employed in [4], we shall show:
Lemma 1. If G is a graph of order n, then vyx2(G) = minpecn f(P).

Proof. Let G = (V,E) where V.= {1,2,...,n}. Fori = 1,...,n, let
d; = d(i) and let i’ denote a neighbor of vertex i, i.e., i’ € N(i). We form a
set X C V by random and independent choice of i € V', where P(i € X) = p;
with 0 < p; < 1 denotes the probability that the vertex ¢ belongs to X. Let
Xo, Yp and Y; be the sets defined by
Xo ={ie X:|N(i)nX| =0},
Yo = {i ¢ X:|N(i)NnX| =0}, and
Y1 = {i¢ X:|IN@G)NX| =1},
and let
Xo= U {t and Y= J{}
i€Xo 1€Y)
Then, | Xj| < |Xo| and |Yy| < |Yp|. Further the set
D=XUX,UYyUuYjuY;
is a double dominating set of G. By the linearity of expectation,

E(|ID]) < E(|X[+|Xo|+2[Yo|+|Y1]) = E(|X])+E(|Xo|)+2E([Yo|) + E(|Y1]).

Hence using the well-known fact that for a random subset M of a given
finite set IV,

B(IM))= ) P(neM),
neN
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we have
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The expectation being an average value, there is consequently a double
dominating set of G of cardinality at most E(|D|). Hence,

Tx2(G) < glelg;g f(p).

Now let D* be a double dominating set of G of minimum cardinality vx2(G).
Then for p* = (pj,...,p}) where pf = 1if i € D* and p = 0 otherwise,

n

fp*) = Zpi = |D*| = 7x2(G),

whence vx2(G) = min f(p). |
peC™

As a consequence of Lemma 1, we have our main result.

Theorem 2. If G is a graph of order n with 6 = 6(G) > 1 and d = d(G),
then

ln(1+d)+ln5+1>n

1) = (L

Proof. Following the notation introduced in the proof of Lemma 1, we let
p=(p1,...,pn) and we set p; = p for all i = 1,...,n, where 0 < p < 1. Let
= |E(G)|. Then,
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(since forz € R, 1 —x <e™ ")
= np +e P (np+2n(1 —p) +p - 2m)

= np+e %P (2n+ p(2m —n))

IN

np+ e P(n 4 2m) (since p < 1).

The function g(p) = np 4+ e %(n + 2m) is minimized when p = p* where

n 1

d(n+2m) 6(1+d)’

—_Sn*
e 0P —

i.e., where p* = (In(1 4+ d) +1nd)/0. If p* > 1, then vx2(G) < n < p*n and
the desired upper bound (although meaningless in this case) follows. Hence
we may assume p* < 1. Thus, by Lemma 1,

N N In(l14+d)+mnd+1
1x2(G) < g(p*) = np* + =( ( ) )n

n
0 1)
which is the desired upper bound. [

We close with a few remarks. As with most bounds established using the
probabilistic method, the upper bound in Theorem 2 is only interesting for
large minimum degree. Further, for fixed minimum degree the upper bound
becomes uninteresting for large average degree. We have yet to establish
whether Theorem 2 is sharp.



34 J. HARANT AND M.A. HENNING

References

[1] M. Blidia, M. Chellali and T.W. Haynes, Characterizations of trees with equal
paired and double domination numbers, submitted for publication.

[2] M. Blidia, M. Chellali, T.W. Haynes and M.A. Henning, Independent and double
domination in trees, submitted for publication.

[3] M. Chellali and T.W. Haynes, Paired and double domination in graphs, Utilitas
Math., to appear.

[4] J. Harant, A. Pruchnewski and M. Voigt, On dominating sets and independent
sets of graphs, Combin. Prob. and Comput. 8 (1998) 547-553.

[6] F. Harary and T.W. Haynes, Double domination in graphs, Ars Combin. 55
(2000) 201-213.

[6] T.W. Haynes, S.T. Hedetniemi and P.J. Slater, Fundamentals of Domination
in Graphs (Marcel Dekker, New York, 1998).

[7] T.W. Haynes, S.T. Hedetniemi and P.J. Slater (eds), Domination in Graphs:
Advanced Topics (Marcel Dekker, New York, 1998).

[8] M.A. Henning, Graphs with large double domination numbers, submitted for
publication.

[9] C.S. Liao and G.J. Chang, Algorithmic aspects of k-tuple domination in graphs,
Taiwanese J. Math. 6 (2002) 415-420.

[10] C.S. Liao and G.J. Chang, k-tuple domination in graphs, Information Process-
ing Letters 87 (2003) 45-50.

Received 22 October 2003
Revised 6 May 2004



