ON FAMILIES OF BIPARTITE GRAPHS ASSOCIATED
WITH SUMS OF GENERALIZED ORDER-k FIBONACCI
AND LUCAS NUMBERS

EMRAH KILIC! AND DURSUN TASCI2?

ABSTRACT. In this paper, we consider the relationships between the
sums of the generalized order-k Fibonacci and Lucas numbers and
1-factors of bipartite graphs.

1. INTRODUCTION

We consider the generalized order — k Fibonacci and Lucas numbers. In
[1], Er defined k sequences of the generalized order — k Fibonacci numbers

as shown:
k

gfL:nglfj, forn>0and 1<i<k, (1.1)
j=1
with boundary conditions for 1 — k <n <0,

9= 0 otherwise,

where gi is the nth term of the ith sequence. For example, if k = 2,
then {gz} is usual Fibonacci sequence, {F,}, and, if k& = 4, then the 4th
sequence of the generalized order — 4 Fibonacci numbers is

1,1,2,4,8,15,29, 56, 108, 208, 401, 773, 1490, . . ..
In [9], the authors defined k sequences of the generalized order — k Lucas
numbers as shown:

n—j

k
=Y Ui ;,forn>0and1<i<Fk, (1.2)
j=1
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with boundary conditions for 1 — k <n <0,
_ -1 ifi=1-mn,
I = 2 ifi=2-—mn,
0 otherwise,
where [? is the nth term of the ith sequence. For example, if k = 2, then

{li} is the usual Lucas sequence, {L, }, and, if k = 4, then the 4th sequence
of the generalized order — 4 Lucas numbers is

1,3,4,8,16,31,59, 114, 220, 424,817, 1575, 30636, . . . .
Also, Er showed that

92+1 92
gﬁL = A 9%—1
9:}1#2 Qﬁ}kﬂ J
where _ _
1 11 1 1
1 0 0 0 0
01 0 0 0
A=10 0 1 00
L0 0 0 ... 1 0]
is a k X k companion matrix. Then he derived
Gn+1 = AGnv
where
9 9 g%
G, = 9711—1 972;,—1 95—1
gyll—k+1 93—k+1 e 95—k+1

The matrix A is said to be the generalized order — k Fibonacci matrix.
In [9], we showed

i %
ln+1 ln

I —A| U

% i
ln—k+2 ln—k—i—l
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and so
Hn+1 = AH,
where
I 2 Ik
[ T i |
bk foksr o bk
also showed that
H,=G,K
where ) }
-1 2 0 0 0
0 -1 2 0 0
0 0 -1 0 0
E=1"0 0o o
: : : -o—1 2
| 0 0 0 ... 0 -1 |
Furthermore, in [3], we gave the following relationship
¥ =gk 429k | for k>2. (1.3)

The permanent of an n-square matrix A = (a;;) is defined by

perA = Z Haw(i)

oceS, i=1
where the summation extends over all permutations o of the symmetric
group S,. A matrix is said to be a (0,1) — matriz if each of its entries is
either 0 or 1.
In [7], Minc constructed the nxn (0,1)—matriz F (n, k) where, k < n+1,
with 1 in the (¢, ) position for i — 1 < j < i+ k — 1 and 0 otherwise. That
is,

i 1 0 0 0 0 ... 0]
.01 1 0 0 0 ... 0
0 1 ... 1 1 1 0 0 ... 0
0 O 1 1 ... 1 1 0 o0

k)= 0 1 1 1 1 0 (1.4)

0 0 1 1 11
0 0o 1 1 1

0 0 1 1 |
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and he showed that

perF(n, k) = 954—1 (1.5)
where gF is the nth generalized order—k Fibonacci number. When k = 2,
perF (n,2) = Fqq.

In this paper, we find families of square matrices such that (i) each
matrix is the adjacency matrix of a bipartite graph; and (ii) the permanent
of the matrices are the generalized order-k Lucas numbers and a sum of
consecutive generalized order—k Fibonacci or Lucas numbers.

A bipartite graph G is a graph whose vertex set V can be partitioned
into two subsets V7 and V5 such that every edge of G joins a vertex in Vj
and a vertex in V5. A 1 — factor (or perfect matching) of a graph with
2n vertices is a spanning subgraph of G in which every vertex has degree
1. The enumeration or actual construction of 1-factors of a bipartite graph
has many applications. Let A (G) be the adjacency matrix of the bipartite
graph G, and let u (G) denote the number of 1-factors of G. Then, one can
find the following fact in [8]: p(G) < /perA(G). Also, one can find more
applications of permanents in [8].

Let G be a bipartite graph whose vertex set V' is partitioned into two sub-
sets V1 and V4 such that |V;| = |Va| = n. We construct the bipartite adjacent matiz
B (G) = [by] of G as following: b;; = 1 if and only if G contains an edge
from v; € V4 to v; € Vs, and 0 otherwise. Then, in [2] and [8], the num-
ber of 1-factors of bipartite graph G equals the permanent of its bipartite
adjacency matrix.

Lee defined the matrix £,, and gave that perL, = L,,_1 where L, is the
nth usual Lucas number (see [5]).

In [6], the authors consider the relationship between the k-generalized
Fibonacci numbers and 1-factors of a bipartite graph.

Also in [4], we determine the class of bipartite graph whose number of
1-factors is the the Lucas numbers L,. We also consider the relationships
between the sums of the Fibonacci and Lucas numbers and 1-factors of
bipartite graphs.

By the definitions of the generalized order-k Fibonacci and Lucas num-
bers for ¢ = k > 2, we have that

k=1, Ik =3, k=22 k=23
R T M T
and k k k 1 k 2
gr=1 g5=2" g5 = 2, g5 =22,
) 92_1 = 2k=3, g;’i = 2k72, ng =21,

2. THE GENERALIZED ORDER-k LUCAS NUMBERS

In this section, we determine a class of bipartite graph whose number of
1-factors is the generalized order—k Lucas number.
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Firstly, let n and k& be positive integers such that n > k& > 2 and let
M (n,k) = [my;] be the n x n (0,1) —matrix with M (n,k) = F(n, k) +
U (n,k) where U (n, k) = [u;;] be the nxn (0,1) —matrix with w,_p_1,-1 =
Un—kn = 1 and O otherwise, and the matrix F(n,k) is given by (1.4).
Clearly

1 1 1. 0 0 0 0 0
11 1 1 0 0 0 0
0 1 1 1 1 0 0 0
0 0 1 1 11 0 0
M(n,k)=1 o o 1 1 ... 1 1 1 0
0 1 1 .01 1 1
0 11 11
0 0 1 1 1
0 0o 1 1 |

Then we have following Theorem.

Theorem 1. Let G(M (n, k)) be the bipartite graph with bipartite adjacency
matric M (n, k), n > 3. Then the number of 1-factors of G(M (n,k)) is
the nth generalized order-k Lucas number, 1.

Proof. 1t is easy to see that expanding perM (n, k) by the elements of the
last row and if we consider the definition of the matrix F' (n, k), then we
obtain

1 1 1 0 0 0 0
1 1 1 0 0 0
0 1 1 1 1 0 0
o 0 0 1 ... 1 1 1 0 ?
perM (n,k) = per 0 0 T 1 1 2.1)
0 0 1 1 1 1
0O ... ... ... ... ... 0 1 1 1
0 o oo el 0 11

+perF(n—1,k).
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Also if we again compute the above permanent by the elements of the last

row, then we have

perM (n,k) = 2per

+perF(n —1,k).
which satisfy, by the definition of the matrix F' (n, k)

0

S =

0

—_

o

perM (n,k) = 2perF(n — 2,k) + perF(n — 1, k).

Using the Eq. (1.5), we can write the last equation as

and by the Eq. (1.3)

perM (n,k) =2gF_, + g&

perM (n,k) =2gk_| + g =

So the proof is complete.

Ik

0

0

0

1 1 0

1 1 1

1 1 1
1 1

0 1 1
0 1

0

For eaxample, if we take k = 2, then the matrix M(n, k) is reduced to

the matrix

0

—_

O =

and by Theorem 1, perM(n,2) = L, where L, is the nth usual Lucas
number. In [4], we define the matrix C,, and show that perC, = L,.
However, the matrix C,, is different from the matrix M (n,2).

o O

—_—_o o -

—_ e e
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3. ON THE SUMS OF GENERALIZED ORDER-k FIBONACCI AND LUCAS
NUMBERS

In this section, we determine two classes of bipartite graphs whose num-
ber of 1-factors are sums the generalized order—k Fibonacci and Lucas
numbers, 37 g¥ and > i1 1%, respectively.

Let n and k be positive integers such that n > k > 2 and let T'(n, k) =
[ti;] be the n x n (0,1) —matrix with T'(n, k) = F(n,k) + V (n,k) where
V (n,k) = [vi;] be the n x n (0,1) —matrix with vy, = 1for k+1<j<n
and 0 otherwise, and the matrix F(n, k) is given by (1.4). That is,

11 1 11 1 1 ... 1
11 1 1 0 0 0 ... ... 0
0 1 1 1 1. 0 0 ... ... 0
0 0 1 1 1 1 0 ... ... 0
0 o 1 ... 1 1 1 1 0 0
Tnk)=| g 0o 1 ... 1 1 1 1 0
0 0 1 1 1 1 1
0 .0 1 1 1 1
0 0 oo i el 0 111

Then we have following Theorem.

Theorem 2. Let G(T (n,k)) be the bipartite graph with bipartite adjacency
matriz T (n, k) = F (n,k)+V (n, k), n > 2. Then the number of 1-factors of
G(T (n,k)) is the sums of generalized order-k Fibonacci numbers, Z?:l gf

Proof. We will use the induction method. If n = 3, then we have

11 1
TGk =|11 1],
01 1

and hence perT (3, k) = 4. From also the definition of the generalized order-
k Fibonacci numbers, we have gf = g5 = 1, g& = 21, Thus perT (3,k) =

Z?:1 g;f. Let we suppose that the equality holds for n, then we have

perT (n, k) = ng (3.1)
j=1

Now we show that the equality holds for n + 1. If we compute the
perT (n+1,k) by the Laplace expansion of permanent on the elements
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of the first column and consider the definition of the matrix F' (n, k), then
we obtain

1 11 1 1 1 1 1
11 1 1 0 0 0 0
0 1 1 1 1 0 0 0
O .. 0 1 1 ... 1 1 0 0
perT(n+1k) = per| o " 4 1 1 1 1 0
0 ... ... ... 0 1 ... 1 1 1
0 oo el 0 111
0 .. .0 11
+perF (n, k).

Furthermore, from the definition of the matrix T (n, k), we can write the
last equation as

perT (n+ 1,k) = perT (n, k) + perF (n, k). (3.2)

By the Egs. (1.5) and (3.1), we write the Eq. (3.2) as follow

perT (n+1,k) Zg;C +gk
j=1

n+1

= D9
j=1

So the proof is complete. O

Let n be positive integer such that n > k > 2 and let E (n,k) = [e;;] be
the nxn (0,1) —matrix with E (n, k) = M(n,k)+D (n, k) where D (n, k) =
[dij] be the n x n (0,1) —matrix with di; = 1 for k+1 < j < n and 0
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otherwise, and the matrix M (n, k) be as in the section 2 . That is,

11 11 1 1 1 1 1

11 1 1 0 0 0

0 1 1 1 1 0 0 0 0

0 0o 1 1 1 1 0 0 0 0

0 0 1 1 1 1 0 0 0

Emk)=| 0 1 1 1 1 1 0
0 o 1 1 ... 1 1 1

0 0 1 1 11

0 0o 1 1 1

0 0 1 1

(3.3)
Then we have following Theorem.

Theorem 3. Let G(E (n,k)) be the bipartite graph with bipartite adjacency
matriz E (n,k), n > 3. Then the number of 1-factors of G(E (n,k)) is the

. -1
sums of generalized order-k Lucas number, Z;;l lf.

Proof. We will use the induction method to prove that perE (n, k) = Z;:ll l;‘
If n = 3, then we have

1 1 1
EGK=|11 1],
0 1 1

and hence perFE (3,k) = 4. Since the definition of the generalized order-k
Lucas numbers, we have that I¥ = 1 and 1§ = 3, perE (3,k) = Z?Zl 5 =4
We suppose that the equality holds for n. Then we have

n—1
perE (n, k) = Z l;?. (3.4)
j=1

Now we show that the equality holds for n+1. It is easy to see that expand-
ing perE (n+ 1,k) by the elements of the first column and if we consider
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the definition of the matrix M (n, k), then we obtain

[ 1 1 ... 1 1 1 1 1 1 ... 1

1 1 ... 1 1 0 0 0 0 0

0 1 1 ... 1 1 0 0 0 0

0 0 1 1 1 1 0 0 0

perE(n+1,k) = per| 0 1 1 1 1 1 0
0 0 1 1 1 1 1

0 0 1 1 1 1

0O ... ... ... ... ... ... 0 1 1 1

0 . 01

+perM (n, k) .

From also the definition of the matrix F (n, k), we can write the last equa-
tion as

perE (n+1,k) = perE (n, k) + M (n, k). (3.5)
By the Eq.(3.4) and Theorem 1, we can write the Eq. (3.5) as follow
n—1
perE (n+1,k) = Zlf—i—lﬁ
j=1

I
INgE
<

<
Il
—_

So the proof is complete. O

Furthermore, a matrix A is called convertible if there is an nxn (1, —1) —matrix
H such that perA = det (Ao H), where AoH denotes the Hadamard prod-
uct of A and H. Such a matrix H is called a converter of A.

Let W be a (1,—1) —matrix of order n, defined by

1 1 1 ... 1 1

-1 1 1 ... 1 1

W= 1 -1 1 ... 1 1
1 1 1 ... -1 1

Combining the above result and Thorems 1, 2 and 3, following Theorems
hold.

Theorem 4. Let I¥ be the nth generalized order-k Lucas number. Then,
form >3
I¥ = det(M (n, k) o W).
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Theorem 5. Let g% be the nth generalized order-k Fibonacci number.
Then, for n >3

Zg;? =det (T (n,k) o W).
j=1

Theorem 6. Let I be the nth generalized order-k Lucas number. Then,
form >3

zn:z;?:det(E(n,k)oW).

j=1
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