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ON EFFECTIVE DIVISORS ON SMOOTH PROJECTIVE SURFACES

Yoshiaki Fukuma

Abstract

Let X be a smooth projective surface defined over the complex number field and let

D be an e¤ective divisor on X. In this paper we will propose a special class of e¤ective

divisors which has some properties similar to that of the case where D is ample and we

will study this divisor.

Introduction

Let X be a smooth projective variety defined over the complex number field
and let L be a divisor on X. Then the pair ðX ;LÞ is called a prepolarized
manifold. If L is ample, then ðX ;LÞ is called a polarized manifold.

In this paper we consider the case where dim X ¼ 2, and we study some
special type of e¤ective divisors.

In previous papers ([Fk1], [Fk2], [Fk3], [Fk5], [Fk6] and [Fk7]), we classified
polarized surfaces ðX ;LÞ by using the value of gðLÞ, where gðLÞ is the sectional
genus of L, that is, gðLÞ ¼ 1þ ð1=2ÞðKX þ LÞL. (Here KX is the canonical
divisor on X.) The details are as follows: If h0ðLÞ > 0, then we can prove that
gðLÞb qðXÞ (see Lemma 1.2 in [Fk2]), where qðXÞ is the irregularity of X, and
we classified ðX ;LÞ with h0ðLÞ > 0 and 0a gðLÞ � qðX Þa 1 (see [Fk1], [Fk2],
[Fk3] and [Fk5]). Furthermore in [Fk6] and [Fk7], we classified ðX ;LÞ such that
ðX ;LÞ satisfies one of the following:

(a) gðLÞ ¼ qðX Þ þm and h0ðLÞbmþ 2,
(b) gðLÞ ¼ qðX Þ þm, h0ðLÞ ¼ mþ 1, and dim BsjLja 0,

where m is a non-negative integer.
When we classify ðX ;LÞ by the value of gðLÞ � qðX Þ, we need to study a

lower bound for KXL. So in [Fk4] we studied the intersection number KXL.
For example we obtained that KXLb 2qðXÞ � 4 for any polarized surface ðX ;LÞ
with kðXÞb 0 and h0ðLÞb 2. The above results are useful to study projective
surfaces.

But the author feels that in order to study projective surfaces more deeply, it
is necessary to study more general e¤ective divisors than ample e¤ective divisors.
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So the author wants to find a class C of e¤ective divisors on X which satisfies the
following:

(1) Any e¤ective divisor which is a member of the class C has properties
similar to that of ample e¤ective divisors.

(2) We can easily check whether an e¤ective divisor D is a member of the
class C or not.

(3) Any ample e¤ective divisor is a member of the class C.
If we can find the class C which satisfies the above three conditions, then it seems
to be very useful to study projective surfaces.

As the first attempt, in [Fk4] we proposed a special e¤ective divisor, which is
called a CNNS-divisor (see Definition 1.1 below). We note that any ample
e¤ective divisor is a CNNS-divisor. If X is minimal and L is a CNNS-divisor,
then L has properties similar to that of ample e¤ective divisors. (For example,
see [Fk4].) But when X is not minimal and L is a CNNS-divisor, L does not
always have properties similar to that of ample e¤ective divisors. For example,
assume that p : X ! X 0 is a birational morphism, where X 0 is a smooth pro-
jective surface. If L is ample, then m�ðLÞ is ample and KXLbKX 0 ðm�ðLÞÞ is
always true. If L is a CNNS-divisor, then so is m�ðLÞ, but KXLbKX 0 ðm�ðLÞÞ is
not always true. So it needs to consider some special type of CNNS-divisors on
X and to study these.

Hence in this paper we propose a new class of e¤ective divisors and we study
e¤ective divisors of this class. We define a new class of e¤ective divisors as
follows:

(#) Let D be e¤ective divisors on X such that D ¼ Bþ T1 þ � � � þ Tn�1,
where B is an e¤ective divisor on X, and T0;T1; . . . ;Tn�1 is a sequence
of reduced e¤ective divisors on X such that ðB;T0; . . . ;Tn�1Þ is a
generalized composite series with respect to B (see Definition 2.1).

Let D be an e¤ective divisor on X such that D has the property (#) and B is
a reduced CNNS-divisor. Then this e¤ective divisor has properties similar to
that of ample e¤ective divisors. (For example, the sectional genus gðDÞ, the
intersection number KXD, and the vanishing of hið�DÞ.) We will study these in
Section 2.

In Section 3, we prove that if D is a nef and big e¤ective Q-divisor on X,
then dDe has the property (#) such that B is a reduced CNNS-divisor. (See
Theorem 3.1.) We also prove that if D is an s-connected e¤ective divisor on X,
then D has the property (#). (See Proposition 3.2.)

Theorem 3.1 determines a kind of a structure theorem of the Zariski
decomposition for nef and big e¤ective Q-divisors on X, and is very useful to
study nef and big e¤ective Q-divisors. For example, as an application of
Theorem 3.1, we get that gðdDeÞb qðXÞ by Theorem 2.4 and Theorem 3.1,
where D is a nef and big e¤ective Q-divisors. Furthermore we can classify
ðX ;DÞ with gðdDeÞ ¼ 0 (see Proposition 4.1). Here we note that Proposition 4.1
is a new result.

Here we note the following: when we study polarized surfaces ðX ;LÞ, it is
di‰cult to study ðX ;LÞ with h0ðLÞ ¼ 0. But since any ample divisor is a nef and
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big e¤ective Q-divisor, we can expect that some results of this paper give one
direction for studying polarized surfaces ðX ;LÞ with h0ðLÞ ¼ 0, and we hope that
some results in this paper become useful to study an ample divisor L with
h0ðLÞ ¼ 0.

We will study ðX ;DÞ with gðdDeÞ ¼ qðXÞ in a future paper.
We use the customary notation in algebraic geometry. In this paper we

mainly study smooth projective surfaces defined over the complex number field.
The author would like to thank the referee for giving some useful comments

and suggestions.

1. Preliminaries

Definition 1.1 (see Definition 4.3 in [Fk4]). Let X be a smooth projective
surface and let D be an e¤ective divisor on X. Then D is called a CNNS-divisor
if the following conditions hold:

(1) D is connected.
(2) the intersection matrix kðCi;CjÞki; j of D ¼

P
i riCi is not negative

semidefinite.

Theorem 1.2. Let X be a minimal smooth projective surface and let D be an
e¤ective CNNS-divisor on X such that one of the following conditions hold;

(1) kðXÞ ¼ 0; 1,
(2) kðXÞ ¼ 2 and h0ðDÞb 2.

Then KXDb 2qðXÞ � 4.

Proof. (I) The case in which kðX Þ ¼ 0.
Then qðXÞa 2. Since KX is nef, we get that KXDb 0. Hence KXDb

0b 2qðXÞ � 4.
(II) The case in which kðX Þ ¼ 1.
Let f : X ! C be an elliptic fibration over a smooth curve C. If gðCÞa 1,

then qðXÞa 2. Hence KXDb 0b 2qðXÞ � 4. Therefore we assume gðCÞb 2.
By the canonical bundle formula of elliptic fibrations, we get that

KXDb ð2gðCÞ � 2þ wðOX ÞÞDF

for a general fiber F of f . Since D is a CNNS-divisor on X, there exists a curve
B such that B is not contained in a fiber of f . Thus we get that DF b 1.
Hence

KXDb ð2gðCÞ � 2þ wðOX ÞÞDF

b 2gðCÞ � 2þ wðOX Þ
b 2gðCÞ � 2

¼ 2gðCÞ þ 2� 4

b 2qðX Þ � 4:

(III) The case in which kðX Þ ¼ 2 and h0ðDÞb 2.
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Let M be the movable part of jDj and let Z be the fixed part of jDj. Then
M is nef. If M 2 > 0, then M is nef and big. So we get that KXDb

KXMb 2qðX Þ � 2 by Theorem 3.1 in [Fk4].
If M 2 ¼ 0, then M is nef but not big. Moreover we get BsjMj ¼ j. So we

get a fiber space f : X ! B defined by jMj, where B is a smooth projective
curve. We remark that M is numerically equivalent to aF for a natural number
a, where F is a general fiber of f .

If gðBÞ ¼ 0, then
KXDbKXMbKXF

¼ 2gðF Þ � 2

b 2qðXÞ � 2:

If gðBÞb 1, then
KX=BDbKX=BM

b 2gðFÞ � 2

because KX=B is nef by Arakelov’s theorem (see [Be]). Therefore

KXDb ð2gðBÞ � 2ÞDF þ 2gðF Þ � 2:

Since D is a CNNS-divisor, there exists a curve C such that C is not contained in
a fiber of f but contained in D. So we obtain that DF b 1. Hence

KXDb 2gðBÞ � 2þ 2gðF Þ � 2

b 2qðX Þ � 4: r

Theorem 1.3. Let X be a minimal smooth surface of general type and let D
be a CNNS-divisor with h0ðDÞ ¼ 1 on X. If D is not of the following type ð?Þ,
then KXDb 2qðX Þ � 4;

(?) D ¼ C1 þ
P

jb2 rjCj ; C
2
1 > 0 and the intersection matrix kðCj;CkÞk jb2;kb2

of
P

jb2 rjCj is negative semidefinite.

Proof. See Theorem 4.5, Theorem 4.6 and Theorem 4.11 in [Fk4]. r

Definition 1.4 (see Definition 3.1 in [Mi]). Let X be a smooth projective
surface and let D be an e¤ective divisor on X. Then D is called s-connected (in
the sense of [Mi]) if there exists a decomposition of D, D ¼ C0 þ C1 þ � � � þ Cr

such that ðC0 þ � � � þ Ci�1ÞCi > 0 for i ¼ 1; . . . ; r, where Ci is an irreducible curve
for any i.

Remark 1.4.1.
(1) The notion of s-connectedness in Definition 1.4 is di¤erent from the

notion of m-connectedness in [BPV] (see p. 69 Definition in [BPV]),
where m is a positive integer.

(2) If D is a 1-connected e¤ective divisor, then D is s-connected. In
particular if D is a nef and big e¤ective divisor, then D is s-connected.
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Proposition 1.5. Let X be a smooth projective surface. An e¤ective divisor
D is not s-connected if and only if there exists a nontrivial decomposition
D ¼ D1 þD2 into e¤ective divisors such that D1Ca 0 for any irreducible com-
ponent C of D2.

Proof. See Proposition 3.3 in [Mi]. r

Definition 1.6 (see p. 69 Definition in [BPV]). Let X be a smooth pro-
jective surface. Then an e¤ective divisor D on X is said to be 1-connected if
D1D2 > 0 for any nonzero e¤ective divisors D1 and D2 with D ¼ D1 þD2.

Remark 1.6.1. If D is a reduced and connected e¤ective divisor on X, then
D is 1-connected.

Proposition 1.7. Let X be a smooth projective surface and let D be an
e¤ective 1-connected divisor. Let p : X ! X1 be the blowing down of a ð�1Þ-curve
E and we put D1 :¼ p�ðDÞ in the sense of cycle theory. Then D1 is e¤ective and
1-connected. Furthermore if D2 > 0, then D2

1 > 0.

Proof. We put D ¼ p�ðD1Þ þ aE for a A Z. Let D1 ¼ D1;1 þD1;2 be a
decomposition of e¤ective divisors with D1;1 0 0 and D1;2 0 0. Then there exist
integers a1 and a2 such that p�ðD1;1Þ þ a1E and p�ðD1;2Þ þ a2E are e¤ective and

D ¼ ðp�ðD1;1Þ þ a1EÞ þ ðp�ðD1;2Þ þ a2EÞ:
If a1a2 b 0, then by assumption we get that

0 < ðp�ðD1;1Þ þ a1EÞðp�ðD1;2Þ þ a2EÞ
¼ D1;1D1;2 � a1a2

aD1;1D1;2:

If a1a2 < 0, then we may assume that a1 > 0 and a2 < 0. Then we consider a
decomposition

D ¼ ðp�ðD1;1ÞÞ þ ðp�ðD1;2Þ þ ða1 þ a2ÞEÞ:
Since p�ðD1;2Þ þ a2E is e¤ective, so is p�ðD1;2Þ þ ða1 þ a2ÞE. Then

0 < ðp�ðD1;1ÞÞðp�ðD1;2Þ þ ða1 þ a2ÞEÞ
¼ D1;1D1;2:

Therefore D1 is 1-connected. On the other hand, 0 < D2 ¼ D2
1 � a2 aD2

1 .
r

Definition 1.8 (see Definition 1.9 in [Fk2]).
(1) Let X be a smooth projective surface and let D be a divisor on X. Then

ðX ;DÞ is said to be D-minimal if DE0 0 for any ð�1Þ-curve E on X.
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(2) For any prepolarized surface ðX ;DÞ, there exist a smooth projective
surface X0, a divisor D0, and a birational morphism r : X ! X0 such
that D ¼ r�ðD0Þ and ðX0;D0Þ is D0-minimal. Then we call ðX0;D0Þ a
D-minimalization of ðX ;DÞ.

Theorem 1.9. Let X be a smooth projective surface and let D be an e¤ective
1-connected divisor on X. Then there exist a smooth projective surface S, an
e¤ective 1-connected divisor DS on S, a birational morphism p : X ! S, and
D ¼ p�1DS þ

P
i aiCi for nonnegative integers ai and smooth rational curves Ci

with C2
i a�1 such that gðDÞ ¼ gðDSÞ and one of the following holds:

(1) ðS;DSÞG ðP2;Oð1ÞÞ,
(2) ðS;DSÞG ðP2;Oð2ÞÞ,
(3) ðS;DSÞ is a scroll over a smooth curve,
(4) KS þDS is nef,
(5) DS is a smooth rational curve with D2

S a�2,
where p�1DS denotes the strict transform of DS via p.

Proof. We put X0 :¼ X , and D0ð0Þ :¼ D. First we take a D0ð0Þ-
minimalization of ðX0;D0ð0ÞÞ; p0 : X0 ! X1, where X1 is a smooth projective
surface and p0 is a birational morphism. Let D1 :¼ ðp0Þ�ðD0ð0ÞÞ. For
ðX1;D1Þ, if KX1

þD1 is nef, then we are done. So we assume that
KX1

þD1 is not nef. Then there exists an irreducible curve C1 such that
ðKX1

þD1ÞC1 < 0.
If KX1

C1 < 0, then X1 is isomorphic to P2, P1-bundle over a smooth curve,
or X1 has a ð�1Þ-curve E1.

If X1 is the first two cases, then we are done.
If X1 is the last case, then KX1

E1 ¼ �1 and D1E1 ¼ 0. But this is
impossible because ðX1;D1Þ is D1-minimal.

If KX1
C1 b 0, then

0 > ðKX1
þ C1 þ ðD1 � C1ÞÞC1

¼ 2gðC1Þ � 2þ ðD1 � C1ÞC1:

Since D1 is 1-connected by Proposition 1.7, ðD1 � C1ÞC1 > 0. Hence gðC1Þ ¼ 0
and ðD1 � C1ÞC1 ¼ 1. Furthermore C2

1 a�2 because gðC1Þ ¼ 0 and KX1
C1 b 0.

We put D1ð1Þ :¼ D1 � C1. Then D1ð1Þ is e¤ective since D1C1 ¼ C 2
1 þ 1a�1

and so Supp D1 IC1.

Claim 1.9.1. D1ð1Þ is an e¤ective 1-connected divisor.

Proof. Let D1ð1Þ ¼ B1 þ B2 be a decomposition of D1ð1Þ with B1 0 0 and
B2 0 0, where B1 and B2 are e¤ective divisors. Then D1 ¼ D1ð1Þ þ C1 ¼ B1 þ
B2 þ C1. Since 1 ¼ ðD1 � C1ÞC1 ¼ ðB1 þ B2ÞC1, we may assume that B2C1 a 0.
Then by 1-connectedness of D1, we get that 0 < ðB1 þ C1ÞB2 aB1B2. This
completes the proof of Claim 1.9.1. r
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(Here we note that Claim 1.9.1 can be proved also by Appendix (A.4)
Lemma in [CFL].)

Claim 1.9.2. gðD0ð0ÞÞ ¼ gðD1ð1ÞÞ.

Proof.

gðD0ð0ÞÞ ¼ 1þ 1

2
ðKX þD0ð0ÞÞD0ð0Þ

¼ 1þ 1

2
ðKX1

þD1ÞD1

¼ 1þ 1

2
ðKX1

þD1 � C1ÞðD1 � C1Þ þ
1

2
ðKX1

C1Þ þ
1

2
ð�C2

1 þ 2D1C1Þ

¼ gðD1ð1ÞÞ þ
1

2
ðKX þ 2D1 � C1ÞC1:

On the other hand, we get that

ðKX þ 2D1 � C1ÞC1 ¼ ðKX þD1 þD1 � C1ÞC1

¼ ðKX þ C1 þ 2ðD1 � C1ÞÞC1

¼ �2þ 2

¼ 0:

This completes the proof. r

Next we consider a pair ðXi;DiðiÞÞ for an e¤ective 1-connected divisor DiðiÞ
on Xi.

First we take a DiðiÞ-minimalization of ðXi;DiðiÞÞ; pi : Xi ! Xiþ1, where
Xiþ1 is a smooth projective surface and pi is a birational morphism. We put
Diþ1 :¼ ðpiÞ�ðDiðiÞÞ.

If KXiþ1
þDiþ1 is nef, then this is stopped.

If KXiþ1
þDiþ1 is not nef, then there exists an irreducible curve Ciþ1 such

that ðKXiþ1
þDiþ1ÞCiþ1 < 0.

If KXiþ1
Ciþ1 < 0, then Xiþ1 is isomorphic to P2, P1-bundle over a smooth

curve, or Xiþ1 has a ð�1Þ-curve Eiþ1.
If the first two cases occur, then this is stopped. If Xiþ1 has a ð�1Þ-curve

Eiþ1, then KXiþ1
Eiþ1 ¼ �1 and Diþ1Eiþ1 ¼ 0. But this is impossible because

ðXiþ1;Diþ1Þ is Diþ1-minimal.
If KXiþ1

Ciþ1 b 0, then

0 > ðKXiþ1
þ Ciþ1 þ ðDiþ1 � Ciþ1ÞÞCiþ1

¼ 2gðCiþ1Þ � 2þ ðDiþ1 � Ciþ1ÞCiþ1:

Since Diþ1 is 1-connected by Proposition 1.7, ðDiþ1 � Ciþ1ÞCiþ1 > 0. Hence
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gðCiþ1Þ ¼ 0 and ðDiþ1 � Ciþ1ÞCiþ1 ¼ 1. Furthermore C2
iþ1 a�2 because

gðCiþ1Þ ¼ 0 and KXiþ1
Ciþ1 b 0. We put Diþ1ði þ 1Þ :¼ Diþ1 � Ciþ1. Then

Diþ1ði þ 1Þ is e¤ective since Diþ1Ciþ1 ¼ C 2
iþ1 þ 1a�1 and so Supp Diþ1 ICiþ1.

Then by the same argument as in the claim above, we can prove that Diþ1ði þ 1Þ
is 1-connected and gðDiðiÞÞ ¼ gðDiþ1ði þ 1ÞÞ.

Assume that DtðtÞ ¼ 0 for some t. Then Dt is a smooth rational curve.
Since ðXt;DtÞ is Dt-minimal, we get that ðXt;DtÞ satisfies one of the above
conditions in Theorem 1.9. This completes the proof of Theorem 1.9. r

Remark 1.9.3. We remark that D2
i ¼ ðDi�1ði � 1ÞÞ2 and

DiðiÞ2 ¼ ðDi � CiÞ2 ¼ D2
i � 2DiCi þ C2

i

¼ D2
i � 2ðDi � CiÞCi � C2

i

bD2
i � 2þ 2

¼ D2
i

for i ¼ 1; . . . ; t. Hence we obtain that if D2 > 0, then D2
S > 0 and the type (5) in

Theorem 1.9 is excluded.

Theorem 1.10. Let X be a smooth projective surface and let D be a nef and
big Q-divisor on X. Then HpðX ;KX þ dDeÞ ¼ 0 for p ¼ 1; 2.

Proof. See Theorem 5.1 in [Sa]. (See also [Ka] and [V].) r

Lemma 1.11. Let X be a smooth projective surface and let D be an e¤ective
divisor on X such that D is numerically 1-connected. If H 1ðOX Þ ! H 1ðODÞ is
injective, then h1ð�DÞ ¼ 0.

Proof. We consider the following exact sequence:

0 ! H 0ð�DÞ ! H 0ðOX Þ ! H 0ðODÞ

! H 1ð�DÞ ! H 1ðOX Þ ! H 1ðODÞ:

Here we note that h0ð�DÞ ¼ 0 and h0ðOX Þ ¼ 1. By the assumption and p. 69
(12.3) Corollary in [BPV], we get that h0ðODÞ ¼ 1. Since H 1ðOX Þ ! H 1ðODÞ is
injective, we get that h1ð�DÞ ¼ 0. r

2. Some properties of special e¤ective divisors

Here we define the following notion which is a generalization of e¤ective nef
and big divisor.

Definition 2.1. Let X be a smooth projective surface defined over the

on effective divisors on smooth projective surfaces 33



complex number field. Let B be an e¤ective divisor on X, and let
T0;T1; . . . ;Tn�1 be a sequence of reduced e¤ective divisors on X. We put
B0 :¼ B and Bi :¼ Bi�1 þ Ti�1 for i ¼ 1; . . . ; n. Then ðB;T0; . . . ;Tn�1Þ is called a
generalized composite series with respect to B if gðTiÞ þ BiTi � 1b 0 for any
i ¼ 0; . . . ; n� 1.

Next we study some properties of this.

Proposition 2.2. Let X be a smooth projective surface defined over the
complex number field. Let ðB;T0; . . . ;Tn�1Þ be a generalized composite series with
respect to B. We put D :¼ Bþ T0 þ � � � þ Tn�1. Then gðDÞb gðBÞ.

Proof. First we get that

gðB1Þ ¼ gðB0 þ T0Þ
¼ gðB0Þ þ gðT0Þ þ B0T0 � 1

b gðB0Þ:

In general, we can prove that

gðBiþ1Þ ¼ gðBi þ TiÞ
¼ gðBiÞ þ gðTiÞ þ BiTi � 1

b gðBiÞ:

Therefore gðDÞb gðBn�1Þb � � �b gðB0Þ ¼ gðBÞ. This completes the proof of
Proposition 2.2. r

Remark 2.3. We put mi ¼ gðTiÞ þ BiTi � 1. Then

gðDÞ ¼ gðBÞ þ
Xn�1

i¼0

mi:

By Proposition 2.2, we can prove the following theorem.

Theorem 2.4. Let X be a smooth projective surface defined over the complex
number field. Let ðB;T0; . . . ;Tn�1Þ be a generalized composite series with respect
to B. Assume that B is a reduced CNNS-divisor. Then gðDÞb qðX Þ for
D ¼ Bþ T0 þ � � � þ Tn�1.

Proof. By Proposition 2.2 we can prove that gðDÞb gðBÞ. Since B is a
reduced and connected e¤ective divisor, we get that gðBÞb 0. So if qðXÞ ¼ 0,
then gðDÞb gðBÞb 0 ¼ qðXÞ. So we may assume that qðXÞb 1. Then let

aðBÞ ¼ dim KerðH 1ðOX Þ ! H 1ðOBÞÞ:
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If aðBÞ > 0, then by Lemma 1.3 in [Fk1] there exists a morphism b : X ! A such
that bðBÞ is a point on A, where A is an abelian variety. But since B is a
CNNS-divisor, this is impossible. Therefore aðBÞ ¼ 0, that is, qðX Þa h1ðOBÞ.
Since B is a reduced connected e¤ective divisor, we get that gðBÞ ¼ h1ðOBÞ.
Hence gðBÞ ¼ h1ðOBÞb qðXÞ and we get that gðDÞb gðBÞb qðXÞ. This com-
pletes the proof. r

Lemma 2.5. Let X be a minimal smooth projective surface with kðX Þb 0 and
let ðB;T0; . . . ;Tn�1Þ be a generalized composite series with respect to B. We put
D :¼ Bþ T0 þ � � � þ Tn�1. Then KXDbKXB.

Proof. Since kðX Þb 0 and X is minimal, we get that KX is nef. So this
lemma can be easily proved. r

Proposition 2.6. Let X be a minimal smooth projective surface with
kðXÞb 0. Let ðB;T0; . . . ;Tn�1Þ be a generalized composite series with respect to
B. We put D :¼ Bþ T0 þ � � � þ Tn�1. Assume that B is a reduced CNNS-divisor
such that B does not satisfy the following condition ð??Þ:

(??) h0ðBÞ ¼ 1 and there exists only one irreducible component B1 of B such
that B2

1 > 0 and B� B1 is negative semidefinite.
Then KXDb 2qðXÞ � 4.

Proof. By Lemma 2.5 KXDbKXB. Hence it is su‰cient to prove
KXBb 2qðX Þ � 4. But this is true by Theorem 1.2 and Theorem 1.3. r

Next we study the case where X is not minimal.

Proposition 2.7. Let X and S be smooth projective surfaces. Let
ðB;T0; . . . ;Tn�1Þ be a generalized composite series with respect to B on X. Let
m : X ! S be a blowing down of E on X. Assume that B is a reduced connected
divisor with m�ðBÞ0 0 and Ti is connected for any i. We put D :¼ Bþ T0 þ � � � þ
Tn�1 and DS ¼ m�ðDÞ. Then KXDbKSDS.

Proof. Let B 0
0 :¼ m�ðB0Þ0 0 and T 0

i :¼ m�ðTiÞ for i ¼ 0; . . . ; n� 1.

Claim 2.7.1. Bi ¼ m�ðB 0
i Þ � aE for ab 0, where B 0

i ¼ m�ðBiÞ.

Proof of Claim 2.7.1. First we consider B1.
If T0 ¼ E, then B0T0 b 1 because gðT0Þ þ B0T0 � 1b 0. Hence we get that

B0 ¼ m�ðB 0
0Þ � aE for ab 1. Therefore B1 ¼ B0 þ T0 ¼ m�ðB 0

0Þ � ða� 1ÞE for
a� 1b 0. Hence KXB1 bKSB

0
1 ¼ KSB

0
0, where B 0

1 ¼ m�ðB1Þ. (We remark that
in this case B 0

1 ¼ m�ðB1Þ ¼ B 0
0.)

If T0 0E, then T0 ¼ m�ðT 0
0Þ � bE for bb 0 because T0 is reduced and

connected. Since B0 is reduced and connected, we get that B0 ¼ m�ðB 0
0Þ � aE for

ab 0. Hence B1 ¼ B0 þ T0 ¼ m�ðB 0
0 þ T 0

0Þ � ðaþ bÞE for aþ bb 0.
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For i ¼ k, we assume that Bk ¼ m�ðB 0
kÞ � akE for ak b 0. We consider the

case in which i ¼ k þ 1.
If Tk ¼ E, then BkEb 1 because gðTkÞ þ BkTk�1 � 1b 0. Hence Bk ¼

m�ðB 0
kÞ � aE for ab 1. Since Tk ¼ E, we get that Bkþ1 ¼ Bk þ Tk ¼ m�ðB 0

kÞ�
ða� 1ÞE for a� 1b 0.

If Tk 0E, then Tk ¼ m�ðT 0
kÞ � cE for cb 0 because Tk is reduced and

connected. Furthermore by assumption Bk ¼ m�ðB 0
kÞ � akE for ak b 0. Hence

Bkþ1 ¼ Bk þ Tk ¼ m�ðB 0
k þ T 0

kÞ � ðak þ cÞE
¼ m�ðB 0

kþ1Þ � ðakþ1ÞE

for akþ1 b 0. Therefore this completes the proof of Claim 2.7.1. r

By this claim, we get that D ¼ m�ðDSÞ � dE for db 0. Therefore
KXDbKSDS. r

Proposition 2.8. Let X and S be smooth projective surfaces,
ðB;T0; . . . ;Tn�1Þ a generalized composite series with respect to B on X. Assume
that B is a reduced, connected, and e¤ective divisor and Ti is connected for any i.
Let m : X ! S be a blowing down of a ð�1Þ-curve E. Let B 0 ¼ m�ðBÞ and
T 0
i ¼ m�ðTiÞ, and assume that T 0

i 0 0 for some i and B 0 0 0. Then there exists a
sequence of natural numbers t0; . . . ; tl with 0a t0 < � � � < tl a n� 1 such that
ðB 0;T 0

t0
; . . . ;T 0

tl
Þ is a generalized composite series with respect to B 0.

Proof. Let X and S be smooth projective surfaces and let ðB;T0; . . . ;Tn�1Þ
be a generalized composite series with respect to B. Let m : X ! S be a
blowing down of a ð�1Þ-curve E. Recall Bi ¼ Bi�1 þ Ti�1 and B0 :¼ B. We
put B 0

i :¼ m�ðBiÞ. Then DS :¼ B 0
n bB 0

n�1 b � � �bB 0
1 bB 0

0.
By reindexing we may assume that B 0

kþ1 0B 0
k for any k. Then m�ðTkÞ0 0,

and Tk ¼ m�ðT 0
kÞ � akE for ak b 0. By Claim 2.7.1 we get that Bk ¼

m�ðB 0
kÞ � bkE with bk b 0. Hence in this case

gðTkÞ þ BkTk � 1 ¼ gðT 0
kÞ �

a2k � ak

2
þ B 0

kT
0
k � akbk � 1:

Therefore

gðT 0
kÞ þ B 0

kT
0
k � 1 ¼ gðTkÞ þ BkTk � 1þ a2k � ak

2
þ akbk

b 0

This completes the proof of Proposition 2.8. r

Corollary 2.9. Let X be a smooth projective surface with kðX Þb 0 and let
ðB;T0; . . . ;Tn�1Þ be a generalized composite series with respect to B. Assume that
B is a reduced CNNS-divisor with h0ðBÞb 2, and Ti is connected for any i. Then
KXDb 2qðX Þ � 4 for D ¼ Bþ T0 þ � � � þ Tn�1.
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Proof. Let m : X ! S be a minimalization of X. Let DS :¼ m�ðDÞ and
BS :¼ m�ðBÞ. By Proposition 2.7 KXDbKSDS. By Lemma 2.5 and Proposi-
tion 2.8 we have KSDS bKSBS. By Claim 2.7.1 we get that BS is a CNNS-
divisor. Since h0ðBSÞb h0ðBÞb 2, we obtain that KSBS b 2qðSÞ � 4 ¼
2qðX Þ � 4 by Theorem 1.2. Therefore we get the assertion. r

Next we consider a vanishing theorem.

Theorem 2.10. Let X be a smooth projective surface and let ðB;T0; . . . ;Tn�1Þ
be a generalized composite series with respect to B. We put Ti ¼

Pri
k¼1 Ti;k for

i ¼ 0; . . . ; n� 1, where Ti;k is an irreducible and reduced divisor on X, and ri is the
number of irreducible components of Ti. We put B0 :¼ B and Bi :¼ Bi�1 þ Ti�1

for i ¼ 1; . . . ; n. Assume that the following hold.
(1) B is a reduced CNNS-divisor on X.
(2) BiTi;k > 0 for any integers i and k with 0a ia n� 1 and 1a ka ri.

Then h1ðKX þDÞ ¼ 0 for D ¼ Bþ T0 þ � � � þ Tn�1.

Proof. We put Bi;0 :¼ Bi and Bi;k :¼ Bi;k�1 þ Ti;k for 1a ka ri. Here we
note that Bi; ri ¼ Biþ1;0.

We consider the following exact sequence:

0 ! OðKX þ Bi;k�1Þ ! OðKX þ Bi;k�1 þ Ti;kÞ ! oTi; k
nOðBi;k�1ÞjTi; k

! 0;

where oTi; k
is the dualizing sheaf of Ti;k. Then we get that

H 1ðKX þ Bi;k�1Þ ! H 1ðKX þ Bi;kÞ ! H 1ðoTi; k
nOðBi;k�1ÞjTi; k

Þ:
We note that Ti; s 0Ti; t for s0 t because Ti is reduced by Definition 2.1. Hence
by the assumption (2) above, we get that, for k ¼ 1; . . . ; ri,

Bi;k�1Ti;k ¼ ðBi þ Ti;1 þ � � � þ Ti;k�1ÞTi;k > 0:

Since Ti;k is irreducible and reduced, we get that h1ðoTi; k
nOðBi;k�1ÞjTi; k

Þ ¼
h0ðOð�Bi;k�1ÞjTi; k

Þ ¼ 0 because degðBi;k�1jTi; k
Þ ¼ Bi;k�1Ti;k > 0. Therefore

h1ðKX þ Bi;k�1Þb h1ðKX þ Bi;kÞ
for any integers i and k with 0a ia n� 1 and 1a ka ri.

By the assumption, B0 is a reduced and connected e¤ective divisor on X.
Furthermore since B0 is a CNNS-divisor, H 1ðOX Þ ! H 1ðOB0

Þ is injective by
Lemma 1.3 in [Fk1]. Hence by Lemma 1.11 and the Serre duality, we get that
h1ðKX þ B0Þ ¼ 0.

Therefore we get that

0 ¼ h1ðKX þ B0Þ

b h1ðKX þ B0;1Þ
b � � �

b h1ðKX þ B0; r0Þ
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¼ h1ðKX þ B1Þ
b � � �

b h1ðKX þ BnÞ

¼ h1ðKX þDÞ;

and this completes the proof of Theorem 2.10. r

By considering the above properties, it is natural to consider the following
type:

(? ? ?) Let X be a smooth projective surface, and let ðB;T0; . . . ;Tn�1Þ be a
generalized composite series with respect to B. Assume that B is a
reduced CNNS-divisor and Ti is connected for any i ¼ 0; . . . ; n� 1.

Here we remark that if D ¼ Bþ T0 þ � � � þ Tn�1 is a CNNS-divisor with
Dred ¼ B, then B is a CNNS-divisor.

In the next section we will give some examples of ð? ? ?Þ.

3. Some examples

Theorem 3.1. Let X be a smooth projective surface. If D is a nef and
big e¤ective Q-divisor, then there exists a generalized composite series with respect
to B, ðB;T0; . . . ;Tn�1Þ such that dDe ¼ Bþ T0 þ � � � þ Tn�1, ðdDeÞred ¼ B, and
ðB;T0; . . . ;Tn�1Þ satisfies ð? ? ?Þ.

Proof. Let D be an e¤ective Q-divisor on X such that D is nef and big.
We put D ¼

P
i biDi for bi A Q>0. Let

e0 ¼ max
i

dbie � 1

bi

� �
:

If e0 ¼ 0, then dDe is a reduced divisor, and we put B ¼ dDe and T0 ¼ � � � ¼
Tn�1 ¼ 0.

So we assume that e0 0 0. Then dDe � de0De is a reduced e¤ective divisor.
We put

N0 ¼ dDe � de0De;Dð0Þ :¼ D

and we put

Dð1Þ :¼ e0Dð0Þ:
In general, let

Dð jÞ ¼
X
i

bj; iDi

and let
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ej ¼ max
i

dbj; ie � 1

bj; i

� �
:

Then dDð jÞe � dejDð jÞe is a reduced e¤ective divisor. Let

Nj ¼ dDð jÞe � dejDð jÞe
and we put

Dð j þ 1Þ :¼ ejDð jÞ:
We do this process repeatedly and we stop this process if ej ¼ 0. And we obtain
that there exist a reduced e¤ective divisor B and a sequence of reduced divisors
N0; . . . ;Nl such that dDe ¼ BþN0 þ � � � þNl and ðdDeÞred ¼ B ¼ del � � � e0De.

Let

Ni :¼ Nl�i;

and

Ni ¼
Xti
m¼1

Ni;m

be a decomposition of connected component of Ni for 0a ia l, where ti is a
positive integer. We put Bi ¼ Bi�1 þNi�1 and B0 ¼ B. Then by the choice of
Ni, we get that Bi ¼ dbiDe for 0a ia l, where bi ¼ el�i � � � e0 and Blþ1 ¼ dDe.
Hence h1ðKX þ BiÞ ¼ 0 for any integer i with 0a ia l þ 1 by Theorem 1.10.
On the other hand, there exists the following exact sequence for any integer i with
0a ia l

0 ! OðKX þ BiÞ ! OðKX þ Biþ1Þ ! OðKX þ Biþ1ÞjNi
! 0:

Hence

H 1ðKX þ Biþ1Þ ! H 1ððKX þ Biþ1ÞjNi
Þ ! H 2ðKX þ BiÞ

is exact. Since h2ðKX þ BiÞ ¼ 0, we get that h1ððKX þ Biþ1ÞjNi
Þ ¼ 0. Therefore

h1ððKX þ Bi þNi;mÞjNi;m
Þ ¼ 0 for any i;m because Ni;m VNi;m 0 ¼ j for m0m 0.

Furthermore

h1 KX þ Bi þ
Xr
m¼1

Ni;m

 !�����
Ni; r

0
@

1
A ¼ 0ðAÞ

for any r ¼ 1; . . . ; ti.

Claim 3.1.1.

h1 KX þ Bi þ
Xr
m¼1

Ni;m

 !
¼ 0

for any r ¼ 1; . . . ; ti.
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Proof. We prove this by induction. Since h1ðKX þ BiÞ ¼ 0 and
h1ððKX þ Bi þNi;1ÞjNi; 1

Þ ¼ 0 by (A), we get that h1ðKX þ Bi þNi;1Þ ¼ 0.
Assume that

h1 KX þ Bi þ
Xu
m¼1

Ni;m

 !
¼ 0

for 1a u < ti. By using (A) we obtain that

h1 KX þ Bi þ
Xuþ1

m¼1

Ni;m

 !
¼ 0:

Hence we get the assertion of Claim 3.1.1. r

Let Bi;0 :¼ Bi and Bi;k ¼ Bi;k�1 þNi;k for 0a ia l and 1a ka ti, and
Biþ1;0 ¼ Bi; ti for 0a ia l � 1. Here we note that Bl; tl ¼ dDe.

Then by Claim 3.1.1 we have h1ðKX þ Bi;kÞ ¼ 0 for any integers i and k with
0a ia l and 0a ka ti. Since h2ðKX þ Bi;kÞ ¼ 0, we get the following by the
Riemann-Roch theorem:

h0ðKX þ Bi;kÞ � h0ðKX Þ ¼ gðBi;kÞ � qðXÞ
¼ gðBi;k�1Þ � qðX Þ þ gðNi;kÞ þ Bi;k�1Ni;k � 1

and

h0ðKX þ Bi;k�1Þ � h0ðKX Þ ¼ gðBi;k�1Þ � qðX Þ:
Therefore

h0ðKX þ Bi;kÞ � h0ðKX þ Bi;k�1Þ ¼ gðNi;kÞ þ Bi;k�1Ni;k � 1:

On the other hand h0ðKX þ Bi;kÞ � h0ðKX þ Bi;k�1Þb 0 by construction. Hence
gðNi;kÞ þ Bi;k�1Ni;k � 1b 0.

Therefore ðB;N0;1; . . . ;N0; t0 ;N1;1; . . . ;N1; t1 ; . . . ;Nl;1; . . . ;Nl; tl Þ is a general-
ized composite series with respect to B which satisfies ð? ? ?Þ. This completes the
proof of Theorem 3.1. r

By Proposition 1.5 and the definition of an s-connected e¤ective divisor, we
can also prove the following result.

Proposition 3.2. Let X be a smooth projective surface. If D is an s-
connected e¤ective divisor, then there exists a generalized composite series with
respect to B0, ðB0;T0; . . . ;Tn�1Þ such that D ¼ B0 þ T0 þ � � � þ Tn�1, Dred ¼ B0,
and Ti is irreducible for any i.

Proof. Assume that D is s-connected. We put D ¼
P

i biDi. Let
B0 ¼ Dred. Assume that D0Dred. We put B 0

0 ¼ D� B0. Then by Proposition
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1.5 there exists an irreducible component C 0
0 of B 0

0 such that B0C
0
0 > 0. We

put B1 ¼ B0 þ C 0
0. If D ¼ B1, then this is stop. If D0B1, then we put

B 0
1 ¼ D� B1. Then by Proposition 1.5 there exists an irreducible component

C 0
1 of B 0

1 such that B1C
0
1 > 0. We put B2 ¼ B1 þ C 0

1. For any i, if D ¼ Bi,
then this is stop. If D0Bi, then we put B 0

i ¼ D� Bi. Then by Proposition 1.5
there exists an irreducible component C 0

i of B 0
i such that BiC

0
i > 0. We

put Biþ1 ¼ Bi þ C 0
i . We do this process repeatedly. So we get a generalized

composite series with respect to Dred, ðDred;C
0
0; . . . ;C

0
l Þ, and D ¼ Dred þ

C 0
0 þ � � � þ C 0

l . This completes the proof of Proposition 3.2. r

4. Sectional genus of the round up of nef and big e¤ective Q-divisors

Here we consider the sectional genus of the round up of e¤ective nef and big
Q-divisor D. Let X be a smooth projective surface. Then gðdDeÞb qðXÞ by
Theorem 3.1 and Theorem 2.4 (or Theorem 1.10). So in particular gðdDeÞb 0.
Here we will classify ðX ;DÞ with gðdDeÞ ¼ 0.

Proposition 4.1. Let X be a smooth projective surface and let D be a nef
and big e¤ective Q-divisor on X. If gðdDeÞ ¼ 0, then there exist a smooth
projective surface S, an e¤ective divisor DS, and a birational morphism p : X ! S
such that ðdDeÞred ¼ p�1DS þ

P
i aiCi for nonnegative integers ai and smooth

rational curves Ci with C 2
i a�1, gðdDeÞ ¼ gðDSÞ and one of the following

holds:
(1) ðS;DSÞG ðP2;Oð1ÞÞ,
(2) ðS;DSÞG ðP2;Oð2ÞÞ,
(3) ðS;DSÞ is a scroll over P1,
(4) ðdDeÞred ¼

P
Ci, CiCj a 1 for any i0 j, and the dual graph of this is tree,

where p�1DS denotes the strict transform of DS via p.

Proof. By Theorem 3.1, there exists a generalized composite series with
respect to B, ðB;T0; . . . ;Tn�1Þ such that dDe ¼ Bþ T0 þ � � � þ Tn�1, ðdDeÞred ¼ B,
and ðB;T0; . . . ;Tn�1Þ satisfies ð? ? ?Þ. Let Bi ¼ Bi�1 þ Ti�1 and B0 :¼ B. So
we get that gðdDeÞb gðBn�1Þb � � �b gðB0Þ. Since gðB0Þb 0, we get that
0 ¼ gðdDeÞ ¼ gðBn�1Þ ¼ � � � ¼ gðB0Þ and gðTiÞ þ BiTi � 1 ¼ 0. So we study
ðX ;B0Þ with gðB0Þ ¼ 0. Here we use Theorem 1.9 for ðX ;B0Þ. Then we get
that there exist a smooth projective surface S, a birational morphism p : X ! S,
and a reduced connected e¤ective divisor DS on S such that gðB0Þ ¼ gðDSÞ and
B0 ¼ p�1DS þ

P
i aiCi for nonnegative integers ai and smooth rational curves Ci

with C2
i a�1. Since gðDSÞ ¼ gðB0Þ ¼ 0, we get that ðKS þDSÞDS < 0, and by

Theorem 1.9 one of the following holds:
(I) ðS;DSÞG ðP2;Oð1ÞÞ,
(II) ðS;DSÞG ðP2;Oð2ÞÞ,
(III) ðS;DSÞ is a scroll over a smooth curve,
(IV) DS is a smooth rational curve.
For the first two cases we find that gðdDeÞ ¼ gðDSÞ ¼ 0.
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If ðS;DSÞ is a scroll over a smooth curve C, then gðDSÞ ¼ gðCÞ. Hence
gðCÞ ¼ 0.

Next we study the last case. Since gðDSÞ ¼ gðdDeÞ ¼ gðB0Þ ¼ 0, by the
proof of Theorem 1.9 we get that ðdDeÞred ¼

P
i Ci, where Ci is a smooth rational

curve with CiCj a 1 for any i0 j and the dual graph of D is a tree. r

Question 4.2. If kðX Þb 0, then does there exist an example of the last
case?

An answer of this question is YES.

Example 4.3. Let X be a smooth projective surface with kðXÞ ¼ 1.
Assume that X is minimal. Then there exists an elliptic fibration f : X ! C.
Furthermore we assume that C ¼ P1, f has a section C0, and f has a singular
fiber of type I �n , II

�, III �, or IV �. The dual graph of any fiber of these types
is a tree. Let F be one of its singular fiber. Then C0 þmF is a nef and
big e¤ective divisor for any large m. For large N > 0, we get that D ¼
ð1=NÞðC0 þmF Þ is a nef and big Q-divisor such that dDe ¼ ðC0 þmF Þred. Then
gðdDeÞ ¼ 0.

Example 4.4. Let E be a normalized vector bundle of rank 2 on P1 and let
p : PðEÞ ! P1 be its projection. Let C0 be a minimal section of p and F its
fiber. (For the definition of the minimal section of p, see [Ha].) Let e ¼ �C2

0 .
Then eb 0. We put B ¼ 3C0 þ ð3eþ 1ÞF . Then j2Bj ¼ j6C0 þ ð6eþ 2ÞF j.
Since jC0 þ eF j is base point free, we get that there exist smooth divisors
D1; . . . ;D6 such that Di A jC0 þ eF j for any i ¼ 1; . . . ; 6. Then DiDj ¼
ðC0 þ eFÞ2 ¼ eb 0. Assume that e ¼ 1. Let T ¼ 6

i<j
ðDi VDjÞ. Then T is

a finite set with T 0j. Let F1 and F2 be fibers of p such that Fi VT ¼ j
for i ¼ 1; 2. On the other hand, ðC0 þ FÞC0 ¼ 0. So C0 VDi ¼ j for any
i. Let fxi; jg ¼ Fi VDj. Here we consider a double covering branched at
D1 þ � � � þD6 þ F1 þ F2. Since T 0j and Fi VDj 0j, in order to make a
double covering between smooth projective surfaces we take the canonical
resolution of the double covering. (See Section 2 in [Ho].)

Here we take the minimal even resolution of D1 þ � � � þD6 þ F1 þ F2;
m : P ! PðEÞ. Then m�ðC0 þ FiÞ is composed with rational curves for i ¼ 1; 2.
Moreover, ðm�ðC0 þ FiÞÞred is a simple normal crossing divisor and the dual graph
of ðm�ðC0 þ FiÞÞred is a tree. Then we get a double covering p : X ! P whose
branch locus is the strict transform of D1 þ � � � þD6 þ F1 þ F2 via m, where X is a
smooth projective surface. By construction we get that kðXÞ ¼ 2 and qðXÞ ¼ 0.
Furthermore p� � m�ðC0 þ FiÞ is nef and big, gððp� � m�ðC0 þ FiÞÞredÞ ¼ 0, and

1

2
p� � m�ðC0 þ FiÞ

� �
¼ ðp� � m�ðC0 þ FiÞÞred:

This is an example.
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Géométrie Algébrique d’Angers (Juillet 1979)/Algebraic Geometry Angers 1979 (A. Beauville

ed.), Sijtho¤ & Noordho¤, Alphen aan den Rijn, 1980, 239–247.

[Sa] F. Sakai, Weil divisors on normal surfaces, Duke Math. J., 51 (1984), 877–887.

[V] E. Viehweg, Vanishing theorems, J. Reine Angew. Math., 335 (1982), 1–8.

Department of Mathematics

Faculty of Science

Kochi University

Akebono-cho, Kochi 780-8520, Japan

e-mail: fukuma@math.kochi-u.ac.jp

on effective divisors on smooth projective surfaces 43


