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ABSTRACT. A continuous transformation T of a compact metric space X
satisfies the specification property if one can approximate distinct pieces of
orbits by single periodic orbits with a certain uniformity. There are many ex-
amples of such transformations which have recently been studied in ergodic the=-
ory and statistical mechanics. This paper investigates the relation between T-
invariant measures and the frequencies of T-orbits. In particular, it is shown
that every invariant measure (and even every closed connected subset of such
measures) has generic points, but that the set of all generic points is of first
category in X. This generalizes number theoretic results conceming decimal
expansions and normal numbers.

1. Introduction. A number x € [0, 1) is said to be normal to the base s
(s positive integer) if in the s-adic expansion 0O.x,x, «++ of x every possible
k-block occurs with frequency s=® (k= 1, 2,+++). This is equivalent to the con-
dition that the sequence s"x (mod 1) is uniformly distributed in [0, 1), i.e. that
for every continuous real-valued function [ with period 1, one has

oo Nt n 1
im g Z, 16m0= fofom
where m denotes Lebesgue measure.

Let T, denote the map x - sx (mod 1) from [0 1) onto itself, and write
ple, T N) for the measure with mass 1/N at the points x, sx, +++,
sN= lx (mod 1). It is easy to see that the set V ’s(x) of accumulation points of
plx, Tg; N) is a nonempty closed connected subset of the space of T -invariant
measures on [0, 1) provided with the weak topology for measures. If this subset
consists of m alone, then x is nomal to the base s. Almost all x are normal.
But it has been shown in a series of papers on nonnormal numbers that for every
closed connected set V £#& of T -invariant measures on [0, 1) there isan x €
[0, 1) such that V' S(x)=V (see [6)). This corresponds to a statement about
the frequencies of k-blocks in the s-adic expansion of x, which is based on the
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286 KARL SIGMUND

fact that there is no obstacle to the construction of s-adic expansions by concat-
enating arbitrary sequences of k-blocks. This means that one can specify the

T -orbit of some x € {0, 1) such that one gets just the ‘‘right”’ frequencies, by
concatenating, so to speak, arbitrary sequences of pieces of T -orbits.

A specification property which allows one to construct in a similar way or-
bits for much larger classes of transformations has been first considered by Bowen
in [2], and was used later in [4], [5], [16], 18], [19] and [20]. In this paper, we
prove for such transformations theorems concerning invariant measures and ge-
neric points. They can be viewed as extensions of some results obtained for s-

adic expansions in {8], [23]and [6].

2. Definitions and elementary properties. ‘Let (X, T) denote the dynamical
system consisting of the compact metric space X and the continuous map T from
X onto itself. Let d denote the distance in X. We shall tacitly assume T to be
a homeomorphism whenever this is necessary—i.e. whenever negative powers of
T are considered. By a string A = la, b] we mean a finite set of consecutive in-
tegers {a,a+ 1,-+,bl. By a piece of orbit we mean a set {T'x: x € X,j € Al.

Definition. (X, T) is said to have the specification property ((X, T) € SPEC)
if for every € >0 there is an integer M(e) such that for any choice of points x,,
x, € X and strings A, = [al, bI], A,= [“z’ b2] with a, - bl>M(6), and any
integer p> b, - a, + M(e), there exists a periodic point x € X with period p
such that

ATx, zjl) <e for j€A,,
AT, zjz) <e forj€A,.

(This definition does not depend on the choice of the metric d.)

The motivation for this definition comes from the wish to approximate simul-
taneously, up to ¢, two finite pieces of orbit {Tx,:j € A} and {zjzz je Al
by one periodic orbit. Obviously A, and A, have to be disjoint: one would
like the gap between A, and A,, which corresponds to the time for “‘switching
over’’ from one piece of orbit to the other, to be as small as possible. Also, one
would like the length of the periodic orbit to be as small as possible: this means
that the time for “*switching back’’ from the second piece of orbit to the first one
should also be small. If (X, T) satisfies the specification property, such a si-
multaneous approximation is possible, provided that the times for switching from
one piece of orbit to the other are larger than M(e). This number depends neither
on the approximated orbits, i.e. on the choice of x, and x,, nor on the cardi-
nality of A, and A,, i.e. on the length of time that the periodic orbit is specified

up to ¢ .
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DYNAMICAL SYSTEMS WITH SPECIFICATION PROPERTY 287

This seems a very strong condition, but there are many examples of dynami-
cal systems satisfying it:

(A) Let M be a compact metric space, and X = II*>, M the product space
with product topology. An element x of X is a bilateral sequence (x,) ., of
elements of M. Let T be the shift (Tx-)'z =%,.1» 7 € Z. Obviously (X, T) has
the specification property.

(B) If M is a finite discrete space, one obtains by (A) the shift on a finite
alphabet; this transformation can also be ‘‘represented’ as transformation on the
unit interval I = [0, 1) by x i sx (mod 1) for s= card M. This is an example of
an expanding differentiable map (see [17]). Such maps have the specification
property, because they can be displayed as factors of the shift on a finite alpha-
bet (see [11]and Proposition 1(b)).

(C) It is an easy exercise to characterize the class of subshifts of the
shift on a finite alphabet which have the specification property. In particular,
subshifts of finite type and sofic subshifts (see [1]and [25]) belong to this class,
provided they satisfy some mild mixing condition.

(D) In [2] Bowen proves that if T is the restriction of an Axiom A diffeo-
morphism to its nonwandering set {}, then Q decomposes into finitely many dis-
joint pieces {}; invariant under some power T* and such that T* |Qi has the
specification property.

(E) In particular, if X is the n-dimensional torus and T an automorphism
of X induced by a matrix from SL(n, Z) whose eigenvalues are off the unit
circle, then (X, T) has the specification property. It would be interesting to see
whether this is still true when one only assumes that the eigenvalues are not
roots of unity, i.e. that T is ergodic with respect to Haar measure.

(F) It is easy to define the analogue of the specification property for one-
parameter flows {T,: X — X}, . In [4, Theorem 3.8] Bowen shows that C-
dense Axiom A flows have this property. In particular, geodesic flows on mani-
folds of negative curvature belong to this class. It is easy to see that Theorems
1, 2, 3 and 5 below, as well as simple modifications of Theorems 4 and 6, are
valid for flows with the specification property.

(G) In [16] Ruelle defines and studies specification for Z-actions.

Actually the specification properties given by Bowen and Ruelle are slightly
different from the one given here.

Bowen’s definition in [2]is: For every € > 0 there is a M(¢) such that if
Xys++ %, are points in X and A, = [al., bi] (i=1, 2,04+, k) are strings with
a,-b,_y>Me for i=2,3,-.+,k and if p>b, - a; + M(e), then there exists
a periodic x € X with period p such that

d(T'x, zji)<e for j€A, i=1,.u,k
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Thus the periodic orbit here approximates simultaneously k pieces of orbit, and
the length of the gaps between the A/’s does not depend on £.

In [16] Ruelle calls this the strong specification property. He also has a
weak specification: it is the same as Bowen’s, except that x is not required to
be periodic (hence no condition on p). The definition used here is in between
strong and weak specification.

The class SPEC of systems with the specification property is natural in the
sense that it is closed under factors and products. Recall that a factor (or homo-
morphic image) of (X, T) is a system (Y, §) such that there exists a continuous
map ¢ from X onto Y with So¢ = ¢ ©T. The product of two systems (X, T)
and (Y, S) is the system defined on the space X x Y by the map T x S: (x, y)
(Tx, Sy).

Proposition 1. (a) (X, T) € SPEC iff (X, T*) € SPEC for some k# 0;
(b) the factor of a system in SPEC is in SPEC;
(c) the product of two systems in SPEC is in SPEC.

We leave the proof as an easy exercise.

Proposition 2. If (X, T) satisfies the specification property, then
(a) the periodic points are dense;
(®) (X, T) is topologically mixing.

This is also easy to check. (Recall that (X, T) is topologically mixing if
for all open U, V C X,there is an N> 0 such that T""UNV # & for all n> N.)
It follows that the powers of T are topologically transitive, i.e. that for every
k £ 0 there is an x such that fT"kxii is dense in X. In particular, (X, T) is an
F-£low and therefore disjoint from all minimal flows (see [10]). Remark also that
if (X, T) eSPEC and X has less than c¢ points, then X reduces to one point.

The following lemma is a technicality useful for the study of averaging be-
haviour of orbits of (X, T).

Orbit specification lemma. Let (X, T) be a system with the specification
property. Let €, (n € N or n € Z) be a given sequence of positive numbers.
Then there exists a sequence M, (k € N) of positive integers such that for any
increasing sequence of disjoint strings A = [a", bn] with the property that a, |
-b,> M|"l » and for any sequence x, € X, there exists a z € X such that

1 &Tiz, T'x )<e  for j€A , all n

Proof. We consider the case of bilateral sequences, n=0, + 1, + 2,....
For k> 0 write 7, = mi“lnld‘n and set M, = M(q,m/z’“’). Let A, n € Z, be

a sequence of disjoint strings such that a, , ~a > M, for |n|=k.

+1
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DYNAMICAL SYSTEMS WITH SPECIFICATION PROPERTY 289

Define a sequence of strings B, as follows: By=A; B, = [“-(k-l)’ bk]
and B_, = [a_k, bk] for k> 0. Define a sequence z, € X by induction: z;=
xo; and, if z, has been defined for |n| < k,let z, be such that

d(Tizk, sz-(k-l)) < 77,/2""’2 for j €B_g_1y
ATz, Tix,) <1, /2% for jeA,

and z_, such that
d(sz_k, szk) < 17k/2""'2 for j €B,,
d(sz_k, Tix_ B < 17k/2’e+2 for j€A_,.

Such z, (resp. z_,) exist by the specification property, since a, - b, _, > M, _,
Gesp. a_g, _yy=b_; > M, >M,_,). One can see by induction that if n, m € Z, |n|>

I m l, then

@ dTz_, T'x,) < en/Z""l for j€A,.

Let z be the limit of the Cauchy sequence z,, £ > 0. Weclaim that (1) holds.
Indeed, choose k so large that k> |z| and such that

® ATz, Tiz) <e /2 for j€B,.
Then for j € A one has by (2) and (3)
ATz, Tix Y <e /2 + c”/2""l <e,p O

This lemma allows one to build orbits almost at will. Rematk that the length of
the strings A along which z is specified can be arbitrarily large. In a situation
like (1) we say that z is specified along the string A, by the orbit of x, up

to €,.

In a similar way one can show that for any €> 0 and any integer & > 1, there
is a positive integer M such that for any x; € X, and any set of strings A, =
la;» b,), with @, ;= b,> M4 for i=1,-+-,k and any integer p> b, - a; +
M¢ .+ there is a periodic point z € X with period p such that d(T’z, T'x;)) <€
for j€ A;y i=1,e+«,k From this follows

Proposition 3. If (X, T) is a nontrivial system with the specification prop-
erty, then the topological entropy of (X, T) is larger than 0.

This proposition has been proved, for one parameter flows, in [4, Theorem
4.12). The proof is just the same in the discrete case. For a definition of topo-
logical entropy, see 31

3. Generic points and the space of invariant measures. Let T be a contin-
uous map from X onto itself. Let M denote the set of all normalized Borel
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290 KARL SIGMUND

measutes on X, with the weak topology for measures (see [15]). Then p, — piff

Jidu, = fid

for all f € C(X). M is a compact metrizable space [15, p. 40]. Let M(T) be the
subset of M consisting of the T-invariant measures: p € M(T) iff

f(f oTdy= f/dp for all f € C(X).

It is well known that M(T) is a nonempty convex subset of M. The extremal
points of M(T) are just the ergodic measures on X, i.e. those p € M(T) which do
not assign positive measure to two disjoint T-invariant Borel sets in X.

For x € X and N > 0 let plx, T; N) denote the measure given by the map

1 N=1 j
fry X [T, fecX.
j=0

Let VT(x) denote the set of limit points of the sequence pl(x, T; N). Since M is
compact, VT(x)£@. It is easy to see that VT(x) is a closed connected subset
of M(T). I VT(x) consists of just one point g € M(T), then one says that x
is a generic point for p with respect to T, and writes g = plx, T). We shall
show in Theorem 4 that if (X, T) has the specification property, then every non-
empty closed connected subset of M(T) is sucha VT(x). This need not be true
if the specification property does not hold. It can happen that there are p €
M(T) such that there exists no generic point for g (see [24]). If p is ergodic,
however, then VT (x)={y} for p—almost all x € X (this follows from Birkhoff’s
ergodic theorem).

If x is periodic with minimal period p, then x is generic for the measure
plx, T) = px, T; p). Such measures are called CO-measures (because x has a
closed orbit). Obviously a CO-measure is ergodic.

Theorem 1. Let (X, T) be a dynamical system with the specification prop-
erty. Then the set of CO-measures is dense in M(T). More precisely for any
two open sets UC M(T), VC X and any N > 0, there exists a periodic point x €
V with period p > N such that p(x, T) € U.

The proof is very similar to the proof of Lemma 1 in [18] or of the correspond-
ing statement for Z%-actions in [16] (It was proved there for the ‘‘strong spec-
ification property’’, but one does not need this extra strength.) One can con-
struct subshifts showing that the ‘‘converse’’ is not true: there exist dynamical
systems which are topologically mixing, have periodic points dense in X and CO-
measures dense in M(T), but which do not satisfy the specification property.
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DYNAMICAL SYSTEMS WITH SPECIFICATION PROPERTY 291

As an immediate corollary of Theorem 1 and the fact that the set of extremal
points of a convex set is a Gg, one obtains that the set of ergodic measures is
the complement of a set of first category in M(T).

Actually, one can show slightly more. Let E; denote the set of those p €
M(T) C M(T?) which are ergodic with respect to T' (I=1,2,++- ). If p €
ﬂ‘;‘;lE ;rthen p is said to be totally ergodic. If x has prime period p > I, then
plx, T) € E,. As a consequence of Theorem 1 one obtains therefore

Theorem 2. If (X, T) is a system with the specification property, then the
set of totally ergodic measures is the complement of a set of first category in
M(T).

Just as in [18], one obtains furthermore

Theorem 3. If (X, T) bas the specification property, then the set of non-
atomic measures, the set of measures positive on all open sets, and the set of
measures vanishing on all proper closed invariant subsets of X are complements
of sets of first category in M(T). The set of strongly mixing measures is a set
of first category in M(T).

Recall that a p € M(T) is said to be strongly mixing if p(UNT"V)—
plUu(V) for all Borel sets U, VC X. A measure g € M(T) is said to be weakly
mixing if for all such U, V,

N-1
tim L T |@U A T=) = p(U)pv)] = 0.
N—oo N j=0

Conjecture. If (X, T) € SPEC, then the set of weakly mixing measures and
the set of measures with zero entropy are complements of sets of first category.

The first part of the conjecture has been verified in special cases in [14]
and [20]. The second part has been proved under the further assumption of ex-
pansiveness by Ruelle in [161

Theorem 4. Let (X, T) be a system with the specification property, and
V C M(T) a nonempty closed connected set. Then there exists an x € X with
VT = v for 1=1,2,.-.

Proof. By [15, Theorem 6.6]there is a countable set F = ‘/1'/2" - }C
C(X) such that p — p iff ff,dp, — [f,dp for k=1,2,.... We may assume

Il =1
Write F, for the set {f,,-++, [}, For p € M(T) denote by U, () the neigh-

borhood
{v eM(T):lf/du- fravf<2-¥, /“’h}-
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For fixed k there are finitely many CO-measures ”1" cey [,l. such that
le Uk(}l ) covers V. Since V is connected, we may assume that the y are
enumerated in such a way that Uk(,u") nUk(}tf“) NVEZ, j=lyeee, m, - 1,and
Uk(u )“Um(ﬂx Mnvig, u J t s generated by some periodic point xf'. For
sxmphcuy write U, = Ulz(“k)’ x,= x and p = ;L with n=my+my+ oo+
m,_y+ks 0K k<m. Thus p_ €U, and u,n UMI NV # &. We may assume
that x, has prime period p, .

Now choose a sequence of disjoint strings of integers A = [a,,5,]1 (=1,
2,++«) such that

(a) the gaps are long enough to allow specification up to 27" along the
string A ;

(b) the length of A, is much larger than the length of what came before:
more precisely, a /b _|0;

(c) the length of A, is much larger than the length of the gap between A
and A, ;. More precxsely, (awl )/, - a, )lo;

@ @+, Y06, _,~a )10.

By (a) and the orbit specxfxcauon lemma, there is an x € X such that
(¢)) d(Tix. zjn)g 27", for jE€A n=1,2,...

Claim 1. vC vT'x) for 7= 1, 2,e00.

Proof. Fix ! and consider some g € V. Choose a sequence n, Too such
that pe U, for k=1,2,:-.. Let M, and b, be integers such that 0< b, <1

and M, -1 4 * by Ve shall show that plx, TS M,)— p for k — x. Fix f
€F. If kis large, the expression

a1
@ M Z !/ (T7x)
k j=0
differs very little from
b,
3
® Z [(T%)
le i=0

where the dash indicates that one takes the sum only over those i with i =
0(mod /). This in tum is by (b) very nearly

“ T i,
bn —an i€A
k k nr

One has by (1) that
l 1] i i . -"k
b——_—;— m; T - 1T, N <ol 2774

Py T

"k
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where o(f; €) is the oscillation of f. Using (d),

l ' i o,
{b—"‘ [T fd#‘*»a"’} °

k

for & — o, Since the period pnk of x A is prime, one has
Jrdds, = [ras, 1)

and this last term tends to [fdp. It follows that the expeessions in (4), (3) and
(2) have [fdp as a limit for & — oo, hence p € VT

Claim 2. VvT'(x)C V for 1= 1,2,..-.

Proof. Let g € VT (x) be given. There is a sequence MkT oo such that

) ple, TH M) - for k — oo
Ve will construct a sequence [, € V such that Fy— e Let b, be such that
© Mh'l'“nk"'bh with 0< b <ak+‘ ny
One has o~ €U, p=12 Poy € Uﬂk and there isa I, € Unk-l n Unkn V. By
(5) ic is enough to show that for all f € F,
Mk-l

2 [ - [[dE =0

)] lim %)~ | fdg, }=0.
k—oo n-k j=0 k

Remark first that we may assume that M/ belongs to A & Indeed, otherwise M,
would be, by (6), in the gap between Any and A, .. Inthis case we could re-
place M, by M,:, the largest integer M such that M/ is stillin 4, " since by

(b) and (c)
=1 -l

lim {-1— Z 1(T70) - 2 }_‘, f(T"x)}

k—o0 Mk k j=0
Now

Mlc-l
L s p(rit
®) k j=0
1 ' ! ' ' .
=HI: i<az ¥ iEAZ + Z + Z (T8 ).
"k-l nk-! bnk- 1<tsank 1sMk-l;1€Ank
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Since Ml>a, p* the first term on the right<hand side tends to zero by (b), and the
third term tends to zero by (¢). The remaining sum differs from

1 .
©) i X T, s X fT,)
k fieA, _, i€A_ isM 1 k
k- nk k
by less than o{f; 27mk+ly o(f; 27"*), which tends to zero. Define integers ¢
and ¢’ by

#li eAnk_l: i =0 (mod I)¥=qpnk__l +q, 0<g'< pnk_l
Thus T* Xy =1 FUBS, for i € A'lk , and i =0 (mod 1), g times through the entire
orbit of x np-10 plus ¢’ more steps. Similarly Tix nj, TUOS for i€ A, i<M.l,

and i=0(mod I), r times through the entire orbit of x, 2 plus some 7' more steps
0<r < pnk). Clearly

(10) L " {(Tix d < 2
Mk {ieAZ /( n, -l nk-l J'/ ”'(xnk-l’ ) pS M,e

"k-l
and
[48)) L 3 [(Tix Y=1p dulx ,TH <i..
My {iEA,,k;isMkl "k "k fl e M

The right-hand sides of (10) and (11) together are smaller than
(pnk-l + pnk)/Mk,and tend therefore to 0 by (d).

Denoting by S, the sum in (9), and remarking that p(x, _,, T')= ﬂ(xnk_l,T)

Rp~

=y -1 and #(Jt?n’e T)= Py, » ORE Obrains
.. 1 -
(12) Jin {s = ﬁ:Gpnk_, f s, o *ny ] /duxnk>} - 0.
Let a=(g- pnk_l)/(q byt P,,)- By simple estimates using (b) and (c),

one obtains

(13) hm{S -( a ffdi, g+ -a) [, )}=

Now /[ is in some F,. Since By € Unk-l NU,,, one has
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2 (f ffdﬁ) Jim (f (s, =) f)

and hence by (13)

(14) Ji"f.i,{sk - f/dﬁk} - 0.
By tracing back through equations (14), (9), and (8), one obtains (7), and hence
pev. o

For X=1[0,1)and T = T, : x — xs (mod 1) one obtains a theorem of Cole-
brook 61,

Corollary. Let (X, T) be a system with the specification property and p €
M(T). Then there exists an x € X which is a generic point for p with respect to
T, T2’ T39' ++ elc.

4. Quasiregular points. A point ¢ € X is said to be quasiregular with re-
spect to the continuous map T from X onto itself if g is generic for some T-
invariant measure on X, i.e. if V7(g) consists of exactly one point in M(T). Let
O(T) denote the set of quasiregular points. It is well known that u(Q(T))=1 for
all p € M(T) (see [12]). Thus Q(T) is large, measure theoretically. From the
topological point of view, however, it is often small. This happens, in particular,
if (X, T) € SPEC.

Theorem 5. If (X, T) is a nontrivial system with the specification property,
then Q(T) is a dense set of first category in X, containing c points.

Proof. That Q(T) is dense follows trivially from Theorem 1. That Q(T)
has ¢ points follows from Theorem 4 and the fact that M(T) has ¢ points. There
clearly exist points in X whose orbits are dense and which do not belong to
Q(T). (Take for example an x with V7(x)= M(T).) I follows from [7, Theorem 3]
that Q(T) is of first category in X. O

As a special case of this theorem one has that the set of normal points is of
first category in [0, 1). This is known at least since [13L In [9] Furstenberg
proved that Q(T) # X if T is an ergodic automorphism of the two-torus X. Theo-
rem 5 sharpens this result. In [22] it is shown thac if S and T are distinct ergodic
group automorphisms of the two-torus, then Q(T) # Q(S). In the proof one uses
the following:

Theorem 6. Let (X, T) be a system with the specification property. Then
oT®YV £ QT if k£ L

Proof. (i) If £ =0 and /# O the theorem follows from Theorem 5 and Prop-
osition 1(a): Q(T!) £ X.
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(ii) In order to show that Q(T*) # Q(T?) for k, 1> 0, k£ I, we prove the
following statement: Let (X, T) € SPEC, and let §: X — X be a continuous map
such that T* = S for some k, I>0,but T #S. Thea QO(T)# Q(S).

Remark first that by Proposition 1(a), (X, S) € SPEC. Since § and T are
different, there exists an x such that either the S-orbit of x is distinct from the
S-orbit of Tx, or the T-orbit of x is distinct from the T-orbit of Sx. Let us as-
sume the first case. By the specification property we may assume that x is a
periodic point of S.

With Help of the orbit specification lemma, applied to S, one can choose a
sequence of disjoint strings of integers A = [a", bn], n > 0, such that conditions
(@), (b) and (c) in the proof of Theorem 4 are satisfied.

Now define x, € X by x, = x if n is even, x, = Tx if n is odd (recall that
Tx # x). Let z € X be specified such that, for j € A4 _, d(s'z, ij")$2".

Sucha z exists by (a). Thus 7z runs along the S-orbit of x for j € A,; it
runs along the S-orbit of Tx for j € A); again along the S-orbit of x for j € Aj;
etc.

Claim 1. z ¢ Q(S). Indeed, siace the S-orbits of x and Tx are two distinct
finite sets, there exists an [ € C(X) such that

) L i tim L st
lim = (8% lim = [(STx).
N—oo N 13 N—oo N 35
Now by (b)
b =1 b =1
1 n X n .
()] lim — 2. [(§72) = lim Y f(872)
n—eo 0, ;=0 n—e 0,=8, j=a,

and this last expression is

1 N-1 )
lim = f(S’x) for x even,
N—oo N j=0

1 N=1 .
lim 5 2 f(5Tx) for x odd.
N—oo N j=0

(It is easy to see that the limits in (2) exist.)
Thus limN_.NN'IEys'al/(S"z) does not exist, z ¢ Q(S).
Claim 2. z € Q(T). Indeed, for N> 0 let # be such that b, <N< b'“_‘.
Then for { € C(X) and N large, one has
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N-1
1 , 1 , .
3 N 2 [(Tiz)~ N 2 [(Th2) + > (Ti)d.
i=0 i€A, j€A, yii<N
Indeed, one can forget about the terms /(Tiz) with j<a, by (b), and about those
with j in the gap between An and A by (c). The right-hand side of (3) is
almost equal to

n+l?

|

xEA" xeAn+l;x<N

4 & { > /(zj,,)+ > /(Tixn+l)}.

which in turn is equal to

1 . .
) W {Z (T7x) + ) /(T’Tx)} for j even,
]GAn jeAn+!;i<~
" L)Y ity (T’ j
N {jEAn f(TiTx) + jeA,H_Zl;idV/ %)% for j odd.

Now x is a periodic point for S and thus, since sta Tk, it is periodic for
T, with period p, say. If N is large enough, card (4)) is much larger than p. It
is easy to check that for N — oo, the expressions (5) and (5') tend to

1 -1 .
_p > (1),
=0
Hence

1 N-1 .
Lim = i
N—.n;oN Jgo [(T2)

exists, z € (7).

(iii) ¥ T is a homeomorphism and &, !> O, then it is easy to construct a
z € (T*) with z ¢ Q(T™Y. Indeed, choose x € Q(T*) and y € X\XAT™Y. Let
A , n€ Z, be a sequence of increasing disjoint strings of integers, with gaps large enough
such that, by the orbit specification lemma, there exists a z with

ATx, T'2)<2™" for jeA, n>0,
ATy, Ti2)<2™" for j€A_, n<0.
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(cesp. U, _,A,) is of density 1 in Z* Gesp. —Z*). Then z € Q(T*) and
z¢ Q) o

One can choose the strings so long and the gaps so short that Un>0An
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