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1. Introduction. Let (M, g) be a compact connected orientable Riemannian
manifold with fundamental tensor g, and A be the Laplace-Bertrami operator
acting on differentiable functions of M, that is,

(1.1) A Sf=9" N VS

where V; denotes the covariant differentiation \;/.; with respect to the Levi-Civita
connection. Let Sp(M, g)= {0=No >N =+++=AN >Ny, =-+-} be the set of eigen-
values of /\, where each eigen-value is written as many times as its multiplicity.
Now there is an interesting problem: how the eigen-values of A\ determine the
structure of (M, g)? M. Berger has given a differential geometric approach to this
problem. He used a formula of Minakshisandaram:

(1.2) Z e~ (1/4 = )™ Zat‘

i=0

where d = dimension M and coefficients a,’s are determined as follows. First take
the normal coordinate system (U, y') about m. We put g,;= g(d/9y!, 9/2yd).
Then we define on U,

(1.3) col y) = (det(g:)~"*%,

and for 7 >0 define inductively

(1. 4) cly) = Co(y)f #l—ﬁg};xﬂ“dt

for y € U, where ty denotes the point with normal coordinates (ty!). Especially we
have ¢,(0)=1/7 /A\c;-(0). Now we define #;: M — R by u(m)=c0), and finally

we have

*)  The author wishes to express his hearty thanks to Professor S.Tanno for some helpful
criticism of this paper. Especially, Remark to Theorem 5.3 is due to him.
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(1' 5) a; =f u; dV:
M

where dV denotes the volume element of (M, g). Berger ([1]) has calculated a,,
a,, a, in terms of curvatures of M,

(1.6) a, = volume M,
(1.7) a, = 1/6f T dV:
M
(1.8) a, = 1/360‘[ (67— 2|p|?+ 2|R|?) 4V,
M

and has given some applications. One of which states that if (M, g) is of constant
sectional curvature k, of dimension 2, 3, 4, and if Sp(M, g) = Sp(M’, g°) holds
good, then (M’,g’) must be of constant curvature k. See also [3].

In the present paper we shall calculate a; (Theorem 4.2) and give some
applications. The main result is the following: '

THEOREM. Let (M, g) and (M’', g') be compact connected orientable
Einstein manifolds with dimension M =6. We assume that X(M)=X(M') and
Sp(M, g)=Sp(M’, g°) hold where X(M) denotes the Euler charastatic of M.
Then (M, g) is locally symmetric if and only if (M’, g') is locally symmetric.

In § 2 we shall give preliminaries for later use. In §3 and § 4, we calculate a; in
terms of curvatures of M and in final § 5 we shall give applications.

2. Preliminaries. We shall give some formulas which are used in the
subsequent sections, Let (M, g) be a Riemannian manifold with Levi-Civita
connection V. Let R(X, Y) Z=Viir Z—[Vx Vr] Z be a curvature tensor of
V. We put Ry, = g(R(9/2y", 9/y’)o/oy*, 9/0y"), then p;= R%;" and = pg
are Ricci tensor and scalar curvature respectively. They satisfy following fundamental
formulas. Let; denote the covariant differentiation, and put V7= (7;;), Vp=(pu;s)>

<

VR = (Rjny). |-|* denotes the square of the length of a tensor“.

(2.1) (Bianchi’s identities)
( i ) Rmcn + Rikh.f + Rmk =0,
(ii) Rmm;z + Rilhl;lc + Rmk:n =0.

Especially we have

*)  Throughout this paper we follow the Einstein’s summation convention.
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(2.2) (i) R% 550 = Puss — Pussic »
(ii) PPa = 1/27;.
(2.3) (Ricci’s identity)

Unskd — Vnije = UaRahkj .
Now following (2.4)~(2.7) are all easily derived from (2.1).

(2.4) (i) R¥5UR yoiu = 1/2 | V R|?,
) RadeWRcbad:u = 1/2 I v RP ’
) R¥Ripugie = 1/2 | V R|?,
iv) RedewinR i =1/2 | VR|?,
)
)

Rade;uRubcd:a — 1/2 l v R | 2 s

v
vi Rade:uRubad;c — 1/4 l \v4 RIZ ,
(2.5) RadeRadcb;uu =1/2 Rameabcd;uu ’
(2.6) (i) PR, Ryepa = 1/2 PRy Ryaie »
(ll) PuvRuabchbca = - 1/2 Pu”Ruabcha,bc ’
(2 7) ( i ) RadeRabuchudv — RabcdRuuvacmw
— 1/2 RabcdRabuvRCduv s
(ll) RadeRa,uvacudu — 1/4 RabcdRabuch‘mv s
(lll) RadeRa.uvacvdu = - RadeRa,uvacudv
= - 1/4 RadeRa.buchduv ]
(lV) RabcdRacuvaduv —_ 1/2 RabcdRabuvRCduv ,
( v ) Rameaucvaduv = RadeRa,cuvaudv

= 1/2 RabedRacuvaduv
= 1/4 RabMRabm’Rcduv ’
(Vl) Rameaucvavdu = RabcaRavcuRbudv

591

=RadeRaucvaudu _ 1/4 Ra.bcdRabuchduv .

Next, following (2.8)~(2.13) are easily derived from the definition of Laplacian.

(2.8) TAT=1/2A7—| VTl

(2.9) P“b'r;ab = (Pab'r);ab —-1/4AT—1/2| V7|?,

(2.10) PPuse = 1/2 A |p1*— | V pI?,
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(2.11) RetedR ' =1/2 A |R|?*— | V R|?,
(2.12) P %Pueis = (P?0a%)i5c — (P**T)ias + /A A T +1/4] V 7|?

- PabPachc + pabPCdRa.cbd ’

(2 13) Rabodpac;bd = (Rabadpa.c);bd =+ Z(Pabpac);bc - 3/2(Pab'r);ab
—1/2 A |pI*+3/8 AT +1/4] V |2 —| V pI*—p**Pa Py
+pabPCdRacbdq-

Finally we shall give two integral formulas for compact orientable manifold M. We
denote the volume element of M by dV.

(2. 14) fR“””Ra"c”R,,ud,,dV=f (/4] 7 #°— | Vp|* +1/4| ¥ R
M M

- PabPa.chc + pabPCdRacbd + 1/2 PuvRuabchabc
- 1/4 RadeRa.bm,Rcduv} dV ’

2.15) [ R*“R2R,dV = [ (1/4] V5~ | 7 pl*+1/4] V R}
M M
- PubPachc + PabPCdRacbd + 1/2PuvRuabchabc
—1/2 R*®“R;"" R, 4un} AV .

Proof of (2.14) follows from Green’s theorem by expanding (R***°R%.).,, and
using (2.4), (2.7). Then (2.15) follows from (2.14) and (2.7) (vi).

3. Calculation of a,—(1). 1° Let me M, and (U, »') be the normal
coordinate system about 7. Then g,;= ¢g(9/2y', 9/9y’) on U can be represented
in terms of curvature tensor and its successive covariant derivatives at 2, in fact,
we get

LEMMA 3.1. In U, g¢,; may be expanded in the following way :
(3.1 9is = 85— 1/3 Rypns(m)y*y™ —1/3 | Rypns;p(m)y*y"y®
+1/5 1 (=6 Ripnsipg(m) +16/3 Riinu(m)R psqu(m))y*y"y?y?
+ 1/6 ' (_ 8 Rkihﬁ;pqr(”‘) + 16 Rkihu(m)ququ;r(m)
+ 16 Rk!hu(m)Rpiqu;r(m))ykyhypyqyr+ 1/7 ! (_ 10 Rkihi; pqn(m)
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+ 34 Rkthu;pq(m)Rr}su(m) + 34 Rk]hu;pq(m)RTtsu(m)
+ 55 Rkihu;p(m)quru;s(m) - 16 Rkihu(m)Rpfqv(m)RT‘uw<m))
X yy"y?yy Ty +o (]-1°).
PROOF. Let 7(t) = (a't) be a geodesic with the initial point 7 and the initial
direction a'©/9y* such that Y(/)=y. Then J,(t)=¢/l 9/2y'(Y(t)) is a Jacobi
field along ¥ which satisfies J;( 0)=0, J,(0)=1/1 3/3yi(m). Put f(t)=g(J(t), J;i(¢)),

then g,(v) =f() and we get (3.1) from the Taylor expansion of f{/) and using
the Jacobi equation Wi, Vi, J;(£) +R(V(t), J;(¢))¥(¢) = 0.

COROLLARY 3.2.
(3- 2) g“ =8+ 1/3 kaf(m)ykyh + 1/3 ! kaj;z(m)ykyhyl
+1/5 1 (6 Ryinsipg(m) + 8 Ripnu(m)Rysu(m))yEy™y?y? + of| - ).

COROLLARY 3. 3.
(3 3) (czb = - 1/3<Rkabc(m) + Rkbac(m))yk - 1/3 ! {(Rkabc;h(m)

+ Rusacin(m)) + 1/2(Raicnin(m) + Ryponsa(m) — Ragonse(m))}y 5"
—1/5 | [6(Reaseini(m) + Riacini(m)) + 3(— Rians;er(m)

— Reaniie(m) + Rigneiar(m) + Risnesia(m) + Reancin(m)

+ R ancin()) — 8(Reanu(m) Rociu(m) + Ripna(m) Rocru(m))
+32/3 Ructu(m)(Riasu(m) + Risau(m))] "y + o] « °) .

Proof of Corollary 3.2 is direct, and (3. 3) comes from I, =1/2 9°%(9,9sc+ 29 ca

—0cFas)s (3.1), (3.2), and Bianchi’s identity (2.1). Next we shall find the
a

formula for ¢, = (det g,;)"/*. First from det g;= > Eitae et II g... and
(i) e

(8.1), we have

LEMMA 3.4. In normal coordinate neighborhood,
(3.4) det g;=1+A+B+C+D+E+o(|-]%

where
A = —1/3 pea(m)y*y",

B = —1/3 pa; o(m)yEy™y?,
C = 1/4' (_ 6/5 th;pq(m) + 4/3 pkh<m)qu(m) - 4/15 Rku’w(m)Rpu”(m))ykyhyple 4
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D =1/514/3(— prnipar(m) + 5 pin(mm)Ppgir () — Riuno(m) R puguir(m))y*y"y?y°y" 5
E=1/61{—=10/7 pin;pers(m) + 12 ppn(m)ppg;rs(m) — 16/7 Ryuny(m)R puguirs(m)
+ 10 Pin;p(1)Pgris(m) — 15/7 Riunvip(m)Rouro;s(m) — 40/9 pin(mm)pye(m)pys(m)
+8/3 pen(m)Rpuqo(m)Rruso(m)
— 32/63 Riuno(m)R yoqu(m)Ryusu(m)}y*y"y"yyy* .

Thus from the formula f(x)= (1+x)*=1-1/4 x+5/32 2*—15/128 x*+ +--,
we have

LEMMA 3.5.

(8.5) co =1+1/12 pen(m)y*y™ + 1/24pin; o (m)y*y"y” +1/4 | (3/10pin; po(m)
+1/12 pin(m)ppg(m) + 1/15 Riuno (1) Rpugo(m))y*y"y?y*
+1/5 1 (1/3 pnspar(m) +5/12 pen(m)ppgir(m) +1/3 Riuno(m)Rpuqe; -(m))
X yEY"yPy%y" +1/6 | {5/14 Penipars(m) + 3/4 pen(m)ppgirs(m)
+ 4/7 Riuno(m)Rpuqusrs(m) +5/8 pen;p(m)Pyrss(m) + 15/28 Ryuny; 5(m)
X Ryuross(m) + 5/72 pen(m)py(m)p,s(m) +1/6 pin(m) Ryugo(m)Ryruso(m)
+8/63 Ryuns(m)Rypoqu(m)Rrweu(m)} ye"y?yy"y* + o] - |°) .

COROLLARY 3.6.
(3.6) ot =1=1/12 pu(m)yty™ — 1/24 pyp;p(m)y*y"y? —1/4 | {3/10 Prn;pe(m)
— 1/12 pin(m)pp(m) + 1/15 Riyno(m)Rpugys(m)} y*y™y?y® + of] - |4).

2. Next we put Aco=Z+L,y +Zyy"y + Ty Yy* + Tpny'y'y*y" +0(] + |*)
and represent u;(m) in terms of x, x;, x,; X5 and xj,. Firstly we bave

1
— A colty)
8.7 1= ¢ L al) dt

=z+1/2 2,y +1/3(xyy+ 1/6 x py(m))y'y’ + 1/4(x;5
+1/12 x, pylm) +1/8 = pyyii(m))y*y*y* + {1/5(L 50
+1/18 x;5 pin(m) +1/16 x; pjin(m)) +1/5 1 £{6/5 pjixn(m)
+2/9 pis(m)pen(m) + 4/15 Ryuso(m)Riuno(m)3y'y?y*y" +0 (|« 1)

1
Secondly we shall calculate ¢, = ¢, f Lf (;;f)ty)— dt. Since Ac; = 9*°9,9.c;
0 0
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—9°T%0.c1» by (2.2), (2.3), (3.2), (3.3) and (3.7) we get

(38.8) ¢, =1/6(2 Xus+ 1/3 z7(m)) + 1/12{2(Tas; + Laia + Tiaa)
+1/6 x; T(m) — Zopas(m) +1/2 a7, (M)} ¥* + [1/10(Z00s; + Lasas
+ Taja + Tiaas + Tiaja + Tijaa) + 1/20{1/9 z,; T(m) + T/18 Zoapyy(m)
— 8/9(Xa; + Tia)Pas(m) + 10/92,, Ryns(m)} + 1/20{1/4 z.7,5(m)
+ Za(1/3 pisia(m) — Piais(m))} + 1/5 | £{8/5(37;15(m) + p,j:00(m))
+1/2 7(m)py(m) — 26/45 py(m)ps.(ue) + 8/45 pyo(m)R, ;0 (m)
+2/5 Riaso(m)Rjac(m)} 1"y + 0 (|- 7).

LEmMMA 3.7.
3.9 uy(m) = 2/15(Laass + ZLapas + Lassa) + 1/30(1/2 xz07(m)
—2/3 ZayPas(m)) +1/360 x,74(m) +1/512(8/5 AT
+1/3 72 —4/15 |p|*+4/15 |R|?).

PROOF. This follows from us(m)=c,(0)=1/3 A c,(0) and (3. 8).

4. Caluculation of a;,—— (2). 1°. By (3.7), to get the formula for
a; it suffices to represent x, x;, X;;» Ty In terms of curvatures of M. Since
Aco=g® 0;0.c0— g*T40,co» we first calculate g*° 9,9,c,. By (3.5), (2.3), (3.2)
etc., we have
(4.1) g°%040uco = 1/6 7(m) +1/6 =, (m)y* +1/41 (9/5 7;,(m)
+ 3/5Pu5u(m) 4 1/3 w(m)pyy(m) + 28/15 pyu(m)p;.(m)
+2/5 pus(m)Ryuso(m) + 2/5 Ryyyu(m) Ryuns(m))y*y?
+ (term of order 3)+1/6 | [5/7{2(7;56n(™) + Pius yurn ()
+ Poassrun () + Praigenu()) + (Pigiwaren () + Pigsucan(mm) + Pug; wenu(mn)
+ Pigiraun() + Pygiruna(m) + P ijinua(m))} + 3/2{w(m)p, 1 (m)
+ 3 py(m)7ien(m) + pis(M)Penina(m) + 2 (1) (Psisun(m) + P i nu(m)
+ 4 pu(m)pusin(m)} +2/7{25 pu(m)Rujusin(m)
+ 4 Rpujn(m) Riunviion (1) + 8 Ry (1) (R juvnosicn (1) + R gz on (1)
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+ Rjuiws1o(1) + R juawson () + Rijo(m) (A1 P (1) + 21 Pienian(m)
+ 26Piuion(m) + 42 Pruino(m)} + 5(7;4(m)pjusn (1) + (1) Prasn ()
+ Puuss (M) Prasn(m)) + 5/4 pysia(m)pensu(m)
+15/7{23/3 Riyuju;e(m)puvin(m) + 22/3 Riyujois(m)Prusn(m)
+1/2 Riugoin(m) Riunosao (1) + Risos (1) (R iewvnas n (1) + Riaponin ()
+ 2Runwn(m))} + {5/12 w(m)p,;(m)pin(m)
+ 14/3 piy(m)pia(m)pau(m)} + {pis(m)Pur(1m) Ricuns(m)
+20/3 pu(m)ps(m)Riuno(m)} + {1/3 7(m) Ryuny(m) Ryugo(m)
+104/21 puu(m) Rusju(m) Rionu(m)
+184/21 pus(1) Ry juo(m) Riconuo(m2) +2/3 P15 (11) Ricuwns(172) (R v (172)
+ Ruwnu(m))} +8/21 Riyyjo(m) {Riwns(mm) Ruwvs(m)
+ 11 Ryguu(m)(Ragvu(m) — Ruwao(m))} 1y 5y ™ +0 (] - 11).

Secondly, by (3. 2), (3.3), (2.3) etc., we get

(4.2) 9%T%2:co = 1/9 pulm)pu(m)y'y? + (term of order 3)
+1/6 1 [{36 pu(m)psu;in(m) — 3 pu(m)psizun(m)
+9 pu(m)psnu(m)} + {30 Puss(m)Prusn(m) + 10 pyju(1m)pran (m)
—5/2 pigu(m)piniu(m)} + {20/3 pu(m)psu(m)pen(m)
+46/3 puu(1m)pso(m) Riuno(m) +16 puft)Run () Rionalmm)} y' 3 yEy™
o (]-1%.
LEMMA 4.1. =z, x;, X, Zyyin are given as follows:
(4. 3) x=1/6 v(m),
(4. 4) z, =1/6 7,,(m),
(4.5) Zyy = 1/5 {97;,5(m) + 3 psua(m) + 5/3 7(m)py(m) — Apu(m)psu(m)
+ 2 () Ryuso(1) + 2R s (1) R o (172)} 5
(4.6) Ty =1/61 (D +@+® + @),

where
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@ = 5/7{2(7ss5en(m) + Pouisuin (M) + Pras siun (1) + P senal7m)) + (Pysiaanen(m)
+ Pusuiun(1) + Pussuna(m) + Pusiuun(M) + Pisikun () + Pysman(m))} 5
® = 3/2(r(m)pysxn(m) + 3 pis(m)Tin(m) + pys(m)Prnsun(m))
+6p.u(m) (Psesun (1) = Pk nu(12) — 5pjuskn (1)) + 2/ {25p, (1) R s (1)
+ 4 Ryusn(m)Riunvion (M) + 8 Riuong (1) (R jusasin ()
+ Rjwmien(m) + Riuka; mo(m) + Riueuion(m)) + Riuso(1)(41 Py n(m)
+ 21 Pin(m) + 26 Pruson() + 42 Prasne(m)}
® = 5{1y(m)psn(m) — Pisiu(m)Prasn(m) — 5 prus (M) Picusn(m)}
+15/4 pisa(m)pinia(m) + 15/7{23/3 Ryusuis(m)puvin(m)
+ 22/3 Ry (M) Pruso() + 1/2° Riusosn() Riunosno(m)
+ R ) (Risssn () + Reomsn() + 2Rnrn(m)},
@ = {5/12 v(m)py;(m)pin(m) — 2pu(m)psu(m)pin(m)
+ Pis(m) Pur(m) Riuno(1m) — 26/3 pru(1m) pso 1) Riuno(mm)
+1/8 (m)Rusn(m)Reuns(m)} + {— 232/21 puu(m) Ruoso(m) Riconn(mm)
+ 184/21Pus(17) R ju 2o (1) Riconan(112) + 2/3p45(m) Ricuono (1) (R s ()
+ Ryuwou(m))} +8/21 Ry 50(m) {Riuons(m) Ryspz(m) + 11 Riygynn(m)
X (Razon(m) = Rywzn(m))} .

2. Next we shall caluculate x,.55+ Zapas -+ Lasse from (4.6). With full use of
(2.1)~(2.7) we have

xa.ubb + xﬂ.bab + xabba, = 1/6 {®' + ®' + ®’ + @,} ’
where (D) comes from the corresponding (D in Lemma 4.1, i=1, 2, 3, 4.

@ = div X,(m), for some vector field X,
@ =9 7(m)Ar(m) —87/T puy(m)Tias(m) +51/7 puy(m)Passce(m)
= 174/7 pas(m)psc(m)pac(m) + 174/T pas(m)pea(m)Racsa(m)
+ 36/7 Rapea(?)Rapcainu () + 48 Rapea (1) Paciva(mm)
+48/7 Puy(tm) Ryase (1) Roase () = 192/7 Rasea(1) Ranes() Rouar(m)
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+96/7 Rapea(m)Rauco(m) Rypau(m) »
® =5 |Vr|*(m)+195/7 | Vp|*(m)—330/7 Pas;c(m)Pacis(m)+135/14 | VR|*(m),
@ = 5/12 7(m) + 1/6 7(m) |p|*(m) + 3/2 7(m) |R|*(m)
— 82/21 pay(m)pac(m)poc(m) + 34/7 puy(m)Ruase(m) Roare(m)
—80/21 Rapea(mm)Raucs (1) (Ryuao(m) + Ryvau(m)) .

Thus we have

(4.7) Laarp + Zavas + Larsa = 1/6 | [{9 7(m) A 7(m) — 87/7 poy(m)Tas(m)
+51/7 pas(tm)Pasice(m) + 36/7 Rasca(t)Raseaun(m)
+48Rusca(M)Pacssa(m)} + {5 |V 7|*(m)+195/7 |V p|*(m)+135/14 |V R|*(m)
— 330/7 payie(m)pac:)}o(m + {5/12 w%(m) +1/6 =(m) |p|*(m)
+3/2 7(m) |R|*(m)— 604/21 pas(m)pse(m)pucim)
+ 174/7 pay(m)Pea(m) Racoa(m) + 82/7 pus(m) Ruaso(m) Ryase(m)
— 656/21 Rapca(m)Rauco(m) Rouan(m) + 208/21 Rapea(mm)Rauco () Ryvau(m)}]
+div X, (m).
for some vector field X, on M.
Now by Lemma 3.7, (4.7) and formulas (2.8)~(2.13) we have
(4.8) uy(m)=1/61[—54/35 |V =|*m)—114/35 |V p|*(m)+ 3/5 |V R|*(m)
+5/9 7(m)—2/3 w(m) |p|*(m)+2/3 7(m) |R|*(m)
—1076/315 puy(m)pes(1m)pac(m) + 332/105 pay(mm)pea(tm) Racsa(m)
+136/105 () Ryase(m) Ryaso(m)
—1312/315 Rapca(7)Rauco(m) Ryuan(m)
+ 416/315 Ripca(m)Rgyey(m) Rppgu(m)] + div X .

for some vector field X. Finally we get

THEOREM 4.2. a, = f u; AV is represented as follows :
M
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4.9 a=1/61 f {—142/63 | V|t —26/63 |Vp|*—1/9 |V R|?+5/9q
M
=2/3 7 |p|*+2/3 v |R|*—4/T p**p,*pac + 20/63 p*’p**Ricp4
—8/63 p*"R,*°R,u, +8/21 R*4R,*R, ...} dV .

PROOF. This formula follows from (4.8), (2.14), (2.15) and Green’s theorem.

Remark to Theorem 4.2. If dim M = 2, we have
a = 1/60[ ™ dV, a; = 2/7] f (=9 |Vr*+4 7} dV.
‘M M

For case of dim M = 3, see Remark to Theorem 5. 3.

5. Applications. First we shall prove a result which is essentially due to
Berger ([1]).

THEOREM 5.1. Let M, M’ be compact connected orientable Einstein
manifolds such that Sp(M, g)= Sp(M’, g') holds. Then M is of constant
sectional curvature k if and only if M’ is of constant sectional curvature k.

PROOF. In Einsteinian case formulas (1.6), (1.7), (1.8) and (4.9) take the
form

(5.1) a, =vol M,

(5.2) a,=1/6 = vol M,

where T is the conatant scalar curvature.

(5.3) a, = 1/360(5 — 2/d) 7 vol M+ 1/180 f [R|* AV,

(5.4) as=1/61(5/9—2/3-1/d — 16/63-1/d2)u-r3 vol M
+1/61(2/3—8/63-1/d) 'rj}; |IR|* AV

+1/51 -4/63 f R%R R, 0adV —1/6 1 1/9 f |V R|* dV.
M a4 M

Thus from the assumption of the theorem, we have

’

dim M = dim M =d, volM = vol M','r=-r',f IR|2dV=f |R'|* dV".
M M
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Now suppose that M is of constant curvature k. Then |R|*=2/(d—1) |p|*
=2/{d(d—1)} +* holds. ([1] proposition 2.2) Thus we have

fllR’lz dV':f IR* ‘zV:é/{d(d—l)}f = dV
=2/{d(d—1)}f,v'2 av’.

On the other hand |R'|2=2/{d(d—1)} 72 holds and from the above equality we
get |R'|*=2/{d(d—1)} v2*=2/(d—1) |p'|% and M  must be of constant curvature.
([1]. proposition 2.2) This constant curvature is %2 because 7= 7 holds.

COROLLARY 5.2. Under the same assumption as Theorem 5.1, M is a
sphere (respectively, a real projective space) of constant curvature 1 if and
only if M’ is so.

PROOF. If M is a sphere (respectively, a real projective space) of constant
sectional curvature 1, then under the assumption of Theorem 5.1, M’ is of constant
sectional curvature 1 and vol M = vol S%(respectively, vol RP%). Thus M’ must
be a sphere (respectively, RP¢?).

REMARK. With respect to the corollary, M. Obata ([ 2]) has already obtained
a better result which states that, if compact connected orientable Einsteinian M
of dim M =d has the first non-zero eigen-value A, = —d and M is of constant
scalar curvature 1, then M is isometric with a unit sphere. Thus the assumption
on eigen-values of A is considerably weaker than that of Corollary 4.2, however he
assumed that dim M =d and scalar curvature of M is 1. Thus it seems natural
to consider the Einsteinian case in the following situation.

THEOREM 5.3. Let M, M’ be compact connected orientable Einsteinian
manifolds. We assume that Sp(M, g)=SpM’, ¢') and f R¥?R %R 1., dV
M

= f R'% R’ \*'R’ ., ,.,AV" hold good. Then M is locally symmetric if and
e
only if M’ is locally symmetric.

PROOF. From the assumption we have easilyf |[VR|*dV = f |V'R|2dV".
M

M

REMARK. For three dimensional case we get the following :
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Let M, M’ be compact orientable Riemannian manifolds of constant scalar
curvature with dimM=3. If Sp(M, g)=Sp(M’, g') and f P papy. AV
u
=f PP 0. AV’ hold, then (M, g) is locally symmetric if and only if
(M':u 'g') is locally symmetric.
PROOF. In case of dim M = 3, following equalities hold good.

(5.5) Rijie = (G + 9iuPue) = (GuPsic + GsePu) = 7/2(9 0G5 — 9ugsi) »
(5.6) R¥R R gy = —8 pPpuipye+ 12 7 |p|* — 37,

(6.7) PR Roare = — 2p*Papoc + 4 7 [p* =7,

(5.8) PP Rasea = — 2 p¥pa’prc +5/2 7 |p|*—1/2 7,

5.9 IRI'=4 |pl'—,

(5. 10) IVR]* =4 |Vp|*— |V |

Thus if M is a 3-dimensional compact orientable Riemannian manifold, we have
(5. 11) ag=l/120f @ +2 |plY av,
M
612 @ =1/61 [ (=15/71Vel* =6/ |V p|?=9/T 5 + 48/ |p|*
M

—4 p¥p, pyc} AV .
Let M, M be of constant scalar curvature and have the same spectrum. If

f P PaPoe dV:f P*0p"s. AV’ hold, we have from (1.6), (1.7), (5.11) and (5.12)
P4 M

(5.13) 1/4f |VR|2dV=f IVplde=f [V p'|*dV’
M M M

= 1/4f |V'R|* dV’.
"
In case of six dimension we have

THEOREM 5.4. Let M, M be compact connected orientable Einstein
manifolds with dim M =6. We denote the Euler characteristic of M by X(M).
Now we assume that X(M)=X(M') and Sp(M, g)=Sp(M’', g’) hold good.
Then M is locally symmetric if and only if M’ is locally symmetric.
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PROOF. First we shall give the following lemma :

LEMMA 5.5. Let M be a 6-dimensinal compact orientable Riemannian
manifold. Then X(M) is given as follows:

(5.14) X(M) = 1/{384-7z3}f {r* =127 |p|*+ 3 7 |R|*+ 16 p®®p,°ps,
M
+ 24 PabPCdRacbd — 24 'ouv-‘Ruabchbc —8 RabcdRaucvaMu
+ 2R¥R;** R gun} AV .

PROOF of Lemma 5.5. This is an explicit representation by contractin of
Chern’s integrand of well-known Gauss-Bonnet formula

1
(5' 15) X(M) = 29 ”3 3 | f eil" 'iaeh“'jaRiliafxJ:Riliathisiahh dV .
i M

referred to orthonormal frames.

When M (dim M =6) is Einsteinian, (5.15) takes the form

(5. 16) X(M) = 1/{384 %) f {1/9 B—r |R|*— 8RR "R,
+2R“”c”Ra,,"wam,} av
= (~1/884 7} [ (2 |V RI*~6 R¥Ry " Rogs = 1/9 7
+5/3 v |R|%} :llV

by (2.15). Thus from the assumption of the theorem we have
[ @19 R~ 24 ReveoR R 0} AV
M
=f {7 |V'R'|?—24 RR ,*'"R .4} AV’
w
f {IV R|*—3 R*®R,;*R.4,,} AV
x

= [ UV RI =3 RO“R R ) AV
.

and consequentlyf |V R|? dV=f |V 'R | V.

M M
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