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Abstract

By a representation of a semigroup S of degree n over a field F we
mean a homomorphism v of S into the multiplicative semigroup of the
algebra M, (IF) of all n x n matrices with entries in F. A representation
is called faithful if it is injective. In this paper we focus our attention
to the dimension of the subalgebra of M, (F) generated by ~(S), where
S is an n-element semigroup and + is a faithful representation of S of
degree n over a field F. In Section 2 we deal with the case when S and
~ are arbitrary; in Section 3 we focus our attention to the case when S
is left reductive and + is the right regular representation of S.
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1 Introduction

The representation of semigroups by matrices is a central problem in the theory
of semigroups. The literature of this topic is very rich, but here we refer to
only the books [1], [6] and the survey [4].

Let S be a semigroup and F a field. By a representation of S of degree n
over F we mean a homomorphism v of S into the multiplicative semigroup of
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the algebra M, (F) of all n x n matrices with entries in F. If v is injective then
the representation is said to be faithful.

In this paper we focus our attention to representations of finite semigroups
S of degree |S|. We prove theorems about the dimension of the subalgebra
of M,(F) generated by ~(S), where S is an n-element semigroup and + is
a faithful representation of S of degree n. We also present some results on
couples (k,n) of positive integers k and n with k& < n which satisfy, for a
fixed field F, the following condition: there is an n-element semigroup S and
a faithful representation v of S of degree n over F such that the dimension
of the subalgebra of M, (IF) generated by v(S) equals k. This is equivalent to
the condition that the dimension of the kernel of the extension v* of v to the
semigroup algebra F[S] is n — k (see [1]).

In Section 2, we deal with the general case: the considered finite semigroups
S are arbitrary and the representations are their arbitrary faithful representa-
tion of degree |S|.

In Section 3 we consider a special case: the semigroups S are the finite left
reductive semigroups and the representations are their right regular represen-
tation.

For notations and notions not defined here, we refer to [1], [3], [5], [6] and
[7].

2 The case of arbitrary representations

Definition 2.1 Let k and n be positive integers. We say that k is rep-
resentable by n (or n represents k) over a field F if k < n and there is an
n-element semigroup S and a faithful representation v of S of degree n over F
such that the dimension of the subalgebra A(v(S)) of the matriz algebra M, (IF)
generated by v(S) is k.

It is clear that k is representable by n if and only if there is an n-element
semigroup of the multiplicative semigroup of the matrix algebra M, (F) such
that the dimension of the subalgebra of M, (IF) generated by S is k.

Theorem 2.2 Let n be a positive integer. Then every positive integer k
with 5 < k < n is representable by n over every field F with char(F) # 2.

Proof. Let F be a field with char(F) # 2. Let n and k be positive integers
with & <k < n. Denote E; (i = 1,..., k) the matrix of M, (F) defined by the
following way: E; is a diagonal matrix, in which the first ¢ upper elements in
the diagonal equal the identity element of the field F and the other elements
are the zero of F. It is easy to see that

EiEj = Emm{z,j}
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for every 7,5 € {1,...,k}. Let A denote the subalgebra of the algebra M, (FF)
generated by the matrices

Ei, ... Eg.
As the matrices Ey, ..., E; are linearly independent over F,
dim(A) = k.
Since 5 < k, that is, n — k < k then the matrices
—Ei,....,—E, &
are in A. As char(F) # 2, the matrices
Ei,....Ey,—E{,....—E,_;
are pairwise distinct and
S={E,...,Ex,—Eq,...,—E, }
is an n-element subset of M, (F). As
(+Ei)(£E;) € {Emingi i} —Emingi iy}
for every i,7 € {1,...,k},
S={E,...,Ex,—Eq,...,—E, }

is an m-element subsemigroup of the multiplicative semigroup of the algebra
M,,(F) such that S generates the subalgebra A of M, (F). Since dim(A) = k
then £ is representable by n over F. 0

Problem 1. Is Theorem 2.2 true for arbitrary field?

Theorem 2.3 If k is a positive integer which is representable by a positive
integer n over a finite field F then logmn < k.

Proof. Let F be a finite field and k a positive integer which is representable
by a positive integer n. Then there is an n-element semigroup S in the multi-
plicative semigroup of the full matrix algebra M, (IF) such that the dimension
of the subalgebra A of M, (F) generated by S is k. Then n = |S| < |A| = |F|*.
Thus logwn < k. 0

Let n be a positive integer and F a finite field with char(F) # 2. By
Theorem 2.2, the integers belonging to the interval [, n] are representable by
n over F. By Theorem 2.3, the positive integers k with k < logsn are not
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representable by n. What can we say about the positive integers belonging to
the interval [logmn, ).

Problem 2. Let n be a positive integer and F a finite field with the
condition char(F) # 2. Is every positive integer k£ belonging to the interval

[logimn, 5] representable by n?

If the answer was yes, then a positive integer k would be representable by
a positive integer n over a finite field F with char(F) # 2 if and only if £ would
be in the interval [logmn,n].

Problem 3. Is it true that, for a fixed positive integer n and an arbitrary
field F, there is a positive integer ko(n,F) < n depending on F and n such that
a positive integer k is representable by n over F if and only if & belongs to the
interval [ko(n,F),n]?

3 The case of the right regular representation

Let S be a finite semigroup and F a field. By an S-matrix over F we mean a
single valued mapping A of the descartes product S x S into F. If we fix an
ordering of the elements of S, for example, S = {s1,...,s,}, then an S-matrix
A can be written in the usual form: the element of A being in the i** row and
the j" column equals A((s;,s;)). In most of our proofs we will consider the
semigroups S with a fixed ordering, and the S-matrices will be written in the
usual form detailed above.

Let e and 0 denote the identity element and the zero element of a field F,
respectively. For an arbitrary element s of a finite semigroup S = {s1,..., S, },
consider the S-matrix

R(S) = [T(S)]nxna

.3

where

(s) e if s;5 = sj,
r. =
I 0 otherwise.

This matrix will be called the right matrix of s over F.
It is known (see, for example, Exercise 4(b) of §3.5 of [1]) that if S is a
finite n-element semigroup then

R]FZ S — R(S)

is a representations of S of degree n over F. This representation (which is
called the right regular representation of S) is faithful if and only if S is left
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reductive, that is, for every a,b € S, the assumption "xa = xb for all x € S”
implies a = .

For an arbitrary n-element semigroup S and an arbitrary field F, let A(Rp(S))
denote the subalgebra of the matrix algebra M, (F) generated by Rr(S).

Definition 3.1 Let k and n be positive integers. We say that k is repre-
sentable by n (or n represents k) over a field F under the right reqular rep-
resentation Ry if k < n and there is an n-element left reductive semigroup
S such that the dimension of the subalgebra A(Rg(S)) of the matriz algebra
M, (F) generated by Rp(S) is k.

Theorem 3.2 If a positive integer n < 4 represents a positive integer k
under the right reqular representation Ry(S) then k = n.

Proof. In [2], we can find the Cayley-table of all nonisomorphic and nonanti-
isomorphic semigroups containing n elements for 2 < n < 5. It is a matter of
checking to see that the dimension of the subalgebra of M, (F) generated by
Rr(S) equals |S| for every left reductive semigroup S with |S| < 4. O

The next example shows that Theorem 3.2 is not true in case n > 5.

Example 2. Let S = {1,2,3,4,5} be a semigroup defined by the following
Cayley table:

NN NN
DN DN DN
_— W N =W
NI JURE NI B
T DN DN DN Do Ot

U > W N+~

(see the Cayley table in the 7" row and the 10" column on page 167 of [2]).
As the columns of the table are pairwise distinct, S is left reductive. It is
a matter of checking to see that, for every field IF,

R® = _RM + R® + R® + OR®)
and the matrices
RY R® RO RO

are linearly independent over F. Thus dimA(Ry(S)) = 4 and so 4 is repre-
sentable by 5 over every field F under the right regular representation Ry.
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Theorem 3.3 Let I be a field and Sy, Sy arbitrary left reductive finite semi-
groups. Then

dim[A(Rx(51))]dim[A(Rg(S52))] = dim[A(Rg(51 x 53))]-

Proof. Let Sl = {CLZ‘ 1= 1,,|Sl|} and SQ = {bj : j = ]_,,|SQ|} be
arbitrary finite semigroups and F an arbitrary field. Consider the right regular
representations of S; and S, respectively. Let A(@) and B(®) denote the right
matrices of the elements a;, € S; and b; € Sy (corresponding to the above
orderings of S; and Sy), respectively. Assume

dimA(Rg(S1)) =m and dimA(Rp(Sz2)) = n.

Let By and B, denote a bases of A(Rr(S1)) and A(Rr(S2)), respectively. We
can suppose that B; = {A(@) . Al and B, = {Bt), ... B,

It is clear that the direct product S; x S is also left reductive. Thus
the right regular representation of S; x Sy is faithful. Consider the following
ordering of the elements of S; x Ss:

Sl X SQ - {(alabl); R (&1ab|52|); ce (a\S1|7bl>; cee (&|51\7b|52\)}'

It is a matter of checking to see that the right matrix C(@) of the element
(a;,b;) € S1 x Sy (corresponding to the above ordering of S} x Sy )is a matrix

of blocks C{2" (k,t € {1,...,]S|}) such that
ol = o B,

where a,(sz) (k,t =1,...,]51]) are the elements of the right matrix A(%). We
show that the right matrices C(@%) (i = 1,...m;j = 1,...n) form a basis of
A(R]F(Sl X SQ))

To show that the matrices C\®%) (i = 1,...m;j = 1,...n) are linearly
independent (over F), assume

E?lezrilﬁ)/j,ic(ai’bj) = Omnan
for some 7;; € F. Then, for every k,t € {1,...]51]},
n m a;;bj
ijlzizlfyj,ici(g,t ) = Opnxn,
that is,
Z?=1Z?il”7j,i@l(sz)]3(bj) = 0pxn-
Then

Z?:1 (Z?;l%,ial(cﬁ))B(bj) = 0pxn
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from which we obtain that, for every j = 1,...,n (and every k,t = 1,...,|5]),
(@)

¥ 175,i0 ¢ =0,

because the matrices B, ... B are linearly independent. As the coeffi-
cients 7;; do not depend on k and ¢, we have

Zm =177, zA( @) — 0sxm

for every j = 1,...,n. As the matrices A(®) . . Al®m) are linearly indepen-
dent, we get v;; =0 forevery j =1,...,nandi=1,...,m.

In the next, we show that the matrices C(*%) (i = 1,...m;j = 1,...n)
generate A(Rp(Sy x S2)). Let (z,y) € Sy x Sy be arbitrary. As B, is a basis
of A(Rg(S2)), there are 5; € F (j =1,...,n) such that

B® — Z;L:l@jB(bj)
Then, for every k,t € {1,...,|5|},
( )B(y 151@1”
As B is a basis of A(Rp(S1)), there are a; € F' (i = 1,...,m) such that
A@ =5 g A,

that is,
(7) Eml& &]ia;)
for every k,t =1,...,|Si|. Then
0/ BY = 5 (5 avay’y )B®) =

SIS (Bj0) (a7 BOY)
and so

x, n m az,b

Cl(c,ty) = Z Zz l(ﬂ] Z) )

for every k,t = 1,...,|S1]. As the coefficients «; (2 =1,...,m)and §; (j =

1,...,n) do not depend on k and ¢,
Clo) = B3, S, () OO

Thus the theorem is proved. O

On the set of all positive integers consider the following binary relation:
k ~g, nif and only if £ is representable by n over the field F under the right
regular representation Ry.
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Corollary 3.4 Ifk ~g, n andt ~g, m for some positive integers k,t,n,m
then kt ~g, nm.
Proof. Assume
k~gen and t~g,m

for some positive integers k,t,n, m. Then there are left reductive semigroups
S; and Sy such that

|Si|=n and |Sy|=m
and
dimA(Rp(S1)) =k and dimA(Rr(Ss2)) = t.
By Theorem 3.3,
dimA(Rp(S7 X Sp)) = kt.
Thus kt ~p nm. O

Theorem 3.5 Let F be a field and S1,Ss be arbitrary finite left reductive
semaigroups. Then

A(Re(51)) Q) A(R(S2)) Zaig A(Rz(S1 % S2)),
where Q) denotes the tensor product and = 4, denotes the algebra isomorphism.

Proof. We use the notations of the proof of Theorem 3.3. Consider the tensor
product

A(Re(51)) @ A(Re(S2))
of the vector spaces A(Rr(S1)) and A(Rg(Sz2)). The tensors
AW @B (j=1,...,m;j=1,...n)
form a basis of A(Rp(51)) Q A(Rr(S2)) and the product between them is
(A©) @ BO)(A@) @ BE)) = (Ao g Blsb).
By the proof of Theorem 3.3,

{C(aivb]'): i=1,...m;j=1,...,n}



On faithful representations of finite semigroups... 123

is a basis of the algebra A(Rp(S; X S2)). The product between the elements
of this basis is the following:

C(aisby) olawsbe) — laiarbsbe)

dim(A(Re(S1)) Q) A(Rr(S2)) = dim(A(Re(S1 x S5)))
by Theorem 3.3, the mapping
¢ (AW @Bl — Cclb) =1 mj=1,...n

is an isomorphism of the vector space A(Rr(51)) @ A(Rr(S2)) onto the vector
space A(Rp(S1 X Sa)). As

¢((A(ai) ® B(bj))(A(ak) ® B(bt))) — ¢((A(a¢,ak) ® B(bj,bt))) —

— Claiak:bibe) — (aiby)(arbe) — xlaibs) Colanbe) —

= ¢((A(ai) ® B(bj)))¢<<A(ak) ® B(bt)))’

¢ is an algebra isomorphism of the tensor product A(Rp(S7)) & A(Rr(S2))
onto the algebra A(Rr(S; X S2)). O

A congruence ¢ on a semigroup S is called a semilattice congruence if the
factor semigroup Y = S/o is a semilattice (a commutative semigroup in which
every element is idempotent). If ¢ is a semilattice congruence of a semigroup
S then the o-classes S, (o € Y) of S are subsemigroups of S. We say that
a semigroup S is a semilattice Y of subsemigroups S, (a € Y) of S if there
is a semilattice congruence o on S such that S/o is isomorphic to Y and the
o-classes of S are the subsemigroups S, (o € Y).

Theorem 3.6 Let S be a finite semigroup which is a semilattice of two left
reductive subsemigroups A and B of S. Then

Proof. It is clear that one of A and B, for example, A is an ideal of S. If
c¢,d € S be arbitrary elements such that z¢ = xd holds for all x € S then
c? = c¢d = d? and so both of ¢ and d are in either A or B. As A and B are
left reductive, we get ¢ = d. Thus S is left reductive and so the right regular
representation of S is faithful. Let A = {ay,...,a,} and B = {by,...,b,}.
Let

A(ai) (Z = ]_,. . n) and B(bj) (j = 17 .- ')m)
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denote the right matrices of the elements a; € A and b; € B corresponding to
the above ordering of A and B, respectively.
Consider the followin ordering of S:

S:{al,...,an,bl,...bm}.

The right matrices C® of the elements s of S corresponding to the above
ordering of S are matrices of blocks

Cy) (k,t € {1,2})

such that the type of Cﬁ is n x n and the type of CES% is m x m. Moreover,

Cgal) = Al CgQQ) = 0,,xm for every a; € A, and ng) = B®) for every
b; € B. Assume

dimA(Rp(A)) =k and dimA(Rp(B)) =1t.

We can suppose that A©@) (i =1,... k) and B®) (j = 1,...,t) are the basis
of A(Rp(A) and A(Rp(B), respectively. We show that the system of matrices
C@) and C®) (i =1,...k;j =1,...t) is linearly independent. Assume

Zk l&zc(al + Et 1ﬂ]c( - 0(n+m)><(n+m)'
Then
a; b;
Zk 10410;2) + E;’:lﬂjcéé) = Omxm
and so
Ez'zlﬂjB(bj) = 0m><ma

because C(az = 0,,xm and ngé) = B®) for every a; € A and bj € B. As the
matrices B( ) (j = 1,...t) are linearly independent, we get (3; = 0 for every
7=1,...,t. Then

Zleoéic(ai) = O(n+m)><(n+m)

and so

Onxn = ELO@C(S{) = EleOéiA(ai).

As the matrices A@) (i =1,...k) are linearly independent, we get o; = 0 for
every ¢ = 1,..., k. Thus the matrices

cl .. cl ¢t . )
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are linearly independent. From this it follows that

O

Let a semigroup S be a semilattice Y of semigroups S,, a € Y. Assume
that, for every a, 8 € Y with o > f3, there is a homomorphism ( )f, s of S,
into Ss such that the following are satisfied.

(1) For each a €Y, f,, is the identity mapping of S,.

(2) Ha>p32>ythen fosfsy = far-
(3) If a € S, and b € Sg then ab = (a) fa.a5(b) f5.05-

In such a case S is called a strong semilattice Y of semigroups S, (a € Y).

Theorem 3.7 Let S be a finite semigroup which is a strong semilattice of
two left reductive subsemigroups A and B of S with AB C A. IfdimA(Rr(B)) =
|B| then

Proof. We use the notations of the proof of Theorem 3.6. As S is a strong
semilattice of subsemigroups A = {ay,...,a,} and B = {by,...,b,} such
that A is an ideal of S, there is a homomorphism ¢ of B into A such that
bja; = ¢(bj)a; for every b; € B and a; € A. This homomorphism induces a
mapping ¢* of {1,...,m} into {1,...,n} with the following way: ¢*(j) =i if
and only if ¢(b;) = a;. From this it follows that the j row of the matrix Cgal)
(j =1,...m) equals the (¢*(j))*" row of the right matrix A (@) for every a; € A.
Thus if a linear combination Y | 3;A) equal a right matrix A©@ (a € A)
then Y% @-Cg’l{) equals the matrix Cgal) As dimA(Rp(B)) = |B| = m,
Theorem 3.6 implies that the matrices

cl ..., clw ¢t . cbn)

are linearly independent. We show that they form a basis of the subalgebra
A(Rr(S)) of the matrix algebra F,, 1 m)x (n+m)- It is sufficient to show that every
matrix C(%) (j =k +1,...,n) can be expressed as a linearly combination of
the matrices C(@) ... Cla) Ctr)  Clm) Let C@, a € {aji1,...,a,} be
an arbitrary matrix. Then

k
Al@ — Z B;A )
i=1
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for some 3; € F. By the above result, this equation implies

cil -y pck

k
=1

and so

k
@ — ZﬂiC(ai)'
i=1

Thus the matrices
cln) .. clw ct) . clm

form a basis of the subalgebra A(Rp(S)). Hence

dimA(Rg(S)) = dimA(Ry(A)) + dimA(R=(B)).

A. Nagy

O

Theorem 3.8 If a finite semigroup S s a semilattice Y of left reductive

semigroups S, (ov €'Y) then

dimA(Rg(S)) > Y _ dimA(Re(Sa)).

acY

Proof. The assertion will be proved by induction on n = |Y|. If n = 1 then
the assertion is obvious. If n = 2 then the assertion follows from Theorem 3.6.
Let n > 3. Assume that the assertion is true for all semilattice of order less
then n. Let Y be a semilattice such that |Y| = n. Let S be a semigroup which
is a semilattice Y of left reductive semigroups S,, @ € Y. AsY is a semilattice

and |Y'| > 3, there are elements «, 5 € Y such that
af # 6.
Let I3 denote the ideal of Y generated by 3. It is known that
I={¢eY: eB=¢}
As
B,ap € g,
af # [ implies

|15 > 2.
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First consider the case when Iz # Y. Then |Y \ Is] < n —2. As I
is a subsemigroup of Y, the union Ag of subsemigroups S (§ € Ig) form a
subsemigroup of S. As I3 C Y, we get

¢ely
by induction. As Iz is an ideal of Y, the semigroup S is a semilattice of the

semigroups S, (n € Y\ I3) and the subsemigroup Az. As [Y'\ Ig|+1<n-—1,
we get

dimA(Ry(S)) > dimA(Re(Ap)) + Y dimA(Rx(S,))

T]EY\I[;

by induction. This and the above

dimA(Rr(Ap)) Z dimA(Rg(Se))

€elp

together imply

dimA(Rg(S Z dimA(Rg(Sa)).

acY

In the next consider the case when Iz =Y. It means that 3 is the identity
element of Y. In this case &n # 3 for every 5 ¢ {£,n}. Indeed, if there were
elements £,n € YV with £ # (8 and n # 3 such that n{ = (8 then, for every
a €Y, we would have ané = aff = a and so aé = a. It would imply that & is
an identity element of Y which would contradicts & # (.

Thus X = Y'\{f} is a subsemilattice of Y. Let S* denote the subsemigroup
of S which is a semilattice X of semigroups S, 7 € X. Then S is a semilattice
of S* and S and so

dimA(Rg(S)) > dimA(Rp(S™)) + dimA(Rg(Ss))
by Theorem 3.6. As |X|=|Y|—1,

dimA(Rg(S*)) =Y _ dimA(Rx(S,))

TeX
by induction. Consequently
dimA(Rg(S)) > Y~ dimA(Re(Sa)).
acY
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Theorem 3.9 Let S be a semigroup which is a semilattice Y of left reduc-
tive finite semigroups S, (o € Y) such that dimA(Rp(S,)) = |Sa| for every
a €Y. Then dimA(Rr(S)) =15].

Proof. Applying Theorem 3.8 and the assumptions of this theorem, we get

D 1Sal = 18] = dimA(R(S)) > > dimA(Ry(Sa)) = > |Sal

acY acY acY

and so dimA(Rr(5)) = |5]. O

Theorem 3.10 If a finite semigroup S is a semilattice Y of monoids S,
(a €Y)aeY then dimA(Ry(S)) = |5].

Proof. It is easy to see that every monoid M is left reductive and dimA(Rp(M)) =
|M|. Thus our assertion follows from Theorem 3.9. O

Theorem 3.11 If S is a finite Clifford semigroup then dimA(Rgr(S)) =
5]

Proof. It is known that a semigroup is a Clifford semigroup if and only if it
is a semilattice of groups (see Theorem 2.1 of [3]). Thus our assertion follows
from Theorem 3.10. [l

Theorem 3.12 If S is a finite semilattice then dimA(Rr(S)) = |S|.

Proof. As a semilattice is a semilattice of one-element monoids, our assertion
follows from Theorem 3.10. O

Corollary 3.13 Ifk ~g, n then, for every positive integert, k+t ~g, n+t.

Proof. Assume k ~x, n for some positive integers k£ and n. Then there is an n-
element semigroup A such that dimA(Rr(A)) = k. Let ¢ be a positive integer
and B a t-element semilattice. As A is a finite semigroup, it has an idempotent
element e. Let ¢ denote the mapping of B into A such that ¢(b) = e for every
b € B. It is easy to see that ¢ is a homomorphism. On the set S = AU B
define the following multiplication. Let the new multiplication on A and B
is the old multiplication, respectively. For arbitrary a € A and b € B, let
ab = ap(b) = ae and ba = ¢(b)a = ea. Then S is a strong semilattice of A
and B with AB C A. By Theorem 3.12, dimA(Rr(B)) = |B| = t and so
Theorem 3.6 implies dimA(Ry(S)) = k +t. Thus k +t ~g, n +t. 0
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