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ON ELLIPTIC EQUATIONS WITH PIECEWISE
CONSTANT COEFFICIENTS. II

A. LoRENZI (*)

SuMMARY - In this work we prove an existence and uniqueness theorem for solutions in
W 2P (R") of second order linear elliptic equations, whose coefficients are constant-

valued in the half-spaces R:— and R™

1. Introduction and statement of the problem,

In this paper we are interested in solving a second order linear par-
tial differential equation of elliptic type, whose coefficients are constant-va-
lued in the half-spaces R = (z€ R": ;> 0} and R. = {x€eR":x, < 0}.
‘We carry on our research, begun in [6], where square summable solutions
with square summable second derivatives are dealt with: in this work we
look for solutions in W22 (R" (1 < p < -+ oc). We recall that W2 {R»)
denotes the Sobolev space (1) of all functions of L? (R*), that have deriva-
tives in the sense of distributions of the first two orders belonging to
L? (R*; W2?(R" is a Banach space with respect to the norm :

n 2w |» 1p
Our equation is ”
. n 2. n o
, Lty= mz;l ak 62 gw,- 2 ajt Z:j —htu=jy in R}
(1) _ o P *o du _ ) n
(L u:mil a; amraxj+j£,af —é;c;—h w=f in R_

Pervenuto alla Redazione il 2 Agosto 1971.

(*) Lavoro eseguito con contribute del C.N. R. nell’ambito del Gruppo Nazionale per
VAnalisi Funzionale e le sue Applicazioni.

(*) For the properties of Sobolev spaces see, for instance, [2] or [9].
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where a;’;, az, a] ) @ Ty btk (r,j=1,2,...,n) are real constants with the
following propertles

i) the n > n matrices A+ = (a;;‘) and A— = (ar—j) are symmetri¢ and
positive definite ;

ii) bt >0, h— > 0;

and f is an assigned function in L?(R%) (1 << p <+ o0).
In the following we shall be interested in the case n > 3.

THEOREM. Egquation (1) has a unique solution w€ W22 (R" for every
SeEL?(R") (1 < p <+ oo). There exists a constant C independent of u such
that the following estimate holds :

—

(2) Hun’Zyl’(p" = “f“LP R7

From the theorem it follows that, if p is large enough (p > n/2), the
solution is continuous across the interface x, = 0: if p > n, also the first
derivatives are continuous across the interface.

The method used to prove the existence of the solution consists in
solving the Neumann problems

Ltwt=f [ L~ w— =
ut e Wae(RL u—€ W2r(RL
3) (By) (4) (BZ)
dut ou—
0+ - == —_—
0, ( )=y 5, (0=5-)=y
. . . ]_l’p (9 (2
where g is some function in W » (R", 8 0+, ) and a—w—(()—,-)denote
1 1
. out ou—
respectively the traces of o and o on x, =0. Remember that W ? (R"),
1 1

for s > 0 non integer, is the space of all functions which together with all
derivatives of order < s (in the sense of distributions) are in L?(R" and
satisfy the inequality

[8]
(5) lelynrgm=]2 = U|nau;w+

=0 la|=j

+[as

I 1/p
B pn

Do w (0) — D uly)|?
(% — y oD




plecewise constant coefficients. I1 841

where [s] is the largest integer <{s. W2 (R") is a Banach space with
respect to the norm defined by the left side of (5).
1
We observe that W 7'~ (R") is exactly the space of traces of first
derivatives of functions in W22 (R%),

‘We shall prove that problems (3) and (4) have a unique solution. Then
we shall choose ¢ so that the function % so defined:

ut (x) x€Ry
U (x) =
u— (@) x€¢RL

is the wanted solution of (1). To do thus, we shall have to solve an inte-
gral equation in ¢: the solution of such an equation is obtained by inter-
polation-techniques.

2. Fundamental solution of an operator with constant coefficients.

In this section we shall, for the sake of convenience, denote the va-
riables by (x,,x,,..., %) (n = 2).

Consider the second order linear differential operator with real constant
coefficients

82 n

9 — h?

6 L= 3 a, -2
(©) o ! oayowy ' =g 7 o

'rl

T s

where 4 = (a,;) i8 a symmetric, positive definite (n + 1) > (n 4 1) matrix
and B> 0.
‘We sghall show some properties of the function

() E (@) == "1 (det A)12 1, [er (2)] exp [— l) (471 a, x)] z=E0

that turns out to be a fundamental solution of L. In formula (7)
(8) by (r) = — (2 )~ OO 90— I 40 (r)

K (u_;» being the modified Hankel function, (¥), a being the vector

(?) For the properties of Bessel functions see [11].
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(@ ... an)y

1 1/2
(9) €= lh2 Rl ) a)] )
(10) () = (A~ a, 2)'2

For the following it will be useful to recall the integral representation

formula
+00

1 1
9tz | gn—3)2 Y P
(2m) fs exp( 2 res 2s>ds

1
11 l,(r)y= ——
(11) (N=—=
that is an immediate consequence of known formulas for Bessel functions.
Then, we should like to call to mind that, if L = A4 — k%, the funda-
mental solution (7) becomes the familiar funetion A»—11,(k|x|).
Moreover, we observe that

et
(12)  B@)=— 27112 (det A)Y2(n—1) r@f= [+ 0(|a])) as 2 =0,
e
. . 1—n 7 -
where the function ST (deb AV (n — 1) [r (x)]'-" is a fundamental so
n 2
lution of the operator X a, __8___ (12) is easily proved by using the
r, j=0 3xr 8.’E]'
formula
(13) KEnp(ry=2m""1(m)r—™e¢ " (1+7r0(r) as v — 0 (m > 1/2)

(see, for instance, [10], appendix) and the inequalities
(14) [(A=ta,a)| << (A7 z, 212 (A1 a, @)

(that is valid for all symmetric, positive definite (n - 1) >< (n -} 1) matrices
and for all vectors a, x € R*+1)

(15) [r (@) < v 2| x|

v being the largest eigenvalue of A.

(3) (*,*; denotes the scalar product in R™.
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Finally, we observe the following estimates for E and the gradient
DE of E, that, in particular, imply B € W1 (R~ :

y1i2 exp(—a|x|)
(16) |E(w)l£4n(det;A)1/2' o] n=2
¥ exp(— a|x]) om 12
(16) BWI= ey~ [ap g !l n=3
n—1
16) |B@|< e [ +gomlel| =t
27 2 (det A2 (n — 1)
. ¥3/2 exp(—al|x|) 20912 + | a| )
(1) (DB = g S 2Dy 2 L)y

) 22 |a|\exp(—alz|)
(17) | DE(@) |£2n2/4(detA)1/( +W‘> |»?

enlls 12
1—|—2v1/2|w|l n=3

_ )
(17) | DE (&

nt
27 2 u(det )2

exp(— a|x|) || e nf2
R (R A

where u and » are the smallest and largest eigenvalues of A and «, |a],
C, are given respectively by

s

>4

c— % (A~ a, a)ll?
(18) o= "
n 1
la| = ( 5 a;)
=0
2
1 n — 1\]*—2
— e
(19) C, 2[71 I( > )]

Estimates (16) follow immediately from (14), (15) and known inequalities
for Bessel functions (see, for istance, [10], appendix). The same arguments

7.Annali della Scuola Norm. Sup. di Pisa.
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and the formulas

cn A1y 1 1
Yo — ., ! (A1 — A
DE (x) et )7 7 (@) ln (cr (@) exp 3 (A=1a, x) 3 Al o B (x)
d
(20) d7(7—’" Ko (1)) == — 7™ Ky (7)
give (17).

Now we can prove two lemmas:

LEMMA 1. E is a fundamental solution of L, that is

1

Ao —iwo+m  ¢F

F B (&) = —

where F E (&) = fexp [—i(wx, )] E (x)dx is the Fourier transform of E.

R?

LemMMA 2. If fe L2 (R*1) (1 < p < + o0), the following properties hold:
i) Eafe W2ae (R*1), where % denotes convolution ;
il) LExf)=Ff;
i) | B*flly2p gty < Ol S llpogntr,, O being a constant indepen-

dent of f.

PROOF OF LEMMA 1 We observe that, for (11), the following formula
is easily seen to hold:

—1
n—1 — I _——
¢ fexp[ i@ &) lnle|a|)de HaE:
Rl
With the change of variables « = M, ' 2, where M is a (n - 1) > (n 1)
matrix such that M, M = A (%), we get easily

(det A2

1 f exp [— i (@ Ol [or @)} dv = —

il

(*) M_ is the transposed matrix of M.
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To conclude, we remember that, if f is a well-behaved function, the Fourier
transform of f (%) exp (a,x) is Ff(& — ia): thus the lemma is proved.

PROOF oF LEMMA 2. To prove the lemma we can suppose f€ Cg (R*t1).
From Young’s inequality it follows that

21) 127 et < 1 o i | 1 @] 2,
1
the integral of F being finite on account of estimates (16). Incidentally, we
notice that Lemma 1 and the obvious fact that F is negative imply the
equation
| B (x)] dx = 1/R?
rntl
The formula

*(Eef) _
0%, 0x;

— F1IE, & FEFfl=(F @i (&) F) f

where
. . str ‘Sj
P = a5 — (5 + 12

(rJj=20,..,n)

and a theorem of Hormander-Mihlin show that the second derivatives of
Es+f are in L? (R*!) and that, taking into account (21), iii) is fulfilled.
For, it is easy to see that the functions ¢,; are, following Hormander’s
terminology, multipliers of type (p,p) for every 1 <p < - co. For more
details, see the appendix of this paper.

Then, from lemma 1 it follows that

FIL(E]E)=—[(4& 8 —i(a, &)+ W FEE) FfE)=TFf (&)
that is ii). The lemma is proved.
For the following we need to have the expression of the Fourier trans-
form of K (i, -), where we have put, for the sake of convenience, =z,
&= (%, .. ,%,): moreover, £ will denote the dual variable of # and, occa-

sionally, %, will denote the Fourier transform with respect to «.
The following lemma holds:

LEMMA 3. We have
oxp (774 \ Bz}_(‘f ] t=0
VH (&)
expvﬁ‘i@)]
VH (&)

22  — f exp[— (2, &) B (t, ) dz = v (t, &) =
& t< 0
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where z, (&) and 2, (£) are the roots of the equation
(23) agy?® +a(f)z— (5 =0
respectively with negative and positive real part and

(24) H (&) = o? (&) 4 4ay f (£)

is the diseriminant (%), « (¢) and f () being defined as follows :

(25) a (&) = ay,+ 24 .;f o; &;
j=1
(26) pO=W+ 2 ayt—i2 ok
7 j= j=

REVMARK 1. Observe that the discriminant H (&) has the following
properties :

i) Re H (&) =a? + day h?
ii) Re VH ()= |Re H (%)

iii) | H(&) | =01 +|&]|?, [0’ being a strictly positive constant, |£|=

n /2
(241
j=1

Moreover, the roots z, (§) and z, (§) have the properties :

—ao—l/a§+4aooh2<0

(27) Re 2z, (§) << Sag,

— a, -+ a2 + 4a, R? <0

2ay,

(28) Re 2, (§) =

(29) O (U [EPR=<|Rez@)|<|5@) < O L+ [EPR (j=1,9)

¢’/ and C” being positive constants.
For the proof, see [6], lemmas 1 and 3.

(® In this paper the square root ¢f a complex number is the one with non-negative
real part,
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REMARK 2. The function — y is a fundamental solution of the operator
0*? 0
ago g + & 6 — — B (&)
that admits (23) as its characteristic equation.

PRrROOF OF LEMMA 3. From the properties of integrability of E (see
inequalities (16)) it follows that

~+oo

1

(30) [exp [—i(, O] E (¢t x)de = o f exp (tt17) F E (v, &) dr
n —0

For lemma 1 and the notations introduced before the statement of lemma

3, we can write

1

(31) TEm ) = — e a5

where « (&) and (&) are defined by (25), (26).
Applying Cauchy’s theorem on residues, from (30) and (31) we get

. L exp [tz, (&)] 0
Qg %9 (§) — 2, (§) t=
f exp[— i (2, )] B ¢, @) do =
1 exp [tz (£)]

n il L ALY t<0
* Aoy 2y (§) — 24 (§) <

i. e. the assertion.

For the following, it will be useful to estimate all the derivatives of
E: such estimates imply, in particular that ¥ is analytic in R —{0}.

Luvya 4. Let y be any multi-index : then

(32) | DY B (@) | << (|y|) Cl7iH g |i—n—irlexp(— d|x]|) w50
here Dr— 20 0% " 4 3 is defined by (9
where Y =— ... = iy C 18 etfine
ﬁwgoawii HW::‘, 4 Pt Vi y (9),
B2
(33) 8 =

2912 (A a, @) + 2RP)12

and C is a constant independent of y.
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Proo¥F. Leibniz’s rule for the derivative of a product, inequalities (14),
(15), formulas (9) and (33) imply that it is enough to prove the following
inequality

(34) | D7 L for @) | << (| 7|1 €171+ [r (@)]t="= 71 exp [— & or (a)]
where

(A7 a, a) 4 2h2]2
(35) * T [(ATa,a)+ 4h3/2

For the derivation of (32) from (34) it is useful to bear in mind the inequality

h2
142
A aaFeriy@aiaar> " 0

1
(36) 86— o (A=l a, )2 =

Since there exists an orthogonal (n -+ 1) < (n 4~ 1) matrix that maps
the quadratic form 7?(x) into the canonical form o? (%) = 2 1, 2, it suffices
j=0

to prove (34) with I, [cr ()] substituted by I.[c o (¢)]. For the integral re-
presentation formula (11) we get

L >aam— 1la
"j —786.,:0]%]—5; 8

- n—3
(37) lyleo @] = — _ ] s 2 exp
2 (2n) *

First we prove the following estimate :
k

dx*®

k

(38) exp (— ax?) -

<

—kf2
) ekl2 akl2 (1 — p2)=k2 exp (— n? aa?)

for every > 0,0 <<% <1,k=0,1, 2,....
In fact, since exp(— ax®) is an entire function, we can write the inequality

2n

f exp [— a Re (& -+ re’?]dp re€ (0, oo)
0

klr—¥
=

3
’ Tk ¢XP (— ax?

where
Re (x -} ret?)2 = x® -+ 2rx cos8 ¢ + v? cos® ¢ — r2sin? ¢

From the inequality

r? co8?

[2rzcos @ |<(1 — 9?)a® + T
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valid for every 5 €[0,1), we infer that

2 2
Re (& +- ré'?)® = n® a? — #? [1 i nzcos’aqa +sin? p| = »* #? —3 1’72
Hence
(39) | & exp (— ax®)| << k! r—* exp w? exp (— n? az?)
| da* ) 1—9? /
(38) follows from (39) minimizing with respect to r € (0, + oco).
Then, (37) and (38) imply that, for 7 €(0, 1), denoting |y | by o
o \—el2
C° (_) eol2 g1 oo tn—3
2 T spc? () 1
(40) | D l[co(@)]]| << i s % exp _ﬁ_z——_ﬂ ds=
2(2m) 2 0

g \—of2 .
— (_2_) ¢ (o) | lnyo[neo (@) ]

1 .
Use has been made of the inequalities ;<< — (j = 0, ... .m), u being the
12

smallest eigenvalue of A, of formula (11) and the estimates :

n n \—7ri/2 —of2
II y;! < o! 11(1’-) K g(n_i.l)a/z(%) )

j=0 j=0\ 2
Then, the estimate
| K ()| << 2™ 1= T(m) (1 — ) ™exp(—nr) r>0, 0 <y <1
(see, for instance, [10], appendix), Stirling’s formula

. I'(m+90)
S T 1 >0

and inequality (41) imply the assertion, if n is chosen to be equal to &2,

3. The Poisson kernel.

In this section, and from now on, we denote, as in lemma 3, the va-
riables by (¢, x), where { € B, = (x,,.. x,)€ R™
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Now, consider the real analytic function

(42) Pt,a)=2D; BE(t,»)+ a; B a) (%)= (0,0)

where { = (ag,.. ,0m) and D, = 3 ay b -+ ag 9 is the differentiation
j=1 =~ 0%; ot

along the conormal direction {. From (7) and (11) it follows that

2¢" t

(43) Pt,x)= v (&, @) (det A% Ii[er (¢, x)] exp (ao t ;‘71 a; wj> =

~s n ~
¢"t1texp (aot + 2 4 wj> to
J=1 2

IR [ -
(27) 2 (det A)2 5

where

~ 1
(44) 0=——4A"a

It is easy to recognize from (43) that P has the sign of .
From formulas (18), (19), (20), (43), inequalities (14), (15) and known
estimates for Bessel functions (see, for instance, [10], appendix), we infer

n+41

F(n -é-— 1 ) e

(45) [Pt o) < ———
27 % (det A)1?

t|exp[— (82 | x |?)12 ¢ ‘ w2
L] [ n-l-‘l B 1 + Cnyo v @+ [ey?| n=2
@+ laf) >

where o is defined by (18).
(45) establishes that P € L! (R*), P(t,-)€ L' (R") for all ¢t€ R and
P(-,x)e L' (R) for all x€ R* — [0). Moreover, observe that (13), (20), (43),

imply that
n-1
v w I

n+1 ]
AT (deb AP [ (&, )]

Pt )= i {1+ 0[(2 + «)12]} as (¢, ) —(0,0)
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A

1 ' nt1’?

72 (t2 + :”2) 2

the

We notice that, when L = 4, P coincides with

usual Poisson kernel.
Finally, we point out that the Fourier transform of P(t,.) is given by

(46) [P P (t,)](8) =w(t &) VyH (&) sgnt t==0

Indeed, from (42) and lemma 3, recalling (17) and (25), we get
P, R
(e P (6,1 (8) = — 2a0 5, (6,8 — 2 @y (6,8 =y (6, § VI ) sgn t

Obviously P is a solution of the equation Lu = 0 in R — {0}.
Then, consider the convolution

(47) w(t,a:)::fP(t,a:—z)g(z)dz t>0
R
the properties of which are stated in the following lemmas :

LEMMA 5. If g€ LP (B*) (1 <p < + o0), then

1) || v (t’.) “LP(R”) g Y (t7 0) VH (O) “ g HLp(Rn) =

[2
=g HLP(R") exp % [—a, — (a2 + da,, h2)12]

11) |§v(t?')_g”Lp(Rn)—>0 ast——>0—|——

LEMMA 6. If ge WP (R™) (0 <s < 1,1 <p <-4 o0), then

oo

i) (/ tpi-s)—1 dtf

R"

5 o 1/p
i—v (t, x) l dx) =y
ot !

= 01 [ I 21 (0) |8” g”L?(R”) + | g ’W&P(R’/L)]

ov

+
ii) ( f tp—9—1 It ] :

|? i/p
— (t, ¥} dm) < Gylg |vv-"1’(R”> ‘
V] R"

&j
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where

lgiw—2) — g(x) p
19 lws.oam = /dzf | 2 ntes " dw)

n R"

and C, and C, are constants independent of g.

Moreover, v is an analytic function in the half-space Rﬁ.‘“ and is a so-

lution of the equation Lu = 0.
1
In particular, if s =1 — - € Wiz (RYH),

REMARK 4. From Lemmas 5 and 6 it follows easily that, if g€ W2 (R")
O<s<,1<p <<+ o0)v(0 4, )=g, where the left side denotes the
trace of v, defined in the usual way.

‘We shall premise the proof of lemma 5 with

LemMMA 7, The function P has the following properties :

i) fP(t, x) dw =y (t, 0)VH (0) sgnt =

R’n

4
exp {———[— ag — (a5 + 4ay, h2)1/2}§ t>0
Zag,
Texp '2"1“ [—as+ (a(z) + 4ag, h2)1/2]§ 10
oo
14
i) |P(t,w)|dw£0’|—l—|

lz| >4

where A is any positive number and the constant C is independent of ¢ and A.

Proor oF LEMMA 7. i) follows from (46), substituting & = 0.
istimate (45) implies the chain of inequalities

1¢]
|P(t’“)l£0,——%’:1£0’lwl"+l

@+ o) ?

where C’ is a constant; hence ii) is easily obtained by integration.

Now, we can prove lemma 5: we observe that i) is an immediate
consequence of Young’s inequality on convolution and i) in lemma 7.
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In order to show ii) we proceed as follows:
lvt,-) —g ”LP(RH) <o, ) —w(t0) VH (v) g HLp(Rn) +

4 [1 — it 0)VH (0)

l-‘*" ILP(Rn)

It is evident, from the definition (22) of vy, that it is enough to prove that

[0() — v (t, OVH () g|lpp g —>0 88 t—>0 +

Making use again of ¢) in lemma 5, we get

v (t, @) — w(t, 0)VH (0) g (#) = fP(t, 2)[g (@ —2) — g (@)] dz.
R?

From Minkowski’s inequality and ii) in lemma 7 we infer that

— 1jp
1906 =0 6, OVE@ gl = 1PN [900 =20 = g 01 a] "2 <
R" ;

R"

< w (l)flP(t, o) dz+2(19 ||, zm f | P(t,2)| dz <
(2= 2 j2]>1

_ tl
< (0 VE©) 0+ 20 g, on, o

ijp
where 1 is any positive number and w (1) = Sup (f|g(x—z)—g(w)|1’ dw)
PIEY)
Rﬂ
tends to 0 as A tends to 0 -} : hence ii) follows at once.

Proor oF LEMMA 6. The analyticity of v is a consequence of the

estimates
—n— [y|

48) | DrP(ta)|<[(|7|+ IO+ |2F) 2 exp|—00(t+ 27

where 0 is defined by (33) and 0<(6 < 1: they follow from (42) and
lemma 4. Clearly v is a solution of the equation Iw(¢,2) =0 t > 0.

For the proof of i) and ii) it is necessary to observe that (46) asserts

r P
that (?9_t(t")’ gT(t,-) belong to L'(R") (j =1,..,n) for all ¢t 3= 0. Moreover
j

(49) f%g(t, wyde=0 forall t==0 (j=1,...,n).

Rn
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For, from the equation
oP e " e
%5;;“") (&) = &[Tz Dty )1 (8) = &y (t, )V H (&) sgnt
j
(49) follows, substituting & = 0. Hence

P
(50) -‘9—]< >-—f§—§<t,z>g(x—z>dz=j%;j(t g (@ — 2) — g ()] de
R® R™

From the identity
v (t, @)=y (t, 0)VH(0) -i-f (t, %) g (® — 2) — g ()] dz

we get

(51) %”;(t,w>=aa—’f<t,0wﬂ( w)+f*(tz (@ —2) — g (@] de

From (48), (49), (50) and Minkowski’s inequality we infer that

l <C’f—————Lm 1 47
G |2)T
R®
oy (2)
t

_ L
¥ 4 0) \VH(O) 191,00, + f -
G

+lep

N
81, 1

=

&Y

where L (2 <f1g (x —2)—g(@)|? da;) and ¢’ is a constant.
Rn

Now we show that

+oo ;

. “ p

e L (2) vl ,

(64) I= p(1—s)—1 e dz)| dt = |gIW,,p(Rn)
(t2 “l‘ zZ) 2

Rn

-0

where ¢" is a constant depending only on =, p, s. For, Minkowski and
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Holder’s inequalities yield the following chain of inequalities

~+o0 4 p 1p

P | L (t2)
( 1+ zz)_f
Rn

0
te 1jp p
2
g/ jt—sp 1 L2 (tz) dt) — =
o\ A AU

+eo 1p
= f fr—sf'"l L? (r TZ—I) dr\, % dz =
R? 0 (1 + i < \2) 2
+oo +oo
Qs—l-n—l lp
== —  TTa¥1 dQ y—sp-1 [;p (’I"C)d?" Iu(d&')g
J14eH? /

i

0 0
- 1/p
1— 1 s-l—n—l
<w, ? - n+1 d@ w(dl) | r—»—1 L2 (r()d
1+ 0%
0

f¢l=1

p L?iz — o
_G(f|z|n+ap dz) O’|g| &

Rn
where u (dl) denotes the Lebesgue measure on ||=1 and
1
” 1—-" Qs+n_l
O = (,()" » ——;IEdQ
(1+¢%)*
Rn

Now, ii) is an immediate consequence of (52) and (54) with C, = o'cC,
while i) follows from Minkowski’s inequality with measure tr(0—9-1dt, ap-
plied to (51) and from the equation

e oy — |P 1jp e 1jp
( [ o) 2 0 VT dt) =( f tm—ﬂ—lexp<tpz1<0>>dt) 12,(0)| =
1]

0
=p =t I'(p —ps) |2, (0) .

The constant €, is given by max [p* 21 (p — ps), G,
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4. The Neumann problem.

Consider the function
“+oo

(55) Nt x)=— fP (8, ) ds.

11
Since P (t,x) > 0, if ¢ > 0, it follows that
(586) N{t,z)<<0 t>0
Moreover, the following estimate holds :

n—1

(57) [N a)| << Co (4 |2|?) 2exp [—Oa(®+ o) t=0

where « is defined by (18), 0 <6 <1 and Oy is a constant. For, (45)
implies that, for every 0 < 0 < 1, there exists a constant Cj such that

|P(t,0)] < Ch———— exp [— Ba (€ + |2 [92] ¢ 0

@+ |= )2

Hence
“+oo

| ¥t 0)| < 0@]*—8@(—1 exp [— Oa (s? + | 2 7] ds <
J 6ot
+oo
< Cy exp [— 6 (* + | 2 [2)!?] /———~8—-n—H ds =
: (s 4+ | I2)T

1 1—n
n * (42 [ exp[— 0a(® + | @ 7]

From (57) one recognizes easily Ne¢ L!(RYT™) and N(t,-)€ L* (R for all
t > 0. Moreover, the Fourier transform of N (¢, ) is given by

exp (tz, (£))

t 0
2y (§) =

(58) (% N, ))(5) =
This follows from (46) and the fact that P e L (R*+1),
We remark also that, for (48), N is a real analytic function, that

satisfies the equation LN =0 in R,
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In particular, if L = . Jz‘_la,j 8.707 5%, + = 8t2 + ’}3 ,5;] — », (.e, if

the coefficients ao(j =1 ..n) and a, vanish), then P coincides with

z% and, hence, N with 2F.

Consider the convolution

(59) u(t,m)z/N(t,w-—z)g(z)dz t>0
R
The following lemma holds:

1
LEMMA 8. If ge W' 2 (R, then
i) uwe War(RYH

“u“w?P\R"A-l)SC”g” ? gy

where C is a constant independent of ¢:

iii) % (0 4, )= N(0,-) % g;
.. @
iv) —5?(0 +,:)=9

Moreover, v is an analytie function in the half-space R"++] and is a solution
of the equation Lu = 0.

ProoF. The analyticity of w follows, as before, from estimates for the
kernel : they are

(60) | Dr N (t,0)| <

t—n—|y|

Iy 000" @ 4|2 exp[— 08+ |22 if |y|=1

where & is defined by (33) and 0 << 6 < 1. For the derivation of (60) we
nse the formula

t=o]

7l N byl
Dr N (t,x) = 6——y—(t,m)=[—~&(s,x)ds
w’ﬂ

Yon ¥y A g n
ot B.Tl e OO 0s it 49.%"

t

and estimates (48) for the derivatives of P.
Clearly Lu (t,x) = 0 if ¢t >0,
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To show i) it suffices, for the usual reasons of density, to suppose
g € ¢ (R"). Young’s inequality and (58) imply
exp (t2, (0)) .
[ w(t,) HLI’(R") <[ ¥l (E?) g HLP(R") = W g HLI’(R") :

hence

(61) L | <p |2 (O] 7 g
LP(R_Y}I_+1) P 1 ) g LP(R™

In order to prove that the second derivatives of u with respect to x are

in LY (R}™), we use the eqnation

0% u 1 . 0V .
(62) G 0w (Fo ¢35 F) Sa (r,j=1,2, ... n),

where v is defined by (47) and

i&;
2 (§)

P (&)=

(62) is a consequence of (46), (58) and i) in lemma 5: for

2u
ox, o0x;

ov

= — T E RN Tgl=F i R PRyl = (% %) -

Since the funections ¢; are multipliers of type (p, p) for every 1 <(p < 400

(see proposition 2 in appendix) and the functions g—z, for ii) in lemma 6

1
with s =1 — ?, satisfy the inequality

|

then, there exists a constant ¢’ such that

ov
ox,

< Glg| -1 , (r=1,2,...n),
w P

P @ (R)

8% u
(91'7 (9.’1'}'

(63) ’

<C|lg| 1-L. p n-
LJD(R1+1) W »p (R)

Since

(64) g—?(t,w)=f%1t\—[(t,w—z)g(z)dz=fP(t,x—z)g(z)dz.———v(t,w),

R® R®
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. .
lemma 6, with s =1 3 implies

0% u 11— b
(65) - 0, || 2, (0 » " 1
H 8t2 LP(R,-I;--I-I)S i [| i( )I ”g”Ll’(R)—l"lgIWI P ,P(R'n)
. 8% u
66 < C _1 .
{66) H oa; ot o 2|.‘7|W1 77

Therefore, all the derivatives of » are in ? (Ri"‘l): moreover, the inequali-

ties (61), (63), (65), (66) show that € W™?(RY") and there exists a constant
C independent of g such that

U < C _1 .
[l 2 = Cllal =ts

Thus, also ii) is proved.
iv) is an immediate consequence of (64) and remark 4 after lemma 6,
while iii) follows from the property

||N(t; ')_N(Oy')”Ll(Rn)—}() as t—0+
that implies
IIN(t,.)*g—N(O,-)*glle<Rn)—>0 as t— 0.

Hence the trace of N (¢, -)* g must coincide with N (0, -)*g.
At last we state the following

' P

1
LeMMA 9. If (f, g)EL" (R‘Y-l;l—l) < Wl-;
Neumann problem

(B") (1< p <<+ co), the

Lu=f

(67) we WP (R
ou
a_t (0 + 9 ) =49

L being defined by (6), admits a unigue solution u givern by

(68) u(t,w):fN(t,x—z)[g(z)—2—T(O,z) dz + w(t, x)

R

8. Annali della Scuola Norm. Sup di Piza.



860 A. Lorexzi: On elliptic with
where
w(t,w)=fE(t——s,x—z)f(s,z) ds dz
R’_Lf_'*'l

anda—w(O, -) stands for the trace of o .

ot ot

PROOF. Lemma 2 and remark 3 show that we W>? (R%) and satisfies
the equation Lw = f. Hence, for lemma 8, u€ W*?(B”t") and satisfies the
equation Lu = f and the condition 3—? o+, )=y

Now we prove that u is the unique solution of (67). Let u be an arbi-

trary funection in Og° (R"'H) put

G0 ﬁt2+°‘ —‘—ﬁ Hv=f (tf)
(70)

where o (£) and f (&) are defined respectively by (25) and (26).
Since vEL "J”), from (70) we infer that » can be represented as

follows:
+ o0

v (t, §) = ¢ () exp (tz, (&) — j w(t— 8,67 (s, 8) s,

0

where 2, (&) is the root with real negative part of equation (23), v (t, &) is
defined by (22) and ¢ (&) is a sunitable § — function, that is determined by
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imposing the condition g— (0, &) =A (&). We get

7, v, 87
&)= 20+ 5 f 5 875, 5 ds

hence

exp (tz, (§) ~

9 &)+

T v = WI?E(_ 7

2y (£) 2y (§) ot
+oo
—/ y t_s? )f(8,
0
From the formula
. 0E _ 8y
7500 |0 =— e

that is a consequence of lemmas 3 and 4, we infer

oo

(72) f ‘2—‘;’ (— s, &) 7 (s, &) ds =
0

.1

=-—fdsfexp[—i(m,5)]dwfaa—]f(—s,x——z)f(s,z)dz=
]

R" R®

= fexp[—z(x,é)]dmf%(—s,w—z)f(s,z)dsdz:

n-4+1
Bt

= _fexp [—i(x &)] 88_@: (0, ) dx

R"

_w being defined by (69).
Moreover, for (22)
-|-.oo
(73) /w(t——s,f)f(s, & ds =

4
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oo

=—/hdsfexp[—i(w,§)]dw [E(t-s,m—z)f(s,z)dz:

R B®
= — fexp [— i (2, E)]w (8, ) du.
RM

(58), (71), (72), (73) imply that w is of the form (68): since Cy (R is
dense in W>? (R’_';H) the uniqueness is proved.

5. Proof of the theorem.

The proof of the theorem follows easily from lammas 10 and 11 stated

below.

Notations: we denote by Et, P+, N+, respectively the fundamental
solution and the Poisson kernels related with the operator L+ in (1). The
functions F— and P— are analogously defined with regard to L— in (1);
while N — is defined as follows:

11
(74) N—({ o)== ——fP" (8, ) ds.

Moreover, the functions «*, f*, H+ are connected with L*, according to
formulas (24), (25), (26); 2 and 2, denote the roots of the equations
a2 + ok ()2 — f(§) = 0
respectively with negative and positive real parts.
LeMmA 10. Let ue W2ar (Rt (1 < p << + o) be a solution of (1). The

assertions stated below are true:
i) the following representation formula holds :

/ aw‘l‘
s jN‘*‘(t,w——z){g(z)—“—t(O‘,z)]dz+w+(t,x) t>0
o
Rn

(T5)  w (t, %) =
fN"(t,x—-z)[g(z)—ég—(;:(o,z)]dz{—w—(t,w) t<C0
RN

where g is the trace of the normal derivative of w on the hyperplane t= 0
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and
(76) wi(t,x)=fEi(t—s,x—z)f(s, 2yds dz;
By

. au . . . 1— i ' P .

il) g = a_t(O’ ) is a solution belonging to W~ ? = (R™) of the integral
equation
() [¥@—2 0=

70
where
(78) N(@)=N~—(0,2) — N+(0,a)
and
. ow™
(79) (Uf)(w):fN—(O, z)W(O,z)dz—
R"

—fN'*‘ (0, 2) 820—: (0, 2) dz — w— (0, 2) -+ w1t (0, 2).
R"

1
Vice versa, if there exists g€ Wl_;'p(R") (1 < p <<+ o0) that satisfies
equation (17), then the function deflned by (75) belongs to W22 (R*t1) and is
a solution of (1).
The operator U, defined by (79), is bounded from L? (R "t1) into

1
2——,p
P

w (B (1 <<p < + o0).

LeMMA 11, The integral equation
(80) [¥@—ng6r6=r@,
R"

gL

where N is defined by (18) and f is any given function in W # " (BM),
1

admits a unique solution g€ Wl—g'p (BM (1 <<p <+ o0). Moreover, g veri-

fies the inequality

81 -1 c 1
( ) Hg”Wl pup(Rn)S Hf”WZ P‘p(Rn)’

C being a constant independent of f.
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PROOF OF LEMMA 10. Let u be a solution of (1): we denote by u+ and

%~ respectively its restrictions to R'f|_+1 and R™™. Then »™ and «~ are so-

lutions of the Neumann problems

Itut=f L u—=f

82) ut e WP R e WP (R
qut out
'BT(O‘F,')—Q —6;(0—,‘)——9

Lemma 9, applied to w+ and 4—, implies that » can be represented as in
(75). Moreover, from the equation u+(0 4, :)=u—(0 —, -), (79) and iii) in
lemma 8, it follows easily that ¢ is a solution of (77).

1
Vice versa, if g€ w'Te? (R™ is a solution of (77) and we denote as
before by ' and u~ the restrictions to R"' and R™' of the function u
defined by (75), lemma 9 implies that ut+ and u— are solutions of problems
(82). Consequently, u satisfies equation (1): it remains to show that

+
u € W22 (R»t1), This property follows from (82) and equations é%— 04, )=
[
o
==
sequence of iv) in lemma 8, while the latter is nothing else but a rearren-
gement of (77).

0 —, ), vr(0 -+, -} =u" (0 —, -): the former is an immediate con-

Proor oF LEMMA 11. The existence of a solution of equation (80)

1
belonging to W1 »? (B™ follows from the property :

i) the operator &, inverse of the convolution with kernel N, is a
1

1
bounded operator from W' 7Y (B into W' ?'7 (R". @ is defined for
FE€CT (R by the equation

1 T

(33) (@) @) = o [exn i 1L ae,

7) N
R"
where fand l? denote the Fourier transforms of f and N.

The uniqueness of the solution is an obvious consequence of property

i) and the following omne:

ii) the convolution with kernel N is a bounded operator from
1

1
W' T2 (R into W 7T (B,
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Both i) and ii) can be shown by interpolation, using a theorem of
Hoérmander- Mihlin and well-known properties of interpolation spaces W*?(E")
(1 << 8 < 2). For the sake of brevity we prove i) only.

The quoted interpolation property (see, for instance, [4], p. 399, [5]. chap.
VIL, § 2, n. 4 or [7] theor. 2.1, 2.8) follows from the assertions:

iii) the operator @, defined by (83), can be extended with a bounded
operator from W1L?(R* into L?(R");

iv) the operator G can be extended with a bounded operator from
W22 (R") into W12 (R"),

Clearly, iv) follows from iii), since G commutes with differentiations.
Then we focus our attention on iii). Observe that from the equations

N=N-(0,)—=N+(,")

1
N—(0,8) =—
) #y (&)

1

N+(0,8) = B

21 (

it follows that
) ~ 1 1
N = —_

where z;" and z; are defined at the beginning of this section.
We have

(6f) (@) = —— f expli(, O] M@ [ — ARSI @) dE F€ G (RY

(2
Rﬂ
where
+ —
T (@ e (@)
ME= z
(6 (&) — 23 (5](1 + | & 7)1
and
=4 f 0= g [explie 8]0 + €T seos )

Rﬂ

In appendix it is shown that M verifies the following inequalities (that are
consequences of the properties of zi*‘ and 2;7):

(34) Sup |&[7 | D < ¢,

feR"
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y being any multi-index and O, some constant depending on y.

For the theorem of Hormander-Mihlin inequalities (84) imply that M is
a multiplier of type (p,p) for every 1 < p < -4 co. (For terminology see
appendix below).

Moreover, the operator (1 — 4)2 is bounded from W12 (R") into L?(R").
This property, that can be easily seen by a further application of the theo-
rem of Hormander-Mihlin, is a particular case of a theorem of Calderén on
spaces of Bessel potentials LF (R"). Then, property iii) is proved.

Finally, the estimate (81) follows from i).

APPENDIX

For the convenience of the reader we recall, following [3], the definition
of multipliers and some criteria that enable to ascertain whether a given
function is a multiplier.

DEFINITION. M7 (R")(p,q==1) is the set of Fourier transforms T of all
temperate distributions such that

|| Txu HLq (B™)

H u HLP (R™)

Sup <+ oo

uEOEO(Rn)
The elements in M, (R") are called multipliers of type (p, g).

THEOREM. ([3], p. 120) Let f€ L*(R") and assume that

,,m

1 f |11 D7 fig) |2 dE < B 0r<<+4o0, |7k

r
—_—= =
HEL

n
where B is a constant and k is the least integer >—2—.

Then f belongs to M5 (R") for every 1 < p < + co.
In particular we shall use the following corollary (Mihlin’s Theorem,
see [8]).

COROLLARY 1. If f€ C*(R" — {0}) and

Sup |£|IrH| D7 f(E)| < B for |y | < n,
EeR"

where B is a constant, then f€ M5 (R") for every 1 < p < -+ oo,
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We prove

PROPOSITION 1. Let P and ¢ be two polynomials in (£, u)(5f€ R*, ne R™,
n>=>1,m=1) of the same degree q: let H (&)= (H, (&), ..., Hn (£)) be a vector
in R™ with components that are polynomials of degree 2 in & and satisfy the
Yollowing inequalities :

i) ’Hr(5)|20I(1+J§|2) (r=1,..,n

i) Q& H E, ., H 6| = 07 (14| &7,
¢’ and O’ being positive constants.
Then the function
R (E) —_— P (57 Hi (5’1/? g vee ?Hm (5)1/2)
Q& Hy (), ey Hi (8)1F)

is a multiplier of type (p, p) for every 1 < p < 4 oo,
PRoOOF. We observe that for i) and ii) R is in 0> (R"). Moreover
2Q ™ 3Q 1 oH,

R [oP . 1 ™3P 1 oH,] . 1 ~
e e S LA Q=
0& |o& 2 —mian H. 9 08 2 r=14m, HT 3

- ( i H,.)—l Q— R,

r=1

where
m or 1 ™ oPGH, 1/2}
Ri=||IlH)—+— 2 — (HHJHT
? Km] >a§j 2 =1 0 085 \ear ¢+
m_\8Q , 1 ™4Q4H, ( 1,2}
—\( T H)—+— 2 —= ITH,\H P
[(v:l ) 5]+ 2 = 87}7‘ 85}' ssET '>

is a polynomial in (& H, (&)12, .., Hn, (§)Y%) of degree less or equal to
2m 4+ 2¢ — 1.

CrAM : for all multi-index y the following equation holds:

m 7l
D7R=(IIHT) Q'““"R,,

r=1

(A1)
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I, being a polynomial in (& H, (&2, ..., Hy (&)'2) of degree less or equal to
|7](@m +q¢—1)+q

The proof proceeds by induction: we suppose that (A1) is true for all
y with |y| =7 and we show that it is valid for all y with |y |=1r 41,
For,

m —1—17] m
iDrR::—[y[(HH,) TQ—l—IVIRVZ(an>a—HT+
9% =1 r=1 \ssr 0¢;

L — 8Q . 1 ™ 8Q 1 3H,
— {1 )(II 11,.> Q217 R,|%¢  — ¥
+ 7] it Y 2% % =1 g, HP 3¢ +
Lidd —lr] m m —1— 7]
+<H HT) y Q_l_i7| [éf{l +i aRy 11/2 BHT]:-(H HW’) yQ—2—[y| -R}'vj
r=1 8&; 2 r=10y, H,” 8% el
where
< oH,
Rm=—|7|QR,Z<II Hs>——_
r=1\ s==r 3fj
T AT 9Q< ) 1/28Hr]
—a R\ IO H )+~ X —| 1 H)H
a+{r) ’[(1=1 )a§j+ 7 2 o AL, 5 +
id R 1 m AR 2 6 H,
IH|0Z21L_ ¢ > V(HHB)H,II—.
+ (r=1 ) 3¢ + 2 Qr=1 0nr \ aner o&;

Olearly R, ; is a polynomial in (& H, (§)'%),... H,, (§)'?) of degree less or
equal to (1 4|y |)(2m 4+ ¢— 1) 4 ¢ for the hypothesis of induction: the
proof of (A1) is fulfilled.

From (A1) and i), ii) and the hypothesis on P and @ we infer that
there exists a constant C, such that

(A2) [ D'RE) | < O, | &P~ 172 |7|=0.

From (A2) and an application of corollary 1, the assertion follows.

From proposition 1, iii) in remark 1 after lemma 3, (29), the definiiions
of z1+ and 2, the fact that A is a symmetric positive definite matrix and

ot (£), defined as in (25), are linear functions in &, there follows easily :



piecewise constant coefflcients. 11 869

PROPOSITION 2. The following functions are in M5 (R") for every

1<p<+oo:

.( . Er E] s
Pri \5)—(1‘1 E,E)_i(a‘, E)"l“hz (1‘7.7'—1?""’"’)
i & .
— — =1
@ (&) = @ U=1.,m

M = zt (&) 27 (§)
O=Fo—s@areEpe
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