J. Math. Soc. Japan
Vol. 27, No. 4, 1975

On embeddingsfof spaces into ANR and shapes

By Yukihiro KODAMA

(Received Sept. 18, 1974)

§1. Introduction.

Shapes of compact metric spaces were introduced by K. Borsuk [3]. He
generalized in [2] and this concept to general metric spaces by defining
weak shapes and positions. The notions of shapes or weak shapes of spaces
give classifications of spaces coarser than homotopy type and they are deter-
mined by circumstance under which the space is embedded into an AR as a
closed set. In this paper we shall show that a given metric space X is em-
bedded into an AR with a convenient structure for investigating shape theo-
retical properties of X. By making use of this embedding, for a locally com-
pact metric space X, it is shown that there is a locally compact d-space whose
weak shape is equal to X’s. In case X is compact this fact has been proved
in by Mardesié-Segal approach to shape [13]. However the compactness
of a space is essential in Mardesi¢-Segal approach and we can not use it for
our case. The concept of fundamental skeletons of a space is introduced.
Every 4d-space has fundamental skeletons, but it is known that there is an AR
which does not have fundamental skeletons. Finally a partial answer to a
problem concerning position raised by Borsuk is given.

Throughout this paper all of spaces are metric and maps are continuous.
By an AR and an ANR we mean always an AR for metric spaces and an ANR
for metric spaces, and by dimension we imply the covering dimension.

§2. Embedding of spaces into ANR.

Let X and Y be metric spaces and let /: X—Y be a continuous map.
We define a metrizable mapping cylinder M(X, Y, f) as follows. It is obtained
by identifying points (x, 1) XX {1} C XX and f(x)eY for x€ X in a topo-
logical sum Xx I\VY, where I={0,1]. Let p: XX IVY—-MX,Y,f) be a
quotient map. We denote p(x, t) for (x, 1) XX I by (x,1) and p(y) for yeV
by ¥ simply. We consider X and Y as subsets of M(X, Y, f) (X is identified
with the set {(x,0): x= X}). We give M(X, Y, f) the following topology. A
point (x, 1), x X and 0=<i¢<1, has a neighborhood system consisting of all
sets of the form UXV, where U and V range over neighborhoods of x and ¢
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in X and [0, )={t:0=¢<1} respectively. For a point y= 7, the collection
(WU WYX {t:1/n<t<1}: W is a neighborhood of ¥ in ¥ and n=1, 2, --'}
forms a neighborhood base at ¥ in M(X, Y, f). Obviously M(X, Y, f) is metri-
zable and it contains X and Y as closed sets., If Y consists of one point, then
we obtain a metrizable cone C(X) over X. The following theorem is essentially
due to Bothe [5].

THEOREM 1. Let X be a finite dimensional metric space. Then there is an
ANR M(X) satisfying the following conditions.

(1) M(X) contains X as a closed set,

(2) wM(X)=w(X), where w(X) is the weight of X.

3) dim M(X)=dim X+1.

(4) If X is complete, then M(X) is complete.

(5) If X is locally compact, then M(X) is locally compact,

ProoF. Choose a sequence of locally finite open covers {I,:n=1,2, -}

of X such that order of 1, <dim X+1, 1l,., >1, for each # and mesh 1I,—0

(h—o0). Here we mean by U>B (resp. 11;%) that U is a refinement (resp.
star refinement) of B, By K, we denote the nerve of I, with metric topology.
Take a vertex v of K,;; and let V be the element of U,,, corresponding to v.
Let ¢(v) be the closed simplex of K, which is spanned by vertices correspond-
ing to all elements of 11, containing V. Map v to the barycenter of ¢(v). By
extending linearly this map we obtain a map 7,4, : K,+,— K, which is a sim-
plicial map from K,,, into the barycentric subdivision of K,. The inverse
sequence {K,, m,,..} is called a baryvcentric system on the sequence {W1,} by
Isbell [8] The limit space IEI} {K,} is equal to a completion X* of X (cf. [14,

Theorem 14.47] and [8, Lemma 33]). Let p,: X*— K, be the projection and
put 7,=p,| X, n=1,2, ---. By M(K,, K,, Tpas1) denote a metrizable mapping
cylinder. Consider a topological sum N= OlM(KnH, K,, n,44,). For each n,
by identifying K,.,;}X {0} of M(K,.,, K;, Tpnyy) and Ky, of MUK, o, Koity Trainae)
in N we obtain a metrizable space M in which each M(K,.,, K,, Ty»+,) has a
proper topology as a closed set. Since m,,.; iS piecewise linear, M is a cell
complex. Put M(X)=M\UX. Give M(X) the following topology: M is open
in M(X) and has its proper topology. Take x= X. For n=1,2,-+, let V be
an open star containing 7,(x) in K,. For m>n, consider an open set (7,,) 'V
x[0,1) of MK,y Koy Tramsr), Where mpm=1moni: " Tm-sm- 11he collection of

the sets of the form (z;{(V)NX)\W G+ (Tam) V[0, 1), where V ranges over
m=n—+1

open stars containing 7,(x) in K,, n=1, 2, ---, forms a neighborhood base of
x in M(X). Obviously M(X) is a metrizable space with dim M(X)=dim X+1
and contains X as a closed set. For each n, let M, he the subspace
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n+1
m\_JlM(KmH, Ky, Tovmer) of M(X), where M,=K,. Define v,: M(X)— M, by

putting
valx)=m(x), xcX,

va(x, t) = ﬂan(X) . (x, t)e MK, ., Ky, Tpm+1), MZTN,
un(x; t) — (x: t) ' (x) t) = 1M(Km+1’ Kmy ﬂmm-f-l) ’ m < n.

Obviously v, is continuous. Let U/ be an open set of M, and let W=y;}(U).
It is easy to show that U is a strong deformation retract of W. Thus we can
know that M(X) is locally contractible. Since M(X) is finite dimensional, M(X)
is an ANR by [9, Theorem 1]. If X is complete, then we can choose a sequece
of covers {l1,} used in the construction of M(X) such that X is equal to X*
:l(i_rn {K,}. It is easy to know that M(X) has a complete R, system of open

coverings in the sense of Frolik. From [6, Theorem 2.4] follows the complete-
ness of M(X). Finally, let X be locally compact. If we choose a locally finite
open cover U,, n=1, 2, ---, such that each member of 11, has a compact closure,
then X:liﬁq {K,} and M(X) is locally compact. By the construction of M(X)

it is obvious that w(M(X))=w(X). This completes the proof.

If we construct a metrizahle cone C(K,) over the subset K, of M(X), then
the union M(X)\JC(K,) is an AR. Hence we have

COROLLARY 1. For every finite dimensional metric space X there is an
AR M(X) satisfying the conditions {1)-(4) in Theorem 1.

Let Y be a discrete space consisting of uncountable points. Then there
does not exist a locally compact AR containing . Hence we can not streng-
then by replacing (1)-(4) by (1)-(5).

COROLLARY 2. Let v be an infinite cardinal number. For each n=0,1, 2, ---,
there is an AR A(z, n) with w(A(zr, n))=1t and dim A(z, n)=n-+1 such that if
X 1s a metric space with w(X)<t and dim X=<n then X 1s embedded into
Az, n).

This is a consequence of Nagata [15] and Corollary 1|

§3. Fundamental skeletons and J-spaces.

Let X be a space and n=0, 1,2, --. K. Borsuk [1] introduced the concept
of homological and homotopical n-skeletons of X. As a shape theoretical modi-
fication of it we introduce the following concept (see [10, p. 447).

DeEFINITION 1. Let X be a space and n=0,1, 2, ---. By a fundamental n-
skeleton X™ of X we mean a subset of X satisfying the following conditions:

(i) X" is a closed subset of X with dim X" <n.

(i) If xpe X®and i: (X", x,)—(X, x,) is the inclusion map, then the induced
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homomorphisms iy of Hy(X™: G) into H{(X: G) and of 7, (X", x,) into m (X, x;)
are isomorphisms for 0<% <#n and epimorphisms for 2=n respectively. Here
vi is the Cech homology group with compact carriers, G is an arbitrary abelian
group and mx is the fundamental group defined in [3, § 32].

The n-skeleton of a simplicial complex is a fundamental n-skeleton of it.
For every continuum X, every closed 0-dimensional subset of X is its fundamental
0-skeleton. If X is totally disconnected and dim X>0, then there is no funda-
mental 0-skeleton of X.

ExaMmPLE 1. Let Y be a solenoid of Van Dantzig. Then Y has a funda-
mental 0-skeleton Y° such that Y° is homeomorphic to a Cantor discontinuum
and the quotient space Y/Y° is arcwise connected.

ExXAMPLE 2. It is known that every compact ANR has a fundamental k-
skeleton for £=0,1. However there is a compact ANR which has no funda-
mental k-skeleton for each 2=2,3,---. Such an ANR X is given by a modi-
fication of the example constructed by Borsuk [1]. Consider a 2-sphere S2
Let A be an arc in S% Take a map f from A onto the Hilbert cube Q. Let
X be the adjunction space obtained by S% Q and f. Obviously X does not
have any fundamental k-skeletons for 2= 2.

ExampLE 3. Consider the continua Mg, Mg, Mz, and My, constructed
in [14, Appendix, pp. 228-230]. Each of them does not have any fundamental
1-skeleton, because any open set in it contains a 1-sphere which represents
non homologous cycle.

DEFINITION 2. A metric space X is said to be a 4d-space if there is an
inverse sequence {K,, m,,2:} consisting of simplicial complexes K, with metric
topology and simplicial maps 7,n.q: Kap1— K, whose limit space is homeomor-
phic to X (cf. [10] and [12]).

Every polytope is a 4-space. As known in [12, Theorem 17 there is a 1-
dimensional compact AR which is not a 4-space. For examples given above,
it is known that any solenoid of Van Dantzig is a 4-space but each of con-
tinua Mg, Mgz, Mz, and My, and the AR in Example 2 are not.

THEOREM 2. Let X be a finite dimensional locally compact metric space.
Then there is a locally compact d-space Y such that Shy(X)=Shy(Y) and
dim X=dim Y.

Here Shy(X) is the weak shape of X defined by K. Borsuk (see for defini-
tion [2, p. 791 and [4, §51). In case X is compact, the theorem has been
proved in by using Marde$i¢-Segal approach to shape [13] In this
approach by means of ANR sequences, note that the compactness of a space
is essential.

PROOF OF THEOREM 2. We shall make use of an AR M(X) constructed
in the proofs of Theorem 1 and [Corollary 1. LetUl,, n=1,2, :--, be a sequence
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of locally finite open covers of X such that each member of ¥, has a compact

closure, order of I, <dim X+1, 1,,, >*11n for each n and mesh of U,—0 (n—co).
Let K, be the nerve of U, and let 7,4+, be a simplicial map of K,,, into the
barycentric subdivision of K, such that {K,, m,,.,} forms an inverse sequence
whose limit is X (see the proof of Theorem 1). Then M(X) is a union of X,

metrizable mapping cylinders M(K, i, K., Tnns), =1, 2, ---, and a metrizable
cone C(K,) over K,. Construct an inverse sequence {K}, fn.4,} as follows. Put
K,=K, n=1,2--. Let ppps: K,-,— K, be a natural simplicial projection,

that is, a vertex v of K,,, corresponding to an element Vell,,, is mapped by
Unne: tO 2 vertex w corresponding to an element Well, containing V. Then
two maps T,n4+; and 4+ of K, =K, into K, =K, are contiguous. Con-
sider an inverse sequence {K7, #,,:,1 and put Y:h(Ln{Ki,}. It is easy to

know that Y is a locally compact 4-space and dim ¥ =dim X. By the same

argument as in the construction of M{(X) we can construct an AR M(Y) which

is a union of Y, metrizable mapping cylinders M(K.,, K7, ttoar), =12, -,

and a metrizable cone C(K}). For each n=1,2, ---, let MnX:@llM(Km+1y Koy Tome1)
\JC(K;) and M%’:n\j MK ey Koy pmme) Y C(KD). By v s M(X)— MZ and »5 :
m=1

M(Y)— MY denote the strong deformation retractions constructed in the proof
of Theorem 1. By local compactness of X and Y each of v¥ and »¥ is a per-
fect map. We define maps f,: M(X)—M(Y) and g,: M(Y)—M(X), n=1,2, -,

as follows. Let f7,: C(K)\U k(’) K,—C(K)\U ku K4, M(Y) be the identity map.
=2 =2

For £=1,2,--,n—1, let us extend f, over M(K, ., K}, Tsis1). Since maps
Tprer and fp .4, are contiguous, there is a homotopy H: K, XI— K} defined
by H(x, t)=tmypp(x) (A —1) ptyri{x) for (x,1)e Ky XL Define f, on
MKy, Kiy Tigsa), =1, -+, n—1, by

f:l(x! t):<x7 Zt)! 'XEK)H-I and 0§t§1/2y

f;’l(x! t):f{(](, 2t*1)5 -XEKk+1 and 1/2§t§l-
We obtain a continuous map f,: MZI—-M(Y). Let f,=/fv¥: M(X)—>MUY).
Similarly let us define g5,: MY— M(X) by

g4l CUY)'Y U K= the identity,

g;<xrt>:<xr 2t)3 XEK;%+1’ 0§T§1/2, k:lill-!n—l!

&nlx, 1) = (2t —=1)- ptp s s(X)F(2—20) 7 ps(x), xE Kiyy,

1/2<t<1, k=1, -+, n—1,

and let g, =gnvy: M(Y)—> M(X). We obtain sequences of maps f={/f,}: M(X)
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—M(Y) and g={g,}: M(Y )~ M(X). Let F be a compact set of X. Let H,
be a finite subcomplex of K, consisting of all closed simplexes intersecting
vZ(F) and put F' =Y NOI)"Yf.(H,), where n is any positive integer. Then it
is easy to see that I/ is a compact set of ¥ which is f-assigned to F (see [4,
p. 1427). Similarly, for a compact set F’ of Y, if H, is a finite subcomplex
of K, consisting of closed simplexes intersecting vi(F’) and we put F=
XN (7)) 'g,(HY), then F is a compact set of X being g-assigned to F’. By the
definitions of f and g, since £.f, =¥ and f,g, =} for each n, it is easy to
see that g /=iy yx and f-£ = iy u), Where iy, yx) and iy, nev, are the identity
W-sequences for X in M(X) and for Y in M(Y) respectively (see [4, §2]).
This completes the proof.

REMARK. If we use the same argument as in the proof of [11, Theorem
2], then it is known that SA(X)=SA(Y) for the d-space Y constructed in
Here Si(X) means the shape of X defined by Fox [7].

COROLLARY 3. Let X be an n-dimensional locally compact melric space.
For every m< m, there is an n-dimensional A-space Z such that Hi(X:G)=
ﬁi(Z: G) for k>m-+1 and ﬁz(Z: G)=0 for k<m, where G is an arbitrary
abelian group and I:ISk is the reduced Cech homology group with compact carriers.

Proor. Let Y be an n-dimensional 4-space such that Shp(X)=Shy(Y).
Let {K,, 7..s:} be an inverse sequence consisting of simplicial complexes and
simplicial bonding maps whose limit space is Y. Let m<n. Consider the
inverse sequence {K7, 7. | K%}, where K is the m-skeleton of K, and put
Y’“:li_r{l {K?}. Then it is easy to see that Y™ is a fundamental k-skeleton

of Y. Let N, be the union of K, and a metrizable cone over K. Extend
Tyue1: Kyppi— K, naturally to a simplicial map gy 411 Npry =N, Consider the
inverse sequence {N, tyr+,} and put Z=lim {N,}. Obviously Z is an n-

dimensional 4-space satisfying the conditions of the corollary.

ExAMPLE 4. We can not remove the local compactness of X in
2. Let X be the set of all rational numbers in a real line. If Y is a 0-dimen-
sional metric space such that Shy(Y)=Shy(X), then X and Y are homeomor-
phic by [11, Theorem 13. Therefore such a space Y is not completely metri-
zable. Since every finite dimensional 4-space is completely metrizable, Y is
not a 4-space.

Finally, we shall give a partial answer to a problem [4, (8.8)] raised by
K. Borsuk.

THEOREM 3. Let X and Y be finite dimensional metric spaces. Suppose
that there exist sequences of compact sets {A,} and {B,} of X and Y and a
sequence of onto homeomorphisms {f}, fr: X—V, satisfying the conditions;

(1> Ak+1CIntAk a?’Ld Bk+1CIntBk, k:l, 2, Tty
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(2) fulAp=DB; k=1,2, -,

B filAy=fulA, rel. Bd A, in B,, for every R<E,

) [l (XN\AR) = |(X\Ay) for every k=k/,
where Int A is the interior of A and Bd A is the boundary of A. Then
Pos (X, N Ay)=Pos (Y, N By).

For the proof we need the following lemma.

LEMMA 4. Let X, Y be finite dimensional metric spaces and let {IX} and
{UX} be sequences consisting of locally finite open covers of X and Y respec-
tively. By K¥ and K%Y denote the nerves of WS and U¥. Let n¥,. : K¥,—K¥
and wl,.: K¥y—KY be piecewise linear maps constructed in the proof of Theo-
rem 1 for n=1,2, ---. Denote by M(X) and M(Y) ANR’s constructed for the
inverse sequences {K%, n¥,..} and {K}Y, =¥,.\} and put Xn:XUkG M(K#.,, KE,
i) and YH:YUkQM(K},’H, KY, nle), where X,=M(X) and Y,=MY).
Let f: X—=Y be a map such that >N, n=1, 2, ---. Then f has an exten-
sion f1 M(X)—M(Y) such that f(X,)—Y, for each n. Let f and g be homo-
topic maps and let &: XXI—Y be a homolopy connecting f and g. Suppose
that for each n there is an open cover X8, of I such that WEx W, >ENY, Then
there is a homotopy &: M(X)x [—M(Y) such that &(x, O):f(x) and E(x, )=
F(x) for xe M(X) and & X,x )Y, for each n.

ProOOF. Since U¥ > /WY for each n, there is a natural simplicial projec-
tion ¢,: Kf¥—K¥. Note that =}, %¥,.; and ¢,x¥,., are contiguous. Hence
we can define the map ¢, : M(KX,, K, =f,.)— MKY,, KY, =¥ ,.)) as follows:

¢'n(x» t):(ggn%-l(x)v 2t>v xre K'nX+1 and Oétél/zy
(p'n,(xr t) :(zt_]-)' gonn-;?HJrl(x)‘{_(z—Zt)' 7711;':1+1$Dn+1<x)y xe KnX+1

and 1/2=t=1,
Pu(x)=¢nlx), x< K7,
Let us define /: M(X)—M(Y) by FIX=7 and FfIMK¥,, K¥, 2fun)=n n=
1,2, ---. Obviously f is a continuous extension of f and AX,)C Y, for each n.
The second assertion is proved by the same argument as in the first part and

we omit it.
ProoF OF THEOREM 3. By (3) and (4), for 2<%’ there is a homotopy
&%+ XxI—Y such that

ER(x, 0)=fu(x) and &F.(x, 1)=fu(x) for xe X,
(X, 1) = fi(x) = f(x) for x& X\A,.
‘Since f#'|B,=f#'|B; rel. Bd B, in A,, there is a homotopy &5, : Y XI— X such
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that
Eh (¥, 0)=f¢(») and §&L(y, =1 (y) for yeVl,

(y, )= ') =/fiy) for ye¥Y\B; E<E.

Let U} and U be locally finite open covers of ¥ and X such that mesh UY<1,
mesh Uf <1, order of W =order of Uf<dim X+1 and Wf> /U, For n=2,
choose locally finite open covers 1¥ and UY of X and Y as follows;

%
(5) WS WALUE, UESUXAFUEAf7UY and for some

open cover I8, of 1 W¥x Iy, >(§ -y,

By the compactness of A, we can find ¥ and 2B, in (5). By repeating this
process we can find inductively sequences of locally open covers {I1¥} and {U¥}
of X and Y satisfying the following conditions for n=1, 2, ---;

(6 order of U¥, order of Y <dim X+1,

(7 mesh UZ, mesh WX -0 (n-»o00),

k on
nr., > /_\ FUXAUY and for some open cover 2%, of [

(8)
un+1x%n+1 > /\ (ELH—l lu,;{,
* n+1
> A iU AWY and for some open cover W, of [
i=1
)
n+1><’51:8n+1> /\ (5L1+i n-H
Let Kf and KY, n=1,2, -+, be the nerves of WX and U}, and let 7f,:

KZ,—K¥ be a piecewise linear map constructed in the proof of Theorem 1.
Similarly, define a piecewise linear map #l,.: KZ,—KY. Then {KZ, ©f, 4}
and {KY, n¥,.} are barycentric systems on {I¥} and {lI¥} respectively. As
in the proof of Theorem 1, construct AR’s M(X) and M(Y) for {KZ} and

(KX}, namely, M(X)=X\JC(KHH\V U M(Kn—i—l, K%, z¥,) and M(Y)=Y\UC(KY)
WV, U M(KY,, KX, nf,.). For each k=1, 2, -, let CX(n, k) and D%(n, k) be the

subcomplexes of K¥ spanned by vertices corresponding to elements of Uf
intersecting A, and X\A, respectively. Similarly let C¥(n, k) and D¥(n, k) be
the subcomplexes of KY for B, and Y\B,. Put EX(n, R)y=C*(n, )N\ DX(n, k)
and E¥(n, By=CY(n, &)\ D¥(n, k). Then for each i and %k nf.{C¥(+1, k)
C*(1, k) and =% (C¥(i+1, B))CC¥(i, k). For each n and k2 we put
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FX(n, kY= Ay U MC¥(i+1, ), CX( ), 7l
GX(n, )= X\A, ug M(DX(i+1, k), DX(i, k), m¥s) ,
F¥(n, k)= BkUlQnM(CY(iJrl, k), C¥(i, k), z¥iss),
G¥(n, k) = V\B\U g M(D¥(i-+1, k), D¥(, k), 7%5.) .

Let X,=M(X), Y,=MY), X,=X\U U MEKZE, K& %) and Y,=YU

U M(K¥,, K¥, 7,) for n>1. Then FX(n, k) and G¥(n, k) are closed sets of

X, and F¥(n, k) and G¥(n, k) are closed sets of Y, for each »n and k. For
mz=zn=1, since UL> MY by (9), there is an extension ¢X: X,— Y, of f,:
X—Y which is given in the proof of Also, for m=n>1, since
nr. > fLUX by (8), there is an extension ¢%:Y,—X,.,; of f71:Y,—X. From
the definition of ¢¥ and ¢¥ it follows that

PHERC KL, PHKLCKE,
R (MK, K7, Tinne ) C MK, K3, #hone)  for mzmn,
Cn (MK T, K3y mhm)) © MOKT, K, mheia) -
For each 2 <7 we have
Pa(F¥(n, R)CF¥(n, k),
PHGH(n, BTG (n, k),
PR(F¥(n, B))CF¥(n—1, k),
¢r(GY(n, )T GX(n—1, k).

(10)

From (8), (9) and it follows that there is a homotopy pfp it Xpr X
— Y, connecting ¢%|X,,, and ¢Z,, which extends £¥,.,: XX I—Y. Similarly
we know that there is a homotopy zf,1: Y,y X I— X, connecting ¢¥|Y .+, and
©¥., which extends &f,.: XXI—Y and from their definitions (cf. the proof of

Lemma 4) the following relations hold :

e a(FX(n4-1, )X T F¥(n+1, k), E<n,
G+, X DC G (n+1, k),  h=<n,
2 F¥(n+1, B)x YT FX(n, k), k<n,
pEaa(G¥(nt1, )X I GX(n, k), k<n.

(11)
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Consider the maps ¢%,; and ¢¥|X,,, of X, into Y,.;, and ¢¥., and ¢¥|V,.,
of Y, into X,. From (4), if necessary, by replacing {1¥} and {U¥} by refine-
ments, we can assume that

Soﬁx+l(x):90ﬂx<x):#an+l(x9 t) y XE DX(”+11 n) and te I!
=0T (M=l u(y, 1), yeD¥(n+1,n—1) and tel.

(12)

Let A:kfo\ A, and B:ﬁlBk. Now, to prove Pos(X, A)=Pos (Y, B), we
=1 =

have to find sequences of maps a={a;, X, Y} ycxr,mr> and =1, Y, X} srery, x>
such that

0 A BYwoo,uar a"={a,, X\A, Y\Blycxo,nw)

{a
(13)
{bk; B, A}M(Y),M(X) ’ .ll” — {bk, Y\B, X\A}MCY),MCX)

a/
b/

I

are W-sequences and

Iyl o~ 4
ba' = LA, Mcx) bra”

R

Lex,40,MCX)

(14

IR o~ PR o~ 4
a’b =g,y a’b =Ly, B,M@) -

(See for notations [4, pp. 146, 1471.) For k=1, let a,=¢¥ and let b, be an
arbitrary map of M(Y") into M(X). For k=2, we define a, and b, as follows.
Consider ¢¥:Y,—X,. Since X,=M(X) is an AR, there is an extension b,:
M(YY—M(X) of ©]. To construct a,: M(X)—M(Y), put ¢,=®¥ on the set
X,. Consider the sets D¥X(2, 1) K, D¥{1, 1) K{f and the mapping cylinder
MD*(2, 1), DX, 1), z5)CG*(1, 1). Since ¢5f(x)=9¢f(x)=a,(x) for x = D¥(2, 1)
by (12), we can put a,—a, on M(D¥(2 1), DX(1, 1), =%). Consider the sets
T=CX(2, DVUMEX2, 1), EX(1, 1), sy M(C*(2, 1), CX(1, 1), =) and S=
M(C*(2, 1), C¥(1, 1), zh). By (12) we know a,| T = a,|T rel. M(EX(2, 1), EX(1, 1),
#&) in S. Since a,|T has an extension a, over M(C¥(2,1), C¥(1,1), z{) and S
is an ANR, by homotopy extension theorem a,|T has an extension over
M(CX(2, 1), C¥(1, 1), ). Finally, since M(Y) is an AR, we can extend a, to
a map from M(X) into M(Y) which we denote by a, again. This completes
the definition of a,. Note that a,|M(CX(2, 1), C¥(1, 1), =8 = a,| M(CX(2, 1),
CX(1, 1), z) rel. M(EX(2, 1), EX(1, 1), =) in M(C¥(2, 1), C7(1, 1), 7%) and as a
consequence

a, | F¥(n, D =a,|F¥(n,1) in F¥n, D for each =,
a,|G¥(1, 1)=a,|G*(1, 1).

(15)

By repeating this process we can construct maps a,: M(X)— M(Y) and b,:
MY )—MX), k=3, 4, -, satisfying the following conditions for n<#%;

(16) ap| Xy=¢f and b,1Y,=¢F,
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(17) a,|Gx¥(n, n)=a,|G*(n, n),

(18) byl G*(n, n)=1b,|G¥(n, n),

(19) a ) F¥(n,n)=a,|F¥(n,n) in F¥(n, n),

(20) bp| F¥(n, n)=b,| F¥(n,n) in FX(n—1,n—1).

k
(a, is defined as follows; on the set X\J U G¥(n, n) a, is defined by (16) and
n=1

h—
17), and on the set UIM(CX(n—I—l, n), C¥(n, n), #¥,+1) a, is obtained from a,_,
n=1

by homotopy extension theorem; the definition of b, is similar.)

Now it is immediate that a={a,} and b= {b,} satisfy (13) and (14). To
show that g’ is a W-sequence, note that {F¥(n, n): n=1, 2, ---} and {F¥(n, n):
n=1, 2, ---} form neighborhood bases of A and B in M(X) and in M(Y)
respectively. Then shows that ¢’ is a W-sequence. Also, that g” is a
W-sequence follows from [17). Next, let us show that a’b’ =1p ). Consider
the map an_.b,| F¥(n, n): F¥(n, n)—F¥(n—1, n—1). For k>n, note two maps
Q10,1 KT and 7}, of K} into K}_, are contiguous. Let us definey: Y,—Y,_;
by n|B,=the identity and 7(y, t)=(7F,u(¥), t) for (v, )= M(K¥, KT, 78 r11),
k=mn, n+1,---. Obviously 7|F¥(n, n)=i in F¥(n—1, n—1), where 1 is the inclu-
sion map of F¥(n, n) into F¥(n—1, n—1). Since n|F¥(n, n)=a,_.b,|F¥(n, n) in
F¥(n—1, n—1) by the contiguity of =}, and a,_,b,|KY for n <k, we know
that a,_.b,|F¥(n, n)=1 in F¥(n—1, n—1). By this relation, and [20), we
can conclude a’b’ =i yr;. The other assertions in (13) and (14) are proved
similarly. This completes the proof.
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