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ON ENGEL RINGS OF EXPONENT p-1 OVER GF(p) 

A B S T R A C T 

It is well known that the;restricted Bumside problem for 

a prime exponent p can be rephrased in terms of the nilpotence 

of finitely generated .Engel ringsroverr GF(p),with exponent p-1. 

We study these rings with the object of extending our knowledge 

of the Bumside groups. 

Let E l̂ be-the Lie-ring over-GF(p)
-

generated by ê , 

. . . , e ^ , where the elements of E l are restricted by the Engel 

condition [ fgP
- 1

] = 0 for all f , g fc E l . If l3 is the free Lie 

ring over GF(p) generated by a j , . . . , a^, and if II is the ideal 

of L i generated by [ xyP"
1

] for all x, y t l5 , then E ^ m / l / I I 

We study E l by investigation~of-I9 in.lift; 

Let I ̂  be the submodule of 1̂  consisting of linear com-

binations of monomiai&inj a j , , n&q ofj degree n , and let 

I ^ n i , . . . , n ) be the submodule of 1̂  consisting of linear 

combinations? of 'degree-nj* in a ^ , n2 in a2> . . . , in a ^ , 

n i + . . . + n ^ = n . The ranks of 1*1 and II ( n ^ , . . . , U q ) are 

denoted respectively by i ^ and i l ( n j t > . . . , nq). 

We prove-firsti that 111 issthe-module-'Spanned by all 

elements ofTtije.»formi [\v/f~^\ , and obtainjupp e r r bounds for i^ 

and j 1 ( n ^ , . . .„, nq)) which may be mosttconvenientty expres-

sed as coeffic.ients-of"certain-.formal powerrseries; 



Further results are obtained by giving another set of ele-
o 

ments which spans This enables-us to-find upper bounds for 

i^(m, n) by, aniinductiVie method^ In^pjarticiUatrj we prove 

i^(p+r-n,n)-< li + K-, 

where K is a polynomial in r of degree at most n-2. 

Using the above-formula, we prove that, if the Engel 

ringvE r'werej.nilpotent with-class. Cp,. then :Cp/p.would not be 

bounded;. 

Finally, we give a new proof of the relation between the 

Bumside groups and the Engel rings by studying the free restricted 

Lie rings and Zassenhaus
1

 representation of the free groups. 
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ABSTRACT 

It i s well-known that the r e s t r i c t e d Burnside 

problem f o r a prime exponent p can be rephrased i n terms 

of the n i l p o t e n c e of f i n i t e l y generated Engel r i n g s over 

GF(p) with the exponent p - 1 . In t h i s t h e s i s we study 

these r i n g s with the object of extending our knowledge 

of the Burnside groups. 

Let £ g be the L i e r i n g over GF(p) generated 

by e^, e^,..., e , where the elements of are 

r e s t r i c t e d by the Engel c o n d i t i o n [ f g ] = 0 f o r a l l 

f , I e If i s the f r e e L i e r i n g over GF(p) 

generated by a^, a^,..., a , and i f J g i s the i d e a l 

of q generated by [ x y P "*"] f o r a l l x, y £ > then 

Cj ̂  S XJ^IJ ̂ . We study by i n v e s t i g a t i o n of "J ^ 

Let 'J ^ be the submodule of "J ̂  c o n s i s t i n g 

of l i n e a r combinations of monomials in a,, a o r . . . . a 

1' 2 g 

of degree n, and l e t ^ ( n ^ n j , • . .,n^) be the sub-

module of c o n s i s t i n g of l i n e a r combinations of 

degree n^ i n a^, i n a^,..., n^ in a , n^+ ... 

+ n =n. The ranks of 7 ^ and ^ q (n , , n 0 . . . . , n ) are 
q J n J 1' 2 ' ' q 

denoted r e s p e c t i v e l y by i ^ and i ^ ( n ^ , n ^ , • • • , n ). 

We prove f i r s t that J °' i s the module 

spanned by a l l elements of the form [xy ] , and 

obtain upper bounds f o r i ^ and i q ( n ^ , n ^ , • • • , n ^ ) i n 
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terms of w e l l d e f i n e d i n t e g e r s j and j (n,,n., . . ,,n ) 
n ± <s g 

which may be most c o n v e n i e n t l y expressed as c o e f f i c i e n t s 

of c e r t a i n formal power s e r i e s . 

F urther r e s u l t s are o b t a i n e d by g i v i n g another 

2 

set of elements which spans 'J . This enables us to f i n d 

•upper bounds f o r i (m,n) by an i n d u c t i v e method. In 

p a r t i c u l a r , we prove 
2 r " " 1 

i (p + r-n,n) < ~. r r + K, 
( n - i ; | 

where K i s a polynomial i n r of degree at most n - 2 . 

Using the above formula, we prove t h a t , 

2 

i f the Engel r i n g £ were n i l p o t e n t with c l a s s c , 

then c /p would not be bounded. 

P 

We give another proof of well-known f a c t 

about the r e l a t i o n between the Burnside groups and 

the Engel r i n g s by s t u d y i n g the f r e e r e s t r i c t e d L i e 

r i n g s and Zassenhaus' r e p r e s e n t a t i o n of the f r e e 

groups . 
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A B S T R A C T 

It is well known that the restricted Bumside problem for 

a prime exponent p can be rephrased in terms of the nilpotence 

of finitely generated Engel, rings over GF(p) with exponent p-1. 

We study these rings with the object of extending our knowledge-; 

of the Bumside groups. 

Let E1 be the Lie ring over GF(p) generated by ê , 

. . . , ê , where the elements of E l are restricted by the Engel 

condition [fgP
- 1

] = 0 for all f, g £ E l . If L i is the free Lie 

ring over GF(p) generated by a^, . . . , aq, and if I i is the ideal 

of L i generated by [ xyP"
1

]' for all x, y C L
q

, then E 1 ~ L 1 / H 

We study E l by investigation of 111 in. LI . 

Let 1̂  be the submodule of i i consisting of linear com-

binations of monomials.in- a^, . . . . ,
 a

q i - ° t degree n, and let 

H ( n i , . . . , n )̂ be the submodule of I i consisting of linear 

combinations of'degreeing in a-̂  , 112 in a£ , . . . , in a^, 

ni + . . . + n„ = n. The ranks of Ii and II (n. , . . . , n n ) are 
4 Q n

 1

 i» » 4 
denoted respectively by r* and i i (nj', . . . , n^). 

We prove, first that Ii'. is-the:module-spanned by all 

elements of.the form. [ xyP
-

^] , and obtain upper bounds for i
q 

and j1(n^, . . . . , nq) which may be most:conveniently expres-

sed as coefficients of certain formal powerr series. 



Further results are obtained'by giving another set of ele-

ments which spans I ; This enables.us.to find.upper bounds for 

i^(m, n) by an.inductive;method.. In particular, we prove 

? -ii.-1 
i^(p+r-n,n)<- l ! + K', 

(n--l)j 

where K is a polynomial in r of degree at most n-2. 

Using the above formula, we prove that, if the Engel 
2 

ring E - were nilpotent with class Cp., then C p / p would not be 

bounded. 

Finally, we give a new proof of the relation between the 

Bumside groups and the Engel rings by studying the free restricted 

Lie rings and Zassenhaus' representation of the free groups. 
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I n t r o d u c t i o n . Let ^ be e i t h e r the r i n g of 

i n t e g e r s , or a f i e l d . A L i e r i n g over i s a 

<j)-module i n which the L i e product xy f o r each ordered 

p a i r of elements x and y of £ i s d e f i n e d , and the 

f o l l o w i n g p o s t u l a t e s are f u l f i l l e d : 

( 0 . 1 ) A.(xy) = (A.x)y = x(\y) (A. £ <3?, x, y e L ) , 

( 0 . 2 ) (x + y ) z = xz + yz, 

x(y + z) = xy + xz (x, y, z £ X,) , 

( 0 . 3 ) (Anticommutative law) 

xx = 0 (x £ JLV) . 

As a consequence of the above p o s t u l a t e s , we have 

( 0 . 3 ) 1 xy = -yx (x, y £ J J , 

( 0 . 4 ) (Jacobins i d e n t i t y ) 

(xy)z + (yz)x + (zx)y = 0 (x, y, z £ Ji,), 

A $-submodule H of JL* i s c a l l e d a L i e  

subring, i f xy £ JL' f o r any p a i r of elements x, y of JL, 

and -C' i s c a l l e d a L i e i d e a l , or simply an i d e a l f i f 

xy £ JL' f o r any elements x £ fj and y E JL . ( i f xy £ Xj 

then by ( 0 . 3 ) T yx £ £j a l s o . Thus any L i e i d e a l i s 

a two-sided i d e a l . ) 

For any L i e r i n g £^ we may form the lower  

c e n t r a l s e r i e s : 

( 0 . 5 ) 1, - ^ 2 1 ( 2 > 2 1^2. ... , 

where 

( 0 . 6 ) + ^ ^ X i ) ( i = l l 2 ' " ' ) ' 

A L i e r i n g i s s a i d to be n i l p o t e n t of c l a s s n. i f 

(o.7) f = 0 , * 0 . 
(n + l) (n) 
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We may a l s o form the d e r i v e d s e r i e s of JL- : 

( 0 . 8 ) L = J L ( 1 ) ^ 2 ^ ( 3 ) 2 ... , 

where 

(o.9) t f i + 1 ) = «L ( i ) (i = l . 2, . . . ) , 

and a L i e r i n g JL i s s a i d to be s o l v a b l e i f 

(o.io) X , ( n ) - o 

f o r some n. 

A' L i e r i n g JL i s c a l l e d an Engel r i n g , or 

i s s a i d to s a t i s f y the Engel c o n d i t i o n i f f o r any 

elements x, y o f JL the re e x i s t s a p o s i t i v e i n t e g e r n, 

which may depend on x and y, such that 

n ^ 

(en) ((...((xyirrrTTTyjy = o. 

In p a r t i c u l a r , i f n i s independent of x, y then JL i s 

c a l l e d an Engel r i n g of exponent n, or X- i s s a i d to 

s a t i s f y the nth Engel c o n d i t i o n . , 

A well-known theorem (Engel's theorem) says 

that i f L i s a <J>-module of f i n i t e rank over a f i e l d <£> 

and i f «L s a t i s f i e s the nth Engel c o n d i t i o n then L i s 

n i l p o t e n t . Zorn [ 3 0 ] has shown that i f JL s a t i s f i e s the 

maximum c o n d i t i o n f o r subrings, and i f JL s at i s f i e s t he 

Engel c o n d i t i o n then JL i s n i l p o t e n t . Higgins [ 8 ] has 

shown that a s o l v a b l e Engel r i n g of exponent n over a 

r i n g or a f i e l d of c h a r a c t e r i s t i c prime to n,' i s 

n i l p o t e n t . The q u e s t i o n as to whether a f i n i t e l y gene-

rat e d Engel r i n g of exponent n i s n i l p o t e n t i s , however / 

s t i l l open. 
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The main purpose of t h i s t h e s i s i s to study 

a s p e c i a l c l a s s of Engel r i n g s , namely, f r e e Engel  

r i n g s over GF(p), of exponent p - 1 . Rings of t h i s type 

have important a p p l i c a t i o n s i n connection with the 

c e l e b r a t e d Burnside problem. We may i n d i c a t e t h i s 

connection, somewhat i n t u i t i v e l y , as f o l l o w s . To a 

given group we a s s o c i a t e a r i n g i n such a way that 

the product and the commutator of group elements c o r r e s -

pond to the sum and the L i e product of L i e elements 

r e s p e c t i v e l y (Lazard [ 1 3 ] / Magnus [ 1 8 ] ) . If the given 

group i s of exponent p ( i . e . g^ = 1 f o r every element' 

g of the group) then the a s s o c i a t e d L i e r i n g s a t i s f i e s 

the ( p - l ) s t Engel c o n d i t i o n (Higman [9]» Sanov [ 2 6 ] ) . 

Hence the n i l p o t e n c e of the " f r e e " Engel r i n g with 

q generators i m p l i e s the p r o p o s i t i o n R ( c f . S e c t i o n 6 ) . 

Indeed, the s o l u t i o n of the problem f o r p = 5 (Higman 

[ 9 ] / K o s t r i k i n [ 1 2 ] ) i s based on t h i s f a c t . Moreover, 

f o r i = 1, 2 , . . . , 2 p - 2 , the orders of the f a c t o r 

r i n g s CJ (j^+i) a r e e c ? u a l r e s p e c t i v e l y to the 

orders of the f a c t o r groups ^3 ̂  ^ ^ i + i ' w ^ e r e a n c * 

#3 denote the nth term of the lower c e n t r a l s e r i e s of 
n 

and the Burnside group £) . 

In s e c t i o n 1, we introduce some n o t a t i o n s 

and review some concepts concerning the f r e e L i e r i n g 

over GF(p) and i t s d e r i v a t i o n r i n g , which are used i n 

l a t e r s e c t i o n s . 

In s e c t i o n 2 , we c o n s i d e r the d e r i v a t i o n 
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r i n g and i n t r o d u c e Jacobson's [ 1 0 ] n o t a t i o n : 

{ 
X l X2 

. . . 1 ) 1 2 i 

where the X^ are noncommutative but a s s o c i a t i v e i n d e t e r -

minates and the summation i s taken over a l l permutations 

i ^ , i^,..*, i of 1, 2,..., n ivhich may be c a l l e d the 

symmetric sum of X^, X 2 , . . . , X . We l i s t some p r o p e r t i e s 

of these symmetric sums most of which were obtained by 

Jacobson. It i s well-known t h a t , 

(X + Y ) P - X P - Y P = A(X,Y) (mod p) 

i s a L i e element ( c f . S e c t i o n 1.2) i n X and Y (jacobson 

[ l l ] , Zassenhaus [ 2 8 ] ) , which i m p l i e s t h a t , i n ge n e r a l , 

the symmetric sum {X^ ... X ^ / l 1 ... l} (mod p) i s 

a L i e element i n X^, X^,..., X^. For example, (X + Y) 

- X 2 - Y 2 = XY + YX = XY - YX = [XY] (mod 2 ) . We prove 

t h a t , 

[ x 1 ( x 2 . . . x /1 1 . . . 1 ] ] = Z [ . . . [ [ x 1 x 1 ]X. ]...X. ] , 

2 3 p 

where again the summation i s taken over a l l permutations 

i - ^ , i g / * * " / i p of 2, 3,..., p, i s a c t u a l l y the symmetric 

sum {X^ X^ ... X /1 1 ... l } . This f a c t p l a y s a most 

important r o l e throughout t h i s t h e s i s . 

In s e c t i o n 3# w © d e f i n e the Engel i d e a l *J of 

the f r e e L i e r i n g X , over GF(p) to be the i d e a l of £, 

generated by a l l elements of the form ( ( . . . ( x y ) . . . ) y ) y , 

x, y £ JL , a n d prove t h a t the Engel i d e a l i s the 

module generated by a l l elements ( ( . . . ( x y ) . . . ) y ) y , i . e . 

the set of a l l l i n e a r combinations of such elements 
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(Theorem 3 - l ) - Using t h i s theorem we o b t a i n upper bounds 

f o r the ranks of the module J ./T . , which w i l l g ive 
i i + l 

lower bounds f o r the ranks of the a b e l i a n f a c t o r groups 

L ^ ) i / E ) i + 1 f o r i = 1, 2, 2p-2. 

In s e c t i o n 4, we r e s t r i c t o u r s e l v e s to a 

c o n s i d e r a t i o n of the Engel i d e a l 'J, of the f r e e L i e 

2 

r i n g £, with two g e n e r a t o r s . We choose, f i r s t , a 

s p e c i a l type of b a s i s (a normal b a s i s ) f o r X_?« Using 

t h i s set of b a s i s elements we o b t a i n a subset of elements 

2 4 2 

of X/ such that any element: of j may be w r i t t e n as 

a l i n e a r combination of elements of t h i s set (Theorem 4-2). 

As an a p p l i c a t i o n of t h i s theorem we s h a l l o b t a i n 

another e x p r e s s i o n f o r the upper bounds of the ranks 

of the submodules ^J(m,n) of c o n s i s t i n g of a l l 

homogeneous elements with degree m i n one generator 

and n i n the other. v ! 

In s e c t i o n 5/ u s i n g the upper bounds f o r the 

ranks f o r ^J(m,n) obtained i n s e c t i o n 4 together with 

well-known Wi t t ' s formula we prove that the c l a s s of 

n i l p o t e n c e of Engel r i n g of exponent p-1 with more than 

one generator cannot be expressed as a l i n e a r f u n c t i o n 

of p i n g e n e r a l (Theorem 5«l)« 

In s e c t i o n 6, we d i s c u s s the connection 

between the p r e c e d i n g r e s u l t s and the Burnside groups. 

We l i s t some open question i n connection 

with t h i s t h e s i s i n the l a s t s e c t i o n 7« 
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1. Free L i e r i n g jtl_5 over GF(p). In what 

f o l l o w s we denote the f r e e L i e r i n g over GF(p) with 

g generators a^, a2,«««, a^ by , or simply by Ju. 

We s h a l l denote elements of by small L a t i n l e t t e r s . 

The L i e product of elements x and y i n 1^ w i l l be 

denoted by xy. An element of the form (...((x.x»)x„)...)x 

1 2 3 n 

w i l l be c a l l e d a ( r i g h t ) normal product 

and w i l l be denoted by x-^x^x^. . . x^. A normal product 

of the form xy...yz...z...u...u w i l l be w r i t t e n as 

xy^z"' . . .u^. We have 

(1.1) x(yz) = xyz - xzy. 

This i d e n t i t y enables us to w r i t e every element of 

as a l i n e a r combination of ( r i g h t ) normal products 

i n the generators a^, a^,..., a^. 

The submodule ;.of t3 c o n s i s t i n g of a l l l i n e a r 

combinations of homogeneous monomials of degree n in 

the generators w i l l be denoted by Xj^i o r i f n o confusion 

a r i s e s , by ^ . S i m i l a r l y , £.( ) w i l l denote 

the submodule of c o n s i s t i n g of a l l l i n e a r combinations 

n 
of homogeneous monomials i n each generator with degree 

n.. i n a,, n„ i n a„,..., and n i n a , where n n + n~ + 
1 1 2 2 ' ' q q' 1 2 

... + n = n. The ranks of the modules 1** and 
q ^ n 

£__(n.., n 9,..., n ) w i l l be denoted by f q and f ( n , , n p,...,n ) 

r e s p e c t i v e l y . Expressions f o r f ^ and f ( n ^ , n2»..., n ) 

have been given by Witt [27], v i z 

(1.2) f* - i Z ^ U ) q n / d , 
d | rv. 
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(1.3) f ( n l f n 2 n ) -

M-(d) d -
* 1 

c*K _1 | _2 | . . . _ S | 

( n x + n 2 + ... + n g = n), 

where U-(d) i s the Moebius f u n c t i o n . 

1.2. The f r e e a s s o c i a t i v e r i n g ( X ^ over GF(p). 

An inner d e r i v a t i o n Y of X/ i s a mapping of jL, i n t o .£_, 

i t s e l f d e f i n e d by Y: x — * xy f o r a l l x £ JL , where y 

i s a f i x e d element of Throughout, we denote inner 

d e r i v a t i o n s by the same c a p i t a l l e t t e r as i s used f o r 

the f i x e d element of X - d e f i n i n g the inner d e r i v a t i o n ; 

f o r example Y_̂  w i l l denote the mapping x —> xy^ f o r a l l 

x £ J L - The inner d e r i v a t i o n d e f i n e d by yz, i . e . the 

mapping x —> x(yz) w i l l be denoted by [ Y Z ] . By ( l . l ) 

we have 

(1.2.1) [YZ] = YZ - ZY. 

Again, f o r b r e v i t y , we w i l l w r i t e 

(1.2.2) [ . . . [ [ X 1 X 2 ] X 3 ] . . . X n ] = [ X 1 X 2 X 3 . . . X n ] , 

(1.2.3) [XY...YZ...Z...U...U] = [XY Z ...U ] . 

The a s s o c i a t i v e r i n g over GF(p) generated 

by the inner d e r i v a t i o n s A^: x — » xa,, i = 1, 2,..., q, 

w i l l be denoted by 0(5 or (X. It i s known that OL i s 

a f r e e r i n g with generators A J f A^,..., Aq(Witt [27]). 

The elements of (X which are themselves inn e r d e r i v a t i o n s 

of J L form a L i e r i n g i f the L i e product of X and Y, 
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where X and Y are inner d e r i v a t i o n s , i s d e f i n e d by 

[XY] = XY - YX. This L i e r i n g w i l l be denoted by ̂ 3 q 

or simply by £ . The mapping x — * X, y — * Y and 

xy —> [XY] i s an isomorphic mapping of onto ^ ([27] ) . 

We s h a l l c a l l the elements of £f the L i e elements of 

jQ[: f o r example A^..., A^, [A^A^] = A^A^ - A^A^, . . . 

are L i e elements of (X. We p r e f e r not to co n s i d e r 

as a r e s t r i c t e d L i e a l g e b r a ( [ l O ] , [ l l ] ) so that an 

element of CL of the form X p, X e w i l l not be 

c a l l e d a L i e element of OC. 

The i d e n t i t y mapping of «£_, d e f i n e d by x —> x 

f o r a l l x £ X_» w i l l be denoted by E. Note that E i s 

not an element of (X, but, f o r convenience in the 

f o l l o w i n g s e c t i o n s we w i l l c o n s i d e r E ad j o i n e d to 

We s h a l l use the f o l l o w i n g convenient n a t a t i o n s : 

(1.2.4) x = xE, 

xy = xY, 

x(yz) = x[YZ], 

xyz = xYZ, e c t . 
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2. Some i d e n t i t i e s i n a . In t h i s s e c t i o n 

we l i s t c e r t a i n i d e n t i t i e s among the elements of (X 

which w i l l be used i n l a t e r s e c t i o n s . We s h a l l not give 

p r o o f s f o r well-known formulas. 

Let X̂ , X^,..., X̂ , X, Y be elements of GC-

Using Jacobson's [10] n o t a t i o n the symbol 

IX.. X„ ... X \ (or {X, X„ ... X / i . i„ ... i }) 
< 1 <s n I 1 2 n l 2 n 
l i 1 i 2 ... i j 

where i ^ , i 2 , . . . , are non-negative i n t e g e r s smaller 

than p, w i l l denote the sum of a l l products of i ^ of X̂ , 

i„ of X.#..., i of X i n every p o s s i b l e o r d e r . In 
2 2 n n 

p a r t i c u l a r , | I X 2 ... X ) (or {X][ X2 . . . Xr/1 1 ... l } ) 

( 1 1 ... 1 J 

denotes the sum of n l terms X. X. ...X, , where 

i , , i _ , . . . , i are taken over a l l permutations of 
1 2 n 

1, 2 , � t • | n • 

C o n sider [Y. Y„ ... Y / l 1 ... l } , (m = i . 
1 2 m 1 

+ i 2 + ... + i n ) r a n d r e p l a c e each of the f i r s t i ^ of 

the Y^ by X^, each of the next i 2 of the Y^ by X 2, 

and each of the l a s t i of the Y. by X . Then we have 

n k n 

(2.1) ( X- • a a X- X» m m m X — a • a X a a • X ] 
) 1 1 Z 2 n n l 
^ 1 • • • 1 1 a a • 1 • a a 1 a n a l / 

= V - V - V - F l X2 ••• Xn{ 

Another r a t h e r simple but u s e f u l i d e n t i t y i s 
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(2.2) | X x X 2 ... X n 

I i , i 0 . . . i 
v 1 2 n 

= X 
l) X l X Xn} + X 2 f X l X2 ��� M 

l i -1 i . . . . i J l i . i ~ - l . . . i / 1 2 nJ 1 2 n 

+ X IX. X, ... X 

n) 1 2 n 
i , i„ . . . i -1 
1 2 n X ) X 0 n l 2 — \ X, X— ... X X. + \ X. X~ ... X I 

i 1 2 n , 1 j 1 2 nl 

[i^i i 2 . . . i n j C i 1 i 2 - i . . . i n J 
+ ..•.+ f x . X. ... X \X 

^ 1 2 n \ n 
l i x i 2 i n - l j � 

The following two identi t ies are well-known([10]) 

(2.3) ( X x X 2 ... X n| 

( 1 1 . . . 1 j 

" ( X 1 + X2 + " - + "2>( X1 + X2 + " + V l ^ 

+ 2 ( X ! + X

2 + � + V 2 ) n ~ ' � � + ( - l ) n ~ ^ x " � 

Here X \ (X ., + X_ +...+ X , ) n denotes the sum of the 
1 2 n - i 

( n . ) terms (X i + X i +...+ X i ) n where j . , j . 
n- i 3± J 2

 J n - i 1 2 n - i 

runs over a l l combinations of 1, 2 , . . . , n taken n - i at 

a time. 

(2.4) | x x + x 2 +.. .+ x n x t - Z U X + x 2 +...+ x n . 

I n n 1 j C ( 

+ . . . + ( - D n _ ] 5 f x x X \ 
C (n 1 ) 

= j x^ X 2 ... X^ X 1 

\ 1 1 . . . 1 1 ) , 

where has the same significance as in (2.3). (The 
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i d e n t i t i e s (2.3) and (2.4) h o l d i n any a s s o c i a t i v e r i n g . ) 

In the r e s t of t h i s s e c t i o n X, X,, Y, Y, 
I I 

are assumed to be elements of (3. The f o l l o w i n g two 

i d e n t i t i e s are a l s o well-known, ( c f . (1.2.3) f o r the 

not at ions . ) 

(2.5) 

(2.6) 

(2.7) 

[XY P] = XYP - YPX. 

[XY P - 1] = ' 2 , Y I X Y 

p - i 
p-i-1 _ = i X 

I 
X Y I 
1 P-1 J -

A g e n e r a l i z a t i o n of (2.6) i s the i d e n t i t y : 

XIX. X« ... X — IX X. X— ... X } 
J 1 2 p-1 \ ' 1 2 p-1 \ 

1̂ 1 ...1 J J ( 1 1 1 ...1 ) . 

(For c l a r i t y we s t r e s s again our convention (1.2.2), 

so that the le.fi.t-v.hand s i d e denot 

1 1 1 

X l 12 1 p - l 

where the summation i s taken over a l l permutations 
i l ' i

2 ' " * " '
 i p - l ° f 2 ' **"' p - 1 " ^ 

Proof of (2.7). By (2.3), we have 
XIXn X~ ... X n I 

1 2 p-1 
1 ... 1 

=[x(x 1 + x 2 + .+ x p _ x ) p X ] 

- Z [ x ( x 1 � x 2 � X ^ ^ P - 1 ] 

� ( - D ^ ' Z c x x r 1 ] 
c 1 

= I X X- + x 0 + . . . « - x . l 
J 1 2 P-1 
11 p-1 J 

- £ | X Xx • X 2 + . . . + X 1 
c l l p-1 ) 

http://le.fi
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( " D ^ Z j X X x l (by (2.6)) 

C " l p-1 

X X x X 2 ... X p_ 1\ (by ( 2 . 4 ) ) . 

1 1 1 ... 1 

This i d e n t i t y g i v e s another proof of the 

well-known formula (Zassenhaus [ 2 8 ] ) : 

(X + Y ) P = X P + Y P + /\(X,Y), 

where X, Y are elements of an a s s o c i a t i v e r i n g over a 

f i e l d of c h a r a c t e r i s t i c p > 0, and /\(X,Y) i s a sum 

of L i e products i n X and Y. Indeed, 

(2.8) (X + Y ) P = X p + Y P + 21) X Y 21) X Y \ 
n~~'(n p - n j 

and 

P - ! P- I 

A (X,Y) = ZJ I X Y \ = Z-f X| X Y 11 

h s , l n p-nj " - ' l ln-1 p - n J J . 

A s i m i l a r argument e s t a b l i s h e s the i d e n t i t y : 

(2.9) (X + X 2 +...+ X k )
P 

= X P + X P +...+ x p + /\(x^, x 2 , . . . , Xj__) , 
where 

A (x^, X 2 , . . . , x^) - 21 \ x^ x 2 ... Xj ... x^ 

v 1 2 j k 

x, n = / . r x , i X n x~ ��« x , . . . x 
J 1 2 3 

L ( i]_ *2 " * * * j - ^ * " " 

( i * 0, ± 1 + i 2 +...+ i k = p ) . 

The f o l l o w i n g important r e l a t i o n s i n the f r e e 

L i e r i n g JL^ are i m p l i e d by (2.7): 

(2.10) x i | x2 * * * x i " " * x p = X i l X2 **" X l X p ] 

v. X • • • X • • • X I 1 • • • X i t i 1 J i 
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(2.11) ytx1 x 2 ... x l = - x 1 , x 2 ... x i y 

I 1 1 . . . 1 I { 1 . . . 1 J . 

(Again x.i x„ ... x. ... x |denotes ^ x . x , ...x, ... 

I 1 . . . 1 . . . 1 ) 

where the summation i s taken over a l l permutations 

j 2 '"��» J i ' � " " ' °f ^* , X , . . • , p a n d X j j x 2 

I 1 

denotes >̂ x, x- ...x^ y with the same convention on 

as above.) 

Proof of (2 

y f x 1 x 2 

11). 

� x
P \ = y\xi

 x 2 ��� X p l 
. 1 J ( 1 1 . . . 1 ) 

(2.12) 

1 1 

= ^ X l J X 2 

= ~ x 1 j x 2 . 

Again i n , us i n g the f o l l o w i n g i d e n t i t y 

Y-,Y«...Y Z — ZY-.Y.-....Y 

1 2 n 1 2 n 

= [ Y l Z ] Y 2 . . . Y n + Y l L Y 2 Z ] . . . Y n + . • • 

• y 1 Y 2 . . . [ Y n z ] , 

we can e s t a b l i s h 

(2.13) J Y 1 Y2 ••• Y n ] Z " Z j Y l Y2 ••• Y n ] 
l l 1 . . . l j ( l 1 . . . 1 ) 

[ Y l Z ] Y 2 ... Y l + ( Y x [ Y 2 Z ] . 

1 1 . . . 1 ) I 1 1 

� ' + i Y l Y2 ••• £ Y n Z H 

1 1 . . . 1 ) . 

Y 
n 

1 J 
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3. The Engel i d e a l ^ q The L i e i d e a l i n 

generated by a l l elements of the form xy w i l l be 

c a l l e d the Engel i d e a l of of exponent p-1 or simply 

the Engel i d e a l of Xj"*/ s i n c e we s h a l l be d e a l i n g with 

only f i x e d exponent p-1, and w i l l be denoted by q or J . 

In order to a v o i d c o n f u s i o n , we s h a l l say 

that a module i s spanned by a subset of elements of 

a r i n g i f every elements of the module can be w r i t t e n 

as" a ( f i n i t e ) l i n e a r combination of elements of the 

subset,; 

Let fa- denote the submodule of 0( spanned by 

a l l elements of the form Y P Y £ 3" • Then u s i n g 

the n o t a t i o n s d e f i n e d i n (1.2.4), J i s the i d e a l of £ ^ 

generated by a l l elements of the form xZ, x £ t^, Z £ fHt 

or J i s the submodule of spanned by a l l elements of 

the form xZD, x £ X̂ , Z £ , and D i s e i t h e r the i d e n t i t y 

mapping E or an element of OC. 

By (2.3) i f Y l f Y 2,..., Y ^ E $, then 

[Y1 Y 2 ... Y^_l/1 1 ... 1} £ (t . Using t h i s f a c t , we 

s h a l l prove the f o l l o w i n g theorem. 

Theorem 3•1• The i d e a l J i s the submodule 

P p— 1 
of oC spanned by a l l elements of the form xy 

Proof. Consider an element x y P "'"z £ *J. Then 

x y P _ 1 z = - Z ( x y p - 1 ) = - z [ X Y P _ 1 ] 

= - z 
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= - z X Y P _ 1 -zY|X Y \ (by (2.2)) 
\ l P-2l 

= - ( z x ) Y P ~ 1 - ( z y ) i X Y } 

\l p-2) . 

But Y P _ 1 e (t and )X Y \ e , so that x y p - 1 z i s 

U P-2J 

o— 1 

a l i n e a r combination of elements of the form uv , 

u, v £ Xj � 

In the proof of t h i s theorem, we have used 

only the f a c t that i s a L i e r i n g over a f i e l d of 

c h a r a c t e r i s t i c p and the exponent of Engel i d e a l i s p-1. 

In other words, the proof shows that i f i s any L i e 

r i n g over a f i e l d of c h a r a c t e r i s t i c p then the i d e a l 
p— 1 *p 

generated by a l l elements xy , x, y £ i s the 

module spanned by a l l elements xy . However, t h i s 

i s not t r u e i n g e n e r a l . (A counter example i s e a s i l y 

c o n s t r u c t e d . ) 
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3.2. The upper bounds j ^ and j (n^, n,-,, . . ., n g ) • 

Theorem 3«1 and formula (2.3) show that the i d e a l J 

i s the module spanned by a l l elements of the .form 

x,|x„ ... x ) , x. £f. . S i n c e x - , f X 0 ... x 1 i s a l i n e a r 1/2 p 1 . *° II 2 p \ 
11 . . . 1 J I 1 . . . 1 J 

form i n each component x^, i = 1, 2 , . . . , p, i . e . , 

1 ) 2 1 1 p ( 11 2 1 p V 

\ l ... 1 . . . l j (1 . . . 1 . . . l j 

+ x ^ j X g ... x! ... x

p l f J m a y ^ e spanned by a l l 

l i ... 1 . . . 1 I 

elements of the form x,ix„ ... x ) where each x. i s 

1/2 p i 1 

U . . . 1 1 

b a s i s element of £/. 

Let Jl = JqnVn and J ^ , n 2 n g) 

= J J g n ^ ( n ^ /
 n 2 ' " " ' ' n q ) • ranks of the modules 

J ^ and ^J(n^, n^, *••, n ) w i l l be denoted by i ^ and 

i ( n ^ , n^,•••, n ) r e s p e c t i v e l y . We g i v e upper bounds 

of i ^ and i ( n 1 f n„,..., n ) as f o l l o w s , 
n v 1' 2' q 

It i s known ( c f . M. H a l l [ 5]) a b a s i s of 

e x i s t s such that every b a s i s element i s a homogeneous 

expres s i o n i n the generators a^, a 2 , . . . , a^ of X ^ . 

Let u^, u 2 , . . . be such a b a s i s , and l e t x^, x 2 > . . . , x p 

be s e l e c t e d from among these b a s i s elements ( r e p e t i t i o n s 

allowed) such that the sum of the degrees of x^, x 2,..., 

x i n the generators a,, a 0 , . . . , a i s equal to n. 
p 1 <c q 

Denote by j ^ the number of ways i n which such a s e l e c t i o n 
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may be made. Then by the above argument and (2.10), 

^ J q i s spanned by j q elements of the form X J X 
'2 
1 

. . x 1 , 

and hence 

f o r a l l n 

, q , . q 
n — J n 

Using Witt's formula (1.2), j q may be given 

as f o l l o w s . Let 

- f q 

(3.2.1) T = n ( i - t r r v , 

where t ^ , t ^ , . . . are commutative i n d e t e r m i n a t e s . Then 

j q i s the sum of the c o e f f i c i e n t s of a l l terms 

t ^ ' t x . . . t ^ k i n the formal e x p r e s s i o n of T as a power 

s e r i e s , such that 

^1 + "̂2 + " " " + = P ' 

11 2 2 k k 

In p a r t i c u l a r , 

(3-2.2) i q = j q = 0 (1 < n < p-1). 
n n — 

In case n = p, j q i s the number of combinations 

of the generators of £_ q; a^, a 2,..., a^ taken p at a 

time a l l o w i n g r e p e t i t i o n s . Among these combinations 

there are q which i n v o l v e j u s t one generator a^ taken 

p times, i = 1, 2,..., q, these correspond to the 

elements a.{a. a. ... a . / l 1... l ] = 0. On the other 

hand, each of the remaining combinations corresponds 

to an element a. fa. a. ... a, /I 1 ... 1] £ 0 and 

i , i x i 3 i p 

and each submodule ĵ( ), n 1 + n 2 + . . . + n =p, 
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of I i s spanned by one and only one of these elements. 
J p 

Therefore they are l i n e a r l y independent and we have 

(3.2.3)0 q - i l - * - (''T1' " * ' ̂ T ^ " 

This g i v e s an e x p l i c i t e xpression of the rank of Jfp' 

We may e a s i l y e valuate the next few i ^ .. 
J p + i 

In case n = p+1, there i s only one choice of the term 

t ^ ' t ^ . . . t ^ K = t . f P " 1 , and we have 

In case n = p+2, there are two terms; t ^ t ^ and 

2 o— 2 
"̂2 i which s a t i s f y the r e q u i r e d c o n d i t i o n , and 

(3.2.3), i l . , - f ? ( f l * P - 2 ) * ( f " + 1 ) ( f l * p - 3 ) 2 P+2 3 p - 1 2 p-2 

S i m i l a r l y , i ^ „ i s the sum of the c o e f f i c i e n t s of the 
p+3. 

o 1 ID -2 3 IO 3 
terms t^t^ , t ^ t g t ^ and t^t^ J . Thus we o b t a i n 

(3.2.3), j ' - ^ ( f ^ p ; 2 ) • ^ i & ^ h ^ & S ^ 

j p + j 4 p-1 j p-2 3 p-

- X U " q M P-1 ^ 6 C q " q H q * q } ( p-2 } 

+ - p - ( d 2 - q ) ( q 2 - q + 2 ) ( q 2 - q + 4 ) (
q p . P 3 4 ) 

Next, j q , i s the sum of the c o e f f i c i e n t s of the terms 
P+4 

v r 1 - ^ v r 2 - t j 2 * / - 2 - t 3 t 2 2 t i p " 3 a n d t

2

4 t i p " t -

and we have 
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<3-*-3>4 "*P+4
 = f 5 ^ ^ p - l 2 ^ +

 f4 f2^ + ^ ^ ^ ^ ^ ^ p - ^ ^ 

+ ^ - ( q

3 - q ) ( q 3 - q + 3 ) (
q ^ 2 3 ) 

+ ̂ < q 3 - q ) (q 2-q) (q2-q*2) (q+

p

p_'3

k) 

+ 3 8 i r ( q 2 - q ) ( q 2 ~ q + 2 ) (<*2-<^) (q 2-q+6) ( q ^ - 5 ) _ 

An upper bound j ( n ^ , n ^ , • • . , n ) f o r 

i ( n ^ f n g , . . . , n ) may be obtained by a s i m i l a r method. Let 

(3.2.4) T» - H ( l - t ( v i , V 2 V q ) ) " f ( V l ' V 2 V , 

where t(v^,V^,•••,V ) are commutative indeterminates 

and the product i s taken over a l l q-tu p l e s of non-

negative i n t e g e r s V^, V^,..., V^. Define j ( n ^ , n 2 , . . . , n ) 

to be the sum of the c o e f f i c i e n t s of a l l terms 

t ( V l l ' V 1 2 ' - - - ' V l q ) M - • * ^ \ l ' \ 2 ° f T t 

such that 

A,̂  + ^2 + ... + = p, 

V l l + V 2 1 + ••• + V k l = n l ' 

A.. v.. + A. 0v 0 + ... + A. v. = n. , 

1 l q 2 2q k kq k ' 

then we have 
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(3.2.5) i ( n 1 # n 2 , . . . , n ^ ) < j ( n ^ , , . . . , n ). 

It i s noteworthy t h a t , i f r > p-1, then 

(3.2.6) j(r+p-2,2,0,...,0) > f(r+p-2,2,0,...,0). 

By the d e f i n i t i o n , j(r+p-2,2,0,...,0) i s the number of 

elements which are e i t h e r of the form x^rx^ a^ ... 

\l 1 . . . 1 j 

3| a l a l **• a l ) 
I 1 1 .. . 1 J 

or of the form x Q j a n a 1 ... a1\ , where x^ and x^ are 

b a s i s elements of (m^ , 1, 0, . . . , 0) and ^(m,,, 1, 0, . . . , 0) 

r e s p e c t i v e l y and + m^ = r, and x^ i s a b a s i s 

element of ^ ( r - l , 2, 0, . . . , 0) . The number of elements 

r + 2 

of the f i r s t form i s [ — ] (the number of p a r t i t i o n s of 

r i n t o not more than two p a r t s ) , and the number of 

elements of the second form i s f(r-1,2,0,...,0) = [—]. 
Hence 

j(r+p-2,2,0,...,0) = [ ^ ] + [ f ] 

= r + 1 or r, 

acc o r d i n g as r = 0 or 1 (mod 2). On the other hand, 

f(r+p-2,2,0 0) = [r"P"J--] . 

Thus we have proved (3.2.6). 

Since i(rVj, ) , we \have 

i(r+p-2,2,0, . . . ,0) < j(r+p-.2,2,0, . ..,0) 

i f r > p-1. This r e l a t i o n i m p l i e s 

(3.2.7) iJJ < jJJ (n > 2p - 1) 

file:///have
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rr2 
4. The i d e a l I . In t h i s s e c t i o n we s h a l l 

2 2 2 
be d e a l i n g with only ju , J , and C . The generators 

of aL w i l l be denoted by a and b. Thus X_(m,n) w i l l 

denote the submodule of X. c o n s i s t i n g of a l l l i n e a r 

combinations of homogeneous monomials i n a and i n b 

with degree m i n a and n i n b. S i m i l a r l y ^(m,n) = 

2 

,£_(m,n)0 J , and f(m,n) and i(m,n) w i l l be the ranks 

of c£„(m,n) and JJ(m,n) r e s p e c t i v e l y . 

4-1. Normal b a s i s of JLXn^n). By ( l . l ) 

every element of £^(m,n) m a y be w r i t t e n as a l i n e a r 

combination of normal products i n a and b, and the 

( m^ n) normal products c o n s i s t i n g of m a and n b 

m u l t i p l i e d t ogether i n a l l p o s s i b l e orders span 

the module X_(m,n). We i n t r o d u c e a l i n e a r order i n 

t h i s set of normal products as f o l l o w s : 

(4.1-1) xaD < ybD, 

f o r any x, y and D, where D i s e i t h e r E or any product 

of the inner d e r i v a t i o n s A and B. f o r example, ba < ab, 

2 2 

babab < ba b . This i s a l e x i c o g r a p h i c o r d e r i n g from 

r i g h t to l e f t . 

Let 

(4.1.2)-- x, < x n < ... < x. 

v 1 2 l 

be a l l the elements of the ( m* n) normal products, with 

the order d e f i n e d as above, i n ascending order. Let i 

be the s m a l l e s t i n t e g e r such that x. i s a non-zero 

element i n (4-1.2), and i ^ be the s m a l l e s t i n t e g e r 
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such that x. does not depend l i n e a r l y on x. . ( C l e a r l y 

i ^ < i2*) 1 R g e n e r a l , l e t i ^ , i^,..., be such that 

x. , x. x. are l i n e a r l y independent elements and 

every x^, i ^ < j < i ^ + i < i ^ . , i s l i n e a r l y dependent 

on x. x. . Then we d e f i n e i , ., to be the s m a l l e s t 
i( ' ' lk. k + 1 

i n t e g e r such that x. does not depend l i n e a r l y on 

x, , x, x. . It i s c l e a r that i . ., i s d e f i n e d 
i« i z k + 1 

u n i q u e l y by the o r d e r i n g (4<l>l) i n the sequence (4.1.2) 

in each step. There w i l l be f(m,n) of x. which form 
IK 

a b a s i s of the module £.(m,n). We s h a l l c a l l these 

b a s i s elements x. the normal b a s i s of £ ( m , n ) , and 

the e x p r e s s i o n f o r an element x of 1 as a l i n e a r 

combination of normal b a s i s elements w i l l be c a l l e d 

the normal form of x. 

Lemma 4«1« Let y. < y < ... < y , 

s = f ( m - l , n ) , and z^ < z 2 < •«• < z^, t = f ( m , n - l ) , be  

normal bases of J L ( m - l » n ) and <C(m,n-l) respect i v e l y . 

Then the elements y^a < y 2 a < ... < y g a are the f i r s t 

f(m-l,n) elements of the normal b a s i s of -C(m,n). The 

r e s t of the normal b a s i s of *L(m,n) c o n s i s t s of elements 

of the form z'b < z*b < ... < z T b where r = f(m,n) 
1 2 r v ' ' 

- f(m-l,n) and the sequence < z^ < ••• < z^ i s a  

subsequence of z^ < z 2 < ••• < z^. 

Proof. A normal b a s i s element of ^(m,n) 

has e i t h e r the form ya or the form zb. We w i l l show 

f i r s t that y-^a, y 2 a , . . . , y g a comprise a l l the normal 
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b a s i s elements of |_(m,n) of the form ya. For i f y'a 

i s a normal b a s i s element of JL ( m # n ) then y' = y^ f o r 

some i , 1 < i < s, si n c e otherwise y' = 2 J V J where 

y^ < y' and t h e r e f o r e y'a = 2. y.. a and y^a < y'a which 

says that y,' a cannot be a normal b a s i s element. 

Moreover, y,a, y 0 a , . . . , y a are l i n e a r l y independent, 

because otherwise we could have a r e l a t i o n , 

or. 

A,,y,a + A, 0y 0a + ... + 7^ y a = 0 (X,. £ GF(p)), 
X X <c <c S S X 

^ l y l + ^"2 y2 + •"' + ^ s

y s ^ a = °' 

This i m p l i e s that ^ ^ y l + ^*2 y2 + "*" + ^ s y s ̂ S ̂ ^ h e r 

zero or a, both of which c o n t r a d i c t the assumption. 

S i m i l a r l y , we may show that a normal b a s i s 

element of the form zb i s of the form z,b f o r some i , 
I 

1 < i < t . 

We s h a l l denote the set of a l l the normal 

b a s i s elements of £_(m,n) by U(m,n) and the set of 

a l l normal b a s i s elements of £_(m,n) of the form zb 

by V(m,n). The number of elements of the set V(m,n) 

i s f(m,n) - f(m-l,n) and w i l l be denoted by ^(m,n). 

Obviously, the normal bases of J L ( l , 0 ) , 

« C ( 0 , 1 ) , o C ( l , l ) , cL ( 2,l) and JL(1,2) c o n s i s t of the 

2 

s i n g l e element a, b, ba, ba and bab r e s p e c t i v e l y . 

We may give e x p l i c i t forms f o r the elements of U ( k , l ) , 

U(k , 2 ) and U(k , 3 ) f o r a l l k. 

Obviously U ( k , l ) c o n s i s t s of one element ba*". 

By formula ( 1 . 3 ) , 
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<p(k,2) = f ( k , 2 ) - f ( k - 1 , 2 ) = 0 k = 0 (mod 2 ) , 

^ ( k , 2) = 1 k == 0 (mod 2) , 

V(k , 2 ) i s vacuous i f k i s even and V(k , 2 ) c o n s i s t s of 

one element ba b i f k i s odd. Therefore U(k , 2 ) c o n s i s t s 

of the [ e l e m e n t s of the form ba^ba^ ^, j = 1, 3 , - - ' 

•j i 

Indeed, we may prove that ba ba , where 

j i s even, i s l i n e a r l y dependent on s m a l l e r elements. 

For 

0 •= b a n ( b a n ) 

= b a n [ B A n ] 

= ba nBA n - (^)ba nABA n' 1 + ... + ( - l ) n b a n A n B 
, n n rn\T-

 n + l-L_ n-1 , / ,\n, 2n, 
= ba ba - (^Jba ba + ... + ( - 1 ; ba b. 

or, 

, 2n, /'rMu 2 n - l , j / n \ n - l , n, n 
ba b = [^jba ba - ... + ( - 1 ; ba ba , 

and a l l the elements on the r i g h t are s m a l l e r , i n the o r d e r i n g 

( 4 . 1 - 1 ) / than the element on the l e f t . 

Again, by ( 1 . 3 ) , we have <j>(k,3) = [~^-] . We 

s h a l l show that V(k , 3 ) c o n s i s t s of the f i r s t <jp(k,3) 

elements i n the ordered set of elements y.b, y, £ U ( k , 2 ) . 

k+2 

Consider the [——] + 1 st element of U ( k , 2 ) . 

It has the form b a m b a n where m = 2[—j 2-] + 1, n = k - m 

and m > 2n+3, f o r m - 2n - 3 = --|) > 0 . 

Therefore every element of the ordered set U(k , 2 ) which 

i s g r e a t e r than the [-^y~]th element has the form b a m b a n , 

m > 2n+3« f o r an element b a m b a n b , m >̂  2n+3, l e t 

m = n+l+r, r > n+1, and c o n s i d e r the r e l a t i o n : 

b a r ( b a n + 1 ) ( b a n ) - - b a n ( ( b a r ) ( b a n + 1 ) ) . 
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We may r e w r i t e t h i s i n the form 

b a r [ B A n + 1 ] [ B A n ] = - b a n [ B A r ] [ B A n + 1 ] + b a n [ BA n + 1 ] [ BA r J . 

and i f we again w r i t e t h i s l a s t i d e n t i t y i n terms of normal 

products i n a and b, the l a r g e s t element of the l e f t s i d e 

i s ( - l ) 2 n + ^ b a m b a n b and a l l the elements on the r i g h t are 

smaller than b a m b a n b . The r e f o r e we have shown that 

ba mba nb, m > 2n+3 i s l i n e a r l y dependent on s m a l l e r elements, 

1. e., b a m b a n b , m > 2n+3 i s not contained i n V ( k , 3 ) . 

Therefore U(k , 3 ) c o n s i s t s of elements of the form 

b a m b a n b a r where m i s odd, m < 2n+3 and m+n+r = k. 

It i s r a t h e r an unfortunate f a c t that we can-

not continue t h i s method of c o n s t r u c t i n g V(k,h) by t a k i n g 

the f i r s t <P(k,h) elements from y,b, y e U ( k , h - l ) . 
} J 3 

The f i r s t and the s i m p l e s t counter example occurs i n 

q 5 3 2 
the c o n s t r u c t i o n of V ( l 0 , 4 ) where baba bab > ba ba ba b 

but b a 5 b a 3 b a 2 b t V ( l 0 , 4 ) and yet baba 8bab e V ( l 0 , 4 ) . 

4 . 2 . •-• The set f . For a given set of 

elements of a ( L i e or a s s o c i a t i v e ) r i n g , the symbol 

M(2,) w i l l denote the submodule of the r i n g spanned by 

2. . In order to avoid c o n f u s i o n , we s h a l l use the 

symbol e(x^) f o r the set c o n s i s t i n g of the elements 

x^, i n s t e a d of more usual n o t a t i o n [x^}. 

In the previous s e c t i o n we have shown that 

( X l j X 2 X ] 
' ( 1 . . . 1 

J 2 = M(/\), A = e ( x i j x 2 x

p \
 x-' £ U(m,,n.) f o r 

some m. and n , ) . ¥e have used theorem 3 - 1 , which 
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a s s e r t s that an element of the form y^{y^ ••• y /1 ... 1 

may always be w r i t t e n as a sum of elements of the form 

X 1 ^ X 2 ""* Xp^ *"* ^ " m a i n purpose of t h i s s e c t i o n 

i s to e s t a b l i s h another set such that M(f) = J - 2 by 

us i n g a method which c o u l d be d e s c r i b e d as "opposite'* 

to the e a r l i e r one. 

Theorem 4-2. Let I = £/x,(X~ ... x iD \ 

~ ( V ... i p J ) 

where 

( i ) each x^ i s e i t h e r the generator a or 

b _of JL^ or a normal b a s i s element of Xj^ of the form 

xb, i . e . an element of the set V(m.,n.) for' some m 
i ' i i 

and n., 
l 

( i i ) i f x ^ [ x 2 ... x p / l ... l} = 

b {a ... a/1 ... l} then e i t h e r D = E or a product i n 

A and B, while i f x.fx„ ... x / l ... l l £ 

b{a ... a/1 ... l} then e i t h e r D = E _or D = BD», where, 

again, D T = E or a product i n A and B. 

Then M ( f ) = J 2 -

The proof of the theorem w i l l be d i v i d e d 

i n t o two p a r t s . In pa r t I, we s h a l l prove that the 

' 2 
set P = e(x^{x2 *"" Xp^ ̂  spans J , where the 

x_̂  s a t i s f y c o n d i t i o n ( i ) and D = E or D i s a product 

in A and B. For convenience, we s h a l l denote the set 

c o n s i s t i n g of E and products i n A and B by . Thus 

D E D , . In part I I , we s h a l l prove that M ( r " ) s M ( f ) , 

i . e . , M(f') o M ( p . 
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Proof ' P a r t !• L e t 

£n?::: :f) 
where each x̂ , i s a normal b a s i s element of a n d 

D e^Q.. Obviously M(f*) = 

Suppose that the set of p elements x^, x^, 

. .., x^ c o n s i s t s of i ̂  elements y^, i ^ elements y^, .. 

i ^ elements y^, i + + • • • + i ^ . = P, then 

( 4 . 2 . 1 ) x i l x 2 '•* X p l = ^ y l j y l y 2 """- yk\ 

1 1 . . . 1 J V 1 ! - 1 i2 " " ik j ' 

(A. e GF(p), A, * 0 ) , 

by ( 2 . 1 0 ) and ( 2 . l ) . We s h a l l say the elements 

x l ) x 2 ""' X 1 a n ° * y l j y l y 2 * " " y k 1 a r e ec*ui v a l e n t . j x 2 ... x i and Y l< Y l y 2 ... y * 

11 ... 1 J \ i 1 ~ l i ... i J 

Thus by ( 4 . 2 . l ) i f i s a set of elements of the form 

x, [x„ ... x / 1 . . . 11 D and X i s a set obtained by 
1 1 2 p 

r e p l a c i n g any element of 2, by an e q u i v a l e n t one then 

M(Z.) = M ( Z j . In what f o l l o w s , t h e r e f o r e , we may 

r e p l a c e an element x , f x 0 ... x /I ... l]D of P^by 

1 2 p 
an e q u i v a l e n t element y^r y^ y 2 ... y^JD without 

i 1 - l i 2 ... i k j 

l o s s of g e n e r a l i t y . 

We s h a l l d i v i d e p i n t o subsets P(i,j;m,n) 

d e f i n e d as f o l l o w s : 

p ( i / j ; m / n ) = e / y i a / y 2 a """ y i a Z l ^ *"* Z j k a ^1^ 

y [ l ... 1 1 ... l m n 

( i > 1 ) , 

P(0,j;m,n) = E/z^bjZgb ... z.b.a b D 
J 

1 . . . 1 m n 
(j > 1 ) , 
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f (0,0;m,n) = e/aj a blD = e/bfa b IDA 
I fm-1 n) ( |m n - l ) ) 

f (0,0;0,p) = f ( 0 , 0 ; p , 0 ) . 

Then we have 

r = I J � F ( i / j ; n i , n ) , 
^ 1,j,m,n 1 ' J ' ' 

ivhere {J. . denotes the union taken f o r a l l non-
i,j,m,n 

negative i n t e g e r s i , j , m and n with the r e l a t i o n 

i + j + m + n = p . Define 

1"'= U j ^ n F . - ^ j ^ n ) . 

We s h a l l now prove t h a t , 

(4-2.2) M(P*) = M ( r ' ) . 

Consider a t y p i c a l element of P(i,j;m,n); 

(m, n > 1) , 

y l a f y 2 a ""* y i a ZY° '"" z a 

I i 

Then by (2.2) 

(4.2.3) y x a 

( i > 1 ) . 

y 2 a 

m n 

y.a z.b ... z.b a b 
l 1 j 
1 1 ... 1 m n 

= v j _ | v 2 a **" y i a ZY° "'' z - ̂  a b 

1 m+1 1 
n J 

- v i ( v 2 a ^ | y 2 a "*" y i a z l t ' """ zy° a b 

0 ... 1 1 ... 1 m+1 n 

l w i ' 2" 
1 

I 

0 

y ^ ( z ^ b ) f y 2 a ... y^a z^b ... z.b 

[ 1 ... 1 0 . . 

z.b a b 
J 
1 m + 1 n 

z ,b 
J 

a b z ,b 
J 
1 m + 1 n 



- 2 9 -

(Y2
a y i a zih ' 

( 1 . . . 1 1 . 

y,b|y„a ... y.a z.b ... z.b 
1 ) 2 I 1 j 

z , b a 
J 
0 m + 1 

a b 

m+1 n - 1 j . i ... i i ... i 

Using ( 2 . 1 l ) , the f i r s t element on the r i g h t 

may be w r i t t e n as f o l l o w s : 

( 4 . 2 . 4 ) y l ( y 2 a 

- a i y 2

a 

e M 

y.a z.b 
I 1 

z , b a 
3 
1 m + 1 

. y,a z.b ... z.b 
J l 1 j 

a 

m 

I 
n ) 
b] Y, 

1 1 . . . 1 

( P ( i - 1 , j;m+l,n)) .. 

W r i t i n g the elements y ^ ( y 2 a ) , . . . , y ^ ( y ^ a ) , 

y ^ ( z ^ b ) , . . . , y^(z^.b), y^b which appear on the r i g h t 

of ( 4 . 2 . 3 ) in normal form i t may be seen t h a t , 

( 4 . 2 . 5 ) y l ^ y 2 a ^ j y 2 a " 0 * y i a Z l b "*" Z j k a b \ 

I 0 . . . 1 1 . . . 1 m+1 n i 

£ M ( P ( i - 1 , J ; m + l , n ) ) + M(P (i - 2,j+ 1;m+l,n), 

( 4 . 2 . 6 ) y 1 ̂  z i ^ > ^ ) y 2 a **" y i a z l ^ * ° * z y° a k ] 

1 . . . 1 0 ... 1 m+1 n ) 

£ M (P ( i , j - l ; m + l , n ) ) + M( T(i-1,J;m+1,n)), 

b \ 
n-1 \ 

. z.b a 
J 

1 m + 1 

( 4 . 2 . 7 ) y l b ) y 2 a ""* y i a Z l b 

1 1 . . . 1 1 

e M(T ( i , j ; m + l , n - l ) ) + M(T(i- 1,j+ 1;m+l,n- 1 ) ) . 

Hence, we have 

( 4 . 2.8) M ( T ( i , j;m,n)) 

M ( p ( i , j-l;m + l , n ) ) + M( T ( i , j ; m + 1, n-1) ) 

+ M ( p ( i - l , j ; m + l , n ) ) + M ( P ( i - 1 , j +1; m + 1, n-1) ) 

+ M ( p ( i - 2 , j + l ; m + l , n ) ) . 

In p a r t i c u l a r , 
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( 4 - 2 . 9 ) M ( F ( i , 0 ; m , n ) ) 

S M ( r ( i , 0 ; m + l , n - l ) ) + M( f ( 0;m + l , n) ) 

+ M ( f ( i - l , l ; m + l , n - l ) ) + M (P(i - 2 , 1;m+ 1,n)) 

(n > 1 ) , 

( 4 . 2 . 1 0 ) M(p (i,j;m,0)) 

^ M ( f ( i , j - l ; m + l , 0 ) ) + M ( T ( i - 1 , j ; m + l , 0 ) ) 

+ M ( f ( i - 2 , j + l ; m + l , 0 ) ) (j > l ) , 

( 4 . 2 . 1 1 ) M ( f ( i , 0 ; m , 0 ) ) 

£ M ( T ( i - l , 0 ; m + l , 0 ) ) + M( P ( i - 2 , l;m + l , 0) ) 

( i > 2 ) , 

and when i = 1, 

( 4 . 2 . 1 2 ) M ( f ( l , 0 ; p - l , 0 ) ) 

£ M ( f ( 0 , l ; p - l , 0 ) ) + M ( f ( 0 , 0 ; p - l , l ) ) . 

To e s t a b l i s h ( 4 . 2 . 1 2 ) , we note that i f x = yba , then 

xa ( a \ = yb | a i a™ £ P ( 0 , 1; p- 1, 0) , 

I A ) " Y ( P - M 

and i f x = b a m , then 

xa j = b | a_^a m £ T ( 0 , 0; p-1, l ) . 

Now suppose i > 1. A p p l y i n g ( 4 . 2 . 8 ) a f i n i t e 

number of times, we obtain 

( 4 - 2 . 1 3 ) M ( P ( i , j ; m, n ) ) ; 

£ 21s M ( T (i,0;ia»,n»)) + 2>( P ( i , J T ; m * , 0) ) 

+ Z i M ( r ( i » f j ' ; m « , n ' ) ) . 
i- < L 
V, 

Again a p p l y i n g ( 4 - 2 . 9 ) f o r each term M( p (i,0 ;m',n 1)) 

in the f i r s t summation of ( 4 - 2 . 1 3 ) i f n ? > 1 and 

a p p l y i n g ( 4 . 2 . 1 0 ) f o r each M(p ( i , j ' ; m ' ,0 ) ) of the 



- 3 1 -

second summation, we o b t a i n , in a f i n i t e number of steps, 

( 4 . 2 . 1 4 ) M ( P(i,j;m,n)) 

^ 2L M ( r ( i , 0 ; m t , 0 ) ) + 2L M ( r ( i t

/ J
t ; m ' , n ' ) ) . 

*A' i.'<l 

Again by ( 4 . 2 . 1 1 ) we obta i n 

( 4 . 2 . 1 5 ) M ( f ( i , j;m,n)) S Z M( P(i», j T ; m ' , n ' ) ) . 

These show; that 
0 '.»

 r

, ̂
 1 

M (T( i , j;m fn)) S H M ( r ( 0 , j ' ; m » , n » ) ) . 

Hence we have proved ( 4 . 2 . 2 ) . 

Proof. Part I I . We s h a l l d i v i d e the set 

P = £/ x^( x„ ... x lD : ( X l ( X 2 " * ' X p 
V I 1 ... 1 

x. = a, x. = b or x. £ V(m.,n.),' 
l ' l l l ' :/ ' 

D £ £1 . 

i n t o subsets a c c o r d i n g to the degrees of elements in 

a and b. Let 

P(m,n) = T'n 7(m,n), 

and d e f i n e 

P (m,n)D = £(xD| X £ P (m,n)), 

where D £ _Q . 

By t h i s d e f i n i t i o n , 

P (m-l,n)A U P(m,n-l)B S P(m,n). 

However p(m,n) may co n t a i n elements not b e l o n g i n g 

to e i t h e r p(m-l,n)A or l~"(m,n-l)B, namely elements 

of the form x , [ x 0 ... x / l ... l | E . We s h a l l denote 
1 1 2 p x 

the subset of P(m,n) of elements of the form 

x^{xg ... x p / l ... l ] E by /\(m,n). Now we have a 

decomposition of p(m,n) i n t o mutually d i s j o i n t 

subsets, v i z : 

( 4 . 2 . 1 6 ) P(m,n) = p (m-l,n)A<J P (m,n-l)B U A(m,n) . 
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Simi l a r l y , ; 

(4.2.17) p(m-l,n)A 

= [7 (m-2,n)A 2U P (m-l,n-l)BA UA(m-l,n)A. 

We s h a l l prove, when n > 2, that 

(4-2.18) M( A ( m - l , n ) A ) 

£= M( T (m-2,n)A 2 VJ r ( m ~ l / n - l ) B A U A(m,n-l)B) 

= M ( P (m-1, n )A V j p ( m , n - 1 ) B - A ( m - l , n ) A ) . 

We have the f o l l o w i n g three types of elements 

of A(m-l,n)A: 

Type I. x, i x 0 ... x, a b\ A 
1 2 i \ 
(1 ... 1 h k) , 

where x^, x^, . . ., x^ are of degree g r e a t e r than one 

in a and b, and i > 1, h < p-1. 

Type I I . ' * , . - /_ nr 2 

Type I I I . x a P ^A = y b a P . 

Using (2.2) we have the f o l l o w i n g r e l a t i o n , 

f o r an element of Type..T, 

( 4 . 2 . 1 9 ) X l P 2 

U 

" X l l X 2 

- x, I X 

x l j x 2 

x l | x 2 

. x i a blA 

. 1 h k> 

x. 
1 

a 

1 h + 1 k ) 

X . 

1 
a 

M X 2 
1 h + 1 k > 

X . 

1 
a b)X. 

0 h + 1 k» 

X . 

1 
a b |B 

1 h + 1 k - l ) 
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Moreover, by ( 2 . 1 1 ) , we have, i f i > 2 , 

( 4 - 2 . 2 0 ) Xjj x^ ... x^ a b | 

I 1 . . . 1 h + 1 k i 

|x„ ... x. a b)X. 

3 1 1 

[l . . . 1 h+1 kJ 

x 2 ( x 

and i f i = 1, 

( 4 - 2 . 2 1 ) x if a M = b I a b IX 
1h + 1 k j ( h + 1 k - 1 j x 

By w r i t i n g each of X^, X^,..., X^ as a l i n e a r combi-

n a t i o n of products i n A and B, we can see that every 

element i n the r i g h t of ( 4 - 2 . 1 9 ) i s contained i n 

M(p(m-2,n)A 2 U p(m- 1, n-1) BA VJ P(m, n - 1) B) , f o r X t A, 

j = 1, 2 , . . . , i . 

For an element of Type I I , we have, 

b | a b 1 a = b( a b ) - b( a b ) b 

= b/ 

>l a b l a = h( a b ) - b( a b )J 
lm-1 n-1) (m n - l j (m n -2} 

)/bf a b M - bl a b l j 
{ (m n - 2 i j \m n - 2 ] 

� 2 b l a b 1 
(m n -2 \ , 

and an element of Type I I I may be w r i t t e n 

y b a P = y ( b a P ) - y a P b = -ba Py — y a P b . 

Thus we have proved (4-2.18). 

Using i n d u c t i o n on both m and n, we may 

r e a d i l y show that 

M(P(m,n)) ^ M( r ) 

f o r a l l m and n, which i m p l i e s that 

M(p) e M ( T ) . 

This completes the proof of Theorem 4-2. 
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4«3- The upper bounds k(m,n). Let k(m,n) 

be the number of elements of ]~~,(m,n). Then by Theorem 4 « 2 , 

( 4 - 3 - 1 ) i(m,n) < k(m,n). 

Now, by ( 4.2 . 1 6 ) , (4.2 . 17) and (4.2.18), 

we have 

( 4 . 3 . 2 ) T(m,n) = P (m-2,n)A 2 U r(m-l,n-l)BA 

UP ( n , n - l ) B U4(m,n) ( n > 2 ) , 

which at once i m p l i e s t h a t , 

( 4 . 3 . 3 ) T(m,n) = P(m-j,n-l)BA jU^(m,n). 

Let h(m,n) denote the number of elements of A(m,n). 

Since the sets P(m-j,n-l) BAJ , j = 0 , 1 , . . . , m, and 

/\(m.,n) are mutually d i s j o i n t , we have 

m. 

( 4 . 3 . 4 ) k(m,n) = k(m-j,n-l) + h(m,n) (n > 2 ) . 

Thus i f we know k(mjn-l) f o r a l l mf < m, the problem of 

f i n d i n g k(m,n) w i l l be reduced to that of f i n d i n g h(m,n). 

Since k(m,n) = 0 when m + n < p, we may 

wr i t e ( 4 . 3 . 4 ) as f.ollows: 

r-i 

( 4 . 3 . 5 ) k(r+p-n,n) = ^ k(j+p-n+l,n-l) + h(r+p-n,n) 

(n > 2) . 

In order to f i n d h(r+p-n,n), we s h a l l f i r s t 

c o n s i d e r subsets of /^(r+p-n,n) d e f i n e d as f o l l o w s . 

Let i ^ , i^,..., iy, where i ^ + + ... + i j , = n and 

i ^ > > • . . > i j , > 1 be a p a r t i t i o n of n i n t o k < p 

p a r t s , and d e f i n e 

^ r ^ l ' ^ i k ) 
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= e / x.. | x~ ... x, a i \ x, £ Vim , ,n . ) f o r some m,\ 
| 1 2 k I j J J J 1 

V 11 . . . 1 p-k J / 

£ A ( r + p - n , n ) . 

Note that i ^ , i g , . . * , i ^ . denote the degrees of x^, x^, 

... , Xj_ i n b r e s p e c t i v e l y . There i s no r e s t r i c t i o n on 

the degree of each of the x^ i n a except that the sum 

of degrees of x^, x^, • • • , x̂ . i n a i s r - ( i ^ + i ^ + 

... + i ) + k = r - n + k . For a given i n t e g e r n, the 

number of d i f f e r e n t subsets A ( i . , i 0 , . . . , i , ) i s the 

r 1' 2 ' ' k 

number 7r(n,p) of p a r t i t i o n s of n i n t o not more than 

p p a r t s , and t h e r e f o r e does not depend on r . The 

number 7r(n,p) i s well-known and i s u s u a l l y given by 

the f o l l o w i n g g e n e r a t i n g f u n c t i o n : 

( 4 . 3 - 6 ) Z T ( n , P ) t n = TT(1 - t 1 ) " 1 . 

n-o l~\ 

Denote the number of elements of the set 

^ r ^ l ' i 2 ' " " '' ik^ b y h r ^ i l ' i 2 ' ' * " ' ik^ * 

Lemma 4 - 3 � 1• For i ^ > 2 and j < p - k, 

h ( i ^ # i 2 , « « " / i ^ » l / l / • • • , ! ) 

- h ^ ( i ^ , i 2 f . . . / i j , ) . 

Proof . The mapping of A r ( i ̂ i^, . . . , i ^ , 1, . . . , 

onto A ^ ( i ̂ , i 2 / • • • / i^.) d e f i n e d by 

. . . 1 j p - k - j . 

X ( X X. 

lj 2 k 
. . . 1 p-k 

gi v e s the r e q u i r e d one-to-one correspondence. 

Thus the problem of f i n d i n g ( , i g , • • • , i ^ ) 
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with i > 1 i s reduced to that of h ^ ( i ^ , i ^ , . . . , i ^ ) with 

ia] 

q 

i , > 2 . We s h a l l now use a s i m i l a r method to the one 
k — 

we used f o r i and j(n,,n„,...,n ) in s e c t i o n 3, to J n J 1' 2 q 

ob t a i n an expression f o r ĥ _ ( i ̂ , i ^ , • • • , ij,) • Let 

( 4 . 3 - 7 ) T» = IT (1 - t(m,n))~ ( m ' n ) , 
m, n 

where t lie , t (m, n ) are commutative indeterminates , m i s 

taken over a l l p o s i t i v e i n t e g e r s and n i s taken over 

a l l i n t e g e r s g r e a t e r than 1. Then h^ ( i ̂  , , • • • / i j, ) 

i s the sum of the c o e f f i c i e n t s of a l l terms 

t (m^. i ̂ ) t (n^, ig) • � � T. (m i^.) i n the formal power 

s e r i e s expansion of T", such that m^+m2+ ... +m^ = r-n+k 

We s h a l l e v a l u a t e k(r+p-n,n), n = 2, 3/ 4« 

It i s c l e a r t h a t , 

7 ( r + p - l , l ) = M ( r(r+p-l,l)) 

- M ( b a r + P " 1 ) , 

and t h e r e f o r e . 

( 4 - 3 . 8 ) i ( r + p - l , l ) = k ( r + p - l , l ) = 1. 

S i m i l a r l y , 

J(p-n,n) = M( T(p-n,n)) 

and we have 

( 4 . 3 . 9 ) i(p-n,n) = k(p-n,n) = 1 ( l < n < 

By ( 4 . 3 . 5 ) and ( 4 . 3 . 8 ) , we have 

k(r+p - 2 , 2 ) = X. k(j+p-l, 1 ) + h(r+p - 2 , 2 ) 

= r + h ( r + p - 2 , 2 ) . 
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On the otherhand, 

A ( r + p - 2 , 2 ) = A r ( 2 ) = e ( x a p - 1 | x £ V ( r - 1 , 2 ) ) , 

and t h e r e f o r e , 

h(r+p - 2 , 2 ) = h r ( 2 ) = Cp(r - 1 , 2 ) 

= 1 or 0 , 

according as r £ 0 or 1 (mod 2 ) . Hence, 

( 4 . 3 . 1 0 ) k(r+p - 2 , 2 ) = r+1 or r, 

acco r d i n g as r £ 0 or 1 (mod 2) . 

P u t t i n g r = p - 3 we have 

( 4 . 3 . 1 1 ) k(2p-5,2) = f ( 2 p - 5 , 2 ) = p - 2 . 

We s h a l l show that 

( 4 . 3 . 1 2 ) k(r+p - 2 , 2 ) = i ( r + p - 2 , 2 ) (0 < r < p-2), 

which together with ( 4 - 3 - 1 1 ) i m p l i e s that 

J ( 2 p - 5 , 2 ) = o t ( 2 p - 5 , 2 ) . 

The proof of ( 4 - 3 . 1 2 ) uses the e x p l i c i t 

form of normal b a s i s elements of j£_(r+p-2,2) obtained 

in s e c t i o n 4 « 2 . Suppose that r i s even. Then U(r+p - 2 , 2 ) 

c o n s i s t s of the f o l l o w i n g elements: 

b a b a r + P ~ 3 < b a 3 b a r + P ~ 5 < ... < b a r + p ~ 2 b . 

The f i r s t r / 2 elements and the l a s t r / 2 elements i n 

the sequence are of the form x a P and ba P y r e s p e c t i v e l y 

and t h e r e f o r e they are con t a i n e d i n ^ J ( r + p - 2 , 2 ) . 

Moreover, J ( r + p - 2 , 2 ) c o n t a i n s the element 

bl a b \ a r = b a P " 2 b a r + bj a b | a r + 1 

( p - 2 l ] (p - 3 l ) 

which does not depend l i n e a r l y on the r elements of 

J ( r + p - 2 , 2 ) obtained p r e v i o u s l y . Therefore ^ J(r+p - 2 , 2 ) 
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c o n t a i n s at l e a s t r+1 l i n e a r l y independent elements 

of j£_(r+p-2, 2) , in other words, 

i ( r + p - 2 , 2 ) > r+ 1 , 

which together wi t h ( 4 - 3 - 1 ) and ( 4 - 3 - 1 0 ) proves 

( 4 . 3 . 1 2 ) . By a s i m i l a r method we can prove ( 4 . 3 « 1 2 ) 

in case of r i s odd. 

By ( 4 . 3 . 1 0 ) , we have 

r-i 2 

Z , k ( j + p - 2 , 2 ) = f + a 

where = 0 or ~ a c c o r d i n g as r = 0 or 1 (mod 2 ) . 

The set A ( r + p - 3 , 3 ) c o n s i s t s of the sets A r ( 2 , l ) 

and A (3) and 

h(r+p - 3 , 3 ) = h r ( 2 , l ) + h r ( 3 ) 

= h r ( 2 ) + h r ( 3 ) . 

Now, 

h r ( 2 ) = 1, 0 , 

a c c o r d i n g as r s 0 , 1 (mod 2) and s i n c e Ar(3) 

= e ( x a p - 1 | x e V ( r - 2 , 3 ) ) , 

h (3) = <f ( r - 2 , 3 ) = | + a 2 , 

1 2 

where = 0 , - , - , a c c o r d i n g as r s 0 , 1, 2 

(mod 3 ) . A l t o g e t h e r , by ( 4 - 3 . 5 ) , we have 

( 4 . 3 . 1 3 ) k(r+p - 3 , 3 ) = - ^ - ( 3 r 2 + 2 r + a ) , 

where a = 6 , 1, 2 , 3 , 4 , -1 a c c o r d i n g as r = 0 , 1, 2 , 

3 , 4 , 5 (mod 6 ) . 

This e x p r e s s i o n ( 4 - 3 . 1 3 ) was obtained by 

Meier-Wunderli [ 2 2 ] i n h i s study on the s t r u c t u r e of 
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the Burnside groups. As we s h a l l see l a t e r ( S e c t i o n 6) 

h i s r e s u l t i m p l i e s that 

k ( r + p - 3 , 3 ) = i ( r + p - 3 , 3 ) (r < 2p - 5 ) , 

that i s , k(r+p~ 3 , 3 ) i s not only an upper bound f o r 

i ( p + r - 3 , 3 ) but a c t u a l l y e q u a l i t y holds f o r r < 2p - 5� 

The author has v e r i f i e d t h a t , f o r p = 7# i ( l 2 , 3 ) 

= f ( l 2 , 3 ) - 1 , 1 ( 1 3 , 3 ) = f ( l 3 , 3 ) , and f o r p > 7 , 

i ( 3 p - 9 , 3 ) = f ( 3 p - 9 , 3 ) . 

Again,by ( 4 - 3 - 1 3 ) * we have 

X k ( j + P - 3 , 3 ) = i 3 + f + T f l 

where = 0 , 7 , 4/ 3» 4 , 7 a c c o r d i n g as r = 0 , 1, 2 , 

3 , 4 , 5 (mod 6 ) . The set Z^(r+p - 4 , 4 ) c o n s i s t s of 

^ r ( 2 , l , l ) , A r ( 3 , l ) , A r ( 4 ) and A r ( 2 , 2 ) , so that 

h(r+p - 4 , 4 ) = h r ( 2 , l , l ) + h r ( 3 , l ) + h r ( 4 ) + h r(2,2) 

= h r ( 2 ) + h r ( 3 ) + h r ( 4 ) + h r ( 2 , 2 ) . 

Now, A (h) = e ( x a P ~ 1 | x e V ( r - 3 , 4 ) ) and t h e r e f o r e 

2 

h r ( 4 ) = f ( r - 3 , 4 ) = -§- + P 2 r + a 2 , 

1 1 3 
where 3 2 = — ^ - or - -g— , a 2 = 0 or -g- ac c o r d i n g as 

r = 0 or 1 (mod 2 ) . Again, Z \ r ( 2 , 2 ) 

= £ / X J x 2 a i I E V ( m 1 , 2 ) , x 2 e V ( m 2 , 2 ) , m1+ m2= r - 2 

I 11 p-2 ) I 

and t h e r e f o r e , 

h r ( 2 , 2 ) = JL , 0 , J- - J~ , 0 , 
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according as r = 0 , 1, 2 , 3 (mod 4 ) - A l t o g e t h e r , we ob t a i n 

( 4 . 3 - 1 4 ) k(r+p - 4 , 4 ) ( 4 r 3 + r 2 + ar + |3), 

where a = 16 or 4 a c c o r d i n g as r = 0 or 1 (mod 2 ) , 

P = 2 4 , 15, 4 , 15, 2 4 , 7 , 12, 1$, 16, 15, 12, 7 

according as r s 0 , 1, 2 , 11 (mod 1 2 ) . 

4 « 4 . The upper bound k • Let k = 21 k(m,n). 

2 
Then k i s an upper bound f o r i . We s h a l l e valuate 

r r 

k f o r r = 0 , 1, 5 and s h a l l show that f o r these 
p+r 

values of r the upper bounds k p + r are equal r e s p e c t i v e l y 

2 
to the upper bound j obtained e a r l i e r . The author has 

p + r 

2 
been unable to prove that j = k i n g e n e r a l , 

p+r p+r ^ ' 

although i t seems to be t r u e . 

F i r s t , we note 

... Lemma 4 « 4 . 1 « 

h(p,r) = h ( p - l , r + l ) = ... = h(r,p) ( l < r < p - l ) . 

Proof. Consider the subset A i2' ' ' ' � i k' 1 # 1 / w h e r e ijj. ^ 2 / ii +
 i2 +  

+ i ^ _ + j = r + n, of the set ZXp-n,r+n) . We s h a l l show 

t h a t j > n. Every element of the subset has t o t a l degree ; 

i n a and b at l e a s t / 

( i 1 + l ) + ( i 2 + 1^ + + ^k"*"1^ + j + ( p~ k - J') = P + r+n-j 

f o r i s a non-zero element has the degree i > 1 i n b 

then i t has t o t a l degree at l e a s t i+1 i n a and b. 

t h e r e f o r e 

p+r+n-j < p*r 
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and thus we have j > n. This f a c t shows that A ( p - n , r + n) 

c o n t a i n s only those subsets A r ( i i 2 , • • • , i j , , 1, 1, • . . , 1) 

where the number of ones i s always not l e s s than n. 

On the other hand, by Lemma 4-3 •!» we have 

(4-4-1) h r ( i 1 , i 2 , . . . , i k , l , ! , . . . , ! ) 

- i h ^ ( i ^ , i 2 , ...,1^,1,1, . . . , l ) , 

where the r i g h t hand s i d e i s the number of elements 

of the subset A ^ ( i ^ , i 2 , . . . , i ^ , 1 , 1 , . . . ,1) of A ( p , r ) . 

A p p l y i n g t h i s argument to each subset A ^ ( i ^ , i 2 , . . . , i ^ ) 

°f A ( p - n / r + n ) , we o b t a i n 

h(p-n,r+n) = h ( p , r ) . 

Thus the lemma has been proved. 

Lemma 4.4.1/ together with the f a c t 

k(p-n,n) = 1 and the i d e n t i t y (4-3»5), i m p l i e s 

Lemma 4•4•2. 

k(p,r) = k ( p - l , r + l ) = ... = k(r,p) ( l < r < p - l ) . 

Using t h i s lemma we can evaluate c e r t a i n 

k . r e a d i l y . Let 6(k ) denote the sequence 
p+r p + r 

k ( p + r - l , l ) , k(p+r-2,2), ... , k ( l , p + r - l ) . 

We know, 

(4.4.2) 6 ( k p ) = 1, 1, 1. 

(4-4.2)' k p = p - 1, 

while k ( p , l ) = 1 i m p l i e s , 

(4.4.3) 6 ( k p + l ) = 1 ' 1 ' * " 1 ' 
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( 4 - 4 - 3 ) ' k p + 1 = P. 

Again k ( p + l , l ) = 1 and k ( p , 2 ) = 3 ( c f . ( 4 - 3 . 1 0 ) ) imply, 

( 4 . 4 - 4 ) 6 ( k
p + 2

) = 1 ' 3 ' 3 3 ' 1 ' 

( 4 - 4 - 4 ) ' k p + 2 = 3P - 1. 

S i m i l a r l y , by ( 4 . 3 - 9 ) , ( 4 - 3 - 1 0 ) and ( 4 - 3 - 1 3 ) , 

( 4 - 4 - 5 ) 6(k ) = 1, 3 , 6 , 6 , 6 , 3 , 1, 

p+3 
( 4 . 4 . 5 ) ' k + = 6 P - 4-

Again, by ( 4 - 3 - 9 ) , ( 4 � 3 � 1 0 ) , ; iH.3 -13) and 

( 4 - 3 - 1 4 ) 

( 4 - 4 - 6 ) 6 ( k
p + 4 ^ = 1 , 5 , 1 0 , 1 5 , 1 5 , - . - , 1 5 , 1 0 , 5 , 1 , 

( 4 - 4 - 6 ) ' k p + 4 = 15P - 13-

Now A ( p , 5 ) c o n s i s t s of A $ ( 5 ) , A ( 4 , 1 ) , 

A5(3,2). A 5 ( 3 , l , l ) , A 5 ( 2 , 2 , l ) and A 5 ( 2 , 1 , 1 , 1 ) . 

Therefore 

h(p , 5 ) = h 5 ( 5 ) + h 5 ( 4 , D + h 5 ( 3 , 2 ) 

+ h 5 ( 3 , l , l ) + h 5 ( 2 , 2 , l ) + h 5 ( 2 , 1 , 1 , 1 ) 

= h . ( 5 ) + h 5 ( 4 ) + h 5 ( 3 , 2 ) 

+ h 5 ( 3 ) + h 5 ( 2 , 2 ) + h 5 ( 2 ) 

= f ( 1 , 5 ) + <f ( 2 , 4 ) + ^ ( 1 , 3 ) 9 7 ( 1 , 2 ) 

+ <f ( 3 , 3 ) + <f ( 2 , 2 ) ^ ( 1 , 2 ) +(j>(4,2) 

= 1 + 1 + 1 + 1 + 0 + 0 = 4 , 

4 

k ( p , 5 ) = ^ k ( j + p - 4 , 4 ) + h(p , 5 ) = 3 0 . 
j =° 

Thus we have 

( 4 - 4 - 7 ) ° ( k
p + $ ) = 1 , 5 , 1 4 , 2 3 , 3 0 , 3 0 , . . . , 3 0 , 2 3 , 1 4 , 5 , 1 , 

( 4 - 4 - 7 ) ' k p + 5 = 30p - 34-
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5- Lower bounds f o r the c l a s s of £ q . Let £ q 

be the L i e q u o t i e n t r i n g / J Q , i . e . £ q i s isomorphic 

to the L i e r i n g over GF(p) generated by e,, e 0,..., e 

I d q 

1 

i n which the i d e n t i c a l r e l a t i o n xy = 0 holds f o r any 

p a i r of elements x, y of the r i n g . If i t i s necessary 

to s p e c i f y the exponent p - 1 , we s h a l l w r i t e = £, g(p) 

The question as to whether or not a f i n i t e l y generated 

Engel r i n g i s n i l p o t e n t i s a well-known unsolved 

problem, r e l a t e d to the r e s t r i c t e d Burnside problem. 

The n i l p o t e n c e of an Engel r i n g with exponent 

1 or 2 i s t r i v i a l . For the case of exponent 4 , K o s t r i k i n 

[ 1 2 ] proved that £, (5) i s n i l p o t e n t of c l a s s 13 and 

gave a b a s i s of the r i n g . Higman [ 9 ] proved that any 

f i n i t e l y generated Engel r i n g of exponent 4 over a r i n g 

of c h a r a c t e r i s t i c prime to 6 i s n i l p o t e n t , but he d i d 

not determine the c l a s s of n i l p o t e n c e . Recently, 

Meier-Wunderli [ 2 2 ] has shown that the Burnside group 

with prime exponent p > 3 cannot be n i l p o t e n t of c l a s s 

l e s s than 2 p - l , which i m p l i e s that CJ^CP) cannot be 

n i l p o t e n t of c l a s s l e s s than 2 p - l . (See a l s o Green [ 3 ] - ) 

The main purpose of t h i s s e c t i o n i s to prove the f o l l o w i 

Theorem 5�1« For any p o s i t i v e i n t e g e r d 

there e x i s t s a p o s i t i v e i n t e g e r m such that i f p i s 

2 

a prime g r e a t e r than m, then the Engel r i n g (p) 

cannot be n i l p o t e n t of c l a s s l e s s than dp. 

Let e(r,n) = f ( r , n ) - i ( r , n ) . Then by 

( 4 . 3 . I ) , e(r,n) > f ( r , n ) - k ( r , n ) . We s h a l l prove 
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Theorem 5«1 by showing t h a t , f o r some n, f(dp-n,n) 

> k(dp-n,n) so that e(dp-n,n) > 0 . 

By Witt's formula ( 1 . 3 ) we may e a s i l y e s t a b l i s h 

Lemma 5�2. For a given i n t e g e r n > 2 there 

e x i s t s a polynomial F (r) of degree at most n -2 in r 

such that 

( 5.D f ( r , n ) > J L r 1 ^ " 1

 + F R ( r ) 

f o r a l l p o s i t i v e i n t e g e r s r, and there e x i s t s another 

polynomial ( ^ n ( r ) of degree at most n-2 i n r with 

non-negative c o e f f i c i e n t s such that 

( 5 - 2 ) <f (r,n) < <J) n ( r ) 

f o r a l l p o s i t i v e i n t e g e r s r . 

Since <£> (r) has non-negative c o e f f i c i e n t s , 

i t i s c l e a r that 

( 5 . 3 ) ^ n
( r ) ^ ^ n ( r + 1 ) " 

Using (5>2) and ( 5 - 3 ) we s h a l l prove 

Lemma 5«3« For a given i n t e g e r n > 2 there 

e x i s t s a polynomial H

n (
r ) o r degree at most n -2 i n r 

such that 

( 5 - 4 ) h(r+p-n,n) < H R ( r ) 

f o r a l l p o s i t i v e i n t e g e r s r and primes p. 

Proof. Let 7r(n) be the number of p a r t i t i o n s 

of n, so that 

( 5 . 5 ) Z v r ( n ) t n = f l (1 - t 1 ) " 1 . 
n = o V =• i 

C l e a r l y 7f(n) > 7r(n,p) f o r a l l p, which i m p l i e s that 

the number of subsets A ( i , i , . . . , i ), i + i ~ 
r i 2 
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+ ... + i = n, k < p, of A(r+p-n,n) i s not g r e a t e r 

than 7T'(h) f o r any prime p. ( c f . S e c t i o n 4 - 3 - ) Therefore 

to prove Lemma 5«3# i t i s enough to show that f o r each 

p a r t i t i o n i ^ > i ^ > ... > of n there e x i s t s a p o l y -

nomial H ( i ^ , • • • r ij,) °f degree at most n - 2 i n r 

such that 

( 5 - 6 ) h r ( i 1 , i 2 , . . . , i f c ) < H r ( i 1 . i 2 , , i f c ) 

f o r a l l r . 

If k = 1, i ^ = n, then 

A r ( n ) = e ( x a P " 1 | x e V ( r - n + l , n ) ) , 

t h e r e f o r e by ( 5 - 2 ) 

( 5 . 7 ) h r ( n ) = 5> (r-n + 1,n) < $ n ( r - n + l ) . 

If k > 2 and i > 2 , then 

^ r ^ l ' 1 ? 1 k ) 

= £/x 1f x 2 ... x k a | j x. £ V(m ,n ), 1 < m < r-n + 1 \ 

\ 1 1 ... 1 p-k) I / 

However, n o t i n g that the maximum of each m (the 

degree of x^ i n a) i s r-n+1, i t f o l l o w s that the 

number of a l l p o s s i b l e choicesoof each x, £ V(m,,n,) 

3 3 3 

i n A ( i i 2 , . . . , i ) i s not g r e a t e r than 

<f(l,i ) + <f(2 fi j) + ... + f (r-n + 1,i,) 

< ( r - n + l) ( r - n + 1) (by ( 5 - 3 ) ) 
1 j 

Therefore i f i , > 2 , then 
k — 

(5.8) h r ( i x , i 2 , . . . , i k ) 

< (r - n + l)k(J>. ( r - n + 1) <J> (r-n + l ) . . . (|) ( r - n + l ) . 
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Now, the degree i n r of the polynomial on the r i g h t i s 

k + '(ij-2) + ( i 2

- 2 ) + ... + ( i j . - 2 ) = n - k. 

F i n a l l y , i f i . > ... > i . > i . , = ... = i 
1 — — j j+1 

then by (4«4«l) and above argument, 

(5.9) h r ( i 1 , i 2 , , i k ) = h r ( i 1 , i 2 , , i f c ) 

< (r-n'+l) j <t>. (r-n»+l)<J). (r-n » +1) . . . . (r-n» + 
X l X2 1j 

where n* = i . '+ i„ + ... + i , and the degree i n r of 
1 2 j 

the polynomial on the r i g h t i s j + ( i ^ - 2 ) + ( i 2 ~ 2 ) 

+ ... + ( i . - 2 ) = n - k. 
J 

Thus we have ob t a i n e d the r e q u i r e d polynomial 

( i ^ , i 2 , . . . , i ) and Lemma 5»3 has proved. 

Proof of Theorem 5 -1- We s h a l l show f i r s t , 

by i n d u c t i o n , that f o r a given i n t e g e r n th e r e e x i s t s 

a polynomial K^(r) of degree in r not g r e a t e r than 

n-1 such that 

n-1 

( 5 . 1 0 ) k(r+p-n,n) < - r + K ( r ) 

( n - 1 ) ' n 

f o r a l l p o s i t i v e i n t e g e r s r and primes p. 

We have a l r e a d y v e r i f i e d ( 5 . 1 0 ) f o r n = 1, 

2, 3 and 4- Suppose ( 5 - 1 0 ) holds f o r a l l p o s i t i v e 

i n t e g e r s l e s s than n. Then by ( 4 « 3 . 5 ) and Lemma 5-3/ 

«"-' 

k(r+p-n^n) = ̂ . k(j+p-n + l,n-1 ) + h(r+p-n,n) 
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n-1 

= ~ ~ r r + K T ( r ) + J K , ( j ) + H ( r ) . 

( n - l ) ! n n-1 J nK 

C l e a r l y , K ^ ( r ) + Z K

n _ 1 ( j ) + H

n (
r ) i s a polynomial of 

degree i n r not g r e a t e r than n-2, which completes 

the i n d u c t i o n . 

Now, by (5-1) and (5.10) 

e(r+p-n,n) > - ^ ( r + p - n ) n _ 1 + F n ( r ) 

1 n-1 , , 
~ J ^ i j i r - K n ( r ) , 

Let r = ( d - l ) p , then 

e(dp-n,n) > _ L - ( d p - n ) n _ 1 + F n ( ( d - l ) p ) 

- ( ( d - l ) p ) n _ 1 - K n ( ( d - l ) p ) 

( d - l ) n _ 1

r ( d j i i - l x n-1 , * 

-
 V

 N , - ( (^T t) - n)p • E n ( p ) , 

where E (p) i s a polynomial of degree i n p l e s s than n-1 

For a given i n t e g e r d >̂  2, we may always f i n d 

an i n t e g e r n such that 

(-J-f-1 - n > 0, 
d-1 

and having chosen n s a t i s f y i n g t h i s c o n d i t i o n , we may 

f i n d m such that f o r any prime p > m 

e(dp-n,n) > i ± i T ~ ' ( ( - ± - ) n~1 - n ) / " 1

 + E ( p ) > 0. 

nl d-1 n 

This completes the proof of Theorem 5.1. 
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6. B u r n s i d e T s groups. Let q , -or simply *=f , 

denote the f r e e group with q generators and l e t q ( n ) 

or "J (n) denote the subgroup of ^ q generated by a l l 

elements g R , g £ • The subgroup <^' C J(n) i s normal 

and the f a c t o r group ^ q / q ( n ) w i l l be c a l l e d , as 

usual, the Burnside group of exponent n with g 

generators, or simply the Burnside group, which we 

w i l l denote by l 6 q ( n ) , *26(n) or 3 . 

Burnside's problem [2] i t to prove or 

disprove the f o l l o w i n g c o n j e c t u r e : 

B^: Any f i n i t e l y generated group of 

exponent n, i n the sense that every element g of  

the group s a t i s f i e s the r e l a t i o n g 1 1 = 1, i s f i n i t e . 

T h i s may be rephrased as: 

B^ : (n) i s a f i n i t e group. 

The weaker p r o p o s i t i o n R known as the 

n 
r e s t r i c t e d Burnside c o n j e c t u r e i s as f o l l o w s : 

R : For each g and each n,there e x i s t s 
n 

an upper bound f o r the orders of a l l f i n i t e groups 

of exponent n that can be generated by q element s. 

When n i s a prime p, the p r o p o s i t i o n R p 

can be rephrased in terms of the Burnside group T£)(p) . 

( c f . Baer [ l ] , H a l l and Higman [ 7 ] , Higman [ 9 ] ) 

Let "Ŷ  . be the i t h term of the lower c e n t r a l s e r i e s . 

*o ^ 

of XMP) a n d "O = 0 O .. When p i s a prime, 
°° i- = l 1 

a group s a t i s f y i n g the hypothesis i n the p r o p o s i t i o n 

R i s a f i n i t e p-group and, as i t i s well-known, 
P 
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n i l p o t e n t . Therefore such a group i s a f a c t o r group of 

13 (p)/I6> f o r some r, and so of tf5(p)/K> . Thus we may 

rephrase R as f o l l o w s : 
P 

Rl: V> (P)/©oo i s a f i n i t e group. 

• I f JMpj/J^pQ i s n i l p o t e n t , that i s , i f 

r + 1 ��� 7&co > f o r some r, then Z&Cp)/^^ 

= lS(p)/1S • Since d3(p)/C> i i s known to be f i n i t e f o r 

any i , the n i l p o t e n c e of "|5(p) /TS^ i m p l i e s R p. 

So f a r , the known r e s u l t s concerning t h i s 

problem are the f o l l o w i n g : 

i s t r i v i a l l y t r u e . For, a group of 

exponent 2 i s a b e l i a n and t h e r e f o r e the order of the 

group foq(2) i s 2
q . 

B^ has been proved by L e v i and Van der 

Waerden [ 1 4 ] . The order of $3 q ( 3 ) i s shown to be 

j 

B has been proved by Sanov [ 2 3 ] . 
4 

R^ has been proved by K o s t r i k i n [ 1 2 ] f o r 

q = 2 and by Higman [ 9 ] f o r any f i n i t e q. However, 

B,- i s s t i l l undecided. 

There are a l s o important r e s u l t s of P. H a l l 

and G. Higman [ 9 ] on the f o l l o w i n g s t i l l weaker 

propos i t ion : 

S : For each q and each n there e x i s t s 
n 

an upper bound f o r the orders of a l l s o l v a b l e groups  

of exponent n that can be generated by q elements. 
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It i s not our i n t e n t i o n to prove or d i s p r o v e 

the above p r o p o s i t i o n s , but r a t h e r to apply our r e s u l t s 

on Engel r i n g s to the Burnside groups. 

6 . 1 . Connection between the Burnside groups  

and the Engel r i n g s . We s h a l l b r i e f l y review well-known 

f a c t s about the connection between the f a c t o r groups 

^ n ^ ^ n + 1 a n C * submodules £ ^ of the Engel r i n g £, . 

To begin with, we r e c a l l Magnus* [ l 6 ] , [ 1 7 ] , [18] 

r e p r e s e n t a t i o n of the f r e e group by formal power s e r i e s . 

Let OC.̂  ( o r simply (X) be the f r e e a s s o c i a t i v e  

r i n g over the r i n g of i n t e g e r s generated by A^, k^,..., 

A^, and l e t (or &J) be the f r e e L i e r i n g over the 

same r i n g generated by a^, sl^I � � � , a^. As i n s e c t i o n 1, 

^ q (or £>) w i l l denote the L i e r i n g (over the r i n g of 

i n t e g e r s ) c o n s i s t i n g of l i n e a r combinations of the 

elements A_,, i = 1, 2 , . . . , q, and t h e i r L i e products, 

d e f i n e d s u c c e s s i v e l y by [XY] = XY - YX, X e 3 , Y £ 3. 

Again, as i s well-known [ 2 7 ] , = r3 • ky the 

mapping 6: a.. —> A i and xy —> [XY], where x — * X, 

y — * Y. The symbols & q, of q and f)q (or simply (X , 
n ^^n ^ n n 

^ and s$ ) denote the submodules of CXq, £5 and $ q 

r e s p e c t i v e l y , c o n s i s t i n g of homogeneous elements of 

degree n in the g e n e r a t o r s . 

Magnus [ 1 6 ] has shown that the formal 

power s e r i e s :• 
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g. = 1 + A., 

g i

 1 = 1 - &i + A 2 - ... , ( i = 1,..., g) , 

generate the f r e e group with q g e n e r a t o r s . In t h i s 

s e c t i o n 6.1, we use °$ ̂  or to denote the f r e e group 

rep r e s e n t e d i n t h i s way. Each element G £ °^ has 

the form 

G = l + D +D , + . . . , 
n n + 1 ' 

where D £^9 , D £ (T .• i = 1, 2,..., f o r some n. 
n w n n +1 w n +1 ' 

The nth dimensional subgroup c o n s i s t i n g of a l l elements 

1 + D + D . + ... , D £ Jy , i s the nth term If 
n n+1 ' n u n n 

of the lower c e n t r a l s e r i e s of ^ " ( [ 1 7 ] ) . Moreover, 

the mapping: 

nh". G = l + D + D , + . . . —> D , 

T n n+1 n 

GG» = (1 + D + D . +...)(1 + D» + D' +...) 
n n+1 n n+1 

= 1 + ( D + D») + . . . — » D + D » , 

n n n n 

gives a homomorphism of the m u l t i p l i c a t i v e group °^ 

on to the module o7 where the k e r n e l i s «T , , i . e . 

n ' n + 1 

How, c o n s i d e r the f a c t o r group ^ 3 n / o n + i 

( of, [ 1 7 ] , [ 1 8 ] , [ 2 6 ] ) , Since, 

( 6 . 1 . 2 ) t , , / 6 M l s T n ' T . u ! ? „ n ? ( p ) ) 

= Tn/fn.l'rn.l(TnnT(p))/J„.1-

the a b e l i a n group l3 n/U^> n + ^ i s a homomorphic image 
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of oL � Let r be the k e r n e l , i . e . 
^ n T n 

(6.1.3) « » ' B , t l * t „ - | , . 

(We s h a l l use the symbol n ~ n i n s t e a d of l t / n to denote 

a qu o t i e n t module.) It i s easy to see that c o n t a i n s 

u n 

a l l the elements of p £. = £(px| x £ f o r i f an 

element of ^ has the form: 

G 1 + pD + D , + 
^ n n + 1 

then there e x i s t s an element G T £ T such that 
' n 

1 + D n + D n + 1
 + 

and 

( G ' _ 1 ) P = (1 + pD + .. . ) ( 1 - D* + . . . ) : 

n n 

= 1' + D« 
'n + 1 + * " ' £ 7 n + 1 

or 

Thus, <^bn^1^n + i ^s no^~ on-'-y a homomorphic image of X, 

but a l s o of the submodule of the f r e e L i e r i n g 

over GF(p). Therefore, 

( 6.1 . 4 ) 13 t „ - ? „ • 

f o r some submodule ^ ^ of n • 

The d i r e c t sum ?̂ = y 1 * T 2 + " ' i s 

known to be an i d e a l of X(Magnus [18]) and c o n t a i n s 

the Engel i d e a l J"(Sanov [ 2 6 ] , Higman [ 9 ] ) , 

( 6.1 . 5 ) f n D J n n = l , 2 , . . . . 
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Con s equently, 

(6.1 .6) B J T B , Or t - f s I - J = £ . 

n n + 1 n ^ n n s n n 

Whether or not = J i s not known, except f o r Sanov's 

r e s u l t : 

(6.1.7) yn = J n (n < 2p - 2 ) , 

which i m p l i e s 

(6.1.8) B n / B n + 1 s [ n ( n < 2 p - 2 ) . 

Sanov's proof of (6.1.5) uses the f a c t that 

X X X 

e 1 , e z,..., e t generate a f r e e group (Magnus [18], 

[19]), together with the Baker-Hausdorff formula. 

Higman's proof i s based on H a l l ' s [ 6 ] well-known 

commutator c o l l e c t i o n p r o c e s s . In s e c t i o n 6 . 3 , we give 

another proof of (6.1.5) u s i n g Zassenhaus' represen-

t a t i o n of the f r e e groups by formal power s e r i e s of 

elements i n the f r e e a s s o c i a t i v e r i n g over GF(p). 

Now, by ( 6.1 . 6 ) , i f the Engel r i n g £. i s 

n i l p o t e n t , i . e . f = £ , = ... = 0 f o r some n, 

^ n 0 n + 1 ' 
then TQ n = B n + 1 = ... = fi^ and consequently ^ / 

i s a l s o n i l p o t e n t and f i n i t e . Thus the n i l p o t e n c e of 

the Engel r i n g £ i m p l i e s the p r o p o s i t i o n R p. The 

question of whether or not R' i m p l i e s B' i s s t i l l 

P P 

open.(cf. [ l ] ) . 

A few r e s u l t s are known about the subgroups 

^ n ^ ^ n + l < ? e n e r a l exponent p. By combining Sanov's 

r e s u l t (6.1.8) and our p r e v i o u s ones, we have 
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(6.1.9) rank(fo / B J > f q - j q ( l < n < 2p-2). 

n n + 1 — n J n — — 

Lyndon [15], u s i n g the Fox f r e e d i f f e r e n t i a l 

c a l c u l u s , obtained the f o l l o w i n g r e s u l t s : 

r « k ( B p / B p + 1 ) - - ( " T ^ + 

r a n k ( a p t l / B p , 2 ) - - (<) t ^ 2 ) , 

r a n k ( i 6 p < . 2 / i B p < . 3 ) = f p t 2 " 3p • 1 ( P > 3- q = 2), 

r a n k ( B p + 3 / S p t 4 ) - f p + 3 - 6p + k (p > 5, q - 2), 

which c o i n c i d e with our lower bounds. 

The r e s u l t s of Meier-Wunderli [20] a l s o 

c o i n c i d e with our lower bounds f o r the ranks of 

6 (r+p-3,3) f o r r < p - 2. 

Using (6.1.9) we may o b t a i n a lower bound 

7 f o r the order of the Burnside group of exponent 

7 with two g e n e r a t o r s . T h i s i s , however, not the best 

p o s s i b l e r e s u l t by any means. 
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* 

6.2. The f r e e r e s t r i c t e d L i e r i n g ~j . In 

order to g i v e , i n s e c t i o n 6.4, our new proof of (6.1.5), 

we in t r o d u c e , i n t h i s s e c t i o n , the notion of the " f r e e "  

r e s t r i c t e d L i e r i n g , and i n s e c t i o n 6.3, r e c a l l some 

p r o p e r t i e s of Zassenhaus' dimensional subgroups of a 

f r e e group, ( c f . [10], [ 1 1 ] , [28], [29].) 

The L i e r i n g $̂ , as d e f i n e d i n s e c t i o n 1.2, 

c o n s i s t s of elements 6x, x E «t , where 6 i s the 

isomorphism of £ onto T9 d e f i n e d by, 

6a. = A. , 
1 1 

6(y + z) = 6 y + 6 z = Y + Z , 

6(yz) = [(6y)(6z)] = [YZ] = YZ - ZY. 

Thus, o9 does not c o n t a i n elements l i k e X P, X e £ , 

even though these elements enjoy the p r o p e r t y 

P 

[YXX^TTx] = [YX P] = YX P - X PY, 

analogous to [YZ] = YZ - ZY with Z = X P. We s h a l l 

now d e f i n e a new L i e r i n g $ which does c o n t a i n ^ 
and a l l X P, X £ 

[ p S l 
Let ^5 be the module spanned by a l l 

elements X P , X £ <\), and />3 be the module sum 

3 + /d^P^ + <J^P ^ • (Ofcourse, t h i s sum i s 

not d i r e c t sum.) In t h i s module /0 we d e f i n e two 

o p e r a t i o n s , namely L i e m u l t i p l i c a t i o n , and f o l l o w i n g 

Zassenhaus, the TT-oper at ion, as f o l l o w s : 

(6.2.1) [XY] = XY - YX, 
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(6.2.2) X77" = X P. 

By (2.5) we have immediately 

(6.2.3) [XY^] = [Y""X] = [ X Y P ] . 

Vie prove that i s c l o s e d under these two 

o p e r a t i o n s . It i s obvious that [XY], X17" £ ^) when 

X, Y £ ̂ ) , so t h a t , i n order to prove [XY] £ $ f o r 

any X, Y £ $ *, i t s u f f i c e s to show that [X»Y»] e ^ * 

e f 

i f X' = x j , Y» = Y P and X , Y £ -0 . But, u s i n g (2.5) 

we may show that 

(6.2.4) [X'Y»] = - [ Y ^ ^ Y ^ - 1 ] £ 

Thus we have seen that i s c l o s e d under L i e m u l t i -

p l i c a t i o n . Next, we use i n d u c t i o n on e to prove that 

XT £ 3 * f o r X £ -2 + ^ C p ]

 + ... + Let 

x = xn + x p S + ... + x p e

( 

0 1 n 
where 

e-1-
X 0 s J + / j t p ] + i i i ^ [ p " ] 

X^, « • • , X^ £ m 

Then by (2.9) 

(6.2.5) X17" = X P + X p S + 1

 + ... + X p S + 1

+ /\(X Q,X
p 6 X p 6 ) 

By i n d u c t i o n hypothesis X^ = X^ £ and by (6.2.4) 

A ( x

0 '
x ? e x n S ) £ 3 ' t h u s x ? r £ "5 *• 

The L i e r i n g ^ with the 7T-operat ion thus 

d e f i n e d w i l l be c a l l e d the f r e e r e s t r i c t e d L i e r i n g  

of c h a r a c t e r i s t i c p (with q g e n e r a t o r s ) . 

By the above argument i t may be seen that 
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i s the module spanned by a l l elements U\ , where 

the U, are b a s i s elements of *J and e = 0, 1. 2,... . 

l 

We s h a l l shox-r i n s e c t i o n 6.5, that these elements U, 
l 

o * 

a c t u a l l y form a b a s i s of nj . 
Assume f o r the moment that the set £(U. ) 

l 

.e form a b a s i s f o r 5̂ . Let (t denote the submodulf 

of ^) spanned by a l l elements of the set £ ( U P |e>l). 

Then we have a d i r e c t decomposition of the module 

(6.2.6) J * = 

Note that r$ i s c l o s e d under L i e m u l t i p l i c a t i o n but 

not under the ir-operat ion, and & i s not c l o s e d 

under e i t h e r of these o p e r a t i o n s . 

Let ^ denote the Engel i d e a l of o5 , 

that i s , the image of the Engel i d e a l J of L> under 

the isomorphism 6: £, — * ^5, or, a l t e r n a t i v e l y , the 

TO"™ 1 

module spanned by a l l elements [XY ] , X, Y £ ^) . 

By (2.8) may c o n s i d e r e d to be the module spanned 

by a l l elements (X + Y ) P - X P - Y P= /\(X,Y), X, Y £ ^ . 

We now d e f i n e an i d e a l of 3 , which we may c a l l the 

Engel i d e a l of . Let ^ be the submodule of ^ 

c o n s i s t i n g of a l l l i n e a r combinations of elements 

X P, X £ ^) . Using the same method as i n the proof of 

Theorem 3«1 and the method i n the e a r l i e r part of t h i s 

s e c t i o n 6.3, i t may be shown that i s an i d e a l of 

^ , i n the sense t h a t , X £ ^ and Y £ J i m p l i e s 

[XYJ £ /-J , and i i s c l o s e d under the Ir-operat ion 

( c f . [ l l ] ) . Moreover, i t i s c l e a r that ^ ^ and 



-58-

we have the d i r e c t decomposition of the module 

(6.2.7) %* = ^ + fc\ 

By (6.2.6) and (6.2.7), we have 

(6.2.8) y - ^ J - -J . 

Let £, be the q u o t i e n t module ^ - % ( i n f a c t , 

7̂ - ^ i s a q u o t i e n t r i n g , f o r %, i s an i d e a l of 

£ ) and £ = J - ^ , so that <5 i s the image of 

the Engel r i n g £ of ^ under the isomorphism 6: £ —V 

Then (6.2.8) may be w r i t t e n as, 

(6.2.9) £ T, 

i n other words, the two Engel r i n g s £ and Q , the 

Q * 

one obtained from and the other obtained from , 

are isomorphic. 

In the f o l l o w i n g , we s h a l l use symbols l i k e 
S , \ or t to denote the submodule of the c o r r e s -
-v n ? n J n 

ponding module without the s u b s c r i p t , which c o n s i s t s of 

a l l homogeneous elements of degree n i n the g e n e r a t o r s , 

as we have done e a r l i e r . 

6.3- The Zassenhaus dimensional subgroups. 

Zassenhaus [29] has shown that the formal power s e r i e s : 

-1 2 
g, = 1 + A,, g, = 1 - A.+ A.- ( i = 1,2, . . . , q) , 

i i i i l ' ' ' ̂  ' 

(where A^ are the generators of the f r e e a s s o c i a t i v e r i n g 

Q ( q over GF(p),) generate the f r e e group with q g e n e r a t o r s . 

We s h a l l again use or to denote t h i s group i n 

? * 
denote the nth 

n 
"dimensional subgroup" of ^ , c o n s i s t i n g of a l l elements 
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of the form 

G = l + D + D . + . . . ( D . e O L . ) 

n n+1 i i 
The main r e s u l t s of Zassenhaus on these dimensional 

subgroups are the f o l l o w i n g : 

6.3.1. If G = 1 + D +D + . . . £ „ 

n n+1 n 
then D £ , 

n n 

n' 0 n+1 ^ n 

More p r e c i s e l y , the mapping: 

: G = 1 + D + . . . —f D 

V n n 

GG»= (1 + D + . . . ) ( l + DT + ...) 
n n 

= 1 + (D + D») + . . . —> D + D* , 
n n n n 

gives a homomorphism of onto J) and the k e r n e l i s f " , 
^ ^ n ^ n " n + 1 

6.3.3. T * = i ^ i ( P J ) } ( i P J > n), 

where {^"^(p" ))j denotes the group generated by a l l the 

p J t h e powers of elements of T-^» "the i t h term of the 

lower c e n t r a l s e r i e s of Hf „ 

6.3.4. J * n T f f l = I T ^ P 3 ) ] ( i p J > n, i > m). 

Because of these p r o p e r t i e s , we have the 

f o l l o w i n g isomorphism r e l a t i o n s : 

(6.3.5) B n > f*ilj"n n ? ( p ) . 

(6.3.6}. e n / f c n . l B ? "/* n ? ( p » . 

and the f o l l o w i n g homomorphism r e l a t i o n : 

(6.3.7) <~$:/j; t lc?>7(p))^ n/s n + 1. 
or 
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n (6.3-8) TP, n/f) n + 1 ^ J n " f 

where the submodule of Q i s the k e r n e l of t h i s 
* n n 

homomorphism. 

6 .4 • Connection between ^ and ^ . 

We show, in t h i s s e c t i o n 6.4, that 

which w i l l g ive another proof of (6.1.5). 

To prove (6.4-1) i t i s enough to show that 

i f D i s a monomial of and i f G = 1 + D +... £ It 
n a n n ^ n 

T(2 n ' j ( p ) ) . As we have seen i n 6.2, 
n + l n , 

j> * P J /- * every monomial of i s e i t h e r of the form U £ fe, ̂ , 

i p j = n f j > 1, or {U 1 U 2 ... U / l 1 ... l} £ ^ n , 

where the U, are b a s i s elements of J . If D = UP J then 
k n 

i t i s c l e a r that G £ f ( f T n 0 T ( p ) ) • Now c o n s i d e r 

the f o l l o w i n g , (which may be regarded as a g e n e r a l i -

z a t i o n of Jacobson 's i d e n t i t y (2.3)). 

Let X n , X_,.... X be elements of a f r e e 
1 2' p 

a s s o c i a t i v e r i n g over GF(p) and l e t 0| be the f r e e 

group generated by formal power s e r i e s H = 1 + X^, 

-1 2 H, =1 -,X. + X, - ... , i = 1, 2,..., p. Let 

WQ = W0(H]_,H2 H p) = ( H 1 H 2 . . . H p )
P ; 

then 

WQ = 1 + (X± + x 2 + ... + X p )
P + ... , 

where each of the remaining terms i s of degree at 

l e a s t p+1 i n the X,. Let 
l 

WQ = 1 + w1 + w» , 
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where ŵ  i s the power s e r i e s c o n s i s t i n g of a l l terms, 

each of which does not c o n t a i n X n and w" c o n s i s t i n g of 

1 1 

the remaining terms, i . e . every term of ŵ  contains X^ 

Then i t i s c l e a r that 

1 + v 1 = ¥ 0 ( l , H 2 , . . . , H ), 
and 

Let 

W 

W Q(1,H 2 Hp)" 1 = 1 - w2 + w
2 

1 = W 1(H 1,H 2, H p) = ¥ Q ( H 1 , H 2 , . .-.,H p)W 0(l,H 2 , H

p ) _ 1 

2 
= 1 + w* + w*(-w^ + ŵ  - ... ). 

Note that every term of the power s e r i e s f o r cont a i n s 

X n and (X, + X_ + ... + X ) P - (X„ + X_ + ... + X ) P 

1 1 2 P 2 3 P 

i s the term of lowest degree. Again, l e t 

= 1 + w2 + ŵ  , 

where w2 i s the power s e r i e s c o n s i s t i n g of a l l the terms 

which do not c o n t a i n X^, and ŵ  c o n s i s t s of the remaining 

terms. C l e a r l y , every term of ŵ  contains both X^ and X . 

Once again, 

1 + w2 = W 1(H 1,1,H^,...,H p). 

Now l e t 

W2 = W 2(H 1,H 2,...,H p) = W 1(H 1,H 2,...,H p)W 1(H 1,l,...,H p)"
1 

= 1 + ŵ  + w

2 ( ~
w 2 + w2 ~ """ ^" 

Every term of the power s e r i e s f o r ¥ 2 contains both 

X^ and X 2, and the term of lowest degree i s 

( x 1 + x 2 + ... + x p )
p - ( x 2 + x 3 + ... + x p )

p 

- (X + X + . . . + X ) P + (X + X + ... + x ) j 

p 3 4* p 
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Repeating t h i s p r o c e s s , that i s , d e f i n i n g 

W.+1 - W i + 1( H l,H 2,....H p) 

= ^ i ^1' H 2 ' * * "' H i ' " " " ' H p ^ W i ' H 2 ' * * "' ' * " '' H p ^ 

i n d u c t i v e l y , we f i n a l l y see that 

¥ = W (H, ,H„, . . . ,H ) 
p p. 1' 2' P 

= 1 + (X.+ x „ + . . . + x ) p
 - Z ( x , + x 0+ ... + X . ) ' 

1 2 p ^ 1 2 p-1 

+ Z L ( x 1 + - x 0 + . . . + x 0 ) p - . . . + 2 L x P + 
c 1 2 p-2 1 

or u s i n g (2-3)/ 

(6.4-2) W = 1 + f X X ... X \ + V, 

VI 1 . . . 1 > 

where every term i n the power s e r i e s V i s of degree at 

l e a s t p+1 i n the X^ and moreover every term c o n t a i n s 

a l l of X^, X 2, ... , X p among i t s f a c t o r s . 

Suppose, now, i n the previous f r e e group ff, 

G = 1 + 
1 2 p 

1 1 ... 1 

+ ... e f 
n 

where each U, i s a b a s i s element of and i n + i k i k 1 2 

+ ... + i = n. Then, l e t 
P 

G k = 1 + Ufc + ... e '*f * (k = 1, 2, . . ., p), 

and c o n s i d e r Wp(G-^, G2';
!. . . , G p) . By (6.4 = 2) we have 

W p(G x,G 2, G p) = 1 + |U 1 U 2 ... U l + ... 

I 1 1 . . . 1 J 

where each of the remaining terms i s of degree g r e a t e r 

than n i n the generators of 0{ , or 

V G 1 ' G 2 G p } £ ? n n T < P ) ' 

t h e r e f o r e , 

GW 
P 

( G i ' G 2 G

P

} 1 £ T n+1 , 
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or 

(6.4.3) G e J 7*n l(p)) 

and we have completed the proof of (6.4-1)• 

The above argument enables us to g e n e r a l i z e 

the f o l l o w i n g well-known formula (Grun [4]): 

*ft[H H H . . . H ] =1 (mod T ( p ) T + J , 

where [H I H J H . . . . H , ] denotes the group commutator 
1 12 X3 P 

[ [ . • - [ [ H , , H . ] , H , ] , . . . ] , H . ] and the product i s taken 
1 12 X3 X p 

over a l l permutations i„, i„,..., i of 2, 3»•• • , P# 
*c _p P 

and the are generators of the f r e e group % . In 

part i c u l a r 

[ H 1 H 2 H 2 . . .~H2] s 1 (mod T ( P ) T P + 1 ) � 

Let G^, G2,..., G P be elements of % such that 

G. = 1 + D. + ... e ̂  (k = 1, 2,..., p) . 
k k k 

Then i t may e a s i l y be seen that 

TTCG.G 6 • ...G. ] « 1 + [ DJ D2 . . . D |] + . . . 
2 3 P

 I l l ... 1 JJ 

= 1 + | D l D2 •"• D p ] + ••• E ^ n ' 

1 1 1 ... 1 J 

where n = n^ + n 2 + ... n . On the other hand 

V G 1 ' G 2 V " 1 +) D l D2 D p l + ••• £ ll 

1 1 1 ... 1 I 

T h e r e f o r e , 

F G l G i 9

G i • • • G i ^ p ( G l ' G 2 G

P

) _ 1 £ T n + 1 ' 2 3 p 

or 

T T t G l G l G i • • • G i ] 3 1 ( m ° d T n + l ? ( p ) ) 

" 2 3 P 
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6.5- A b a s i s f o r . We prove now that the 

set e ( U , P ), wh ere the U are b a s i s elements of /J and 
1 l 

e = 0, 1, 2,..., form a b a s i s f o r $ . Since we have 

alre a d y seen that d i s spanned by the elements of 

e(U_^ P ), i t remains only to prove that these elements 

are l i n e a r l y independent. 

C e r t a i n l y the U are l i n e a r l y independent. 

We use i n d u c t i o n on e, and assume that the elements 

U^ p , f = 0, 1,..., e-1, are l i n e a r l y independent. 

Suppose we had 

( 6 . 5 . D u =Z\)i Ui +Z*. l iu. p + ... + Z ^ e i u i

p S = 0, 

A-,. £ GF(p). 

k r i 

Since U\A are elements of a f r e e a s s o c i a t i v e r i n g 

we may assume, without l o s s of g e n e r a l i t y , that 

U i s a homogeneous expre s s i o n i n each generator of G [ q , 

in other words, we may assume that f o r some f i x e d 

n 1 # n 2,..., n , V±

P £ O l U ^ , n 2

P , . . . , n g

P ) f o r a l l 

U.. Let 
i 

w = ( 2 ^ n . u . + . . . + Z > , u . p e ~ ~ ) p 

^ l i i ^ e i i 

- ( £ \ n . u p + . . . + 2 > . u - p S ) . 

^ l i i ^ e i i 

Then by (2.9) and (6.2.4), 

W £ o9 . 

Again, l e t 
V = y^-, -U. + ... + ' u  

1 l i l ^ e i 

p e - 1 

then 

V z 0 C ( n f _ 1 , n f " 1 n p 6 _ 1 ) , 
q 
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and 

U = 2 A,„ . U. - W + V P. 
O i 1 

We have t h e r e f o r e 

0 = [UV] = [ ( Z A . 0 i U . - W)V] £ ̂  , 

or 

0 = ( 2 ^ 0 i u i - w)V £ Xs. 

Since - W and V have d i f f e r e n t degrees in the 

generators,2L ^ O i ^ i ~ ^ ^ ^ a n < ^ hence - W = 0 

or V = 0 . I f ~>A,n.U. - W - 0 then U = V p = 0 and V = 
^ Oi I 

By i n d u c t i o n h y p o t h e s i s , V = 0 i m p l i e s that a l l the 

are zero and a l s o W = 0 . Therefore . 
l i ' ' e i Oi 

Thus U , , . . . , U^ p are l i n e a r l y independent and 

we have completed i n d u c t i o n . 

T h i s f a c t enables us to determine the ranks 

n 
of submodules AJ of the f r e e r e s t r i c t e d L i e r i n g . 

Let f q be the rank of ̂  (with q g e n e r a t o r s ) . Then 
n n 

(6.5-2) f q * = Z f q , k . 

n pR1iv n/p^ 

S i m i l a r l y , l e t f * ( n ^ , n,j,...,n ) be the rank of the 

submodule ^) ( n ^ n j , . . .,n ) of $ c o n s i s t i n g of 

homogeneous elements of degree n^ in A^, i n A^, . 

n i n A . Then 

q q 

(6.5.3) f * ( n 1 , n 2,..., n ) 

= 2 1 f ( n i / p k / n„/p k,..., n / p k ) . 
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7. U n s e t t l e d problems. The f o l l o w i n g 

q u e s t i o n s , which the author has been unable to answer, 

a r i s e n a t u r a l l y i n connection with the above. 

7.1- We have seen that the upper bounds 

j ( n ^ , , •• ',n^) f o r i ( n ^ , , • • . ,n ) are a c t u a l l y equal 

to i ( n ,n ,...,n ) f o r the s p e c i a l cases p r e v i o u s l y 

c a l c u l a t e d by Lyndon and Meier-Wunderli. Is i t true that 

j ( n l f n 2 , . . . , n ) = i ( n ^ , n ^ , . . . , n ), 

f o r n, + n 0 + ... + n < 2p - 2? 1 2 q — 

S i m i l a r l y , i s i t true that 

k(m,n) = i(m,n), 

f o r m + n < 2p - 2? 

7.2. We have v e r i f i e d that 

j(m,n) = k(m,n), 

f o r m + n < p + 4- It may a l s o be e a s i l y seen that 

j(r+p-n,n) = k(r+p-n,n), 

f o r n = 1, 2, 3/ 4- Is i t , in g e n e r a l , true that 

j(m,n) = k(m,n)? 

7-3. As a g e n e r a l i z a t i o n of Sanov's theorem, 

i s i t true that 

7-4« The analogue of Theorem 5.1 f o r the 

Burnside groups: 

For a given p o s i t i v e i n t e g e r d, ig i t 

always p o s s i b l e to f i n d a prime such that the c l a s s 

of n i l p o t e n c e of the Burnside group jJ'/H'Cp) with 
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two generators i s g r e a t e r than dp? 

C e r t a i n l y i f 7.3 were t r u e , 7-h would be also 

t r u e , but not n e c e s s a r i l y c o n v e r s e l y . 

7«5- It seems to be d i f f i c u l t to determine 

e x p l i c i t forms f o r the normal b a s i s elements of . 

However, we may r a i s e the f o l l o w i n g q u e s t i o n : 

— 2 

Let £_j be the f r e e L i e r i n g over the r i n g 

of i n t e g e r s generated by a and b. For a given normal 

product x = ba" 1'b n' . ..am*'briK' of , the f r e e L i e r i n g 

over GF(p) generated by a and b, l e t x denote the 

element ba "^b^1 . . .a'WKb'*Kk in . Then i s i t t r u e t h a t , 

i f e(u_^) i s the normal b a s i s f o r X-~, then e(u_^) i s a 

b a s i s f o r 

This p r o p o s i t i o n i s t r u e , as we have seen 

f o r submodules *C(m,n), when n = 1, 2 and 3-
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