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On Equivalence and Efficiency of Certain Stability Criteria
for Time-Delay Systems

Shengyuan Xu and James Lam

Abstract—In recent years, there have been a number of new delay-de-
pendent stability criteria based on linear matrix inequalities published in
the literature. This note aims to theoretically establish the equivalence of
seven of these stability criteria. Moreover, the efficiency of these stability
criteria is assessed based on the number of unknowns in the linear matrix
inequalities.

Index Terms—Delay-dependent condition, stability, time-delay systems.

I. INTRODUCTION

The problem of stability analysis of time-delay systems has been
extensively studied in recent years due to their implications on the sta-
bility and performance of many practical control systems [3]. Many
stability results for time-delay systems have been proposed in the liter-
ature; see [2], [3], [7] and the references therein. Stability results can
be generally classified into two types: delay-dependent stability results,
which take the size of the delay into account, and delay-independent
stability results, which can be applied to delays with arbitrary size.
Usually, delay-dependent stability results are less conservative than the
delay-independent ones. Therefore, considerable attention has been fo-
cused on the derivation of delay-dependent stability results and, in re-
cent years, various approaches have been proposed. For example, a “de-
scriptor system approach” was proposed in [1] and delay-dependent
stability conditions were obtained in terms of linear matrix inequalities
(LMIs). These stability results were further improved in [2] by incor-
porating the descriptor system approach with the bounding technique
in [6]; such a bounding technique has been extensively used in the
derivation of delay-dependent results. However, it is found that there
are redundant variables in the delay-dependent stability results in [2]
and equivalent conditions with fewer variables were obtained in [11].
It was shown in [11] that these equivalent delay-dependent stability re-
sults can be obtained without resorting to the bounding technique in
[6]. On the other hand, via different Lyapunov—Krasovskii functionals,
delay-dependent stability conditions were established in [4] and [5], re-
spectively. Very recently, by introducing slack variables, some delay-
dependent stability conditions were reported in [9] and [10], while in
[8], a delay-dependent stability condition was obtained by using Lya-
punov—Krasovskii functionals and the Finsler’s approach. These results
are obtained via different techniques and with different appearances.
One important question to raise is therefore whether these results are
intrinsically different? If the results are mathematically equivalent, then
one would also like to compare their complexity. In this note, we will
theoretically establish the mathematical equivalence of the delay-de-
pendent stability results in [2], [4], [5], and [8]-[11]. It will also be
shown that the result in [10] involves the least number of unknown vari-
ables to be determined; hence it is mathematically least complex and
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computationally most efficient compared with those in [2], [4], [5], [8],
[9], and [11].

Notation: Throughout this note, for real symmetric matrices X and
Y, the notation X > Y (respectively, X > Y') means that the matrix
X —Y is positive semidefinite (respectively, positive definite). I is
an identity matrix with appropriate dimension. The superscript “T”
represents the transpose. Matrices, if not explicitly stated, are assumed
to have compatible dimensions.

II. MAIN RESULTS

Consider the following time-delay system:

(X):  #(t) =Ax(t)+ Apx(t —h)

a(t) = o(t) vt € [—h, 0]

ey
@

where ©(t) € R" is the state, and ¢(t) is the initial condition. The
scalar . > 0 is the constant delay of the system, A and A;, are known
real constant matrices.

By the so-called “descriptor system approach” [1] together with the
bounding technique in [6], a delay-dependent stability condition for
system (X) was presented in [2], which is less conservative than that
in [1]; we rewrite this as follows.

Lemma 1: [2] (X) is asymptotically stable for any delay % satisfying
0 < h < h if there exist matrices P, > 0, P2, Ps, R1 > 0, 51, Y11,
Yi2, Z11, Z12, and Z3, such that the following LMIs hold:

. 0
QO+ hz pPT .
+ha [Ah} V<o 3)
[0 AP -1 -5
and
R Y
>
where
o[0T o 11" S0
a=r {A —1}+{A —1} PHlo g
Y, Vi1’
o]+ 0] )
P 0
>~ nl
Y =[Yi1 Yi2] (7
_ VARRVAD

It was shown in [11] that Lemma 1 can be simplified by using fewer
variables, and an equivalent delay-dependent stability condition can be
stated as follows.

Lemma 2: [11] () is asymptotically stable for any delay h satis-
fying 0 < h < h if there exist matrices P > 0, P, P5, Ry > 0, 51,
Y11, and Y3 such that the following LMI holds:

0 PT { 0 } S -
Ap
0 A7]P -y ~5, 0o | <0 ©®
-y 0 —hR,

where €2, P and Y7 are given in (5)—(7), respectively.
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Based on the Lyapunov—Krasovskii approach and the Finsler’s ap-
proach, a delay-dependent stability condition was developed in [8],
which can be rewritten as follows.

Lemma 3: [8] (X) is asymptotically stable for any delay & satisfying
0 < h < I if there exist matrices P1 > 0, S > 0, P, Ps, Py, Y1, Y2,
Zh, Za, Zs, and R > 0 such that the LMIs shown in (10) and (11) at
the bottom of the page hold.

On the other hand, via different Lyapunov—Krasovskii functionals,
conditions for delay-dependent stability were also reported in [4] and
[5], respectively, which are given as follows.

Lemma 4: [4] The time-delay system (X) is asymptotically stable
for any delay & satisfying 0 < h < h if there exist matrices P > 0,
QR >0, P,R X;G<jij=1,2,3) such that the following
LMIs hold:

Xll ~Y12 XlS
XL Xz Xas| >0 (12)
XL XL Xss

as well as (13), as shown at the bottom of the page.
Lemma 5: [5] (X) is asymptotically stable for any delay  satisfying
0 < h < h if there exist matrices 1 > 0, P2, 3, Q, X11, X12,X22,
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Y1, Y5, and Z > 0 such that the following LMIs hold:

X1 X2 Y
XL, Xp Y| >0 (14)
iy oz

as well as (15), as shown at the bottom of the page.

Very recently, by introducing some slack variables, delay-dependent
stability conditions for system (X) were proposed in [9] and [10], re-
spectively, which are restated as follows.

Lemma 6: [9] (X) is asymptotically stable for any delay % satisfying
0 < h < h if there exist matrices P > 0,Q > 0, Z > 0, X11, X12,
X22,Y, and W such that the LMIs shown in (16) and (17) at the bottom
of the page, hold.

Lemma 7: [10] (X) is asymptotically stable for any delay 7 satis-
fying 0 < T < I if there exist matrices P > 0,Q > 0,7 > 0,Y and
W such that the LMI shown in (18) at the bottom of the page holds.

Although the aforementioned LMI-based delay-dependent stability
conditions are obtained via different methods and with different appear-
ances, they turned out to be equivalent. To show this, we first establish
that Lemma 2 is equivalent to Lemma 7, which is given in the following
theorem.

(PYA+ A" P+ Vi +Y! +S+1Zy P—P +A"Ps+Yo+hZy PPA-Y'+A' D
P —P+PrA+YF +hzt R(R+ Z3) — P] — Py Pra, -V, —P | <0 (10)
i ATP,—vi4+PlA ATPy—v, — PT ATP + Pl A, -8
TR YV Y
Yyl zv Z,| >0 (11)
Y Z3 Zs
A'PL+ PEPA+ WX + X3+ X5 4+Q P—PL+A'P, PEAy+hX12 — X134+ X
P—-P +PA hXs3 — P, — P P A, <0 (13)
AT P+ X, — X+ Xos AT P hXos — Xo3 — X0 — Q
P/A+A"P+hX11+Q+Yi+Y, P —-P/ +A"P+hX02+Y,) Pl4, -V
P—P+PrA+ XL 4+ Y, —Pf — Py +hXp+hZ PIA,-Y: | <0 (15)
AP =Y AL P - Yy -Q
[PA+ATP+Y +YVY 4+ Q+hXy PA,-Y+W!Y+hX:, hAYZ
ATP-YT 4+ W 4+ hXE, —Q-W-WT +hXy hATZ| <0 (16)
i hZA hZ Ay —hZ
-XM 1Y19 )f
X Xeo WI|>0 (17)
Lyt wtoz
PA+ATP+Y 4+YT4+Q PA,-Y+WT Y hdATZ
ATP-YT 4w —-Q-W-WwT —mW hAlZ
—RYT W _iz o | <0 (18)
hZA hZ Ay 0 —hZ
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Theorem 1: There exist matrices Py > 0, P», P, Ry >0, 51,Y11  Set W = A} Y/5. Then, pre- and postmultiplying (21) by
and Y7 such that (9) holds if and only if there exist matrices P > 0,
Q> 0,Z > 0,Y and W such that (18) holds.

Proof: (Necessity) Suppose that there exist matrices 1 > 0, 0 OT 00
Py, P, Ry > 0, S1, Y11, and Y1, such that (9) holds, then by the 0 I 4 10
definitions in (5)—(7), LMI (9) can be rewritten as shown in (19) at the 00 I 00
bottom of the page. Pre- and postmultiplying (19) by 00 0 IO
I AT 0 0 o0 0 01
0 I 00 and its transpose, respectively, we have (22), as shown at the bottom of
0 0 T 0 the page, where
0 0 o0 I
and its transpose, respectively, provide By =hATR — ATP] —Via, &= ATPT A, +W = S,
II o Py —hY & =PT A, — YL, A=TR - PI — P,
&7 R - P —P PlA, Y5 —hYY o
7 ATP Y _s, 0 <0 (20) Pre- and postmultiplying (22) by
-nyT —hY12 0 —hR;
I 00 00
where ~ B _ 07T 00 0
O=PA+A"P,+Y+Y" +hA"RiA+ S 0000 I

& =P -DP —A'P{ +Yi, +hA' R , , ,
and its transpose, respectively, and then using Schur complement, we

T AT pT o o _ vl | ATy T

Do =P A+ A Py A=Y, Y =Yn+4 Y. have (23) at the bottom of the page. Now, choose

By (20), it is easy to see that there exists a scalar ¢ > O such that
O+al 0 3, Ps —hY P=P Q=5S4al Z=R Y=Y W=W. (24
0 —al 0 0 0

a7 0 hR —PF—P, PrA, —YT —hyT |<o. ’Sfaﬂiesrlc,yb(}ié?), it is easy to see that P, ), Z, Y and W given in (24)
®; 0 AP =Yoo =51 0 (Sufficiency) Suppose that there exist matrices P > 0, Q > 0,
—BYT 0 —hYia 0 —hR, Z > 0,7, and W such that (18) holds. Then, by Schur complement,

(21) it follows from (18) that (25), as shown at the bottom of the next page,

PTA+ AT+ Y + Y1481 P —Pl +A"TPs+Y, PJA,-Y{ —hY]]

P—P+PfA+YS hR, — P — Py PfA, —Yh —hY
ALP, — Vi AL Py~ Vi _S o | <" e
—hYn —hYis 0 —hR,
O+ al PiA, Y +WT + AT R A, B4 d, —0Y
AFP =YY" + W + hALRiA hATRi A, —W —W' =8 —al &5 By —hW
or ol A o, —hYL| <0 (22)
T o7 o 5 0
—RY" —hW" —hYi, 0  —RhR;
PA+ A" P+ Y +Y" +S5 +al PlA,-Y+W7 —hY RATR;
AP YT 4+ W W —-WwT -5 —al —hW hAR,
vt it TR @3

hR A hRy A} 0 —hR,
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holds, which implies that there exist scalars € > 0 and a > 0 such
that both A = A + €I and Ah = Ay + el are nonsingular and the
two inequalities, shown in (26) and (27) at the bottom of the page, hold
simultaneously, where

V=PA+A'"P+Y +Y ' +Q+hA"ZA
Vi=PA, - Y +WT +hATZA;, + aA” 4.

Let

Po=A "W+ QA" R=A4"Y" - BA

Then, (26) can be rewritten as shown in the third inequality at the
bottom of the page. Pre- and postmultiplying this inequality by

I 0 0 0
0 AT 47T o
0 0 I 0
0 0 0o I

and its transpose, respectively, we obtain (28), as shown at the bottom
of the page, where

Vio=W'A;"! G=hA"Z-A"P] + P— P/ + Vi, +aA”.
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Set
Y =YT —V,A.

Then, pre- and postmultiplying (28) by

I -4 0 o0
0 I 00
0 0 I 0
0 0 o0 I

and its transpose, respectively, we have the first inequality shown at the
bottom of the next page. This, together with (27), gives (29), as shown
at the bottom of the next page. Now, choose

P=P PB=P P=D;

)fll :1}11 STLZ = Yf12~

Ri=27Z 5 =Q

(30)

Then, by (29), it is easy to see that Py, P>, P5, Ry, Si, Yi1, and Yi2
given in (30) satisfy (9). This completes the proof. O
Following a similar line as in the proof of Theorem 1, we can estab-
lish that Lemma 3 is also equivalent to Lemma 7. This is given in the
following theorem.
Theorem 2: There exist matrices Py > 0,5 > 0, P», P53, Py, Yy,
Y2, Z1, Z>, Z3, and R > 0 such that both (10) and (11) hold if and

PA+ATP4+Y + YT +Q+nATZA PA,—-Y +WT +hATZA, -LY
AP -Y" 4+ W4 Al ZA RATZA, —Q-W-WT W | <0 (25)
—ny'?t -t —hZ
[V +20A7 A ] 0 —hY
Vv WAL ZA, —Q - W —W' 4+ AL A, +al of  —hW
<0 (26)
0 ol al —@Q 0
| —RYT" —hwT 0 —hZ
[e (Pgl =+ Pz) + OAZXTA 6P3 ePr_)l
eP) ol €P] | > 0 27
L 6132 Gﬁg ol
V+20A"A i A'PYA, + PYA, -Y  —-hY
v hALZAy —Q-W = W' 4 adl A, +al ALPIA,—W —Q+al —hW .
o~ o~ U e~ o~ , <
ATPRRA+ ATR —YT7 ATPA, —WT —Q+al al = Q 0
—hYT AWt 0 —hz
V+2aA" A G A"PI AL+ PTAL,-Y  —RY
GT Wz — Pl — By +al P4, -vh Y5
e g . e <0 (28)
4411 .P344 + A-h .PQ -Y A-h P3 - le ol — Q 0
—-ny'T —hYis 0 -nz
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only if there exist matrices P > 0, > 0, Z > 0,Y and W such that
(18) holds.

We now show that Lemma 4 is equivalent to Lemma 7.

Theorem 3: There exist matrices P > 0, Q > 0, 1, P>, Xi;
(i,j = 1,2,3) such that both (12) and (13) hold if and only if there
exist matrices P > 0,Q > 0,7 > 0,Y, and W such that (18) holds.

Proof: Similar to the proof of [11, Th. 2], we can show that there
exist matrices P > 0, Q > 0, Pi, P>, Xij, (i,j = 1,2,3) such
that both (12) and (13) hold if and only if there exist matrices P > 0,
Q >0, P, P, Xij,(i,j = 1,2,3) such that (31), as shown at the
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scalars & > 0 and e > 0 such that A, = A, + €l is nonsingular and
the two inequalities shown in (33) and (34) at the bottom of the page
hold simultaneously, where

Qi=Q+al Q=Q-al Z=Z+al (35)

By (33), it is easy to see that (36), as shown at the bottom of the page,
holds. Then, pre- and postmultiplying (36) by

bottom of the page, holds. Then, by following a similar line as in the I 0 0 — ATA;T
proof of the necessity part in Theorem 1, we can show that (31) implies 0 0 _iT
(18). In the next, we prove that (18) implies (31). To this end, we note T
that applying Schur complement to (18) gives (25); that is, (32), as 0 I 0 I
shown at the bottom of the page, holds. With this, we can choose two 0 I 0
PIA+ A" P+ Y+ +Q+aATA PPl +A"Py+Y,, PIA, -V, —hY/]
P—P+PrA+YS Wz -Pf —Py+al PFrA,-Y5 —hYS 0
. - - ~ <
AIILPZ _}fll Ain —le OZI—Q 0
A —hYis 0 -hz
PAA+A R +Yu+Yi+Q P-DP +A"P+Y PYA =Y —RYY
P— P+ P A+ Y1, hZ - P{ - P P AL -V —hYY,
T - . - <0 (29)
AhPQ—Yn AhPS_}fm _Q 0
—RhY Y12 0 ~nZ
ATP+PIA+ X5+ XE5+Q P—PT+AT™P, PlA,— X3+ XL  hXy
P-P+PfA hX3s — P — P P A, 0
T T - T - -T 7 <0 G
f’lh Pl bl ){13 + ng flh PQ —)&23 bl }ng bl Q ’LY23
Xy 0 hXJy —h X33
PA+ATP+Y +YT +Q+hATZA PA, =Y +WT +0ATZA, LY
AFP-YY 4+ W +hAl ZA RAYZA, —Q-W-WY W | <0 (32)
YT Wt -hz
PA+ATP+Y +YT 4+ Q1+ hATZA PA, - Y +WT +hATZA, RY
ATP—-YT" + W4+ hAl ZA RAT ZAL — Q=W -=WT W | <0 (33)
D W' ~hZ
al 0 P!
0 hal ePl| >0 (34)
ePr Py ol
PA+A"P+Y+Y"4+Qi +hATZA PAy—Y +WT +1ATZA, RY 0
ATP—yT +wW+hATZA RATZAy — Qe —W —WT W 0
- S _ <0 (36)
hY hW —-hZ 0
0 0 0 —hALZA,
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TABLE I
COMPARISON OF THE NUMBERS OF THE VARIABLES INVOLVED IN LEMMAS 1-7

Methods Number of variables involved

Lemma 1 (Fridman and Shaked 2002) 7.5n% 4+ 2.5n
Lemma 2 (Xu et al. 2005) 5.5n2 4+ 1.5n
Lemma 3 (Suplin et al. 2004) 8.5n2 + 2.5n
Lemma 4 (Jing et al. 2004) 7.5n2 4 2.5n
Lemma 5 (Lee et al. 2004) 7.5n2 + 2.5n
Lemma 6 (Wu et al. 2004) 5.5n2 4 2.5n
Lemma 7 (Xu and Lam 2005) 3.5n2 + 1.5n

and its transpose, respectively, we obtain (37), as shown at the bottom
of the page. Set

(33)

Then, (37) can be rewritten as shown in the second inequality at the
bottom of the page. This together with (34) gives (39), as shown at the
bottom of the page. Now, choose

P=P Q=Q P=P P=Dh

Xi3=Y Xouz3=W Xsz3=2. (40)
Then, by (39), it is easy to see that P;, P, X13, S1, Xos, and X33
given in (40) satisfy (31). This completes the proof. g
The following theorem shows that Lemma 5 is equivalent to Lemma
2.
Theorem 4: There exist matrices P, > 0, P>, P53, Q, X11, X2,
X22,Y1, Y, and Z > 0 such that both (14) and (15) hold if and only

if there exist matrices 1 > 0, I%, P53, Ry > 0,51,Y11, and Y12 such
that (9) holds.

Proof: Along a similar line as in the proof of [11, Th. 2], it is easy
to show that there exist matrices P, > 0, P, P5, @), X11, X12, Xao,
Y1, Y5, and Z > 0 such that (14) and (15) hold if and only if there
exist matrices Py > 0, P», P5,Q,Y,,Y> and Z > 0 such that the LMI
shown in the last inequality at the bottom of the page holds. Noting this
and (9), we have the desired result immediately. O

Similarly, we can show that Lemma 6 is equivalent to Lemma 7. By
this and Theorems 1-4, we have the following result.

Theorem 5: The delay-dependent conditions in Lemmas 1-7 are
equivalent.

Remark 1: By Theorem 5, it is now clear that the “descriptor system
approach” in [2] and the methods in [4], [5], [8], [9], and [11] will in-
troduce some redundant variables. From a mathematical point of view,
the condition in [10] is more efficient than those in [2], [4], [5], [8], [9],
and [11] since it involves the least number of variables while providing
an equivalent stability condition. Table I provides a comparison of the
numbers of the variables involved in Lemmas 1-7.

PA+A"P+Y +YT 4+ Q. hATZ PA,-Y+WT RY
hZA —hZ hZ A, 0
N e - 0 7
ATp-vT4+w WATZ  —Qy—W —WT W < @7
YT T —hZ
AT+ PFPA+Y +YT+Q P-Pl+ATPf Pra,-v+wT by al 0 P 0
P—P +PfA Wz - p— P P a, 0 0 hal ePf 0
TP -1 4 TP A r rT PR P P <0
AP vt 4w Alp, —Q-W-W W P eP, ol 0
YT 0 a7 —hz 0 0 0
AT P, +~151T A+Y + yT"+Q P-PT + ATNﬁJ Pl Ay -Y+ w’ RY
P-P +PFa nZ — Py, — P Pl A, 0 <0 (39)
AP -v' 4+ w AP, -Q-w-w* aw
nY?* Pt -nz
PIA+ A" P+ Q+Yi+Y! P -Pf+A"P+Y) PfA,-Y: —-hh
P —P+PlA+Y, -Pl' - P+ 127 PlA, —Y, —hYs
T T T T <0
ATP, -V, AT Py - Y, -Q
-y —nYy 0 —-nZ



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 52, NO. 1, JANUARY 2007 101
PA+ATP+Y +YT 4+Q PA, - Y +WT —hY hATZ
ATp—vyT 4w —-A-7Q-W-wT —aw halz <0 43)
-hY" -’ -hZ 0
hZA nZ A, 0 —nz
Remark 2: It was theoretically established in [10] that the stability  that the following LMI holds:
condition in Lemma 7 contains that in [6, Th. 1] as a special case.
Therefore, by Theorem 5, it is easy to see that [6, Th. 1] is also a special 7 P T ter T AT
case of Lemmas 1-6. Itis also worth noting that the bounding technique PA+ATPHY+Y" PA-Y + U" - Z Y }_‘A, Z
i - i i i AL P-YT+W -W-w" W hA]Z
in [6] used in many papers is not resorted to when deriving the stability h / “Lh <0
.. . v T T 7 .
condition in Lemma 7. —h¥ —hW -hZ 0
Remark 3: In the case when time-varying delays appear, that is, hZA hZ Ay 0 —hZz
system () becomes 45)

(1) &(t) = Ax(t) + Apx (t — h(t)) 41)
where h(t) is the time-varying delay of the system, which is assumed

to be a differentiable function satisfying for all ¢ > 0

0<h(t)y<h hit)<rT (42)

then, by using the Lyapunov—Krasovskii functional candidate

V(x) = 2(t)T Pa(t) + ()T Qr(a)da

t—R(t)

+ /U / i) Zi(a)dodp

—ht+p

and following a similar line as in the derivation of Lemma 7, we have
that (£4) is asymptotically stable for any delay h(#) satisfying (42) if
there exist matrices P > 0, Q > 0, Z > 0, Y and W such that the
LMI shown in (43) at the top of the page holds. Similar to Theorem 5, it
can be verified that (43) is equivalent to the stability conditions in [2],
[4], and [8]-[10]. However, the condition in (43) requires the fewest
number of variables for computation. Therefore, (43) is more efficient
than those in [2], [4], and [8]-[10]. Also, it should be pointed out that,
due to the possible negative definiteness of —W — W, (43) need not
require 7 < 1 while in [2] and [10] such a requirement is needed when
(42) is satisfied.

Remark 4: When the time-varying delay h(t) is a continuous func-
tion satisfying for all ¢ > 0

0<h(t)<h (44)

then, by using the Lyapunov—Krasovskii functional candidate

V(;vt):;v(t)TPx(t)+/ / i(a)! Zi(a)dods

—ht+p3

we can deduce that (X;) is asymptotically stable for any delay h(t)
satisfying (44) if there exist matrices P > 0, Z > 0,Y and W such

It is easy to show that the corresponding stability conditions in [2] and
[11] are special cases of (45). Therefore, they are more complicated
than (45). Also, when the time-delay is differentiable and satisfies (42),
it is easy to see that (43) is less conservative than (45). When the time-
varying delay is continuous and (44) is satisfied, it is easy to see that
we can only resort to (45) to check its stability.

III. CONCLUSION

This note has theoretically established that a number of LMI-based
delay-dependent stability criteria obtained in recent years are equiva-
lent. It has been shown that there are redundant variables in some of
these stability criteria which can be removed while maintaining the ef-
fectiveness of the stability condition. The additional variables in LMIs
sometimes improve the robust stability results for the case of time-
delay systems with parameter uncertainties.
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