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On the basis of the sf exchange model and by the method of Green functions, a many-
body theoretical formulation is given to the problem of exchange enhancement of electronic
specific heat in a ferromagnetic metal. By introducing the spin wave description of localized
spins, the sf Hamiltonian is reduced to a form similar to the coupled electron-phonon system,
and Dyson equations are solved by the Migdal approximation. For the same reason as is
known in the electron-phonon case, we expect, independently of the detail of the model, the
exchange enhancement of electronic specific heat may amount to hundred percents.

§ 1. Introduction

As is well known by now, the thermal mass 7, of the conduction electron
in a metal is enhanced by the coupling with phonons as mz,=m,"(1+2,), where
m,. is the band theoretical value and the order of magnitude of 2, is between
0.1 and 1. In analogy with this phonon enhancement, one may expect a similar
enhancement arising from the coupling with magnons in a magnetically ordered
metal.

For instance, in comparison with Cu, Phillips and Mattheiss® suggested a
rather large mass enhancement in Ni. The electron-magnon interaction in tran-
sition metals may be studied theoretically by assuming a contact interaction
potential between d electrons and applying the simple ladder approximation to
the spin wave mode of collective motion. Along this line, Berk and Schrieffer,?
and Doniach and Engelsberg® have pointed out that even the specific heat of
a paramagnetic system can be enhanced by the critical spin fluctuation if the
system is near a magnetic ordering point. From the many-body theoretical point
of view, however, the consistency of the calculation is still open to question.®

The exchange enhancement of electronic specific heat can be investigated
also by the so-called sd (or sf) exchange model, in which conduction electrons
are interacting with the system of localized spins through an exchange type
coupling. When the system of localized spins is in some ordered state, the

* Part of this work has been done at Theoretical Physics Institute, University of Alberta,
Edmonton, Canada.
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24 S. Nakajima

exchange scattering of the conduction electron may be described as emission
and absorption of magnons. Its analogy with the electron-phonon case was
clearly noticed by Kondo® when he showed that the anomalous 7-linear specific
heat of Cu+Mn alloys may be accounted for as the exchange enhancement of
the electronic part. He obtained 2, =m," (1} 4,,), where the enhancement factor
An 1s of the order of unity, depending neither on the magnitude of the sd ex-
change integral, nor on the impurity concentration. This is rather surprising
and may even be doubtful from the naive perturbational point of view. It is
the motivation of the present paper to justify Kondo’s idea by a more systematic
method of many-body theory.

For this purpose, however, it is more convenient to consider a regular
lattice of localized spins, e.g. a magnetic rare earth metal in which magnetic
electrons are in the well-localized f shells. At present, the analysis of specific
heat data of rare earth metals is not conclusive, because one has to single out
the electronic part from the observed low. temperature specific heat which also
contains phonon, nuclear and magnon parts.” Although there are some indica-
tions of large electronic specific heat of magnetic rare earth metals in comparison
with La or Lu, we still have to await further experimental studies. Theoretically,
on the basis of his own proposal for the band structure, Kasuya” mentioned
the value 2,,~0.2 for Gd, together with the second order perturbational expres-
sion (m,/m,*) =[1-1,—2,]"". This expression should actually be replaced by
(n,/mS) = (1+24,+2,) which holds even for 2,+2,~1. Furthermore, to carry
out really a quantitative calculation of 2,, the following three items should be
available : The band structure calculation, which already exists, for instance, for
Gd,” the sf exchange integral J, which has been discussed from the single OPW
point of view,” and the magnon dispersion curve, which will be supplied from
neutron experiment. At present, the information is incomplete and it is not
feasible to carry out such quantitative calculations as have been done for 1, of
simple metals.'® v

In view of this circumstance, we shall restrict ourselves to the many-body
theoretical formulation of the problem. We start with the usual s/ Hamiltonian'

H=3%¢&, ¢;;¢Jp~i‘ >3 [J(q) ]exp(wzq-ﬁr{i) Si-p o . (1-D
» i=lg=p-p'L V
Here ¢, is the two-component spinor which destructs the conduction electron
with crystal momentum p (where we take the extended zone scheme and #=1)
and the energy &, measured from the chemical potential /2 (which we identify
with the usual Fermi energy by measuring # from the bottom of the conduction
band), ¢ is the Pauli vector matrix operating on the spinor, V is the normali-
zation volume, and §; are spin operators localized at lattice sites R;. Strictly
speaking, we should write the sf exchange integral as J(p, p’) and also allow
for Umklapp processes, The electron-phonon coupling ignored in (1-1) will
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On Electronic Specific Fleat of Ferromagnetic Rare Farth Metals 25

make additive contribution to the specific heat enhancement. Fermi liquid effect
arising from the Coulomb interaction among conduction electrons is also ignored ;
the sf exchange coupling may be enhanced by the Coulomb interaction. We
shall not enter into all these details. As we shall see below, they do not quali-
tatively affect the essential feature of Kondo’s idea that 4, ~1.

This can be seen by casting (1-1) into a form similar to the coupled .

electron-phonon system. For this purpose, we introduce the magnetic ordering
from the outset and describe the system of localized spins by the spin wave
approximation, To present the formalism neatly, we assume the ferromagnetic
ordering (e.g. Gd). Thus

S, *(91;)< 2,1 S2), (1-2)

e

]:‘S"L'ﬂ} 5 ;Svjy] = Z‘k Y(‘)‘L] s (1 ° :'))

where the magnitude S of the localized spin should not be too small. The
first term on the right of (1-2), when inserted into (1-1), causes a uniform
spin polarization of conduction electrons. The second term, when inserted into
(1-1) and averaged over the uniformly polarized state of electrons, gives the
“unperturbed ” magnon Hamiltonian which corresponds to the free phonon
Hamiltonian of the electron-phonon system. Throughout the present paper, we
assume the weak coupling, i.e. a small value of nJN(0), where n is the atomic
density and N(0) is the density of one-electron states at the Fermi surface in
the absence of the sf coupling. The unperturbed magnon energy is then given

by
wo=21SJ*(0) N(0). (1-4)

According to the APW calculation of Dimmock and Freeman® for Gd, #=0.25 Ry,
N(0) =09 electrons per atom per spin per eV, and nJ(0) =0.08 eV, so that
(wo/10) is of the order of 1077

We then introduce the transverse part, i.e. the part of (1-1) which con-
tains 0,, 0, and describes the emission and absorption of the magron by the
conduction electron. We cannot regard this transverse part as perturbation,
since it is proportional to w,"*
of electron-phonon coupling, which Migdal™ has solved by the method of Green
functions. In §3, we shall see that the Migdal approximation can be applied
also to our present problem. In the terminology of Green functions, the effects
of the transverse part are classified as the electron self-energy 2, the magnon
self-energy 71 and the renormalized electron-magnon vertex /. The Migdal ap-

The situation is quite similar in the prcblem

proximation means the expansion of this /" into powers of (w,/4#). As far as
we accept the above estimate of this parameter, we need only to retain the
lowest order term, i.e. the bare coupling. Then the Dyson equations can be
solved to determine & and II. '
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26 S. Nakajima

In analogy with the electron-phonon case and as we shall indeed see in § 5,
the electron self-energy 2 at zero temperature, when regarded as a function of
excitation energy ¢ (measured from z), is appreciable only when |¢]<<w,. Here
0, is the maximum magnon energy and, at most, of the same order of magnitude
as w, which is the self-interaction energy of the localized spin. That X'(¢) is
appreciable only for |e¢]=w,, does not depend on the detail of the model, because
it physically means that the magnon system cannot respond to the time varia-
tion of the electron system faster than ,. It leads to two important conse-
quences.

First, as will be discussed in § 4, the magnon sell-energy /T may be calculated
with use of the spin polarization function of unperturbed electrons,” and thus
leads to the same magnon dispersion curve as given by the traditional formalism.™

Secondly, since J itself is of the order of w, we get the so-called wave
function renormalization factor as 7 '= (1—02/0¢) ~2. By the use of the gen-
eral argument given by Luttinger and Ward,”” the low temperature entropy of
our system can be expressed in terms of X and IT at zero temperature (§6),
and we thus see that Z7'~2 implies 1,~1. This is the most important con-
clusion we obtain without going into the detail of the model.

§ 2. Reduction of the Hamiltionian

As has been outlined in § 1, we insert the spin wave approximation (1-2)
into our Hamiltonian (1-1). The first term on the right of (1-2) then gives
the effective field acting on the spin of the conduction electron. Including this

field, we write the Hamiltonian of the “free” electron system as
H,=2 05 (Ep—710) {p, (2-1)
F3

7 =nSJ(0), (2-2)
where n= (N/V) is the atomic density. In the ground state of this Hamiltonian,
the electron system has a uniform spin polarization and we have two Fermi
surfaces in momentum space. In our weak coupling limit, J(0)N(0)<1, the
spin polarization is given by the usual Pauli formula:

& 05 0. o= 2N (). 2-3)
»

Note that the distance between the two Fermi surfaces is of the order of

dp= (2y/v), 2-49
where v is a certain average electron velocity at the Fermi surface of the
unpolarized system.

The second term on the right of (1-2), when inserted into (1-1), gives
the longitudinal part of the sf exchange coupling.
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On Electronic Specific Heal of Ferromagnetic Rare Itarth Metals 27

Hiows =2 T 056, 0,0 320y + by,
q

1) \ ?Ivr
22020 <r : )J(q =400 pqrar (bg by -0y D) (2-5)
A VAT

Here we have introduced the destruction and creation operators of magnons by

Y k‘)v }/2‘ - -
S = [ZN} );_] (by+DLpexplig-R,),

¥ LSY 1/2‘~-‘ . i . ¥ .
[0, by ] =04y . 2-7

The magnon momentum ¢ is, of course, restricted to the reduced zone. For
qualitative purposes, we shall often replace the reduced zone by the “ Debye”
sphere 0==¢=¢m..

On the right of (2-5), we now replace the first term by its average over
the uniformly polarized ground state of (2-1). Then we get the unperturbed
magnon Hamiltonian ‘

I, =% {wy/2) (b, b0} b)), (2-8)
7 ’
where
o= (7)< 0, 903e. (2:9)
P Vv ,

Inserting (2-3), we obtain the expression (1-4) for w, In terms of Green
functions, we can actually take a more rigorous method of self-consistent sub-
traction to obtain w,, but this gives the same w, as ours-in the weak coupling
limit. The second term on the right of (2-5) describes the mutual scattering
of electron and magnon. The term, when compared with the transverse part
given below, is smaller by the spin wave theoretical factor S=!, so that we shall
entirely ignore it.
There remains the transverse part of the sf exchange coupling

]7']11‘:\11‘4: - -—-12 C/K(qv) ((/)lx’l (/)I)”’l? i)(] ;'[” g/’ltT (/}I’”’[l /) ‘f/> ‘ (2‘ 10}
gy VU
IHere
P 1/2
a(q) = [2nS17 T ,\:[*(‘13”0} 2.11)
(@) =[22517 T () N(O) (

so that

) =TI (@ /T O) ], (2-12)

220z 1snbny 0z uo 1s8nb Aq £420061/€2/1/8€/e1o1nie/did/woo dnoolwepese)/:sdpy woly pspeojumoq



28 ‘ S. Nakajima

We thus define our problem by the reduced Hamiltonian
H=H,+ Hy+ Hiygs . | (2-13)

When H,,... is regarded as perturbation, the expansion parameter is 2(g) which
is of the order of unity. The simple perturbational expansion makes no sense
at any finite order. In terms of Green functions, however, we can take a partial
sum of the perturbational series in such a way that the correction arising from
residual terms is of the relative order of (w/#)’. The method has been first
applied by Migdal to the coupled electron-phonon system, and will be described
briefly in the next section, because our problem slightly differs from the electron-
phonon case in some respects.

§3. Dyson equations and Migdal approximation

We shall formulate the Migdal approximation in terms of thermal Green

functions defined along the imaginary time axis —i:z, where the real variable ¢
runs from £=0 to £t=7T"" One-electron and one-magnon Green functions are
defined respectively by

G,(p;t—1t) =T p. &)y (¢, (3-1)
D(q;t—t)=—Tiby )by (). (3-2)

Here 7', is Wick’s z-ordering operator, { > means the average over the grand
canonical ensemble exp[ —H/T'], and

Ppo () =exp (HL) ¢poexp(—Ht), b,(&) =exp(Ht)bexp(—Ht). (3-3).

As usual, we introduce Fourier transforms by

G.(p;2) :'{:ﬁwGa(p,' en)exp(—e,r), ]
v (3-4)
D(g; ) =T 73 D(q, 0,)exp(—mut), f

where
€,=2mi(n+HT, w,=2rimT. (8-5)

Note that we have ignored Umklapp processes for simplicity, so that Green
functions are diagonal in momentum space.

If we ignore H,... in (2-13), we can easily find the explicit expressions
for (3-3) and therefore Green functions (3-2). Green functions of free electrons
and free magnons are thus

G, O(P)=[e,—&p ], (3-6)
D) =[w,—mo] 7, (8-7)

where
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On Electronic Specific Heat of Ferromagnetic Rare Earth Metals 29

Pe== (P) Gn): Q: ((I, U)m)
and

S])u' = S&p - O"'// . (3 * 8)
We may introduce I, through the perturbational expansions of G and D
into powers of F,,,., so that we can apply the usual diagram analysis. Thus,
the G, function will be represented by a full line, the G| function by a dotted

line, the D function by a wavy line, and the bare interaction «(q) by a vertex,
at which one {ull line, one dotted line and one wavy line are combined togethcr.,

B . U A T

e
Fig. 1.

In contrast to the electron-phonon case, our wavy line should also be directed.
For example, the second order corrections to Green functions are shown in
Fig. 1. It should also be noticed that, in our case, the vertex correction appears
only from the fourth order, as shown in Fig, 2.

Apart from these two points, we can apply a diagram analysis similar to
that of the electron-phonon coupling; corrections to Green functions are clas-

sified into the electron self-energy 2.(P), the magnon self-energy I7(Q) and

vertex functions 7' (P’, P) which represent the renormalization of aw(qg). We
thus obtain Dyson equations as exact relations between various functions :

G.(P) =G,O(P) + GO (P) 2 (P)G(P), (8-9)
D(Q) =D(Q) +DY(Q)II(Q) D(Q), (3-10)

Y > ’]1 1 7 > Y4 H(— 5 Y4 > M >/
3 ()=~ S a(p=p) DI =Y, PYG, (1),

Zi (I)) = - <$> ;“(P—p’)D(P—P’)]“”(P’, 1)) Gj7 (I)/), (3‘ 11)

Q) = ( g >a{(q) }I_;Gl (PYT (P, P—Q) G, (P-Q).
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30 S, Nakajiima

Vertex functions may be defined by their perturbational expansions shown in
Fig. 2. For our purpose, however, we need only to take the lowest order term,
l.e. the bare interaction a(p’—p). In fact, we can see

ey ]

10, Py=aty o ) } (3-12)
/

unless the energy-momentum iransfer O is so small that |w,]=vg. This ex-
ceptional case appears nowhere in our following calculation. Therefore we may
replace (3-11) by Migdal equations

Ty == ( D)3 (p-p) D = )G (), (313)
V)%
20y == (D)3 (p=p) D= )G (1), 3.10)

el

H@Q) =, e @36, ()G (P-0). (3-15)
yad
To see (3-12), we take the fourth order term of 7' shown in Fig. 2 and
ignore the ¢-dependence of (2-13) for simplicity. Then

5/2 T 2 . N ) )
IS P+ (,, P) = < COor ) < _ NUNTHO P” —PYDO(P” — P’
L@ =) () B DR —m e )

X G, O(P)G,O(P+P +Q—P")G,O(P)G, (P +0Q). (3-16)

Suppose that we first take the sum over ¢,”. When |¢,”| is much larger than
le,] and le,/|, the product of D functions is asymptotically equal to (g,”) "
Hence the main contribution to the sum comes from the regions where either
le,” —e,)/ | =w, or |e,” —e,|=w,. Then the product of D® functions may be re-
placed either by [wo(e, —¢e,—wo) ™" or by [we(e,—e) —we)]™" Similarly, in
taking the sum over g,”, we receive the factor (¢, —¢,) * when [g,)—¢,[>0,,
and the factor w,™* when |¢,/ —¢,|<wy. When we take the sums over p’, p”,
we should remember that D@ (Q) vanishes for g lying outside the reduced zone,
The radius of the reduced zone is of the same order of magnitude as the average
radius p, of the Fermi surface. Thus, we may estimate (3-16) as

_— 5/‘2 - R : | 1 1 2 U) ]/Z U.) 2
1(>N[ Wo } TN P L > :[ 0] < °> )
! N(0) ( ) ( T wy, U N(O) Yz

§ 4. The renormalization of the magnon energy

We now calculate the magnon self-energy (3-15). As we can anticipate
from (3-13), (3-14), the eclectron self-energy has an appreciable value of the
order of w, only when |e,/<w, In (8-15), there is no restriction about the
sum over ¢, -~ To the lowest order of (w,/s), therefore, we may replace &
functions in (3-15) by G functions. As usual, the sum over ¢, is then trans-
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On Llectronic Specific Heat of Ferromagnetic Rare Itarith Metals 31

formed into the contour integral with the use of the Fermi function f(z) =
lexp(z/T) +1]"'. We thus obtain the familiar expression for the polarization
function

Mf(sﬁp f/T)bf[<$Wi),,._ . (4!)

- Spat —Epy T Om -

Q) =

& (q) ]>»‘
vo1F

”»

The analytic continuation can be made by replacing ,, by any complex energy.
In particular, when we approach the real energy o from above, we get

(g, 0+i0") = —a’ (@ x(q, v), (4-2)
Loy ,f,fr({-‘p,_,ﬁ) AGHY) } . (4-3)

1 (g, 0) =— _ . :
27 ) : X/ » lé:])"’IT —é:pj, ‘I‘ w *J[‘ ZO-}—

As we shall see below, the damping of the magnon is small. From (3-10),
therefore, the renormalized magnon energy w(q) may be determined as the
solution of

0 —we+ 'y (g, ) =0, (4-4)

where % is the real part of (4-3). The imaginary part g”, on the other hand,
determines the damping constant by

() =" (@r” (q, o(q@). ' (4-5)

Now, in accordance with our approximation (2-3), we have
/’ 1 iy ! [ R -
20, 0) =~ V%“f (§p) =N(0), (4-6)

where the prime indicates the derivative of the Fermi function. From (1-4),
(2-12) and (4-6), we see that Eq. (4-4) has the solution w=0 for ¢=0 as it
should. This checks the consistency of our approximations made in §2 and
in the present section. For small g, we may thus expect the usual quadratic
dispersion

2
— 9 e
o) =T . (4-7)
P oM
The effective mass M of the magnon is of the order of (g.../wo) band, of course,
a tensor of second rank in general. We cannot entirely ignore the possibility
of obtaining a g-linear term in the expansion of J(q) or %'(q, »). Then we
get

o (q) =vq, (4-8)

where the magnon velocity v, is of the order of (wy/¢u..) and much smaller
than the Fermi velocity v. In all cases, we have vg>w(q). This is also true
in the short wave length region, ¢~~qu.., where w(q) must be of the order of
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32 S. Nakajima

wy.  IHence we can put =0 in %" of (1-4), so that the magnon energy is given
by

o (g) =205 J*(0) ¢ (0, 0) —J* (@)% (g, 0) . (4-9)

When vg<C/, we can introduce the expansion

Iywh b ora e
Z—J;z.: f(><ﬂj)]//><§p -t T §] > !

v (g, 0) = —
“ (a0 V pE gl

1 & ' 0 i )}l—— l‘ 7
- e ey e - (P Do) -
V #ip 71,' l )

The terms containing 7 in the curly bracket give rise to corrections of the re-
lative order of (y/#) or higher and may therefore be ignored. The same is
also true when ¢~gn.., so that 9<vg~u. In our weak coupling limit, the
magnon energy (4-9) is practically the same as given by the traditional formal-
: 11)

ism.

As for the damping, it is physically obvious that the electron cannot absorb
the low energy magnon because of the exchange splitting. The process is pro-
hibited by the energy-momentum conservation law when vg<27. The threshold
of momentum is of the order of 4p defined by (2-4):

Ap~ (J(O)YN(0)) Guas.

In fact, when g<4p, the expression
” 1 i - Ry - .
X (’}?9 0)) - v >;_.J Lf(é:pfq —" 7/) —f(ép I 77) _l 0 (é"p——q - é—;p - 2'7] + CO)
v

vanishes unless w~ 27 (~ (w,/J(O)N(0))). When ¢>4p, we can estimate (4-5)
as

7 (@) _m@((;)w(q)n (e

For g~g,.., the relative damping [7(q) /w(g)] is of the order of (w,/x) ~ (J(0)
N(0)). Even for g~4p, it is of the order of (wy/27) ~J(0)N(0). Therefore,
in our weak coupling limit, the damping of the magnon is very small over the
whole range of g¢.

¢

§ @ The eleetron self-cnergy

We are now going to calculate the electron self-energy by (3-13) and
(83:14) at 7'=0. We neglect the small damping of the magnon, so that

It is convenient to introduce the spectral representation
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On Electronic Specific Ileal of Ferromagnetic Rare Farth Metals 33

[oe]

G.(P) -S de AP O | (5-2)

€,—€

— 00

As is well known,
/1 b, (p, €) v
A, (p, =T Cee e I S 1) 5-3
(P, ©) < T >< [e —&pe—a,(p, ) 1*+ 0. (p, €) > (5-3)
where A
2, (p, e£i0")==a,(p, ¢) Tib,(p, €). (5-4)

Then the sum over ¢, in (3-13) and (3-14) is transformed into the contour
integral with the use of the Fermi function. The analytic continuation of
2 (p, €,) can be made by replacing €, by any complex energy (. In particular,
at T'=0, we get

2 (p, O =— ‘1/%}5 dea’(p—p") A, (p’, €) X L';_C"_JZEZ);_F)] ; (5-5)
3, 0 == L2 dew(p-pr A (0 0 x| —-ci-:o{;?—p’) 1. e

Now, the self-energy itself is of the order of lw, and therefore not important,
as far as we are interested in electronic states near the Fermi surfaces. Its
momentum dependence is also small. As we can see from the following calcu-
lation, the change of the self-energy will be of the order of w(dp), when the
momentum changes from one Fermi surface to the other, the distance between
them being of the order of 4p. Thus

(2072249 s,

We need only to take into account the dependence on the direction of momentum
in the case of anisotropic Fermi surfaces. Thus, in calculating 3, (p, {), we
take p=p,, where p, means a point on the up spin Fermi surface. Similarly,
we calculate 2, (p,, {) where p, means a point on the down spin Fermi surface.

In the following calculation, we restrict ourselves to the upper half-plane
of the complex energy, Im {>0. Since 2,(p, i0") give rise only to small shifts
of the chemical potential from the free electron value and also of the exchange
splitting, we calculate

42, (p, O =2.(p, O —2.(p, 0").

In calculating 423,(p, &) for [{|==w, the main contribution to the integral over

e in (5-5) comes from the region, where |e|=w, and the spectral function
Ay(p’, €) is large only when |¢,,|=w,, since a, b are of the order of w, In
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34 S. Nakajima

taking the sum over p’, we may thus replace p’ by p,” everywhere except for
&y we then transform the sum over p’ into integrals over &,, and over the
down spin Fermi surface. Remembering that A,(p’, €) is Lorentzian in inte-
grating over &, we get

g ded(p,—p)

S

; . 1 dr’
(P, © @y ) o (p)

- 1 1 - ]
<£©| AT — (5-7)
c—C—o(p,—p)) e—o(p,—p;)—i0"

Here v(p) =105,/0p| is the electron velocity and the surface integral is to be

taken over the down spin Fermi surface.
It is convenient to define spectral functions of the magnon by

1 S dr’
@)y )o(p. )

Remember that I,(w) have not only the “Debye cut” at high w, but also a

(DOIU(U) 5 l%) = aiz (P.r—“p:—-a)(?(w*U)(prr_P/—J)- (5‘8)

cutoff at low w because of the exchange splitting of Fermi surfaces. Unless
w 1s near to this lower cutoff energy, I,(w) do not actually depend on the spin
direction, since the separation between two Fermi surfaces is small, 4p<q....
Furthermore, I,(w) are not quite the same as the density of magnon states
observed by neutron scattering experiment, because
we have the two-dimensional integral in (5-8) and
also the factor «’. As a simple example of (5-8),
let us take the case where w(q), 2(¢), and Fermi
surfaces are all isotropic (see Fig. 3). Ignoring the

Fig. 3. exchange splitting wherever possible, we then obtain
the spin independent I function

e

I(w) = j)o’"zg qdgl ()0 (0 —w(q)). (5-9)

qv

Here ¢, =py—py=(29/v) and g.= min {g..., 2p,;. In particular, if 1(g) is in-
dependent of ¢ and w(g) is quadratic, I(w) is constant;

]0 5 (J)1<U)<U)2
I(w) = (5-10) .
0, otherwise
where w; =0 (g;) and
1 / Grax ? l
A a ) 5-11
¢ 2 < q() ) <(/) <an,\)> ( >

On the other hand, if w(g)ocg, «’(g)ccq, we get I(w)ocw’; this case corresponds
to Frohlich’s model of the coupled electron-phonon system. These models are
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not realistic particularly in the short wave length region ¢~ ¢q..., where 1(q)
will decrease and w(g) will be more or less constant. In actual crystals, I, (w)
may have a number of sharp peaks corresponding to the peaks of the density
of magnon states,

Now by use of (5-8), we can write (5-7) as

0 0

43, (p:, ) = —-—a)ogda)g del, (05 py) % [ S }
g ' e—L—w e—wn—10"
P p— ( YN . ’3 ,wv*‘c .1
= ()OOS dol; (v )_t»)lOg,(w+ iO‘{'> . (5-12)
Similarly
42, (p,: O :a)og dol, (0 pl)log( U’f?) . (5-13)
w—20" -

0

When we calculate the low temperature entropy in the next section, we need
real parts of 42 for {=¢+4i0", where € is a real energy.

ACZ*[ <pTa 6) =Re AZT (py, €‘+“i0+>

——on| ol @; plog 2T, (5-14)
P : | W !

da,(p,, €) :wog dwl, (o pv;)logj wzE w . (5-15)

; W

§ 6. The low temperature entropy

We now calculate the entropy of our system at low temperatures. According
to Luttinger and Ward,"™ we can write the thermodynamic potential of our
system in the form

Q(T) =— T}‘;Zexp(enﬂ") [log (&), +2,(P) —e,) +2, ()G, (P)]

- T}; exp (0, 0") [log (e + T (Q) —w,,) +IT(Q)D(Q) ]+ L. ‘ (6-1)

Here log means its principal branch and £’ is the

Q contribution from the so-called skeleton diagrams.
\ ‘ . / The Migdal approximation means that we are to take
e into account only the lowest order skeleton diagram
Fig. 4. shown by Fig. 4, in which lines now represent full

Green functions. Thus
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R(T)y==T"> > (p—p)G,(P)YD(P-P")G: (F). (6-2)
P

The thermodynamic potential can be regarded as a functional of X, and II. By
use of Migdal equations (8-13), (8-14).and (3-15), we can show that the first
order variation of £ vanishes ;

08=—TY[0X; (P) G (P) {Z; (P) + T%’;a?( p—p)D(P —P)G,(P)}
103, (PG (P) {2, (P) + }I;CK?(P_P/>Z)(I)'“1)/)GT (P}
+ T}'Q_’J(FH(@DZ(Q) Q) —Ta* (@) 226G, (P) G (P— Q) =0. (6-3)

In calculating the entropy by

s;::~<0%27:)>w, 6-4)

we need only to know the difference 42(7) =82(T)—£2(0). The self-energy
determined by Migdal equations depends on 7" even for a fixed value of the
energy variable. Because of the stationary property of (6-3), however, we can
ignore this implicit dependence on 7T, as far as we are interested in the first
order 42. In the following calculation, therefore, we shall take X,(p, {) and
II(q, £) calculated for T'=0. The 7T-dependence in (6-1) then appears only
from taking the sums over ¢, and w, given by (3-5). At T'=0, the sums are
transformed into integrals along the imaginary axis. In calculating 42’ to first
order, we need to replace the integral by the sum only along each one of three
lines in Fig. 4, the remaining two lines being left in the integral form at
T=0. Making use of the Migdal equations, we thus obtain

J-ico

12/ =(TL-| 2 )536.(p, €) 2. (p, <.
- )3 iDGg, 00 1, 00). (6-5)

" —%co

Therefore the entropy takes the additive form

S=8,+S,, (6-6)

. 0 .

S,=— 2 0.7, 6-7
a7 (1) 6-7)

Su=— 0 0,(T). (6-8)
o1

The effective thermodynamic potentials are defined by
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Qe (T) :—T;Z €xp <€n'0+>10g (épa‘ + ZW(P, En) - En), (6'9>
8u(T) = =TS exD (000" log 0x + 11 g, 0,) — ). o (6-10)

If we insert our approximate expression for IT(Q) obtained in §4, we get the
usual magnon entropy from (6-8). Hence we shall confine ourselves to the
electronic entropy (6-:7).

We first transform the sum over ¢, in (6-9) into the contour integral by
use of the Fermi function. Integrating by part, we thus obtain

00

42, =const -+ TZZ‘S de log(14+exp(—¢€/T))
T

P o

o [ % <1 _ Oaélg €>> bo(p, €) — @Z?Lél:"f) (e—2, —a,(p, ¢ )}

X { (€ —Epe—as(p, OV +DA(p, )}

(4 0a.(p, € 0P~ (e L el
il(“ Y >b,r(p, €) D <c}$pﬁ (p, 6));

X {(e+Epeta,(p, —))+b’(p, — é)}_l].

Here const means a T-independent term obtained by changing the variable from
e to—e along the negative axis, and a, b are defined by (5-4). The main con-
tribution to the integral over ¢ comes from the region where [e¢|<<7. Hence,
for T<<w,, we can again take p on Fermi surfaces everywhere except for &,..
As before, we thus obtain

e}

48, =const+ 277 ] g c(lF,,)S delog(1+exp(—¢€/T)) 006 {e +c.(p., €}
’ U\P- 0
—const 23 §”er5’~~-~-ch6 F(e) fete (po, O}, 6-11)
- . z)(pﬁ) ; )
Here
co(Po, €) =3(a,(Pe, —€) —a. (P, €)). (6-12)

Inserting (6-11) into (6-9), we get

oo}

= 7 Wy 0 Jeteratpa G

The €® term in the integrand gives the band theoretical entropy
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<)

S, = ; };}Sv‘gg:)dgde(— g{) 6225:( 7;2 ) T;S;g;’t)

~ < 2;[2 ) NO)T. | (6-14)

The additional entropy arises from the coupling with magnons :

2 [ AP, (, [ Of) _
48, = TZ“S@(pU) &k( e o). (6-15)

From (5-14) and (5-15), we find

[es}

c.(p., €)= i mogda) I (ow; p(,)log% Ote (6-16)
W —€

<

]

We define the average spectral function of the magnon by

ZN(O)I((o)sfz}jg a1 s p. 6-17)
oo ‘Z)(p(i)
Then
15, 2N ACTYNO)T. ‘ (6-18)
3 |
The enhancement factor is given hy
(3000, () oy |t (0/T) | ,
A(T) = <ﬂ2T>§dw§de(w)( g @wlog TS 619)

where ¢’ (2) is the derivative of ¢(x) =/[exp(z) +1]"" Obviously A(T)=0,
so that A certainly means an enhancement of the electronic specific heat. Note
that the integral over x in (6-19) has the following limits :

e

JO ES de(—¢ () log T2 L] @/30), v>1 (6-20)
=Y | v, y<<1 v

0

§ 7. Discussion
We remember that I(») has a lower cutoff energy w, as well as an upper
cutoff energy w,. By use of (6-20), we thus get

A (T) ~ { (3(00<(0>/27C2T2> S T>0, , (7 -1
[(00<(D_1>] , T<0)1 . '

Here { > means the average over the distribution function I(w), the normal-
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ization integral of which is of the order of unity. The expression (7-1) is of
practical use when I(w) is of an “Einstein” type in the sense that it has a
sharp and prominent peak at a certain energy w=w, Then the enhancement
factor is of the order of unity, when T'<w,.

In general, the precise T-dependence of A(7T") depends on the form of I(w),
which in turn is determined by the g-dependence of w(g) and J(¢). Here we
shall not go into the detail of this problem. Instead, we shall take the simplest
model (5-10). As has been mentioned already, this model is not very realistic
at higher w. Nevertheless it gives some interesting results. Inserting (5-10)
into (6-19), we have

ACT) = A 3 Jloe) —a0eN1. (7-2)
Here
_ 1 [ quas : W .
A (%) s | o
v=(0/T), = (0/T), | 74

w

00) = da (=’ @) [ valog ** g a2 log (2 ) ] (7-5)

0

Note that™
D) ~ [ (7’/3) (1+logv), »>1

j . (7-6)
[ —F+ 1/2)y 4, <],

~where

ez — 2& dae(— ¢ (2)) 2" log 27=0.6438. -7

o

Now, the upper cutoff energy o, should, of course, be of the order of the
Curie temperature, whereas the lower cutoff energy w, is of the order of w,
X (29/0G )~y (J(0)N(0))". Therefore, in our weak coupling limit, we have
the interesting temperature range o, <7T<w,. By use of (7-6), then, we obtain

A=l 0+ (3 )9 +1og( %) ] (7-8)

7 T

In this model, therefore, we have the specific heat proportional to T log(w,/7").

Such a logarithmic term appears also in the electron-phonon case,” but there
we get a term proportional to 7% log(0,/T), since I(w)ccn’.

In actual metals, I(w) would probably consist of a constant part I, and a

"number of Einstein peaks I;(w —wy). Then, when 7" is lower than all the oy,
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the specific heat would be the sum of a 7T-linear term and a logarithmic term.
Whether we can detect the logarithmic term depends on the intensity I, relative
to Einstein peaks. In any case, the enhancement factor A(7") must be of the
order of unity.

We expect a similar enhancement also in metals of spiral spin ordering,
though the problem is more complicated because the spiral ordering produces
new magnetic zone boundaries. It is also possible to extend the theory to
magnetic dilute alloys in which there exists some sort of spin ordering. These
problems will be discussed in separate papers.
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