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1 Introduction

Vertex operator algebras (VOAs) are well known to appear in the context of supersym-
metric gauge theories. A p/rciotypical example of such an appearance is the AGT corre-
spondence relating Wy x gl(1) algebras (see e.g. [1-11]) and supersymmetric U(N) gauge
theories living on C? [12, 13]. Concretely, one can identify the Nekrasov partition function
of such gauge theories [14] with conformal blocks of Wy x g/[(T) algebras [12] or construct a
natural geometric action of Wy x g/[(T) on the equivariant cohomology of the moduli space
of ADHM instantons [15-18].

An interesting perspective on Wy x J(T) algebras comes from considering the large
N limit and treating the parameter N as a generic complex number [19-26]. The resulting
algebra denoted as Wii is generated by infinitely many fields Uy, Uz, Us, ... of spins
1,2,3,... and depends on two complex parameters' N and ¥. Furthermore, the algebra
W1 400 18 rigid in the sense that it is the only algebra containing a single strong generator
of each integral spin and satisfying Jacobi identities [24-26]. Algebras Wy X g/I(T) can be
then recovered by specializing the parameter N to a positive integer and moding out the
ideal generated by fields U; of spin greater than V.

!The algebra Wi x gl(1) already depends on one continuous parameter ¥ related to the central charge
of the Virasoro subalgebra.



It was observed in [27] (based on results of [25, 28-30]) that W), algebra actually
contains a three-parameter family of truncations Yy, n, n, parametrized by non-negative
integers N;. These more general truncations can be furthermore identified with VOAs
from [31] defined in terms of the quantum Hamiltonian reduction. This cohomological
definition is motivated by an analysis of a particular configuration of interfaces in four-
dimensional gauge theory that provides us with a physical realization of the algebras.
Using well-known dualities of string theory [27, 32-34], one can relate the setup of [31] to
a configuration suggesting a natural generalization of the AGT correspondence and incor-
porating Y, n, n;. Such more general truncations correspond to gauge theories supported
on the coordinate planes C3%,,C35, C3, inside C3 with integers N; labeling ranks of U(N;)
gauge groups of the corresponding three theories. This generalized version of the AGT
correspondence was proven in [34] (see also [35, 36] for related discussion) by showing that
algebras Yn, n, n, emerge from an action of the cohomological Hall algebra [37] on the
equivariant cohomology of the moduli space of spiked instantons from [38, 39] analogously
to the standard Wy x g/[(T) story [16-18].

The identification of Y, n, n, with the algebra arising from the action of the cohomo-
logical Hall algebra proceeds in two steps. First, one needs to identify the VOA associated
to the simplest configurations Y700, Yo,1,0 and Yp o1 corresponding to rank-one theories
supported on one of the three coordinate planes. Secondly, one can use an existence of
the coproduct structure on Wi, to fuse? such elementary factors into the general alge-
bra YN17N27N3.

More concretely, each of the elementary factors Yi 00, Yo,1,0 and Yp 1 can be simply
identified with the g/l(l\) current algebra. The coproduct allows us to identify Y, n, n; as
a subalgebra of Nj copies of Y70, No copies of Y10 and N3 copies of Y 1. Such an
embedding can be conveniently carved out by a generalized version of the Miura transfor-
mation [2, 3] for Wy x g/[(T) To define the Miura transformation, [40] first had to introduce
N copies of a pseudo-differential operator £(1), Ny copies of a pseudo-differential operator
L3 and N3 copies of a pseudo-differential operator £3). By Miura transformation, we
mean the process of multiplying these pseudo-differential operators and rewriting them in
terms of a pseudo-differential operator in the standard form by commuting derivatives to
the right. Generators U; of the resulting algebra can be then identified with coefficients of
such a pseudo-differential operator.

It is natural to ask how general is the relation between VOAs and gauge theories
supported on more general complex surfaces [17, 41-43] or collections of such surfaces
wrapping various four-cycles inside higher-dimensional varieties [27, 38, 44-47]. It has been
expected for a long time that the above-mentioned AGT correspondence only scratches the
surface of such a more general story referred to as AGT, 4d/2d or BPS/CFT correspondence
by different people. By considering more general configurations, one expects to uncover a
rich connection between VOAs and algebraic geometry of the corresponding configuration.

2The gauge theories can be physically thought of as arising from the low-energy limit of N; M5-branes
supported on the three coordinate planes. Fusion can be intuitively understood as a process of bringing
a system of separated M5-branes together. This motivates the existence of the fusion also in the more
complicated setups discussed bellow.



In this work, we illustrate the richness of the correspondence by analyzing a class of
VOAs corresponding to gauge theories supported on a special class of divisors inside the
Calabi-Yau singularity CY%JL (or its resolutions) given by solutions to the equation

xy = 2"Mw" (1.1)

for m,n any non-negative integers. The relevant divisors are those that come from zeros
of the holomorphic functions of the form

a3y N2 Nagy N1 (1.2)

Analogously to the above Yy, n, n, algebras, we expect an existence of a definition of
the corresponding x™V3y™V2 2NN -algebra in terms of

1. Truncations of the algebra W, |, generated by an m|n super-matrix of generators
for each integral spin 1,2,3,....

2. Generalized Miura transformation® in terms of a subalgebra of a tensor product of
N3 copies of the z-algebra, Ny copies of the y-algebra, N7 copies of the z-algebra and
Ny-copies of the w-algebra. The elementary algebras associated to x,y, z, w will be
(roughly) identified with gm) Kac-Moody algebras at specialized levels.

We expect these two definitions to allow an identification of the z™V3y™V2 2Ny VOA with
an algebra coming from the geometric action of the cohomological Hall algebra on the equiv-
ariant cohomology of the corresponding moduli space of instantons along the lines of [34].
In particular, Wy, pxoo should emerge from doubling the cohomological Hall algebra® as-
sociated to the given geometry C’Yn?;,n and the generalized Miura transformation from its
coproduct structure. Understanding the above-mentioned definitions can be thought of as
a first step in proving the AGT correspondence for divisors inside CYn?;m that was the main
motivation for the project.

Similarly to Witeo, algebras Wy, ,xoo depend on two complex parameters ¥ and
N [27, 49]. As discussed in the main text, the two parameters can be given a natural
geometric interpretation. In particular, the singularity CY;’W admits a T? action preserv-
ing the Calabi-Yau volume form. Parameter ¥ then corresponds to a ratio of equivariant
parameters associated to such an action. On the other hand, a specialization of the pa-
rameter N can be identified with the charge of the function V3y™V2 2Nt under such a
T? action.

Finally, note the relation (1.1) in the ring of holomorphic functions. We expect the
algebras associated to functions a3~ lyN2=1oNagyyN1 and xNagy Nz pNatmeyyM+n related by

3See [48] for a detailed discussion of the Miura transformation for W, oxe and an identification of some
of the truncations by an analysis of null states at low levels.

4Wm‘nXoo should emerge as a double of the relevant cohomological Hall algebra. Note that we could
consider more general divisors associated to sections of non-trivial bundles on a resolution of CY,?L’TL. We
expect these to correspond to truncations of different doubles of the cohomological Hall algebra. Investiga-
tion of such more general configurations is left for future work since we do not know how to generalize the
Miura transformation for these cases at the moment.



such a relation to be equivalent since they both correspond to the same geometric data.
On the other hand, both expressions zV3yN2zN1qpM and zN3yN2 zNatmeyNitn Jead to a
different realization of the algebra in terms of a different subalgebra of a different system
of elementary factors. Each relation in the ring of holomorphic functions thus leads to
a non-trivial relation between various free-field® realizations. For example, the simplest
relation zy = z for the simplest geometric configuration C’Yl?jo = C3 leads to the well-
known bosonization relation that relates the free boson with the 3, system.

The structure of the paper is as follows: section 2.1 discusses the geometry of C’Yfr)’m
Specializations m = 0 are known under the name Z,, singularities and C’Yff1 is known as
the conifold singularity. These two cases are extensively discussed at many places in the
literature but I have not found a discussion of the more general CY,%’TZ case. We describe the
toric action mentioned above and the ring of holomorphic functions. Section 2.2 discusses
resolutions of C’Yn‘{in and establishes a precise connection to the (p,q)-webs colored by
integers from [27, 31]. Section 3 reviews some aspects of the Wy, o, algebra and the free-field
realization of its truncations associated to holomorphic functions on CYzfl = CYSO. The
algebra W, nxo00 generalizing Wi oo is discussed in section 4. We derive OPEs of weight-
one and weight-two fields extending the analysis of [48] for the W, gxs case. Section 5.1
introduces the coproduct structure on Wy, |, generalizing the Wi o case. In section, 5.2
discusses the elementary building blocks of W, |,xoo truncations associated to generators

of the ring of holomorphic functions on CY;2 . i.e. z,y, z,w. Finally, section 5.3 discusses

;o
how to obtain a free-field realization of a general zV3yN22N1yyM _algebra associated to the
function zV3yN2 N4y by composing Miura operators £&), £W), £(2) £(w) agsociated to
the elementary functions. We argue that relations in the ring of holomorphic functions

lead to bosonization-like relations between different free-field realizations.

2 Geometry preliminaries

2.1 Calabi-Yau singularities

The main aim of this work is a discussion of truncations of the algebra W, xo that is
strongly generated by an m|n super-matrix of generators at each spin s = 1,2,.... Such
truncations were conjecturally associated to a particular class of divisors inside a particular
toric Calabi-Yau three-fold (see [27]). Here, we propose that the relevant geometry can be
identified with a resolution of the following singularity

CYy = {(z,y,2,w) € Cllay = 2™uw"} . (2.1)

This singularity generalizes the well-studied Z,,, singularity and the conifold singularity. In
particular, note that for m = 1,n = 0 or m = 0,n = 1, the constraint in (2.1) becomes
simply z = xy or w = xy, one can solve for z or w and the corresponding three-fold is just

5Note that Kac-Moody algebras are not free algebras and embedding inside a tensor product of Kac-
Moody algebras is literally not a free-field realization. On the other hand, Kac-Moody algebras can be
themselves expressed as subalgebras of products of free bosons, b, ¢ and (3,7 systems that motivates the
name “free-field realization”.
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Figure 1. Toric diagram of CY{’; = C? on the left and CY}; = C* on the right.

CYE’O = CYO%1 = C3 parametrized by the remaining triple of coordinates. More generally,
if n = 0, the coordinate w is unconstrained and {(z,y,2) € C3|zy = 2™} is the well-studied
Zpy singularity. We can thus identify CYn?i,o = C?/Zy x C. Finally, the case Cijl is known
as the conifold singularity.

The three-fold CY;”W admits a natural 7% action that we parametrize as

nhl—i—(m—l)hg—i—mhg):ﬂ 6ih2 '(h3+h2)z eihlw) (2 2)
y ) . .

(x,y,z,w) - (62( y’ez

One could in principle choose any other parametrization of the torus that is consistent with
the relation in (2.1). We will see that this choice has a nice interpretation in the (p, ¢)-web
picture discussed bellow and h; correspond to scaling of coordinates in a particular chart
on the resolved three-fold. The Calabi-Yau volume form € of CY;3, can be expressed in
the x # 0 and the y # 0 patch as

dy Ndz N\ dw dx A dz N dw
Qo= YREDA g, = ELERT

; : (2.3)

The subtorus T2 C T2 preserving the Calabi-Yau volume form then corresponds to the
above parameters h; specialized to

hi1 4+ hs + hg = 0. (2.4)

According to the conjecture of [27], one can associate a vertex operator algebra to
any toric divisor inside a toric Calabi-Yau three-fold. We will restrict to a particular class
of divisors that can be identified with zero sections of holomorphic functions on CY,3
As discussed in section 2.2, resolutions of CY,3 . lead to configurations from [27] that are
expected to lead to truncations of shifted versions of algebras W, |,xoc- The special class
of divisors at hand will be identified with configurations with zero shifts and leading to
truncations of W, |,xoo itself. The relevant divisors are thus in one-to-one correspondence

with functions
xN3yN22N4wN1, (2.5)

for N1, No, N3, Ns non-negative integers, modulo the relation xy = z"™w" in the coordinate
ring of CY,,?;JL. Such functions scale with the power of

((n — m)hl — hQ)N3 + hoNg — hiN4 + hi N, (2.6)
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Figure 2. Toric diagram of 6’\}//3270 = (627/22 x C on the left and the resolved conifold 6\1’/3171 on
the right.

under the 7?2 action described above. This constant will play an important role in the
discussion of vertex operator algebras below. Furthermore, note that it reduces to a simple
expression

h3gN3 + hoNo + h1Nq (27)

for CYEO = C3, where we can use the relation (2.1) to set Ny = 0. This specialization is
the reason for the above convention for the labels N; in the exponents of (2.5).

2.2 Relation to (p, q)-webs

We will now introduce resolutions of CY%TL and their toric diagram that will allow us to

make a contact with the (p,q)-webs colored by integers from [27]. For each CY,%}n, let
us introduce m + 1 complex coordinates z; € C and n + 1 complex coordinates w; € C.
Different triples of z;, w; will correspond to coordinates on different patches of the resolved

variety. In terms of z;, w;, one can solve the constraint in (2.1) and write

=22 T,

m 2 n
= Z1.-.2n,
W= Wi ... Wn. (2.8)
There is obviously a lot of freedom in parametrizing =, y, z,w in terms of z;, w;. In par-

ticular, x,y, z,w are invariant with respect to the scaling of each triple z;, zj11, zi42 or

Wi, Wit1, Wiy With charges 4+1, —2,+1 and wy, we, 2p, 2n+1 with charges —1,41,+1, —1.
The corresponding moment maps for such C* actions are®
,uz(-z) = |zi|® = 2|z |* + |zige? for i=1,...m—1,

po= —lwi]? + Jwal® + |znf® = 2041/,

i = Jwil? = 2|y + [wjiof? for j=1,..n—1. (2.9)

5Note that we have one moment map condition associated to each root of the gl(n) and gl(m) subalgebra
of gl(m|n) and one associated to the fermionic root. One can define a different system of moment maps
corresponding to a different choice of the root system in gl(m|n) and leading to a different resolution of
CY,?L’R than the one discussed below.



Figure 3. Toric diagram of 6}75%0 = C2/Zs x C and half of the toric diagram of the gen-

eral Eﬁmm.

The Calabi-Yau singularity CY;3

mm Can be then alternatively defined as a symplectic

quotinent

CYJ3, = Cmm2 /=) — ) — ug@ =0}, (2.10)
i.e. the preimage of y; = u = p; = 0 inside C™ "2 modulo U(1) rotations of the coordi-
nates with charges described above.

Calabi-Yau singularity C’Yn?;m can be resolved by introducing a real parameter for each
(#) l l(w)

moment map I;”, 1, ;>0 and considering quotients

CY S = C™42) [l =1 =1, = 1)), (2.11)
Resolved three-folds 6’\Y/3m’n can be thought of as T2 x R fibrations over R? with the 7"
fiber corresponding to the above hi, ha, h3 satisfying (2.4) and the base parametrized by
corresponding moment maps. The geometry of 55//37”” can be then encoded in a (p, q)-web
diagram, i.e. a diagram indicating loci in the base where one of the T? cycles degenerate [50].
The (p, q)-web is composed of trivalent vertices associated to different coordinate patches
and mutual orientation of vertices then indicate how are two patches glued together.
Let us start with a discussion of the toric diagram for C’Yf:o = C3. The variety can be
simply parametrized by x = z1,y = 29, w = w1 that scale as

(w1, 22, 21) — (eihlwl, e2 2y, e_i(h1+h2)zl) (2.12)
with the corresponding moment maps
= |wi]® = |21, po = |22 — |21 (2.13)

Note that the scaling by hi, ho, hs corresponds to rotations of the three coordinates in our
parametrization. This justifies the choice in (2.2). The diagram indicating degeneration
loci of various cycles is depicted in the figure 1 on the left. The (1,0) cycle associated to
hi = 0 degenerates for zo = z; = 0, i.e. along pus = 0,1 > 0, and corresponds to the line
(1,0) in the toric diagram. Similarly for the (0,1) cycle associated to hg = 0, one gets the
(1,0) line. Finally, for the (1,1) cycle associated to h; + ha = 0, one gets the (1, 1) line.



-

Figure 4. Toric diagram of 5}7/3%”.

Considering CYO%I = C? goes in a similar fashion and produces a diagram with an opposite
orientation from the figure 1 on the right.

Toric diagram of a more complicated C'Y3,, ,, can be obtained by gluing more vertices
to the simplest trivalent vertex. Let us first illustrate the derivation of the toric diagram

—_~—

for 5}\//32,0 = 657/30,2 = C?/Zy x C and the resolved conifold 55//3171 in detail. After dealing
with these two examples, we can directly draw the corresponding diagram for 63//3,%” since
such a general case is a simple combination of the two examples and corresponds to an
iterative use of the moment maps (2.9).

First, in the CY35 case, we have
T = 2%22, Yy = z%zz, Z = 2129723, W = Wi (2.14)
with the corresponding moment map constraint
(2) _ 2 2 2 2 _ l(z) 21
pi =zl = 202" + |zl =47 (2.15)

Let us first look at the patch where z3 # 0. We can then identify the triple wq, 29, 21 with
coordinates on the corresponding patch with the T? action as above (2.12). Using the
moment map constraint, one can solve for |z3| and adjust its phase arbitrarily using the
corresponding S! action. We can see that the scaling by hi, ho, h3 again corresponds to
rotations of the three coordinates in this patch and the corresponding toric diagram in this
patch is again the trivalent junction from figure 1. Let us now move to the patch z; # 0.
The coordinates in this patch are (w1, 23, 22). The moment maps (2.13) can be rewritten
using (2.15) as

= w2 =20 + |z — 17, o =~z + a2 = 1 (2.16)
with the corresponding fiber generated by
eih1

(w1, 23, 22) — (€Mwy, P1Hh2) 75 =1CMth) ) (2.17)

Note first that the corresponding trivalent junction associated to this patch is shifted
by (—lgz),—lgz)) in the (pi,p2) plane. Furthermore, we see that in this patch, we get



Figure 5. A colored (p, ¢)-web specifying divisor of zV3yN2y™1 in C’Yl?jo = C3.

degenerations along the lines (1,0), (1,1) and (2,1) with hy = 0,h; + ha =0,2h1 +ha =0
being the degenerating cycles. The corresponding toric diagram of (/73//32,0 is shown in the
figure 2 on the left. We get an analogous diagram for 6}’/3072 with an opposite orientation
similarly to Eﬁo’l.

For CY?3; 1, we have

T =ziwi, Y= 2oWy, 2= Z21%Z2, W = WiW3. (2.18)
with the corresponding moment map
p=lzl? = |z = i + |w|* = L. (2.19)

First, the patch wy # 0 can be again parametrized by the triple (wq, 22, 21) leading to
one trivalent vertex with h; rotating the three coordinates. In the chart z; # 0, we have
coordinates (w1, z2,wy) with the corresponding moment maps

1 :—|22‘2+‘w2‘2—l, ugz—]w1!2+]w2\2—l (2.20)
and the associated toric action
(w1, 29, wa) — (e_ithl, ez, ei(h1+h2)w2). (2.21)

We can see that this leads to a vertex shifted by (—I,—[) in the (u1, u2) plane with (1,0),
(0,1), (1,1) cycles degenerating as shown in the figure 2 on the right.

Finally, let us describe a general (p,q)-web associated to a general 6\Y/3mn As in
the previous examples, one can again associate one vertex with the (wi, z2, z1) coordinates
corresponding to the patch where a(ll)the other z; and w; are non-vanishing. We can then
z

use the moment map conditions p;”” to find moment maps on patches parametrized by
triples (wi, zi+1, i) giving rise to a sequence of vertices from the figure 3. The moment
map condition p attaches a reversed vertex with the (1,0) line on the left to the last line
of figure 3 as in the resolved conifold example. Finally, using moment maps ugw), one can
find expressions for p1 and py on patches parametrized by the triple (w;, zp+1, wit1). The
resulting (p, ¢)-web is shown in the figure 4.

Let us now discuss functions (2.5) and divisors associated to their zero sections from
the perspective of the (p,q)-web. First, considering the simplest case CY13,0 = C3, the
coordinate planes £ = 0, y = 0, w = 0 map to the three corners of the toric diagram under
the maps (2.13). The divisor of a general function 2™V3yN2w™ can be then labeled by the
colored (p,q) web from the figure 5 with integers Ni, Ny, N3 indicating multiplicities of

different smooth components of the divisor.
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1 1
2 1
1 2 2
3
(a) A divisor of . (b) A divisor of y.
1
1
1
1
L 1
1
(c) A divisor of z. (d) A divisor of w.

Ei\gllre 6. Divisors associated to the elementary functions x,y,z,w in the resolved three-fold
CY32 3.

This discussion has a generalization to the general case of C’Y,%m. Each function
x,y,w,z can be rewritten in terms of z;, w; using (2.8). Restricting to a patch associated
to a given vertex, we can use the moment map conditions 2.19 to solve for |z;| and |w;]
that are not part of the corresponding triple and remove the phase of the corresponding
zi,w;. One can then read off the corresponding multiplicities of the smooth components
in the given patch from powers of the corresponding z;,w; and deduce integers for the
corresponding vertex in the (p,q)-web. This leads globally to a colored (p,q)-webs with
integers associated to each face of the (p,q)-web. Divisors associated to the elementary
functions z,y, z, w from the (p, q)-web perspective are shown for the example of C’Y2373 in
figure 6. Generally, x leads to a diagram with decreasing numbers from the top to the
bottom starting with m on the right and n on the left. On the other hand, y corresponds
to decreasing numbers from the bottom to the up again starting with m on the right and
n on the left. z is associated with ones on the right-hand side of the diagram and w with
ones on the left.

Let us conclude this section with two remarks. First, multiplication of holomorphic
functions corresponds to summing corresponding divisors and in particular summing mul-
tiplicities associated to various faces of the toric diagram. The relation zy = z™w"™ then

~10 -
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Figure 7. Shift parameters associated to different finite segments of the diagram.

equates two different ways of producing the same divisor using such sums. On the VOA
side, this multiplication will lead to a coproduct encoded in a generalization of the Miura
transformation. Secondly, note that [27] conjectured that algebras associated to the web 4
should be truncations of shifted versions of W,,|;;xo with shifting parameters associated
to each finite segment of the (p, ¢)-web. The shift parameters associated to various config-
urations in our setup are schematically depicted in figure 7. They can be identified with
the U(1) charge of the divisor with respect to the action generated by moment maps (2.9).
Note that all the configurations associated to z™¥3y™N22zN4ywN1 have zero shift. Further-
more, it is not hard to convince yourself that all zero-shift configurations come from some
a3y N2 zNagyyN1 - The special class of divisors discussed here form a subclass of algebras that
are independent of the resolution of the (p, ¢)-web. This is not going to be the case for alge-
bras associated to divisors associated to sections of a non-trivial line bundle. Dependence

on the resolution would have to be taken track of in such examples.

3 Review of the C3 case

Let us now move to the discussion of vertex operator algebras and review the generalized
Miura transformations from [40]. Wy x gl(1) algebras admit a well-known realization [2,
3, 25, 51] in terms of a subalgebra of N copies of gl(1). Let us normalize the corresponding

—_

strong generators Ji(x) of gl(1) fori =1,...,N as

() (x) kA1
J; J. ~— 3.1
We can then define Miura operators as formal expressions
£l = o+ J". (3.2)

Considering a product of such operators and rewriting it as an N’th order differential
operator in the standard form

£ L8 = ko) + UL (k0N UL (kD)2 4+ Uy (3.3)

by commuting all derivatives to the right, one obtains strong generators U; of the Wy x g/[(T)
algebra in so-called U-basis (sometimes also called the quadratic basis since OPEs in this

- 11 -



basis are quadratic in derivatives of U;’s). In particular, we have

N
= Z J@

N
= Z Z JOTN) + k36 - 1o
=1 j=1+1 =1
N N N N N
U= Y S UPI5) 1633 (- 1057
i=1 j*i—i—l k:fj-i-l i=1 j=i+1
(0 @)y 4 K2 (@)
T . - T
+/@Z Z V(075 + 5 Z(z —1)(i — 2)0J] (3.4)
=1 j=i+1 =1
that leads to an algebra with first few OPEs of the form
N(k+1
G () ~ )
N(N -1)k(k+1) (N-1)(rk+1)U;
01(z)02(w) (z —w)3 + (z —w)? ’

N(N —1)(N — )2(/£+1)+(N—1)(N—2)/@(f-s+1)U1

(z —w)? (z —w)?
T
— K K — Iﬁ}2
Un(2)Un(w) ~ N(N —1)( +;2£1_+w)j 2(2N — 1)K?)
20— (N =1)(s+1)UUs — K(k + 1)N(N — 1)0U;
(z — w)?
_m;r 120Us — 2(N — 1)(8(;1_U3 — kN(N — 1)82U1' (3.5)

Considering the large N limit and treating the parameter N as a generic complex number,
one obtains an algebra W, generated by fields U; depending on two continuous param-
eters k and N with the above OPEs. It was argued in [24-26] that this algebra is actually
uniquely fixed by requiring the associativity of OPEs and an existence of a single strong
generator for each integral spin. -

We can then look at the algebras Wy x gl(1) as truncations of such a two-parameter
family of algebras W) o coming from the specialization N € Z to be an integer and
setting U; = 0 for ¢ > N. It was argued in [27] that there actually exists a larger family of
truncations Yn, n, n; parametrized by three integral numbers Ny, No, N3. To describe the
specialization of the parameter IV associated to such truncations, it is useful to introduce
parameters hi, ha, hs such that”

ha

hi1+ ho+ hy =0, fiJrl_‘lf_*hf. (36)
1

"The relation between ¥ and  will be modified for more general CYmm.
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We can then write the formula for the specialized N as

_ N1h1 4+ Noho + Nshs

N
h3

(3.7)

Note that the numerator equals the charge (2.7) for the transformation of holomorphic
functions on C’YBO = C3 with respect to the T2 action. Furthermore, the expression is
independent of the overall scale of h; and the resulting algebra in the end depends only on
the ratio U. We will see a natural generalization of the formula for CY,%,H bellow.

It was found in [40] that there actually exist two more Miura operators whose products
give rise to Yy, n, N, truncations. Let us normalize the currents appearing in these two

Miura operators as®
@) () J@ )~ BFL L
T I w) ~
)2 1
JO(2)J O () ~ —EFD . (3.8)

ko (z—w)

It is a simple calculation to identify combinations of normally-ordered products of deriva-
tives of J() and J®) respectively that satisfy OPEs (3.5) with the parameter N specialized
according to (3.7) as (N1, N2, N3) = (1,0,0) in the first case and as (N7, No, N3) = (0,1,0)
in the second case. One gets

Ul = g,
Ul = 1_?"" ((JWUM) + aJW) , (3.9)
Ul = é (k—1) (26 — 1) ((J(“’)J(w)J(“’)) +3(J®a )y 4+ 82J(w)>
and
Ul(y) = JW,
oW — 22(:11) ((7®19) — (s +1)2.70), (3.10)
vl = (2“67?:&31';; D ((J(y>J<y>J<y>) —3(k + 1)(JWTW) + (k + 1)282J<y>) .

Having identified U-generators of the three elementary truncations, we can then define

a generalized Miura operator as”

L@ = (k0)Ne + U (50) N1 4 U (k0)N2 4. (3.11)

8Note that the labeling «, y, w is in correspondence with generators of the ring of holomorphic functions
on CYfO = C? from the previous section.

hg
9A simple and uniform expression for £, £®) £(*) in terms of a conjugation of %3 by an exponential
operator appeared in [52]. We do not use this representation here since it is not obvious how to generalize
such expressions to the matrix case described below. It would be nice to check whether such a generalization
exists.
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where o = x,y,w and N, is the correctly-specialized parameter N, i.e. N, = 1 for the z-

truncation, N, = Z—z for the y-truncation and N,, = h—; for the w-truncation. Multiplying
(w) (v) ()

Ny elementary factors £; "/, Na elementary factors £;”” and N3 elementary factors £;”” and
commuting derivatives to the right using the Leibniz rule, we recover a pseudo-differential

operator
ON(fg) = foNg+ NofON g+ N(N - 1)0*foN 29 +..., (3.12)

whose coefficients U; give the free-field realization of generators of the algebra. Note that
N is additive under such a multiplication and its value for a general truncation agrees
with (3.7).

The above free-field realization can be equivalently characterized in terms of an inter-
section of kernels of a system of screening charges as discussed in [29, 30, 40]. In particular,
the two-parameter family of algebras W (gl,, ,,,) from [29] corresponds to our Y, 0 or ge-
ometrically the divisor of 2™y" inside Cio =C3.

After setting the notation for Wi ,, that is convenient to make contact with the
geometric picture from the previous section, we will move to a matrix generalization of the
story. As we will see, the interplay between the geometry and properties of VOAs become
much more non-trivial in the matrix case.

4 Wmnx algebra

We will now discuss a matrix generalization of the W« algebra, i.e. an algebra Wy, x 00
generated by m|n super-matrices of fields. The relation of the geometry discussed above
with the matrix generalization of Wy~ was already pointed out in [27] who proposed
an existence of a gluing construction of the relevant algebras in terms of an extension
of products of Yn, n, ns. At the level of vacuum characters (in the large N;-limit), the
gluing proposal is identical with the topological vertex calculation [27, 45, 46] of BPS
states/Donaldson-Thomas invariants. The class of examples discussed in this work lead to
the vacuum character of W, pxo0- Finite N; algebras turn out to contain less states states
than the infinite limit [47] and it is reasonable to expect that they can be identified with
truncations of the universal algebra W,,|,,x 0, analogously to the case of Wi .

Analogously to the Wy case, we expect that there exists a two-parameter family of
algebras W, xoo satistying the following conditions:

1. Winjnxoo contains the Kac-Moody algebra gm) = at level Kk as a subalgebra.

2. Winxso is strongly generated by a m|n super-matrix of generators U, at each
integral spin ¢ = 1,2,3,.... Indices a,b label the row and the column index of the
super-matrix with a < m bosonic and a > m fermionic directions, such that the n xn
and the m x m diagonal block consists of bosonic generators with the off-diagonal
blocks being fermionic.

3. The generators U; 4, at given spin ¢ transform in the adjoint representation of the

gl(m|n) zero-mode subalgebra of gm) =
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In analogy with the Wit algebra, it is tempting to speculate that W, ;%00 is uniquely
fixed by Jacobi identities up to the two parameters.

Authors of [48] argued that one can easily find OPEs of Winjoxeo i a generalized
U-basis using a matrix generalization of the Miura transformation. In this section, we
will use the same method to determine OPEs of low-spin generators of its super-matrix
generalization W, nxoo-

Our starting point is the g(nﬁ%),i Kac-Moody algebra generated by fields Jéi)
with OPE

(_1)‘b‘|c|/€5ad(scb + 5ab(scd
(z —w)?

(1) lallol el Hel bl g, &) (1) blielg, 7 &)

Z—w

T ()5 (w) ~

(4.1)

_l’_

gl(m|n), is clearly a truncation of Wy, xo in the same way as gl(1) is the simplest trun-
cation of Wi . In the above OPE, we have introduced a continuous parameter

k=¥ —m+n (4.2)

and |a| = 0 for fermionic directions a < m and one otherwise. For the notational conve-
nience, we often omit the brackets |a| in exponents from now on.

One can then define the Miura operator

£ = ko + J°, (4.3)
()

where J,

(z)

is an m|n super-matrix with J; ; entries. We can then consider a product
of N such factors and rewrite them as a super-matrix-valued differential operator in the
standard form

£ L8 = (ko)N + UL (k0) N 4 Un(kO)N 2 4 (4.4)

with Jl-(gc) multiplying as super-matrices and U; being super-matrices as well. In particular,
we have in terms of components

Ut = ZJZZZL

U2,flb Z Z Z zac ]cb +/€Z 8‘]127’

1= 1] i+1 ¢
N N
U3,ab Z Z Z Z ZCLC ]cd‘]kd)b))_}_ﬁz Z (i_ 1) Z(ajz(a)c ](C%))
i= 1] i+1k=j+1 cd =1 j=i+1 c
) (D9 RN 01927
S Y6 DICAAE R D L A
i=1 j=i+1 i=1

~15 —



Using these expressions, it is straightforward (though technically demanding) to de-
termine OPEs of these fields. For the first few fields, we get!”

N((—1)*k64adct + SapOca) N (—1)abtedtebs Uy o — (—1)%6apUt aq

ULab(Z)Ul,cd(w) ~ (Z — U}>2  —w
N(N - 1)5((*1)b6’56ad6cb + 5ab5cd)
Ul,ab(Z)Uch(w) ~ (Z — w)3
(N = 1)((=1)2+ed+ b5, qUy ey + 6abU ca)
i G wp
+ (_1)ab+0d+0b5adU2,cb - (_1)b050bU2,ad
Z—w ’
N(N —1)(N - 2)r%((~1 b%daddd, + dapdcd
Ut,ab(2)Us ca(w) ~ ( X )(z (_( w))4 )
n (N = 1)(N = 2)r((=1)*k5,qU) b + apULeq)
(z —w)?
(N = 2)((=1)%FedtPr5,4Us b + abUs,ca)
" (= w)?
+ <_1)ab+6d+6b5adUS,cb - (_1)bcéch3,ad
z—w ’
_ _ 2 _1\bc _ _ 2
U Upaa(a) VO D26 2008+ (1) Dt — (AN~ 8)5* ~ b
2 (z —w)
+ (N - 1)2’{(5ch17(117 - 6abUl,cd)
(z —w)?
+(N — 1) (N&? = 1)((=1)*6 Uy qq — (—1)*0 75,401 )
G —wp
. 5abU2,cd + 5ch2,ab + "Q((_l)bc(schZ,ad + (_1)ab+ac+b65adU2,cb)
(z —w)?
n (N = D)((U1,aU1 ca) + (1) 40k (U) 44U e))
= w)p
+N(N — 1)k(—1)(8:40U1 ab + £3c0Un qa)
(z —w)?
_ (_l)bcéchi’y,ad - (_l)ab+ac+bc(sadUg7cb
Z— W
+5abaU2,cd — 6c40Us,ap — ((—1)%k840U2 a4 + 6:40U3,ap)
zZ—W
N (_1)ab+ac+bc(U2,ch1,ad) _ (_1)bd+6d+bC(U2,adU1,Cb)
Z—w
n (N — 1)((0Uy, Uy ca) + £(—1)PT¢40(QUy 1qUy o))
Z—Ww

"Note that the expressions reduce to (3.5) for m|n = 1]0. Furthermore, notice that the OPEs are
surprisingly independent of m,n. Dependence on m,n will appear bellow when discussing truncations of
the algebra but only in terms of the supertrace m — n.
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+N —1 (N + 1)/{50d82ULab — HéabC{’QUl,cd
2 Z—w
N — 1 (=1)bdtedtbe((Nk2 +1)80%U1 ad — 60a0?Un o)
2 zZ—w

. (4.6)

These four OPEs are going to be sufficient for testing our proposals for elementary Miura
operators and the generalized Miura transformation below.
We can now state the following conjecture:

Conjecture 1 There exists a VOA satisfying conditions listed above and containing fields
Ut ab, U2,ab, Us ap satisfying (4.6) for any W, N € C. In analogy with W1 1o, we conjecture
that the algebra is uniquely fixed by associativity of OPEs.

Let us finish this section by making few comments on the relation to other work.
Structure constants of W, ,xo are up to the (—1)# factors the same as those in [48].
It should be straightforward to find a proposal for all OPEs of W, x0 by correctly
recovering these (—1)# factors in the formulas of [48]. Algebras of type m|n = m|0 have
been recently also studied in a different basis for example in [27, 49, 53, 54] who used
names rectangular W-algebras or W, ~. Furthermore, the algebra Wi is well-known
to be isomorphic to the affine Yangian of gl(1) [16, 28]. We expect our W,j,x to be
isomorphic to the affine Yangian of the Lie super-algebra gl(m|n) discussed from different
perspectives for example in [55-58, 63]. g-deformed analogues of affine Yangians (quantum
toroidal algebras) of type m|0 appearing in the connection to gauge theories on C2?/Z,,
singularities were also discussed for example in [59, 60]. Finally, let me mention a recent
appearance of supergroups in a gauge theory context from [61, 62].

5 Miura transformation for CY'r?L,n

So far, we have used the simple Miura operator of the form
£ = ko + 7", (5.1)

where Jl-(m)(z) is a super-matrix of the gl(m|n), Kac-Moody generators to determine OPEs
of the W, nxo0 algebra in the U-basis. In this section, we generalize the above discussion
in two ways. First, we introduce more general matrix-valued pseudo-differential Miura

)

preted as a successive use of such a coproduct for the simplest truncation of the algebra.

operators to define coproduct on W, xo- The composition of L’EI can be then inter-

Secondly, we use the geometric and gauge-theoretical picture to determine four elemen-
tary truncations associated to functions x,y, z, w. All the other truncations associated to
xV3yN2 2NaqyN1 can be then constructed using the coproduct of Winjnxeo and the knowledge
of the elementary factors.

5.1 Coproduct of Wy, |5 %o

The Miura operator coming from the product of N elementary Miura factors ng) has
generally the following form

L= w)N + U (k)N + Up(kO)N 2+ +Un (5.2)
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where U; are m|n super-matrices of generators of spin ¢. Furthermore, one can immediately
identify the order of the differential operator N with the parameter N appearing in the
OPE of gl(m|n) currents

N((_l)bcﬁdad(scb + 5ab(scd)
(z —w)?
-1 ab+cd+cb5a — (=1 bc(s "
+( ) aUt,ep — (—=1)"apUn, d. (5.3)

Z—w

Ul,ab(z) Ul,cd(w) ~

i.e. the level of the sl(m|n). subalgebra equals # = Nk. Since N can be an arbitrary
complex number for the general W,,,x algebra, one might be tempted to consider a
more general class of pseudo-differential operators

L= kNN + U (k)N 4+ Ug(k0)N 2 + Us(kO)N 3 + ... (5.4)

containing infinitely many super-matrix-valued fields with U; satisfying OPEs of W, ;%0
with parameter N equal the order of the pseudo-differential operator.

In analogy with the above analysis, one can define a coproduct on Wi,j;xo by multi-
plying two factors of this form

£Or@ — ((ﬁa)Nl +UD (k)M + U (80)M 2 4 UMD (kD)3 4 )
X ((n@)NQ—l—Ul@)(n@)NQ L4 U (k9)M22 4 U >(na)N2-3+...) (5.5)

and expressing it in terms of a pseudo-differential operator of order N; + Ny using (3.12).
This gives an expression of the new generators U; of the algebra Winjnxoo for N =

N7 + N5 in terms of Uz-(l) and Ui(Q) generators

+U)

Urij = Ul 1ij>

12]

] (2) (2)
U27ij 22] U2zj+z 11k 1k] +N 6l’]l kg

o 1 2
Us,ij = U?Ez)j + U3,ij + Z 2,z'kU1,kj + Z(Uf,i)kUz(,lgj)
2 p
1 9 N(N -1 2
+r(N = 1) (UL 0U3) + (2)#820*1{,3].. (5.6)
e

We have checked that these satisfy OPEs of W, from (4.6) leading us to the following
conjecture:

Conjecture 2 Miura transformation from (5.5) gives rise to a well-defined coproduct
structure on Wiy nxoo with N = N1 + Ny being additive.

5.2 Building blocks of truncations

After allowing more general pseudo-differential operators in the Wi, case, we have seen

w)

that there exist two more elementary Miura operators Egy), Eg expressed in terms of the
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generator of the g/l(l\) Kac-Moody algebra associated to y and w. Composition of such
more general Miura operators yields a more general class Yy, n, v, of Wit truncations.
We will now use the geometric and the gauge-theoretical picture to identify the elementary
algebras associated to divisors of z,y, 2z, w. These will play the role of elementary building
blocks for more general truncations analogously to g/[(T) for Yn, no.N;-

The identification of corresponding algebras can be easily done along the lines of [27,
31]. Let us briefly review the idea behind such an identification. Consider a general
(p, q)-web configuration from figure 4. The corresponding geometry is known to be dual
to a junction of (p, q)-branes in type IIB string theory determined by the same (p, q)-web
diagram. Original M5-branes supported on four-cycles inside the toric three-fold map to
various stacks of D3-branes stretched between (p,q)-branes. The low energy behavior of
such D3-branes is captured by N' = 4 SYM super Yang-Mills theories divided by (p, q)-
interfaces descending from the D3-branes ending on (p, ¢)-branes. Zooming out the (p, q)-
web, we get a junction of four interfaces dividing the four-dimensional spacetime into four
(or three in the special case of n = 0 or m = 0) corners. The path integral of such
a configuration localizes to the path integral of the complexified Chern-Simons theory
supported on (n, 1) interfaces with supergroups determined by ranks of gauge groups on
the right and on the left of the interface along the lines of Mikhaylov and Witten [65]. The
two Chern-Simons theories are furthermore connected by an interface descending from
(1,0) branes. Local operators at such an interface give rise to a vertex operator algebra.
An analysis of corresponding interface conditions [31, 64, 65] leads (at least in some cases)
to a proposal for the corresponding algebra in terms of a BRST reduction implementing
the interface condition. Luckily, the interface conditions and the corresponding algebras
are easy to identify for the simple configurations of z, ¥y, z, w and will be discussed bellow.
Interested reader should consult [27, 31] for further details and more general configurations.

x-algebra. The gauge-theoretical configuration consists of the U(n) gauge theory in the
upper-left corner and the U(m) gauge theory in the upper-right corner. These two are
divided by an interface labeled as (0,1) and both terminate on the horizontal boundary.
The boundary condition on the horizontal line was identified in [66] with the Dirichlet
boundary condition and the (0, 1) interface couple the two theories by an additional three-
dimensional bi-fundamental hypermultiplet. It was argued in [31, 64, 65] that such a gauge-
theoretical configuration localizes to the complexified GL(m|n) Chern-Simons theory on
the (0, 1) interface with the Dirichlet boundary condition descending from the boundary
conditions of the four-dimensional theory. Local operators at the boundary of the Chern-
Simons theory (corner of the four-dimensional setup) are known to form the Kac-Moody
algebra associated to the gauge group of the corresponding gauge theory. The level of the
Kac-Moody algebra ng) .. is then given byt

k=¥ —m+n (5.7)

" Note that we reproduce the relation ¥ = k + 1 from the discussion of Wi algebra if we set m =
1,n=0.
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where W is the coupling constant of the four-dimensional theory. The building block asso-
ciated to z is then the Kac-Moody algebra with OPE

(_1)b655ad50b + 5ab50d + (71)ab+0d+6b5ad*]c(gj) - (71)bcécb<](§§)

T (253 (w) ~ == F—

(5.8)

that is exactly the algebra used above in the construction of the W, ,x algebra.

y-algebra. The configuration associated to y is analogous with only two differences.
First, the orientation of the diagram is reversed that leads to the opposite sign of the level.
Secondly, the vertical interface is now (m —n, 1) that leads to an extra shift of the level by
m — n. The resulting algebra is the Kac-Moody algebra g[Tm?z) at level

R=-VU=—Kk—m+n. (5.9)

(y)
The generators J Z

. thus satisfy relations

be R
@)\ 7®) (=1)*Rbaddch + Z6ap0ed
JD(2) 79 () ~ S
-1 ab+cd+cb5a J(y) —(=1 bc&c J(y)
+( ) iibw ( ) b ad7 (5‘10)

i.e. note the particular normalization of the diagonal gl(1) generator.

z-algebra. In the z configuration, the path integral localizes to two copies of GL(1)
Chern-Simons theories at levels k and —x —m +n coupled together at the interface. It was
argued in [27, 31] that a consistent coupling requires m copies of 3, ghosts (or symplectic
bosons) associated to the (1,0) lines ending from the right and n copies of b, ¢ ghosts (free
fermions) associated to (1,0) lines ending from the left, all charged under the GL(1) gauge
group. Corresponding VOAs can be then identified with the coset

al(1) x ™I

— (5.11)
gl(1)
where 8™ is a collection of fields (X;,Y;) that consists of bosonic generators f;,~; for
t=1,...,m and fermionic generators b;,c; for i =m+1,...,m +n with OPEs
X&)~ ——. VX w) ~ (512
i(2)Yi(w P (2) X (w po— .

The fields X; have +1 under the GL(1) action and Y; is are charge —1. More concretely,
the above coset denotes the BRST cohomology of two gl(1) currents J, J together with
S™I" with respect to the BRST charge

m+n
Q= %dz <J —J+ Z(—l)Z(XZYZ)> c (5.13)
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that imposes the above-described constraint quantum mechanically. In this expression, we
have introduced an auxiliary c, b ghost system. The two currents are normalized as

k+1 —-Kk+m—-n-—1

J(2)J(w) ~ ———— J(2)J (w) ~ 5.14
@)~ P T~ (5.14)
One can easily check that combinations of the form
2 1
Jl(,a)b = (Xa¥b) + ——0ap/ (5.15)

Kk+1

are generators of the the cohomology at spin one. Moreover, combinations'?

m+n
=) _ Az 1 (k+1(k+m—n) e 7(2)
Ul,ab - Jl,ab m—n (1 + \/ H(I{ —m4n+ 1) 5(117 Z( 1) Jl,cc (517)

=1
generate the gm)fl Kac-Moody algebra at level

=1, (5.18)
i.e. satisfying

- ( - 1)b66ad50b - %&zbécd
2

(z —w)
(_l)ab+cd+cb5adU1(i:)b _ (_1)bc(5dbU1(i3d

Z—w

_|_

(5.19)

We expect the generators Jl(za)b to be actually strong generators of the algebra unless

(m|n) = (1|0) or (2|0). This expectation is supported by the the following arguments. The
character of (5.12) is given by the contour integral

dz 77 (L4 2q2 )" (1 4+ 2~ gty

0% g (1— zq%+k)m(1 _ z—1q%+k)m'

(5.20)

For generic values of (m|n) the algebra contains less states than algebra freely generated
by an m|n super-matrix of free generators at spin one. One can also explicitly check this
expectation at low levels for small numbers m, n.

In general, normally ordered products of derivatives of jl,ab satisfy various relations
that follow from the realization in terms of (5.15). The only exception is the m|n = 1[1
case for which the character agrees exactly with the character of gl(1|1). This can be
understood as a consequence of the Sy symmetry of the corresponding (p, ¢)-web diagram
after zooming out. In such a picture, the (p, ¢)-web consists of a single (1,0) and (0, 1) line

2For n = m, the expression simplifies to

U, = s+ 2L Y g (5.16)
1,ab 1,ab 2:‘{(,‘{+ 1) g 1,cc
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crossing each other. All the four configurations associated to z,y, z, w then correspond to
the same diagram and they should all lead to the same algebra.

Let us briefly discuss the two special examples (m|n) = (1]0), (2|0). First, comparing
the character of (2|0) with the the character of an algebra generated by four generators
at spin one, we can see that we are missing three fields at spin two. One can define the
following combinations

z 2
JQ( )b = (0X,Yp) — (Xa0Yp) + m(Xa(YbJ)), (5.21)

,Q

and show that (at least at low levels) J2(7Z1)2, J. (,Z2)17 JQ(:zl)l — J2(7Z22 together with Jl(za)b form the
full set of strong generators in this case. These combinations ‘]2(Za)b for a # b and J2(,Za)a — JQ(Zb)b
are in the cohomology of @ also for general m|n but they can be expressed in terms of

fields J{7),.

For the special case 1|0, the set of strong generators is

(2)
;7 = (XY J.
1 ( ) + K+ 1 9
z) 2 1
Jy = (0XY)— (X9Y)+ ——(X(YJ —(JJ
{7 = (0XY) — (X0Y) + = (X(Y)) + g ().
2) 2 2
= (0°XY) — (X0°Y XY — . .22
J37 = (0°XY) — (XO°Y) + — = 0(X(YT)) + (H+1)2(J0J) (5.22)
Moreover, in analogy with (5.21), we can define
2 2
Ty = (0PXY5) = (Xa0PY3) 4+ —— (X, (Y3 ) (5.23)
and argue that combinations Jéizb for a # b and JE(],Za)a — Jéfb)b are in the cohomology of )

for all the other m|n and can be expressed in terms of fields of lower spin.

Finally, note that the resulting algebra is actually independent of the parameter x in
all the cases and one can find a more convenient description by simply sending x — oco. In
all the above expressions (5.15), (5.21) and (5.23), the tail of fields containing the current
J disappears and one finds simpler expressions

J1(,Zc3b = XaYp,

JE), = 071X, - X0, (5.24)

for ¢ > 1. On the other hand, we cannot simply restrict to fields at low spin in this
limit since we would miss some of the generators (the simplified generators satisfy more
relations). Instead of the above more-complicated expressions in terms of X;,Y; and J, one
can equivalently consider the algebra generated by infinitely many simpler generators of the
form (5.24). In the following sections, we will use this simpler, x independent realization
of the algebra.
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w-algebra. The situation associated to w is analogous to the z case with (X;,Y;) now
being fermionic for ¢ = 1,...,n and bosonic for i =n+1,...,m+ n. Normalizing the J, J
currents as

K41 N k+1—m+n
J(2)J (w) ~ —ma J(2)J (w) ~ Wa (5.25)
we have
w 1
Jl(,ag) = —(XaYp) + P 1 Oab/ (5.26)

generating the cohomology at spin one with the combination

m+n
w 2 1 k+1)(k+m—n ¢ +(w
Uy = iy = —— <1+\/( ) >>5ab2(—1) J@ (5.27)

n kK(k—m+n+1) g

—

identified with the standard generators of the gl(m|n),; Kac-Moody algebra at level
=1, (5.28)
i.e. satisfying OPE

(_ 1)b06ad50b + %5abécd
2

UL (2)US) (w) ~

(z —w)
(_1)ab+6d+6b6ad=]1(2b _ (_1)bc(5dbjl(jv2)d

zZ—Ww

+

(5.29)

The discussion of strong generators is the same as above just with the role of m and n
interchanged and up to some minus signs. For example at spin two, we have the following
combination

w 2
Jg(,a?) = —0X,Yp + X0 + PR (5.30)

Instead of these generators, we will again consider the realization of the algebra coming
from the k — oo limit, that can be realized in terms of

T = XaYo,
I = 9TIX, Y — X0, (5.31)

i,ab
as above.

5.3 alNsyN2zNagyNi_glgebras

According to the above analysis, the elementary algebras z, y, z, w form particular trunca-
tions of the W, |nxo0 algebra. We will now determine the specialization of the parameter
N associated to such elementary truncations and find combinations of their fields that
satisfy OPEs of Wy, nxo0 In the U-basis with correctly specialized parameter N. Using
such an explicit realization of U-generators and the coproduct from the above section, one
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can define a general z™V3y™N22N1wNi_algebra by multiplying the elementary Miura factors
associated to x,y, z, w.

Since N is additive under the coproduct, we can immediately identify its specializa-
tion associated to the general 2N3yN22N1yM_algebra by determining N of the elementary
factors. As discussed bellow, one recovers
((n — m)h1 — hz)Ng + hoNg — hiN4 + h1N;

N =
(n—m)h1 —hz

(5.32)

that is exactly (up to the overall normalization) the charge of x™V3y™22N1p™ from (2.6).
(z)

The normalization is such that the order of £;” is 1. For m|n = 1|0, the above expression

simplifies to
_ h3N3+ hoNa + h1 Ny
= W

N (5.33)

from [27].

x-algebra. The case of the z-algebra is trivial. Comparing (5.8) with the general ex-
pression (5.21), one gets order N, = 1 as expected. The corresponding Miura operator is
simply

£ = ko + ™. (5.34)

y-algebra. We will now look at the y-algebra as a quotient of the two-parameter family
of algebras (4.6) parametrized by K = ¥ —m+n and N. As discussed above, the y-algebra

contains the Kac-Moody algebra 5[(771?1),% at level kK = =¥ = —x — m + n. One can
then write
v — h
Fe W=y 2 Nyk. (5.35)

vV—m+n (n—m)hl—hgﬁz
and identify the specialization N, of the parameter N consistent with the formula (5.32)
for N2 = 1,N1 :Ng :N4 =0.
It is straightforward to identify the first few generators UZ.(Z)b satisfying (4.6) with N
correctly specialized in terms of the Kac-Moody generators J (gg). One gets
W _ 7
Uliuab - ‘]ag
str(JW)JY 6y (str(JW))? | Bustr(JDJW)

K+m-—mn 2k(k +m —mn) 2K

Uz(:va)b = (JW W), —

1
—k0JY — Slastr(@TW). (5.36)

where we have introduced notation

n+m n+m

str(A) = > (<1)°Aee;,  (Ad)gp = Y AacAa (5.37)
c=1 c=1
and all the products are normally ordered. Note that an existence of the realization of UQ(y)

ab
in terms of J (Sj)

for truncations of W,|,,xo beyond xN-algebras.

is a non-trivial test of our proposal for generalized the Miura transformation
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z-algebra. Similarly as above, we have now an algebra containing the Kac-Moody alge-
bra sl(m|n)_; at level & = —1 and we can again write

- U+m-—n h1
K/:—].: =

U+ m-—n _(mfn)hlfhg’i:

Nk (5.38)

and identify the specialization N, of the parameter N consistent with the formula (5.32)
for N4: 1,N1 :N2 :N3 =0.
It is straightforward to identify the first few generators U satisfying (4.6) with N

i,ab

correctly specialized in terms of the of the fields Jl(z) (X,Y3) or possibly higher-spin

ab —

generators JZ.(Z)b = (0"71X,Y,) — (X,071Y}) for i > 1. One finds

z z 1 2
Ul(,a)b = Jl(,a)b + ﬂé‘“’ Str(Jl( )),
2) k+1

U5, = Sm—)m ((% — (M —n— 2)R)J5 — (k+ &) str(J57)

B v 7(2) 7(2) K+ R ()2
20+ R+ (14255 Y by (sn()

+(2k + R)DT ), + 2k + R)day str(aJ1<Z>)>. (5.39)
where we have introduced a constant

k=+/k(k+m—n). (5.40)

For m = n, the above expression simplifies to

z z 1 z

UL, = Iy + 5, Oab str(J{7), (5.41)
z k+1 2 1 > 2) (2

Ui = 5o ((/@ — VI3 + 50 ste(I57) + (ST ap

1 2
+ﬂ5ab (str(Jl(z))> - K@Jl(izb — dab str(@Jl(z))> :
w-algebra. The identification of the parameter N is the same as in the above case of the

z-algebra up to an overall minus sign consistently with (5.32). Similarly, the expression for

Ui(zug has the same form

w w 1 w
Ul(,a% == 1(63, — 0 str(J1")) (5.42)
Ul = oAzl (2/%—(n—m—2)(/<a+m—n))J(w)

2,ab 2(m _ TL)/% 2,ab

—(Iﬁ: +R+m— n) (5ab Stl“(JQ(w)) + Q(Jl(w)Jl(w))ab — 20ab Str(ajl(w))>

_k Kt R w@h\2 _ . A B (w)
- (1 + 2m n) dab (str(J1 )) (m—n)(2&k+£K+m—n)dJ; 4 |
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up to the exchange of k <+ & together with some shifts by factors of m —n and some minus
signs. For m = n, this expression simplifies to

w w 1 w
Ureh =~ = 5, Oab str(J{")) (5.43)
Upor = — 5, <(/<;+ )5+ 50 str(Jg") = (I

1 w 2 w w
+ﬂ5ab (Stl“(JI( ))) — ;@ajl(@%) — Oab str(@Jl( )))

Having determined the elementary Miura factors £ W £E LW one can define
an algebra associated to any function of the form zV3y™V2 zN1™ determined as a subalgebra,
inside a tensor product of N3 copies of the gm) .. Kac-Moody algebras, N3 copies of the
gm)_ x—min I$ac-Moody algebras, Ny copies of X;Y; containing m pairs of bosonic fields
and n pairs of fermionic fiels, and finally N; copies of X;Y; containing m pair of fermionic
fields and n pairs of bosonic fiels. The subalgebra can be obtained similarly as above in the
Wi 4o case or the 2V3-algebras from the derivation of the OPEs of Winjnxoo by multiplying

x L) ) £ £ (5.44)
N3+Na+1 """~ N3+No+N4~N3+No+Ny+1 "~ N3z+No+Nsg+Ni* :

and rewriting it as a matrix-valued pseudo-differential operator in the standard form
= (KON + U (kN L+ Un(kO)N 2+ ... (5.45)

with U; super-matrices of generators at spin i and £(® being the following pseudo-
differential operator

£ = (k)Mo Ul(a)(ﬁa)Na—l T U2(a)<ﬁ8)Na—2 + ... (5.46)

for a = x,y, z, w. This gives in particular the following expression for the spin-one and the
spin-two fields

N14+No+N3+Ny
Ul,ab: Z Ul(,oczzib)’
=1
N1+Na+N3+Ny N1+N2+N3+Ng N1+N2+N3+Ny
PR R TR SR ST
i=1 i=1 j=it+1
N1+N2+N3+Ny i—1
e Y SN eU. (5.47)
i=1 j=1

Let us conclude by stating the following conjecture:

Conjecture 3 The U; generators of Wi jnxoo with the parameter N specialized to Ny can
be realized in terms of the elementary algebra o = x,y,z,w. Coproduct of Wi, |nxoo then
gives rise to a free-field realization of the z™V3y™N2zN1w™ qlgebra.
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5.4 Bosonization-like relations

Remember the relation zy = 2™w" in the ring of holomorphic functions on CY,%},L that
relate functions z™V3—1yN2=1NagyNt and gNsgN2 pNatmeNitn  Op the other hand both
N3 Ly No=1,Nagy N1 and gNsyNe zNatmyyNitn corresponds to a different free-field realiza-
tion using the Miura transformation (5.44). As a consequence of the above discussion, the
generators of the algebra satisfy the same relations but one algebra might still be a subal-
gebra of the second other. Since both functions correspond to the same physical setup, we
actually expect this not to be the case and the algebras should be equal on the nose. This
leads to the following conjecture:

Conjecture 4 The pseudo-differential operators for CY,> . satisfy

L@ = (£0)" ()", (5.48)
i.e. algebras on both sides have the same size and satisfy the same OPFEs.

Let us illustrate this relation on the simplest example of xy = z for CYEO. In particular,
we will now show that the free-field realizations of fields U;,Us can be related by the
standard bosonization of 3,7 ghosts. The two Miura operators associated to x and y are

LY = ko4 J@ (5.49)
142 @) g
LY = (k)" 4 JW (k0) "2 4 +2 ~ (‘]1 fﬁ —9JW | (kD) =B 4
with normalization
2
@) ()7 () 0 T W) ()]0 () 0 EEDT 1
JE(2) T (w) ) JY (2)JW (w) PR FES (5.50)
Multiplying these two L&) £®) gives
149 W) 7()
1+ (J@ + W) (k5)~! +< +2 ”‘(‘71 fﬁ —a,ﬂy)) (5.51)

+J @) m(1 + i)aﬂl‘)) (R0) 7% + .. ] (50) 7.

On the other hand, we have for the free-field realization of the z-algebra in terms of the
B, system

Ul = g (5.52)
z 1+k z 1 z z 14+ kK P
U = = <J2()+KJ1()J1()—“’\/E 8J1()>,

where Jl(z) = [~ and JQ(z) = 08y — BI7y.
We can bosonize the g,~ system by introducing

B =e?X, v = Oye X (5.53)
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where ¢ and y satisfy

p(z)p(w) ~ —log(z —w),  x(2)x(w) ~ log(z —w). (5.54)
A simple calculation leads us to the following identification

I = o9
T = (96)% — (9%) — 0*x (5.55)

—

that are expressions simply in terms of d¢ and Oy that satisfy OPEs of gl(1) currents. It
is then easy to check that transformation

—_ | (@ L g
¢ k+1 (J +J )
_ g@) ()
ox = JW + s 1J (5.56)

relates the two free-field realizations and can be thought of as the VOA analogue of the
relation zy = z.

The general situation is much more complicated but might likely be proved by the use
of the Wakimoto realization together with the bosonization of 3,~ and b, ¢ systems. The
proper analysis is left for future work but let us at least count the number of fields on both
sides of such a generali@d\bosonization corresponding to xy = 2" w".

First, the algebra gl(m|n) admits the Wakimoto free-field realization [67-69] in terms of

e (m + n) free bosons associated to Cartan genrators,

° m(”;_l) + n(n;l) copies of (3,7) ghosts associated to positive bosonic roots,

e mn copies of (b, c) ghosts associated to positive fermionic roots.

The left hand side associated to xy can be thus realized in terms of two copies of the
above-listed fields.
On the other hand, the right hand side corresponding to z"™w" is realized by m copies of

e m copies of (,7) ghosts,

e n copies (b, c) ghosts,
together with n copies of

e m copies of (b, c) ghosts,

e n copies of (3,7) ghosts.

Putting everything together, we have an algebra realized in terms of m? + n? copies of
the (8,7) system and 2mn copies of (b,c) ghosts. Comparing with twice the Wakimoto
realization above, we see that we have a mismatch of n + m copies of (3,7) ghosts on one
side and 2(m + n) free bosons on the other side. It is likely that these (8,) systems can
be bosonized and the two free-field realizations related.
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6

Let

1.

Conclusion

us finish by stating the main results of the above discussion:

We find OPEs of spin-one and spin-two generators of a two-parameter family of alge-
bras denoted as Wi, xo using a matrix generalization of the Miura transformation.
We defined a coproduct structure on the algebra using general pseudo-differential
matrix-valued Miura operators.

We identify a large class of truncations of W, |« associated to a specialization of
the parameter IV of the algebra

((n — m)h1 — h2)N3 + hgNo — hi Ny + h1 N7

N =
(n—m)h1 —h2

(6.1)

Using gauge-theoretical considerations, we identify VOAs associated to the fog_e\le—
mentary truncations labeled as x, y, z, w. In particular, we identify them with gl(m|n)
Kac-Moody algebras together with subalgebras of various copies of (/3,7) and (b,c)
systems. We show that U; and Uz generators of W, xo0 can be realized in terms of
these algebras if we correctly specialize the parameter N.

We propose that general truncations associated to general functions z™N3yN2 zNaqN1
can be obtained by composing various matrix-valued pseudo-differential operators

L) for a = z,y, z, w.

We conjecture new bosonisation-like relations between different free-field realizations
inherited from the relation xy = z"™w".

We find a non-trivial interplay between properties of W, xo and its truncations
and the geometry of CY;:’M singularities. Such a correspondence can be schematically
summarized as:

Geometry Algebra
C’Y%n txy = 2"w" Winlnxoo algebra
Elementary function z QW) .. With Miura operator £®)
Elementary function y QWL wmin With Miura operator LW
Elementary function z g[(/m?zL1 with Miura operator £(%)
Elementary function w g[(/m?l)1 with Miura operator £(*)
Function zN3yV2 2 N1y Truncation (£)Ns(L®))N2(£())Na(£w))N
Relation xy = z™w™ Bosonization-like relations
Equivariant parameters hy, ho Parameter ¥ = —Z—f
Charge of x™V3yN2 zNayyM Specialization of parameter N

Apart from the rigorous proof of the above-stated conjectures 1,2, 3 and 4, the above

analysis raises many questions. Let us mention at least some of them. In [52], a simple
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realization of the elementary Miura operators for W, was found. Is there such a closed-
form expression also for the more general W, |,xo algebras? What is the physical origin
of the Miura operators? The original motivation for the project was understanding VOAs
associated to a large class of generalizations of the AGT correspondence. Can we prove
such a correspondence beyond the Wi, case? Can we extend the Miura transformation
beyond W, |nxo0 and construct truncations of shifted versions of W,nx00?

It would be even more interesting to extend the above construction to more compli-
cated geometries. The universal infinitely-generated algebra associated to a given geometry
(with the vacuum character identical to the square of the topological vertex partition func-
tion) would have truncations labeled by a choice of a holomorphic function on the variety.
The simplest example going beyond the configurations discussed in this work would be a
geometry with S3 symmetry leading to a D(2,1; —W¥)y version of W) ,. Note that in this
case, both parameters of the infinite algebra are visible already at level one. One should
be able to identify specializations of N by an analysis of null states of its D(2,1/,\—\IJ) N
subalgebra. Other geometries containing compact four-cycles are expected to lead to new
technical issues and remain to be a challenge for the future research.
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