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1. Introduction. Let (M, g) be a compact connected orientable Riemannian

manifold with fundamental tensor gy and Δ be the Laplace-Bertrami operator

acting on differentiable functions of M, that is,

(1.1) Af=gjί Vj Vtf,

where Vj denotes the covariant differentiation V<?/9ay with respect to the Levi-Civita
connection. Let Sp{M, g)= {0 = λ 0 > λi = = λi > λ2 = } be the set of eigen-
values of Δ> where each eigen-value is written as many times as its multiplicity.
Now there is an interesting problem: how the eigen-values of Δ determine the
structure of (M> g)? M. Berger has given a differential geometric approach to this
problem. He used a formula of Minakshisandaram:

(1.2) Σ «**• ί y (1/(4* *)•"•) Σ Λ /
λ:=0 t=0

where d — dimension M and coefficients α/s are determined as follows. First take

the normal coordinate system ([/, yι) about m. We put g0 = g{d/dyl, d/dyή.

Then we define on U,

(1. 3) co(y) = (det(<7jj<)))-1/4>

and for i>0 define inductively

for yzU, where ty denotes the point with normal coordinates (tyι). Especially we

have έτt(O) = 1/ί Δ^ί-i(O). Now we define ut: M-+R by ut[m) = ^(0), and finally

we have

*> The author wishes to express his hearty thanks to Professor S. Tanno for some helpful
criticism of this paper. Especially, Remark to Theorem 5. 3 is due to him.



590 T. SAKAI

(1. 5) at = I ut dV,
J M

where dV denotes the volume element of (Λf, g). Berger ([ 1 ]) has calculated a0,

aly a2 in terms of curvatures of M,

(1. 6) a0 = volume M,

(1.7) Λ l = 1/6 f r dV,

(1.8) α 2 = 1 / 3 6 0 f ( 5 τ 2 - 2\p\2 + 2 \ R \ 2 ) dV,

and has given some applications. One of which states that if (M, g) is of constant

sectional curvature k, of dimension 2, 3, 4, and if Sp(M, g) = Sp(M', g') holds

good, then [M\g') must be of constant curvature &. See also [ 3 ].

In the present paper we shall calculate a3 (Theorem 4.2) and give some
applications. The main result is the following:

THEOREM. Let (M9 g) and (M\ g') be compact connected orientable

Einstein manifolds with dimension M=6. We assume that X(M) = X(Λf') and

Sp{M, g) = Sρ{M', g') hold where X{M) denotes the Euler charastatic of M.

Then [My g) is locally symmetric if and only if (M\ g') is locally symmetric.

In § 2 we shall give preliminaries for later use. In § 3 and § 4, we calculate a3 in

terms of curvatures of M and in final § 5 we shall give applications.

2. Preliminaries. We shall give some formulas which are used in the

subsequent sections. Let (M, g) be a Riemannian manifold with Levi-Civita

connection V . Let R(X, Y) Z= VEX.F] Z— [VZ> V F ] Z be a curvature tensor of

V . We put Ri5kh = <7(i?(3/3y> d/dy*)3/dyk, d/dyh)> then p0 = Ra

taj*> md = P

a

a

are Ricci tensor and scalar curvature respectively. They satisfy following fundamental

formulas. Let; denote the covariant differentiation, and put V τ = ( τ ; i ) , S7p=(pij;k)>

. I * I2 denotes the square of the length of a tensor"."

(2.1) (Bianchi's identities)

( i ) Riikh + R%kh5 + Rihik — 0 ,

( ϋ ) Rί5kh\l + RiShlMc + Rί5lk\h = 0 .

Especially we have

Throughout this paper we follow the Einstein's summation convention.
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(2.2) ( i ) R"iJk;a = Pik;S-pii;k>

(ϋ) Pai:a = l/2τ s J .

(2. 3) (Ricci's identity)

Now following (2. 4)~(2.7) are all easily derived from (2.1).
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Next, following (2. 8)~(2.13) are easily derived from the definition of Laplacian.

(2.8) τ Δ τ = l / 2 Δ τ 2 - | V τ | 2 ,

(2. 9) pabτ;ai = (P

abτ).,ab - 1/4 Δ τ 2 - 1/21 V T 1 2 ,

(2.10)

JDabcd'D u V abcdlD u V
v i v α b J

>abcdT> uυ
v 2vα δ i

T>abcdJ> uv-D __ -| /o Dabcdft uυ J>
J\ J\ac I^hauυ — L/Δ XV Xvαj XVcd

RatcaRau,Rbmv = R^iRa»vRbuiv

= 1/2 RaiciRarRu
1 IA ΌabcdD uVD

"DabcdT> u VD — T>abcdτ> v u~D
J\ I\a c I\bvdu — iv -ft-α c -t^budυ
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(2.11) RahciRaua"n = 1/2Δ I R 1 2 - I V R 1 2 ,

(2.12) Pα 4 ; c/W = (/>αV);4c - (Pabτ);ai + 1/4 Δ τ2 + 1/41 V τ |

(2. 13) i?αδCVαo;δί = ( i ^ V J M + 2(p°VαC);4c

-1/2 Δ |/>|2 + 3/8Δτ 2 + l/4| V τ | 2 - | V p\2-pahpacP<,c

Finally we shall give two integral formulas for compact orientable manifold M. We
denote the volume element of M by dV.

(2.14) f Rab°"Ra%°RbuavdV = f {1/41 V τ | 2 - | V H 2 + l /4 |V i? | 2

- PabPaCpbc + pabpcdR«cu + 1/2 pu°Ru

«b<ΛRarRcauΛ dV,

(2.15) f RabctRaVRbvι!udV = [ { 1 / 4 | V τ | 2 - | V / > | 2 + l / 4 | V i ? | 2

-1/2 Rait'Rai"Rc*uv}

Proof of (2.14) follows from Green's theorem by expanding (RuabcRv

ahc);uv and
using (2. 4), (2. 7). Then (2.15) follows from (2.14) and (2. 7) (vi).

3. Calculation of a3 (1). 1° Let mzM, and (U, yι) be the normal
coordinate system about m. Then g0 — gid/dy*, d/dys) on U can be represented
in terms of curvature tensor and its successive covariant derivatives at m, in fact,
we get

LEMMA 3.1. In U, gι} may be expanded in the following way:

(3.1) gι} = 8tj - 1/3 Rkιhj{m)ykyh - 1/3 ! RkM;P(m)y*y»y>

+ 1/5 ! ( - 6 RUhJtpq(m) + 16/3 RUh.{m)R1*βu(m))ykyhy>y

+ 1/6 ! ( - 8 RkM;Mr{m) +16 Rklnu{m)RQMu;r(™)

+16 Rk,MRp»«r{m))ykyhyW+i/7 ! (-10 RkMi mrs(m)
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+ 34 Rkihu;Pq(m)Rrjsu(m) + 34 Rkjhu;pq{m)Rri8U(m)

+ 55 Rkihu',p(tn)RQJrui9(m) - 16 Rkίhu(m)Rpjqυ(m)Rrusv{m))

x y k y h y p y Q y r y s + o (| | 6 )

PROOF. Let Ί(t) = (<Λ) be a geodesic with the initial point m and the initial

direction ctd/dy1 such that rY{l)=y. Then Jt(ί) = ί/Z d/dyl{V(t)) is a Jacobi

field along γ which satisfies J4( 0 ) = 0, •/;( 0 ) = 1// a/3yf(m). Put j\t)=9(Jt{t)> Jj(t))>

then ^0(3/) =/(/) and we get (3.1) from the Taylor expansion of /(/) and using

the Jacobi equation Vγα)Vγα)<ΛM+#(ΫM> Ji(t))Ί[t) = 0 .

COROLLARY 3.2.

(3. 2) g** = 8^ + 1/3 i ? , i Λ ί ( ^ ) ^ V + 1/3 !

+ 1/5 ! (6 Rkihiιpq(m) + 8 i ? , ί Λ « H ^

COROLLARY 3.3.

(3. 3) Tc

ab = - l/3(i?,αδc(m) + ΛWαc(m))y* - 1/3 !

- 1/5 ! [6{Rkabc]hι{m) + i? A δ α c ; Λ Z (m))

- Rlcahbnci™) + Rkbhc>,al{in) + Rkbhcn

+ Rjcahcub(m)) ~ 8{Rkahu(m)Rbclu{m)

+ 32/3 i ? Λ c i M M ( i ? f c α δ M ( m ) + i? f c δ α.(

Proof of Corollary 3. 2 is direct, and (3. 3) comes from Tc

ab = 1/2 gcd{daghc-\-dbgca

-9 c #αδ)> (3.1), (3.2), and Bianchi's identity (2.1). N e x t we shall find the

formula for c0 = (det gi3)~lfi. First from det ^ 0 = ]Γ) ^ l i 2 . . . i n Π ̂ α ί α and

(ϊ,ϊ.'-?>*.
(3.1), we have

LEMMA 3. 4. /n normal coordinate neighborhood,

(3.4) det gιi = 1 + A + B + C+ D + E + o(\ |β)

A = - 1/3 ρkh{m)yky\

B=-l/3|.ft»!,(mb^y',

C = 1/4! ( - 6/5 pkh;pa{m) + 4/3 ρkh{m)Ppq{m) - A/15 RkuU™)RpmM))ykyhyvyq,
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D = 1/5 ! 4 / 3 ( - ρkh;PQr{m) + 5 pkh{m)ppq,r{m) ~ Rkunv{

E = 1/6 ! {- 10/7 pkh.,mrs{m) + 12 pkh(m)Ppq;rs{m) - 16/7 Rkuhv{m)Rpu<>*Λm)

+ 10 pklι;p{m)pqr;s{m) - 15/7 Rkuhv;p{m)Rqurυ;s{m) - 40/9 pkh[m)ρpq(m)prs{m)

+ 8/3 pkn{m)Rpuqv{m)Rrusv{m)

- 32/63 ^rt.ίmli?,,,,^)]?™,,^))//

Thus from the formula /(#) = (l+x)-1/4 = 1-1/4 #+5/32 x2-15/128 x ' +
we have

L E M M A 3.5.

(3. 5) c0 = 1 + 1/12 pkh(m)ykyh + l ^ ^ M ^ V + 1 / 4 ! (3/10Pkh.,PQ(m)

+ 1/12 /vM/Um) + 1/15 Λw.W^Ml/Λy

+ 1/5 ! (1/3 ρkh;pqr{m) + 5/12 ftftH/>pα;r(m) + l/3 RkuU™)RP«QV; rW

X / Λ V y + 1/6 ! {5/14 ftft:parsM + 3/4 pkh(m)pM.,rs(m)

+ 4/7 Λ*«»,(»ί)2?piια,,r,M + 5/8 ρkh;v[m)pqτu{m) + 15/28 i?4uΛt) ; p(m)

x RQurv.,(m) + 5/72 pkh{m)ppq{m)pτs{m) + 1/6 pkh(m)Rpuqv(m)Rrusv{m)

+ 8/63 Λ*,Λ,(ffi)Λp,β.(f»)Λ r,.1,M}y^Vyy + o(| | β ) .

COROLLARY 3.6.

(3.6) Co"1 = 1 - 1/12 pkh(m)y«y» - 1/24 pkh.,p(m)y"yhy" - 1/4 1 (3/10 Pkhxpq{m)

-1/12 pkh(m)pM(m) +1/15 RkuhM)Rpmλm)}ykyhypyQ + o(\ I 4 ).

2°. Next we put Δc 0 = χ+χty
ι+x^y1+χisky

iyiyk+χ0kh,yιy1ykyh+o( I 14)
and represent u3(m) in terms of x, x,, x(j, xtjk and xιlkh. Firstly we have

1/6 x pJ

+1/12 Λt ftsM +1/8 x p^MWy'y* + {i/5{χι)th

+ 1/18 xi} pkh[m) + 1/16 x, p,Kh[tn)) + 1/5 ! #{6/5 ftiiM

+ 2/9 Pι}{m)pkh{m) + 4/15 i? ί M i ! ,Hi? t B f t ι (m)}yy^y + o

Secondly we shall calculate c2 = c0 f -^f^Φ-dt. Since Δc, =
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i, by (2. 2), (2. 3), (3. 2), (3. 3) and (3. 7) we get

(3.8) c2 = 1/6(2 Xaa. + 1/3 xτ[m)) + 1/12 {2{xaaι + xaia + xiaa)

+ 1/6 xt τ(ι») - aw>βl(f») + 1/2 xτ ; i(m)} y + [l/10(α:αoy + xaιa}

+ Xaila, + Xioa) + Xiaja + Xt)aa) + 1/20(1/9 Xι} τ(m) + 7/18 XaaRl}(
m)

i + xιa)ρa}{m) + 10/9xuυRiujv{m)} + 1/20(1/4 X{r.,,(m)

ptf;a{m) - ριa;}{m)}} + 1/5 ! x{3/5(3r.u(m) + ptiiβa(m))

+ 1/2 τ[m)pti[m) - 26/45 ρiu{m)Pju{iu) + 8/45 puv{m)RiuS»W

+ 2/5 RMc(m)Rjabc(m)}]yιyi + o (| | 2 ) .

L E M M A 3.7.

(3. 9) «,(m) = 2/15(JCU» + X**Λ + Xau*) + 1/30(1/2 xaaτ(m)

- 2/3 Xahpab{m)) + 1/360 xaτ-,a{m) + 1/5 ! #(8/5 Δ T

+ 1/3 T 2 - 4 / 1 5 | / > | 2 + 4 / 1 5 \ R \ 2 ) .

PROOF. This follows from u3(m) = ct( 0) = 1/3 Δ c j ( 0 ) and (3.8).

4. Calculation of α3 ( 2 ) . 1°. By (3.7), to get the formula for

a3 it suffices to represent x, xp xi}, xι}kh in terms of curvatures of M. Since

Δ c o = 5 α i 3»3^β-^β*ΓS»3etfβ» we first calculate ^ α i a 4 a Λ . By (3.5), (2.3), (3.2)

etc., we have

(4.1) g"%daco = 1/6 τ(m) + 1/6 τ ; i (m)y + 1/4 ! (9/5 rH1{m)

+ 3/5piisuu(m) + 1/3 r{m)Pij(m) + 28/15 ρ(u{m)Pίu(m)

+ 2/5 fi,,(m)Λwί,(m) + 2/5 i ? i I t ™ M i ? , O T W M ) y y

o/ orίίer 3) + 1/6 ! [5/7{2(τ10sf t(m) + pιutiukh{m)

him) + pia;}khu(m)) + (pi};uukh(m) + pWumh{™) + Pa; «*»«(»»)

) + Pi};mhu{m) +pi}MUU{m))} + 3/2 {τ{m)pu;kh{m)

+ 3 Pu{m)τ.,kh{m)+pij{m)pkh.,uu{m)+2 pt*{m){pJlauh(m)+ptKhu{m))

+ 4 PiJnήpuy^nim)} + 2 / 7 ( 2 5 />OT(m)i?wwtf t(m)

+ 4 Rlu}v{m)RkuhKww{m) + 8
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+ Riukw kvim) + RjujcwwimV + Riujvim)^! puv,kh{m) + 21 ρkh,Uv{m)

+ 26pku]υh{m) + 42 ρkU;hv{m)} + 5{r.}i{m)pjk;h(m) + /v,M(m)fw(w)

+ / V j M f w M ) + 5/4 piytu(m)pkh,u{m)

+ 15/7{23/3 Riujv>k{m)puv;h{m) + 22/3 i? i W f c Mp Λ M ; i ) (m)

+ 1/2 Riujv,w(m)Rkuhv.w(m) + i? i M w ; j (m)( i? A M ^ ; Λ (m) + RklΰWl;h{m)

+ 2i?^ ; υ(m))} + {5/12 r{m)pi5{m)pkh{m)

+ 14/3 piλm)pku{rn)Phu{rn)} + {piAm)puv{m)Rkuhv{m)

+ 20/3 p i wMp j υ(ra)i? f c t i Λ υ(m)} + {1/3 τ(m)i?W l )(m)i? i w j υ(m)

+ 104/21 piU{m)Ruυjw{m)Rkvhw{m)

+ 184/21 pUv{m)Riujw(m)Rkvhw{m)+ 2/3 p i ^

+ i?Λw,™M)} + 8/21 Rίujv{m) {Rkwhx{m)Ruwυχ{m)

Secondly, by (3. 2), (3. 3), (2. 3) etc., we get

(4. 2) #αδΓ£δ3cc0 = 1/9 pMpjuHyψ + (term o/ o r ^ r 3)

+ 1/6 ! [{36 piu{m)pOU;kh{m) - 3 piu{m)pjk;uh(m)

+ 9 piu{m)pjk;hu{m)} + {30 p i M ; j(m)pA M ; Λ(m) + 10 pi

- 5/2 ρίr,u{m)pkh.,u{m)} + {20/3 piu{m)pju(m)pkh{m)

+ 4 6 / 3 p i ί ί(m)/) j ? ;(m)i?A : M Λ ί J(

LEMMA 4 . 1 . #, ^ α:f j ? j : ί J A : Λ ^r^ ^ ^ w <25 follows :

(4.3) ί=l/6.τH,

(4. 4) ^ = 1/6 τ ; t M ,

(4. 5) xi5 = 1/5 ! {9τ;ij(m) + 3 pίj;uu{m) + 5/3 τ[m)pi5{m) - 4pίu(m)pju(m)

+ 2 puv{m)Riu}υ{m) + 2RiUΌW{m)Rjuυw{m)},

(4. 6) w = 1/6 ! (® + © + ® + ® ) ,

where
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5/7{2{τHJkh(m) + piu jukhim) + PiuMκuκ{m) + PmHc

= 3/2(τ{m)piJ;kh(m) + 3 pi3{m)r]kh{m) + piS(m)ρkh%vu(m))

6piu(m){pjk;uh{m)-pjk;hu(m

4 RiUjv{rn)Rkuhv,ww{m) + 8

4- 21 ρkh;uv{m) + 26 ρkuΆ
m) + 4 2 P*«;/^M

(D = 5{τ;i(m)/>jA:;Λ(m) - ρtj;u(m)ptu;h[in) - 5 piu j

+ 15/4 fti;«Mft*;«H + 15/7(23/3 tf^^

+ 22/3 Riu5vAm)phu',v{rn) + 1/2 RίUiv;w(m)

= {5/12 τ{m)ptj(m)pkh{m) - 2ρίu{m)pju{m)pkfι(m)

+ Pίi{™>)puv{m)Rjcuhv{m) - 26/3 piuWpi^nύR^m)

+ 1/3 τ(m)i?ittjϊ)(m)i?AMΛυ(m)} + {-232/21 piu{m)Ruvjw{m)Rkυhw{™)

+ 184/21ft w (m)iί t l ι ^(m)i? W A w H + 2/3piJ(m)Rkuυw(m){Rfιuυw{m)

+ Λ Λ W « H ) } + 8 / 2 1 i? iMi,

x (Rhxυw(m) - i?Λw?Xϋ(m))} .

2.° Next we shall calucυlate #ααδδ + £αδαδ + #αόδα from (4.6). With full use of
(2.1)—(2.7) we have

*ααδδ + *αδαδ + ^αδδα = 1/6 {®' + © ' + ® ' + ®'} ,

where φ ' comes from the corresponding © in Lemma 4.1, i = 1, 2, 3, 4.

® ' = div Xι(m), for some vector field Xx,

© ' = 9 r(m)Ar(m) - 8 7 / 7 pab{m)r;ab(m) + 51/7 pab(m)Pab;cc(m)

- 174/7 pab{m)pbc(m)pac{m) + 174/7 pab{m)pcd(m)Racb(1(m)

+ 36/7 Rabcd{m)Rabca;uu(m) + 48Rabcd{m)pac;b.d{m)

+ 48/7 puvHRuabc{m)Rvabc(m) - 192/7 RabcdHRaucvHRbudv(m)
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®'

®'

Thus

+ 96/7 Rabei{m)Raucv{m)R

= 5 |Vτ|2(m) +195/7 |V/>|

= 5/12 τ3(m) +1/6 τ{m) \p

- 82/21 pab(m)pac(m)pbc(m

- 80/21 Rabca{m)Rauev{m)

we have

T.SAKAI

2 M - 3 3 0 / 7 pab-c{m)pa

| 2 (m) + 3/2 τ(m) \R\*(

ή + 34/7 puv(m)Ruabc(n

(Rbuav(m) + RivtuW).

) +135/14

(4.7) xaabb + xalah + xabia = 1/6 ! [{9 τ(m) Δ τ(m) - 87/7 />oS(w)τ;o6(w)

+ 51/7 Ral>(m)pab.,ec(m) + 36/7 Raica{m)Rabca.nn{m)

+48Rabcd(m)Paciba(m)} + {5 |Vτ | 2 (m) +195/7 | V/t>|2(m) + 135/14 |Vi? | 2 (m

-330/7 p«Jιm)pat;)}t{m+ {5/12 τ'(m) + 1/6 τ(m) |/>|2(w)

+ 3/2 τ(m) |i?| 2(m)-604/21 pai(m)Ptt{m)PJίm)

+ 174/7 /Um)pcd(m).Rocίd(m) + 82/7 />,,(m)Λ,βJe(m)lί,β»e(»»)

- 656/21 RatJnήR^inήRtotoH + 208/21 RaUm)Ra»Cv{m)Rbυ<lu(m)} ]

+ div X^w).

for some vector field Xt on iV/.
Now by Lemma 3.7, (4.7) and formulas (2. 8)~(2.13) we have

(4.8) u3(m) = 1/6 ! [ - 54/35 | Vτ| 2 (m) - 114/35 | V / > | 2 H + 3/5 | V R\2(m)

+ 5/9 τ3(w) - 2/3 τ(m) |p|2(m) + 2/3 τ(m) |i?|2(m)

- 1076/315 p
ab
{m)p

cb
{m)

Pae
(m) + 332/105 ρ

ab
(m)

Pc<1
(m)R

acbd
{m)

+136/105 p.,MΛ,«»
e
(»ι)Λ,α».(f»)

-1312/315 RaUm)Raucv{m)Rbmv{m)

+ 416/315 RabcaHRauov{m)Rbvau(m)] + div X .

for some vector field X. Finally we get

THEOREM 4. 2. a3 = I w3 ίfV is represented as follows :
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(4.9) Λ8 = 1 / 6 ! [ {-142/63 | V τ | 2 - 2 6 / 6 3 | V / > | 2 - l / 9 | V i ? | 2 + 5/9τ3

- 2/3 T I p 12 + 2/3 r I i? 12 - 4/7 p β V/> β c + 20/63 pabpcdRacbd

- 8 / 6 3 P

uvRu

abcRvabc + 8/21 i?αδcdi?αδ

M»i?cdM1,} JV\

PROOF. This formula follows from (4. 8), (2.14), (2.15) and Green's theorem.

Remark to Theorem 4. 2. If dim M = 2, we have

α2 = 1/60 I τ2 dV, a3 = 2/7\ [ { - 9 | V τ | 2 + 4 τ3} dV.

For case of dim M = 3, see Remark to Theorem 5. 3.

5. Applications. First we shall prove a result which is essentially due to
Berger ([1]).

THEOREM 5.1. Let M, M' be compact connected orientable Einstein

manifolds such that Sp[M, g) = Sp(M', g) holds. Then M is of constant

sectional curvature k if and only if M' is oj constant sectional curvature k.

PROOF. In Einsteinian case formulas (1.6), (1.7), (1.8) and (4. 9) take the

form

(5.1) ao = vol M ,

(5.2) a, = 1/6 T vol M ,

where T is the conatant scalar curvature.

(5. 3) a2 = 1/360(5 - 2/d) τ2 vol M + 1/180 f | R \2 dV,

(5. 4) a3 = 1/6 ! (5/9-2/3 1/d - 16/63 1/d2) τ3 vol M

+ 1/6 ! ( 2 / 3 - 8/63- 1/d) r f | i ? | 2 dV

+ 1/5 ! -4/63 f RabcdRab

uυRcauvdV- 1/6 ! 1/9f | V R \ 2 dV.

Thus from the assumption of the theorem, we have

dim M = dim M = d, volM = vol M\ τ = τ, [ \R\* dV = [ \R'\* dV.
Jit " M>
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Now suppose that M is of constant curvature k. Then \R\2 = 2/{d—l) \ρ\

= 2/{d(d-l)} τ 2 holds. ( [1] proposition 2. 2) Thus we have

ί \R'\* dV= ί \R\
JM> JM

τ2 dV .

On the other hand \R'\2^2/{d(d-l)} τ2 holds and from the above equality we

get IR'\2 = 2/[d(d-l)} τ'2 = 2/(d-1) \p \2, and M' must be of constant curvature.

([ 1 ]. proposition 2.2) This constant curvature is k because T = T holds.

COROLLARY 5. 2. Under the same assumption as Theorem 5.1, M is a

sphere {respectively, a real projective space) of constant curvature 1 if and

only if M' is so.

PROOF. If M is a sphere (respectively, a real projective space) of constant

sectional curvature 1, then under the assumption of Theorem 5.1, M' is of constant

sectional curvature 1 and vol M = v o l *Sd(respectively, vol RPd). Thus M' must

be a sphere (respectively, RPd).

REMARK. With respect to the corollary, M. Obata ([2]) has already obtained

a better result which states that, if compact connected orientable Einsteinian M

of dim M—d has the first non-zero eigen-value λi = — d and M is of constant

scalar curvature 1, then M is isometric with a unit sphere. Thus the assumption

on eigen-values of Δ is considerably weaker than that of Corollary 4. 2, however he

assumed that dim M—d and scalar curvature of M is 1. Thus it seems natural

to consider the Einsteinian case in the following situation.

THEOREM 5. 3. Let M, M' be compact connected orientable Einsteinian

manifolds. We assume that Sρ(M, g) = Sρ(M', g) and \ RabcpRab

uvRcduvdV

= f R'abcdR'ah

uvR'cduvdV' hold good. Then M is locally symmetric if and
u'

only if M' is locally symmetric.

PROOF. From the assumption we have easily I | V R\2 dV = J | V' i? ' | 2 dV.

REMARK. For three dimensional case we get the following:

M'
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Let M, M.' be compact orientable Riemannian manifolds of constant scalar

curvature with dimM=3. If Sρ{M, g) = Sρ(M', g) and \ pabρa

cρbc dV

= / Pabpacpbc dV hold, then (M, g) is locally symmetric if and only if

(M\ g) is locally symmetric.

PROOF. In case of dim Λf = 3, following equalities hold good.

(5.5) Ri5kl = (gikpn + gHpik) - (gupjk + g5kpu) - τ/2(gikgn - gugjk),

(5. 6) RabcdRaΓRcdUv = - 8 p a b P a c p b c + 1 2 r \P\
2 - 3 τ 3 ,

(5. 7) p™Ru

abcRυabc = - 2/>αVαCp6c + 4 r | p | 2 - τ 3 ,

(5. 8) pabpcdRabcd = - 2 />αV/>*c + 5/2T | p | 2 - 1/2 τ 3 ,

(5.9) | i ? | 2 = 4 | / > | 2 - τ 2 ,

(5.10) | V i ? | 2 = 4 \Vp\2- | V τ | 2 .

Thus if M is a 3-dimensional compact orientable Riemannian manifold, we have

(5.11) a2 = 1/120 [ {r2 + 2 | p | 2 ] dV,

(5.12) Λs = l / 6 ! ί {— 15/7 | V τ | 2 - 6 / 7 | V p | 2 ~ 9/7 τ 3 + 48/7 r |/>|2

- 4 pabpa

c

Pbc}dV.

Let M, iW be of constant scalar curvature and have the same spectrum. If

f Pabpacpbc dV= [ ρabpa

cpbc dV hold, we have from (1.6), (1.7), (5.11) and (5.12)

(5.13) 1/4 ί \ V R \ 2 d V = [ | V p\2 dV = [ \ V p[\% dV*

= 1/4 Γ IV'Λ'I 1 dV'.

In case of six dimension we have

THEOREM 5.4. Let M, M be compact connected orientable Einstein
manifolds with dim M = 6. We denote the Euler characteristic of M by X(M).
Now we assume that X{M) = X(M') and Sρ(M, g) = Sρ(M\ g) hold good.
Then M is locally symmetric if and only if M' is locally symmetric.
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PROOF. First we shall give the following lemma:

LEMMA 5.5. Let M be a 6-dimensinal compact orientable Riemannίan
manifold. Then X(M) is given as follows:

(5.14) X(M) = 1/{384 τr3} f {τ3 - 1 2 τ | p | 2 + 3 r \ R \ 2 + 16 pabpa

cpbc

+ 24 pabpcdRacbd-24 p™Ru

abcRvabc-8 RabcdRa

u

c*Rbvdu

+ 2RabcdRab

uvRcduv]

PROOF of Lemma 5.5. This is an explicit representation by contractin of
Chern's integrand of well-known Gauss-Bonnet formula

(5.15) τr3 3 ! J ^ii iβ^i Jβ^iiί2Jj^i ίίJii^ί5ίβJ5Jβ

referred to orthonormal frames.

When M (dim M=6) is Einsteinian, (5.15) takes the form

(5.16) X(M) = l/{384 τr3} f {1/9 τ 3 - r | i ? | 2 - 8i? α δ c d i? α V^ d M

+ 2RabcpRab

uυRcduυ] dV

= (-l)/{384 r̂3} f {2 | V i? | 2 - 6 RahcdRab

uvRcduv - 1/9

+ 5/3 T |i?|2} dV

by (2.15). Thus from the assumption of the theorem we have

f {7 IV R12 - 24 i?αδcdi?αδ-i?cdMΪJ

= [ {7 | V ' Λ Ί l - 2 4 Λ / β l e ί Λ V

f {IV R12 - 3 RabcdRaΓRcduυ} dV

= [ {\VR'\2-SR'abcdR'ab

uvR'cduυ} dV

and consequently / | V R\2 dV = f | V' i?Ί 2 rfF .
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