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Introduction

L e t D  be a  S iegel domain of the second k in d . I f  A ut (D ) is so "small"
that A ut(D ) = A f f  (D ) , the domain D  ca n  b e  equivariantly imbedded as an
open set of complex projective space. In the case where A u t(D )  is the "lar-
gest", i.e., the domain D  is symmetric, D  can be also equivariantly imbedded
as an open set of the hermitian symmetric space of compact type dual to D.
Therefore it is natural to ask whether there exists an equivariant open imbedd-
ing o f a  S iege l domain D  to  a compact complex homogeneous space M .  In
this paper, w e shall prove the following:

(a) I f  there exists an open equiv arian t imbedding o f  D  to M , then
M  must be a  h erm itian  symmetric space of com pact type (Theorem  8).

(b) D  can be equiv ariantly  imbedded as an open set of P' (C ) if and
only i f  A u t(D ) = A f f (D ) o r  D  is  holom orphically  equ iva len t to  a  disk
(Theorem 9).

(c) There exists a Siegel domain which does not admit open equiva-
rian t im bedd ings to compact complex homogeneous spaces (§ 6).

Throughout this paper, w e  use the fo llow ing notations: A ut (M ) means
the group o f a ll holomorphic transformations of a complex manifold M .  For
a  real vector space o r  a  rea l L ie  algebra V , V  denotes its complexification.
W e denote by Gr (W  , r) th e  complex grassmann manifold consisting o f  all
r-dimensional subspaces o f a  complex vector space W.

§  1 .  Homogeneous spaces associated with complex graded Lie
algebras of certain type

L e t j i  be a  totally ordered abelian group which satisfies the following
conditions;

*) Partially supported by The Sakkokai Foundation.
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a > 8  if and on ly i f  a - 3 > 0

a > 0  if and only i f  — a < 0

L e t g  be a  finite dimensional complex L ie  algebra and  let -{g„} be a
family o f  subspaces o f  g  satisfying

g  =  E g ,  (direct sum)
aE,R

[g ., q j c •

W e further assume that there exists a 0< 0  such that

For X E  g„  a < a o , the condition "[X , go]  =- 0" implies X = 0 ;

b =  E g „  is  a  subalgebra o f  g.
a>a o

Under these conditions we shall prove the following

T h e o re m  1. L e t  G  be a connected L ie group with th e  L ie  algebra g
an d  le t  B  be any L ie  subgroup of G  w ith  th e  L ie  algebra b. Then

(i) B  is closed an d  connected.
(ii) T h e  homogeneous space G/B is simply connected.

P r o o f .  W e  set B* = {a E G; Ad ab=-1.1}. Then  B * is a closed subgroup
o f G  containing B .  From the condition (1 ), we can show that the L ie  algebra
o f  B * coincides w ith  b. Therefore the group B  is closed in  B * and hence
closed in  G .  W e  put n =  E g„. C lea rly  n  is a  nilpotent su b a lg e b ra . We

cv cro

assert that the mapping 7roexp is an imbedding of n  into G/B, where 7: denotes
the natural projection of G  onto G / B . L e t N  be a connected subgroup o f  G
corresponding to the s u b a lg e b r a  n .  It  is  sufficiant to prove that Nfl B= {e} ,
e  denoting the unit element in G .  Let a E N n  B .  Since N is nilpotent, there
exists XE n  such that exp X =  a .  W e can write X =  E X .  F o r  a n y  Y E  g o,

a Z a o

A d(exp X) YE  1.1. Suppose that X ,=  0  fo r  a > a '  and X * 0 .  Then the f l '-
part o f  A d(exp X) Y is equal to [X , , ,  Y ] .  Hence [X ,„ Y ] = 0  for any Y g o.
It fo llow s that X „ , 0  b y  (1) , contradicting the assumption X „ , * 0 .  Thus we
get X = 0 ,  proving our assertion.

W e  set N' =rroexp n. N' is an open orbite of N  through the origin o of
G /B . L e t  C  be the union of all singular orbites of N  and le t  (XP, •••, X :)
be a  family o f  holom orphic vector fie ld s  on  G /B  corresponding to a base
(X„•••, X „ )  o f  n. T h e n  th e  subset C  o f  G /B is defined by the equation

X PA .••A x:
L e t Bo b e  the identity component o f  B .  Then G/ Bo i s  a  covering space of
G / B . We denote by p the covering map of G/B, to G / B . It is clear that the
open (resp . a singu lar) orbite of N in G/ Bo is mapped by p to the open (resp.
to  a singular) orb ite  in  G / B . On the other hand p is  a  homomorphism on

(1)

= 0 .  Therefore G/B—C is connected and hence coincides with N'.
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the open orbite because rroexp is  an imbedding on ii.  T h e r e fo r e  G/130 =-G/B
and hence .130 = B.

L e t G  be the universal covering group o f  G  and let w' be th e  covering
map o f  G  to  G . W e now  know  that W '(B )  is closed and connected. There-
fore  G/ /W_1 (B )  is simply connected. q.e.d.

§  2 . Siegel domains and equivariant holomorphie mappings

L e t  D  be a  S iegel domain o f th e  second kind due to  Pyatetski-Shapiro
[ 5 ]  and let G  (D ) be the identity component o f  A u t (D )  . D enote by g(D)
the L ie  algebra o f G (D) . F o r each XE g (D ) ,  X *  means th e  vector field
on  D  generated by -{exp tX) t E R .  Then the correspondence: X--->X* can be
extended to an injective linear mapping o f  g (D) C to the space o f  all vector
fields on D  by putting (V —1X)* =JX *  fo r  X E g (D ) , w here J  denotes the
complex structure on D .  It is easy to see that fo r  any point zE  D , T  z (D)
= {X : ; X G g (D) C}

W e  set

(2) = {XE g (D ) ; X : =- 0} .

Then h ,  is a complex subalgebra of g (D)C and dim b, is constant for any z E D.
Therefore the assignment: z—>b, gives a  holomorphic mapping o f  D  into
Gr (g(D)C r)  , where r  dim b,.** ) T h e  group G  (D ) acts on  Gr (g(D)C r)
by its adjoint representation. Clearly

(3) (az ) = Ada 0 (z) fo r  a E G  (D ) and zE  D .

Let M  be a  complex manifold such that A ut (11/1) i s  a  L ie  g r o u p .  A
holomorphic mapping f  o f  D  to  M  will be called equiv ariant if there exists
a  homomorphism r o f  G  (D ) to  A ut (M ) such that

(4) f (ap) -= r (a) f  (p) fo r  a E G (D ) and p e D

B y  ( 3 )  the mapping 0  is  equivariant.
Let f  be a equivariant holomorphic mapping o f D into M  with a  homomor-

phism  7: G (D) — > A ut (M) . W e n ow  assume that A ut (M ) is a complex Lie
group and denote by g (M )  the Lie algebra o f A u t (M ) . Let r*  b e  the homo-
morphism o f  g (D )  to  g (114) induced by r. The mapping r * can be extended
to  a  homomorphism o f  g (D)C to  g (M )  complex linearly, which is denoted by
the same letter r * . It follows that

(5) f = (r X ) *  fo r  X E  g (D) ,

w here (r* X )*  denotes the vector field on M  corresponding to r * XE g (M ).

**' j. H a n o  [1 ] constructed the mapping 0  fo r an effective homogeneous space G/K with an
invariant complex structure and the non-degenerate canonical herm itian form.
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Lem m a 2 .  T h e  e q u atio n  (5 ) holds f o r  XE g (D) 1 •

P r o o f .  W e  s e t  X = X i H—V-1X2(Xi, X2 G g (D ) )  .  Then f * X *  f  *  (xp
+ Jx n  -- f*XP + J' f  * X : ,  where J ' denotes the complex structure on M .  On
the other hand (r* X ) *  ( rX 1 )  *  — 1 r * X 2 ) *  ( r  * X i) *  J ' ( r * X 2)* . q.e.d.

Proposition  3 .  L e t z  E D  a n d  l e t  B ' b e  t h e  iso tro p y  su b g ro u p  of
A ut (M ) a t  f (z) . T h en  f  (D) c A ut (M ) / B ' .

P r o o f .  F or any z' D , there exist p o ,p i , D, t„ • • • , t,,„E  R  and
•••, X „,Eg(D ) 1 such that

p 0 =z , z',

Pi= exP t1Xt (P0-1) 1 < i<m ,
{exp tX t }  denoting the one parameter group of local transformations of D
generated by the vector field X '.  It fo llow s by Lem m a 2

f  (z ')  f  (exp t X  (1).-1))

=exp tm r * X o f

= exp t m r* X m o • • • oexp ti r* X i of (z) q.e.d.

§  3 .  T h e m apping P  and Tanaka's imbeddings

The L ie  algebra g (D )  has a graded structure such that (cf. [2])

g (D) = g —2 + g_, + go + g, + g, .***)

Let E  and / are elements in  go as in  § 1 o f  [ 3 ] .  W e set

19-1=g c_2+ {x--A/ — 1 EL ; xEg—i}

(6) 00 — — x]; X E g }  + q +  {Y—V— 1 [1, Y] ; gi}
01 = {Y+/ —1 [L Y]; YE gi} +

H 0( E — 1 /) .
2

Then

g (D ) = 0_, + 00 + 0 , (direct sum)

(7) [Oa; OA] COA+A
02 = { X E g (D) 1 ; [110 , X ]  11X —1, 0,1.

Let G1 be the adjoint group o f g (D) C. Since G  (D ) is centerless ( [2 ] )

***) Our suspace go corresponds t o  g012 in [2].
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G (D )  is identified with a  subgroup o f  G c .  Define a closed subgroup B o f Gc
by

(8) B= -{aGGc;a(0 a +0,) =0,+0,1.

T h e  L ie  algebra o f  B  coincides with 00 +0 1 a s  is easily observed (cf. [8 ]).
Hence B is connected by Theorem 1 .  According to [3 ], we identify the domain
D  with an open subset o f  0_, and define a holomorphic mapping h of D  onto
an open set of Ge/ B by putting

(9) h (z ) =no exp z z E D ,

where 7r denotes the projection of Gc onto G '/ B .  T h e  map h  is equivariant
(Lemma 2. 4 in  [ 3 ] )  and  ca lled  Tanaka 's  im bedd ing. W e now  fix  a point
zE D .  L e t  B , be the isotropy subgroup o f  Gc a t h ( z ) .  Then from  (9 ) we
obtain

(10) B ,=exp z • B• (exp z)

For any XE g (D )  the vec to r fie ld  o n  Gc/ B generated  by {exp tX} 1 E R  is
equal to X * on D c G e / B . Therefore from (2), the Lie algebra o f B , coincides
w ith  b,. Th u s w e get from  (10) ,

(11) b, = A d exp z (00 + OD •

T h e  group Gc acts on  G r (g (D ) ' , r )  in  a  natural m anner. By (8 ), (10 ) and
(11), the isotropy subgroup o f  GC at 0 (z )  is  B , .  It follows from Proposition
3 that 0 ( D )  is contained in  th e  homogeneous space G '/ B , .  W e d e fin e  a
holomorphic diffeomorphism y  o f  Ge/B onto Ge/B, by

(aB) (exp z) - 1 B ,  a G Gc.

Then the following equality holds;

(12) ço(aq)=-aço(q) fo r  a E C , q E C / B .

Lem m a 4 .  0 = gooh.

Proof . L e t  a  G  (D ) .  B y  (1 2 ),  0 (az) a 0  (z )  = h (z) = ooh (az) .
Therefore  0-= yoh  on  th e  o rb ite  o f G ( D )  through z. Since both 0  and
p h  are holomorphic, we can conclude that 0-= yoh on D  (cf. Lemma 2.5 in

[3 ] ) .  q . e . d .

C oro lla ry  5 .  0  i s  an  im b ed d in g  o f  D.

W e can  now  verify  the following

T h eo rem  6 .  L e t f  b e  an  equivariant holomorphic m apping of  D  into
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a  com plex  m an ifo ld  M . A s s u m e  th a t A u t(M )  is  a  co m p le x  L ie  group.
Then  there  ex is ts  a unique holom orPhic m a p p in g  (I): Ge /13,-->111 such that
f =0 0 0 .

P r o o f .  The uniqueness follows from the fact that 0 (D )  is open in Ge /B,.
L e t Cc be the universal covering group o f  Ge and let 7 be the homomorphism
o f  G  (D ) to  A ut (M ) attaches to f . W e denote by ?  the homomorphism of
-Ce to  A u t(M )  corresponding to th e  homomorphism z  o f  g ( D) 1' t o  g (M ).
Let be the connected subgroup o f 'Cc with the Lie algebra h,. By Lemma
2, we see that for any XE b, (7,X)P ( ,) = J . X;K = O. T h e r e fo r e  i-"(f3-  z)  is contained
in  the isotropy subgroup of A ut (M ) at f (z) . Hence ? induces a  holomorphic
mapping ç5 o f  Ce/D, to  M .  W e now  set

(13)
H = Ad (exp z) H,

aa( e x p  z )  0 ,  2  — 1 ,  0 ,  1  .

It fo llow s  from  (7)

g  (D )c  a_ i + a o + a ,  (direct sum)

(14) [02, a i

a, {X - g (D )  [H ,  X ] = 2X} .

B y  (14 ) the graded L ie  algebra g (D)c---a_ i -Fuo -Fa i a n d  th e  subalgebra b,
= a o +a, satisfy the condition (1). Hence applying Theorem 1, we have Ge /
--- CV -g , .  T h e  equation f=  0 .0  fo llows from  Proposition 3. q.e.d.

§ 4. Equivariant open imbeddings o f S iege l domains to compact
complex homogeneous spaces

Let f  be an equivariant holomorphic immersion of a Siegel domain D  to
a compact complex homogeneous space M  with a homomorphism G(D) ->
A u t ( M ) .  N ote that A ut (M ) is  a  complex L ie  g ro u p . W e further assume
that f ( D )  is  open in M .  L e t  r,, be th e  homomorphism o f  g (D )c to  g (M )
defined i n  § 2. Suppose th a t  z- ,X =  0 , X E  g  (D ) 1'. B y Lem m a 2 , f X *
= (r* X )* = O. S in c e  f  is an immersion, we have X* = O. Therefore i s  injec-
tive. In  what follows, we consider g ( D) 1' as a complex subalgebra of g  (M ).
L e t  0  be the holomorphic mapping of Ge /13,(= -6c/13- 0  to M  given by Theorem
6 and let B ' be the isotropy subgroup o f  A u t ( M )  a t f ( z ) .  Since f  is  an
im m ersion , the L ie a lgebra of z -  ( B ' )  i s  bz . T h ere fo re  b y  T h eorem  1,
13-3 =  (  B  ' )  and hence 0  is  an imbedding.

Lem m a 7 .  L e t  2  be an eigenv alue o f  a d  H  o n  g ( IV ) ,  w h e r e  H  is
an elem ent o f  g ( D ) 1' d e fin ed  b y  (1 3 ) .  T h e n  2  is an in teger and 2 > —1.
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P r o o f .  L e t  b ' be th e  L ie  algebra of B '. S in c e  f ( D )  is open, we know

dim g (D )7h ,=  dim g (M) / b ' .  Define subspaces o f  g (M )  by setting

=  (M )  ,  b = h' .

b'n =  {X c Vfly_i: [X , g (M )] C V.-1} ( m > 1 ) .

Let X E  b .  T h en  a ll m '-th  derivatives o f X *  at f  ( z )  must be zeros where
CO

m ' < m .  Therefore CI 6 ,=  0. A s  a consequence, there exists ni 0 > 0  such that
rn = —1

b = 0  f o r  m > n i, and b' * 0 .  T h u s  w e  g e t a  sequence b'
Db'„, o + , = O . It  is  ea sy  to  s ee  the following equality holds

ad H m X  (mod b , , ) fo r  X E  . q.e.d.

W e now  set

(15) = -(XE g (M ); (adH—  2)"' =0 fo r  some ml

Then

(m) =  E  , E CL:t

[cii , a /A] c cl:t+/, •

B y  (1 4 )  and  (1 5 )  w e have a ,O E ct. Therefore ci -= a _ i because dim a 1  dim

a_,. From  (1 5 ) , w e see that th e  p a ir  (g (M ), b ' )  satisfies ( 1 )  and  hence

the homogeneous space M  is simply connected. A s  a  result M  is a  C-space
due to  W a n g  [ 9 ]  and hence g (M )  is reductive ( [ 9 ] ) .  Let X  be an element

. 0

in  the center o f  g (M ) .  W e can  w rite  X = E x , (X,,E Since [H, X ]
A= —1

= 0 , w e  have X1= 0 for 2* 0 .  Then [g (M ) , X 0 ] = ( M )  ,  X ] = 0 .  Thus we

know X 0 E 1.) and hence X 0 = 0 .  Consequently the L ie  algebra q (M ) is semi-
simple and 01'  = 0  for 2 > 1 .  W e now  know  from  [ 7 ]  that M  is  a  hermitian
symmetric space o f com pact type. W e  have thereby prove the following

T h eo rem  8 .  I f  there exists a n  open immersion f  of a S ieg e l domain
D  to  a  compact complex homogeneous space M , then M  m ust be a  herm i-
t ian  symmetric space o f  compact type an d  f  is  a n  imbedding.

R e m a r k .  N o t e  t h a t  t h e  fo llo w in g  e q u i l i t y  h o ld : a  = {Xe g (M );
[H, X ] = 2 X -  ),= — 1, 0 , 1 .  Indeed, an endomorphism 77 defined  by (X ) = 2 X
fo r XE a ', is  a  derivation of the sem i-simple Lie algebra g (M ) .  Therefore
there exists H ' E g (M )  such that ad if  -=7 7 . It is  easy  to  see  that E
Both H  and H ' are in  c i and  a d H =a d H ' on  a .  Hence we get H  = H '

§ 5 .  S iege l d om a in s  w h ich  ca ll b e  C(il 111 iv a r i t i i i t ly  im bedded  as an
open  subset o f (C)
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In  this section, we shall determine S iege l domains which admit equiva-
riant open imbeddings to the complex projective space Pn (C) . We prove the
following

Theorem  9. L e t D  be a S iegel dom ain of  the  second k in d . T h e n  D
can be equiv ariantly  im bedded as an open se t o f Pn (C) if and  only  i f  D
i s  one of the f o llo w in g  tw o  type;

(i) D  is holom orphically  equiv alent to  the disk , i.e.,

71

D -
-
={ (z 1,•••,z .) E  C ; E 1z112 <1},

(ii) A ut (D) = A ut (D) , w here A f t (D ) denotes the af f ine transform a-
tion  group  o f  D.

It is well known that i f  D  satisfies ( i)  o r  ( i i ) ,  then D  can be imbedded
equivariantly as an open set of Pn (C ). W e verify the converse.

Let f  be an open equivariant imbedding o f D  to (C ) with a  homomor-
phism r: G (D) — > SL (n +1, C) . L e t zE D  an d  le t (w 1 , w , )  be a  homo-
geneous coordinate system o f  Pn ( C ) .  W e m ay assume f  (z ) = (1, 0, ••-, 0).
A s  in  § 4 , we identify g (D )c  with a  subalgebra o f  gl (n +1, C )  b y  r , .  Let
dA (/1= —1, 0, 1) be the subspaces o f  gt (n  +1, C ) defined by (15).

Lemma 1 0 .  L e t YE a; . I f  Y--/- 0, the linear m apping adY  is injective
on al.1.

P ro o f .  Let b ' be the isotropy subalgebra at f (z) . Then b' =do +di  and

rb' = 1X E  ( n  +1 , C )  ; X  (— T A  e )  ;  e' Cn and A E g l(n ,C )} .
0 A

W e set

+ 1, C) ;  X =
(°

 0 ) ;  v E C I
tv 0

— T r  A  0  .=  { X E K (n + 1 ,C ); x = ( ) ,  A e g l ( n ,C ) }
0 A

= I X E M (n + 1 ,C ) ; X = (
°

 E ) ;  e E C 1 .
0  0

Since a', {XEV; (n +1, C ),  X ] c b'}-. We can show d i' = a. There  ex-
ists a unique element PP o f  do' such that adEP X  = kX

-
 for X E  0 .=  — 1, 0 , 1 ),

because f(n+ 1 , C ) is  semi-simple. Both H  and H  a re  in  b' and adH X
a d H X — X (m od b') f o r  a n y  XE g (n +  1 ,  C ) .  Therefore we can write

ZE a,' . Then H = A d (exp Z )11° and  hence a', = A d (exp
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B y direct calculations, we know that fo r  a n y  Y E  (Y * 0 )  ,  adY  is  injective

on  a . q.e.d.

W e  assume that A ut (D )*A f f  (D ) , which is equivalent to g2 0 ([3]).
Suppose that g (D )  is not semi-simple. Then there exists a non-zero element

X  in  a „  such that [X, g2] = 0 (Remark 1 in  [4] ) , which contradicts to Lemma
10  because Ad (exp z) X  is  in a n d  Ad (exp z) gi c  a . T h e r e fo r e  g (D )  is

semi-simple and the domain D is symmetric. When D is symmetric, it is well
known that Gc / B is  the compact herm itian symmetric space dual to non-com-

pact D  and that h is  th e  B o re l imbedding (cf. [ 6 ] ) .  Since (Ge / B ,) is  a
compact open subset o f  Pn (C) , w e ge t Gc / Gc / (C) , completing the
proof o f  Theorem 9.

§  6 .  A n exam ple

Let D  be a  4-dimensional homogeneous S iegel domain defined by

D =  { (z„ z 2 , z 3 , z E IM z3 > 0  a n d  I m  ( I m iz412) — am z 2) 2 > 0}.

T h e  domain D  is not sym m etric. In  this section w e prove that D  does not
admit open equivariant im beddings t o  compact complex homogeneous spaces.
W e first calculate g (D ) .  L e t  lc denote the radical of g (D ) .  Th en  r  is  of
the form: = T-2+1-1+ To, 1C2 g , t ( [ 2 ] ) .  By using results in  [ 4 ] ,  w e have

dim g , =  3 ,  dim g  =  2, dim go = 4 ,

dim g , =  0 , dim g, =1.

B y  ( 6 )  we can decompose lc' into th e  fo rm : Tc =  T i +  T ,  w h ere  t 'a = t Cf l O .

By Theorem  1. 1 in [ 4 ] ,  there exists a semi-simple s u b a lg e b r a  of g (D)C such
that

g +  + n
g (D) C=  Te( d i r e c t  sum).

Since =0, = 6  dime  =  1  and hence dime - =  1. Because is semi-simple,
there exists a unique Hv, „ such that [H  X ] =A X  for  X E 2 .

Suppose that there exists an equivariant imbedding o f  D  on to  an open
set of a compact complex homogeneous space M .  By Theorem 8 , M  must be
a  herm itian symmetric space o f com pact type. W e a lso know  that g (D)C is
identified with a  subalgebra o f  g (M ) .  W e  set f) =  Ad (exp z) - WI w h ere  d2

is as in §  4 .  Then g (M ) O '_ , +  + 6 4;  and 0, c 0",. We assert that M  must be
irreducible. I f  M  is  a  product o f  tw o  hetm itian  symmetric spaces 21/, and
M 2 ,  then g (M ) = g (M ,) +g  (M 2 ). B e in g  an ideal o f g (M ) , g (M r)  is  decom-
posed as fo llo w s  (i= 1, 2) ;

(m)o' + (.4 + •o = g (A )  flO .
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N ote that 0' ,* 0 .  L e t X E  O L , .  Since 0_, = 014 ,  we can write X = X , + X , (X ,
and X r E . I f  X 8 0, then is contained in  Of because =

and dim c  = 1 .  Hence is contained in O f because -=
i]]• A s  a  result is contained in  01_ , or O .  W e  m a y  assume that

c It follows that c 01. For th e domain D, we know from [4 ] that

g_2= [g_2, [g-2, g ] ] .  Therefore g_2 c 0 1. N o w  l e t  YE  0 , .  W e can write

Y= Y-2+ Y-i — Af1 - 1[I, Y -1], w here Y_,Ege_, a n d  Y._,E g_ i . Since [ E ,  2 ]
=2Y2 (2 = —2, —1) , w e  have Y_ 2 E  and Y_, —•\/ — 1 [ f, Y ]  E 0 I i . Hence

Y -2 = 0  a n d  [17 _1— V -1  U , Y -J , Y-1 — 1 [.[. Y- ] ] = 2 V - 1[Y-1, [ I ,  Y--1]]
E n 192_, =0. Consequently Y_ 1 = 0  an d  hence 02_, = 0. Th is is a contradic-
tion. W e  have thus proved that /If is irreducible.

A  4-dimensional irreducible herrnitian symmetric space of compact type is
SU (5) / S (Ui x U 4 )  o r  S U O V S (U 2  X  U2). Hence M  must be SU (4)/ S (U2 X U2)
b y  T h eo rem  9. Then d im , g (M )  d im R  SU (4) 15. L et t=  {X E g (M );
(a d E -2 )" 'X -- 0  f o r  s o m e  m }. T h e n  g (M )  E 12. Since g (M )  is semi-

ÂEC

simple, dime  t 5 =  d im  t_ , .  By using the fact g,C t a, we have dimc  t_ 2 = dimc 12
> 3 ,  dime  t_, =- dimc , I,> _ 2  a n d  dime  t o 4. S ince dimc g (111) =15, th e  only
possible case is  th e  fo llo w in g : g (M) = t_2+ t_ 1 + to + +t2, dim c  t_2 = dimc 12
-= 3, dime  t_, =- dim c  I, = 2  and dimc  to = 5 .  In  this ease t_ 2 = ge_2 and  t-i = gli.
Therefore 1-2* [1-1, • O n  th e  o th er hand, t_2 = [t_i, t-i] because g (M)
is a simple Lie algebra (Lemma 1. 3 in  [4]) . Thus w e have a contradiction.
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