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Abstract. Discretizations of optimal control problems for elliptic equa-
tions by finite element methods are considered. The problems are sub-
ject to constraints on the control and may also contain pointwise state
constraints. Some techniques are surveyed to estimate the distance be-
tween the exact optimal control and the associated optimal control of
the discretized problem. As a particular example, an error estimate for a
nonlinear optimal control problem with finitely many control values and
state constraints in finitely many points of the spatial domain is derived.

1 Introduction

In this paper, we consider optimal control problems of the type

: 1 A
min J(y, u) = Sy = yal® + 5 [Jull® (1)

subject to A 0

—Ay=u in
y=0 onl, (2)
where also further constraints u € U,q (control constraints) and y € Y,4 (state
constraints) may be given. In this setting, {2 C IR? is a convex, bounded and
polygonal domain, yg € L%(f2) a given desired state, and A > 0 is a fixed
regularization parameter. By || - ||, the natural norm of L?({2) is denoted. In the
last section, B(u,p) C IR™ is the open ball of radius p around u. In the paper,
c is a generic constant that is more or less arbitrarily adapted.

Our main issue is to estimate the error arising from a finite element dis-
cretization of such problems. First, we consider the problem without control and
state constraints. Next, we explain how the error can be estimated, if control
constraints are given. We briefly survey recent results on probems with state
constraints and discuss finally a problem with finite-dimensional control space
and state constraints given in finitely many points of the spatial domain.

2 Optimal control problem with control constraints

2.1 The unconstrained optimal control problem

The problem Let us start the tour through error estimates by a quite simple
approach for the unconstrained problem (1), (2), where no further constraint on
u or y are given, i.e. Uyg = L*(2) and Yoq = L*(92).



For all u € L?(2), there is exactly one state y = y(u) € H2(2)N H(£2) and
the mapping A : L?(2) — H?(2) N HL(2), A : u — y(u), is continuous. We
consider A also with range in L?(§2) and denote this ”solution operator” by S,
ie. S = Ep2_2A, where E>_ 1> denotes the continuous injection of H?(2) in
L?(92).

By S, we are able to formally eliminate the PDE and to transform the prob-
lem to the control reduced quadratic optimization problem

: — _ 1 _ 2 i 2
(P) Jmin () = J(Suw) = Sl1Su =yl + 5 ul®

The existence of a unique (optimal) solution of this problem is a standard result.
In all what follows, we denote by @ the unique optimal control and by § = y()
the associated optimal state.

All further results on the necessary optimality conditions for (P) and its
version with additional control constraints are stated without proofs. They are
discussed extensively in the forthcoming textbook [1].

Necessary and sufficient optimality condition It is clear that f'(@) = 0 is
necessary for the optimality of @, hence

f(1) = S* (St — ya) + M =0

must hold, where S* denotes the adjoint operator of S. It is very useful to
introduce an auxiliary function p by p := S*(S@ — y4). This function p is called
adjoint state associated with u. Therefore, we have

p+Au=0. (3)
The adjoint state p is the solution of the adjoint equation

—Ap=y—ya inf?
p=20 on I (4)

To determine the unknown triplet (g, 4, p), we have to solve the optimality system
(2), (4), (3). Invoking (3), i.e. inserting u = —A~!p in the state equation, the
optimality system

—Ay+A1p=0 —Ap—y=—-yqg in 2

y =0, p=0 on I (5)

is obtained. Having solved this, we obtain the optimal control by @ := —A"1p .



Discretized problem and error estimate We assume a regular triangulation
T of 2 with mesh size h, triangles T;, and piecewise linear and continuous
ansatz functions @;, i = 1,...,n, which generate the finite-dimensional subspace
Vi, = span {®y,...,®,} C H(2). We do not explain the standard notion of
regularity of the triangulation. Instead, we just assume that the standard finite
element error estimate (7) below is satisfied.

In the discretized problem, the state y;, associated with u is determined by
yr € V3, and

/Vyh-V@dx:/u@dm Vi=1,...,n. (6)
Q Q

To each u € L?(£2), there exists exactly one solution y, € Hg(£2) of (6) denoted
by yn(u). From the finite element analysis for regular grids, the error estimate

hllyn(w) =yl ) + llyn(w) = y(w)| < ch?|lull (7)

is known for all sufficiently small h > 0, where the constant ¢ does not depend
on u or h. Let us introduce the mapping Sy, : L*(£2) — L*(£2), Sh : u — yp(u).
In terms of S and Sp, (7) is equivalent to

I8 = Sullz2(2)—r2(0) < ch®. (8)

Analogously to the former section, the discretized optimal control problem can
be formulated in control reduced form as

. 1 A
(P)  min fu(u) = ol Shu — vall® + Sl

This discretized problem has a unique optimal control denoted by #, with as-
sociated state 7. The reader might be surprised that the control w in (P}) is
not discretized. In fact, we do not need this here, since the optimality conditions
will automatically imply up € V4.

It is easy to estimate the error ||@y — @||. We write down the necessary opti-
mality conditions for both optimal controls,

S*(Su—yq) +Au=0
Sy (Shtn — ya) + Aup, =0,
multiply them scalarly by @ — uy, subtract the results and re-order. This yields
1S (@ = wn)lI* + Al — @n|* < | (ya, (S = Sp)(a = tn)) |
< |lyall ch?|la — anl,
where (-, -) denotes the natural inner product of L?(£2). Consequently, we have

the L? error estimate
1@ — || < e A™" R [|yal- (9)

This was easy, since we considered the unconstrained case that is not really
interesting in optimization. Let us include also constraints on the control.



2.2 Constraints on the control

Optimality conditions Let u, < up; be two real numbers. Consider the control-
constrained problem

. 1 A
(PC)  min f(w) = 515w~ all* + 5 ul

u€Uqd
with
Upa = {u € L*(2) : uy < u(z) <up ace. in 2}.

Again, the problem has a unique optimal control @. However, due to the con-
straints, we cannot expect that f'(@) = 0. Instead, the variational inequality

f(@)(u—u) >0 Yué€ Uy

is necessary and sufficient for optimality of @. It expresses the intuitively clear
observation that, in a minimum, the function f cannot decrease in any feasible
direction. In terms of S, this means

(S*(St—yq) + Mi, u—1u) >0 Yu€ Uy (10)

or equivalently
/Q (p(z) + Ma(z)) (u(z) — w(z))dz >0 Vu(-) € Usa.

A simple pointwise discussion of this inequality reveals that almost everywhere

v Jug if p(x) + Aa(z) >0
ulz) = { we i ple) + Ao < 0 (11)

and we have, of course, ii(x) = —A"!p(z) if p(z) + AMi(z) = 0. From this, one
derives with some effort the well-known projection formula

u(x) = IP[ua’ub]{ - %p(x)} a.e. in (2, (12)

where P, ., : IR — [uq,up] denotes projection onto [a,b]. This projection
formula shows that, although we have p € H?(f2), @ can exhibit corners in the
points, where the bounds wu, and uy; are reached. Hence in general we can only
expect u € H(§2). Moreover, (%, 4, p) cannot be obtained from a smooth coupled
system of PDEs as (5). Therefore, error estimates are more difficult. They also
depend on the way how the control function u is discretized.



Discretization by piecewise constant controls The most common way of
control discretization is working with piecewise constant controls. Here, the set
of admissible discretized controls is defined by

UM, = {uq < u(-) <up : uis constant on each triangle T;}
and the associated discretized problem is

(PCh) min  fr(up),

un€lzy

where f;, and yj, are defined as in the last section. The difference to (P,) consists
in the appearance of U”,. Let 1 denote the unique optimal control of (PCy)
and let g5 be the associated (discretized) state. Then a discrete counterpart to
the variational inequality (10) must be satisfied,

(SZ(Slﬂ_th — yd) + Aty , up — ﬂh) >0 Yuy € U;Ld. (13)

By the discrete adjoint state py, := S (Spun — ya), this is equivalent to
1
a(z) = ]P[ua,ub]{ - 7/ pr(@) dx} VeeT,Vi=1,...,M, (14)
AT U,

where |T;| is the area of the triangle T;. Now we cannot derive an error estimate
in the same way as before. First, & cannot be inserted in (14), as @, is not
piecewise constant. As a substitute, we use the interpolant IT,u defined by

U '**L u(r)ax T i
(IT,u)(z) := ITiI/Ti (z)dz Yz e, (15)

It holds that IT,u € U :d and, with some ¢ > 0 not depending on h,
la — Iya| < ch. (16)

Now, we might insert @ in (10), I in (13), add the two inequalities obtained
and resolve for ||@ — ] to estimate the error. This procedure only yields a non-
optimal estimate of the order v/h. Some further tricks avoid the square root, cf.
[2] or the early papers [3], [4].

Below, we explain a perturbation approach. Its main idea goes back to [5] and
was applied in [6] to nonlinear elliptic problems.

The function @ will only fulfill the variational inequality (13) if it is opti-
mal for (PC},) by chance. However, it satisfies the variational inequality for the
perturbed control problem

(Pee)  min {ftu)+ [ @)},

upeUh,

if ¢, (z) is defined such that IT,@ satisfies the associated projection formula

1 .
yu(z) = ]P[ua,ub]{ - W/T(ph(x) +Ch(l’))d$} Veel,Vi=1,...,M.



Notice that the derivative of the perturbed functional at a function v is equal
to S;(Shu — ya) + Cn + Au = pp + (, + Au so that p, + ¢, plays the role of
the former pj,. How the function {}, must be constructed? If u, < ITpu(z) < uy
holds in a triangle T;, then A|T;|ITpu(x) + fTi (pn, + ¢r) dx = 0 must hold on T;.
This follows from (14), applied to II,@ and (PC¢, ). Therefore, we define (;, by

1
= —ITu — d T;.
Ch(z) nu(x) + NT /Tiph T on

If, on T;, Ipa(z) = ug, then N\|T;|ITpu(x) + fTi (pn + ) dx > 0 must hold on T;
(adapt (11) to (PCg,)). To compensate negative values, we define ¢;, by

Crlz) = [Hhﬂ(x) + )\|1TZ/T phdx}7 on T;,

where a_ = (|a| — a)/2 > 0 denotes the negative part of a real number. Analo-
gously, we define (, := —[...]+ via the associated positive part to compensate a
positive value, if ITpu(z) = uyp. It is not difficult to show that

1Cull < ellu = Hpul] < éh.

Now we proceed similarly as in the last section. We insert I1, % in the variational
inequality (13) for @, and insert @y, in the perturbed variational inequality for
IT,u to obtain

(S;(Sntin — ya) + Aup , Hpu —up) > 0,
(S (SnIInt — ya) + Cu + MIpt, iy — ) > 0.
Adding both inequalities, we obtain after some re-ordering and ignoring the term
1S (an — )|

an — Hpul® < A1 (G, an — Hpu) < A1\ Gll llan — Hpal.
In view of (16), an obvious application of the triangle inequality yields finally
[an —ull < ch (17)

with some ¢ > 0 not depending on h. This is the optimal error estimate for
piecewise constant approximations of u.

The same order of the error can be derived for problems with semilinear
elliptic equations, both for distributed and boundary controls, [6], [7]. However,
thanks to non-convexity, the situation is more delicate. Different locally optimal
controls might appear. They should satisfy a second-order sufficient optimality
condition to have a unique approximating locally optimal control in a certain
neighborhood, cf. also the discussion in the last section.

The error analysis for piecewise linear controls is more difficult. We refer
only to [8] for Neumann and to [9], [10], and [11] for Dirichlet boundary control
problems. In the Neumann case, the order h3/2 can be expected for the error.



Variational discretization The situation is easier, if the control functions are
(formally) not discretized, i.e. if we consider the discretized problem

P min u).

(P min fuw)
At first glance, this consideration seems to be useless. How should one be able to

compute the optimal control without any kind of discretization? However, take
a look at the finite element approximation of the optimality system

—Ay =Py, uy{ — 2" 'p} —Ap—y=-ys in{?

y =0, p=20 on I (18)

where w is eliminated by the projection formula (12). This nonsmooth nonlinear
system can be solved numerically to obtain the (discrete) state yp, and adjoint
state py, [12]. Then @y, is found by @y, = Py, 4, {—A"'pr}. It is piecewise linear
but does not in general belong to V},. This approach of variational discretization
is also useful in iterative methods of optimization, cf. [13].

For this variational discretization, an error estimate of the order h? is easily
derived: We repeat a similar procedure as before and insert 4y, in the variational
inequality for @, @ in the variational inequality for @, (all u € U,y are now
admitted!),

(S*(Su —yq) + A&, ap —u) >0,
(Sh(Shun — ya) + Aup , u—up) > 0.
Next, we add both inequalities and re-order as we proceeded to derive (9),
[Sh(@ —an)|* + Alla — anl|* < | (ya, (S = Su)(@—an)) | < llyall ch® @ —an].-
Consequently, we have the optimal L?-estimate
@ — anllr2@) < e A" [lyall-

The same optimal order can be obtained under natural assumptions with piece-
wise constant controls by one smoothing step, cf. [14].

3 Problems with state constraints

3.1 Available error estimates

Here, we admit also state constraints. Now the error analysis is more difficult.
Currently, this is a very active field of research. A detailed survey on relevant
contributions would go beyond the scope of this paper. We mention first results
for problems with finitely many state constraints in [15] and the convergence
of discretizations for pointwise state constraints of the type y(z) < ¢ a.e. in
2 in [16]. To have a comparison with the results of the next section, we state
also recent results for elliptic problems with pointwise state constraints: In [17],
for ||@ — 1| the order h'~ was derived in £2 C IR? and h'/2~¢ for 2 C IR®.
Recently, this was improved in [18] to h|logh| for 2D and h'/? for 3D domains.



3.2 Control in IR™ and state constraints in finitely many points

Let us discuss a simpler problem with semilinear elliptic equation, controls in
IR™ and state constraints in finitely many points x1, ...,z of £2:

. 1 A
min J(yu, 1) = 5 llyu = yal® + Sluf?

u€Uqq

(PS) subject to

9i(yu(x;)) =0, foralli=1,... k,
9i(yu(z;)) <0, foralli=k+1,...,7,

where g, is the solution to the state equation

—Ay(x) +d(y(x),u) =0 in 2 (19)
ylx)=0 on I

and Ugg = {u € R™ : u, < u < up} with given u, < up of IR™. We assume
Il > 1 and set k = 0, if only inequality constraints are given and k = [, if only
equality constraints are given.

We assume for short that d : IR> — IR and ¢; : IR — IR, i = 1,...,¢, are
twice differentiable with locally Lipschitz second-order derivatives and that d is
monotone non-decreasing with respect to y. In [19], the problem is considered in
a slightly more general setting. Thanks to our assumptions, the mapping u +— y,
is continuous from IR™ to H} (£2)NC(£2), hence the values y, (z;) are well defined.
Therefore, we consider S : u — y, as mapping from IR™ to Hi(£2) N C(£2).

To convert (PS) into a finite-dimensional nonlinear programming problem,
we define again f : IR™ — IR of class C*! by f(u) = J(yu,u) = J(S(u),u).
Thanks to our assumptions, in particular the Lipschitz properties of the second
derivatives of d and the g;, the mapping S has a locally Lipschitz continuous
second-order derivative S”. Moreover, we define G : IR™ — IR® by

G(u) := [g1(yu(21)), -, ge(yulze))] - (20)

To cover the equality and inequality constraints in a unified way, we introduce
the convex cone K = {z € R:z,=0,i=1,...,k 2z <0,i = kE+1,...,0}
and write z <g 0 iff z € K. By these definitions, (PS) becomes equivalent to
the nonlinear programming problem

{ min f(u) (21)
Gu) <k 0, u € Uyq.

The discretized optimal control problem (PSy) is defined on substituting y,,
by its finite-element approximation y, ,,, obtained from

/Vyh-Vvhdx—l—/d(yh,u)vhd:v:O Yo, € Vj,.
0 Q



Introducing G (u) = [g1(Yn.u(21)),- -, ge(yn.u(z))]T Wwe express this problem
as finite-dimensional nonlinear programming problem

{ min fp, (u)

N
( h) Gh(u) <k 0, u&Uyy-

(22)

Let 29 and £2; be open sets such that {x1,...,2,} C g and 2y C 21 C 2, C 0.
Then there exists a constant ¢ > 0, independent of h and u € U,q, such that

1y = ynullL=(o0) < ¢ (W*[log hl llyullwe=(an) + B? lyullm2(2) ,  (23)

cf. [19]. Thanks to this estimate and to our assumptions, it holds

[f(w) = fu(@)] + | (w) = fr(w)] + [ (w) = f7/ (w)] < ch?

(24)
|G(u) = Gu(w)| +1G"(v) = G}, (w)| + ]G (u) = G}/ (u)| < ch?[loghl

for all u € Ug,q, with some constant ¢ not depending on h and wu, [19].

In all what follows, @ is a locally optimal reference solution of (PS), hence
also of (IN). We show the existence of an associated locally optimal solution @y, of
(PSph), (or (Np)) converging to @ as h | 0. Our main aim is to estimate | — @p|.
For short, we use the abbreviation a(h) = h?|log hl.

Our error analysis is based on 3 main assumptions. To formulate them, we
need some standard definitions of nonlinear programming which are explained
below.

We first extend the vector G(u) € IR’ to G(u) € IR“*?™ by including the
box constraints defining U,4. We add the 2m further components

Gori(u) =ug; —u;, fori=1,....m

Gramyi(u) =u; —up,, fori=1,...,m,

and put G(u) := (G;(u))i=1,... s+2m- Then all constraints of the problem can

be unified by G(u) <k 0, where K is re-defined accordingly. We define the
Lagrangian function £ : IR™ x IR“T2™ by

+2m

L(u,v) = f(u) + Z v; G;i(u).

i=1
The index set A(@) of active constraints at @ is defined by
A@)={ie{l,....,0+2m} : G,(a) = 0}.

We now formulate the main assumptions:
Robinson regularity condition: At @, it holds that

0 €int {G(a) + G'(0)(Upqa — u) + K},

where the set in braces is defined as U{G(2) + G’ (a)(u—u)+k|u € Unq, k € K}.



It is known that this regularity assumption is sufficient for the existence of
a Lagrange multiplier 7 associated with the (locally) optimal solution @.
Strong second-order sufficient optimality condition: For the pair (@, 7),

it holds N
o7 0°L(u,v)

ou?

where Cyz C IR™ is defined by

Co=1{v|Gi(@v=0Vie{l, . kUlic{k+1,... 0+2m}: 5 >0}}.

v >0 Yo € Cg, v #0,

Linear independence condition of active gradients: This condition is
satisfied if all vectors of the set {VG;(@)|i € A(u)} are linearly independent.

Theorem 1. Under the three assumptions stated above, there exists a constant
¢ > 0 not depending on h such that, for all sufficiently small h > 0, a unique
locally optimal control uy, exists in a meighborhood of u and it holds

|t — @p| < ch?|logh).

We do not entirely show this result here. Instead, we show an estimate of the
order h \/|log h|. In this way, we prepare the proof of the full order in [19]. First,
we approximate admissible vectors for (N) by admissible ones for (N},) with the
order «(h) and vice versa.

Lemma 2. Suppose that @ is feasible for (N) and satisfies the Robinson regu-
larity condition. Then there are ¢ > 0 independent of h and hg > 0 such that,
for each h € (0, ho) an admissible uyp, for problem (Py) exists with

|t — up| < calh). (25)
Proof. To be consistent with the notation of [20], we write

Gh(u), if u € Uyg and h > 0,
G(h,u) = G(u), if u € Uyq and h =0,
(Z), if u ¢ Uad-

Thanks to (24), G and dG/0u are continuous at the point (h,u) = (0, ). More-
over, we have G(0,4) <k 0. In view of the Robinson regularity condition, the
assumptions of the generalized implicit function in [20] are fulfilled. We obtain
the existence of neighborhoods A of h = 0 and O of @ such that, for all h € N,
the inequality G(h,u) <k 0 has a solution u € O, and it holds

distlv, ¥(h)] < c|G(h,v)+|, VYheN,VveO, (26)

where X (h) = {u € Uya | G(h,u) <k 0} is the solution set of the inequality and
dist denotes the Euclidean distance of a point to a set. The value |G(h,v)y| is
the distance of the set G(h,v) + K to the origin and measures the residual of v
with respect to the inequality G(h,v) <g 0, cf. [20], p. 498. Inserting v = 4 in
(26), we deduce

distla, £(h)] < ¢|G(h, @)+ < (1G(0,a)+] + |G(h, @)+ — G(0,@)+]) < 0+ ca(h).

Hence, there exists up € X(h) with |@ — up| < ca(h). The statement is shown.



Lemma 3. Let the reference solution u satisfy the linear independence condition.
Then, for all given p > 0 and all sufficiently small h > 0, the auziliary problem

min fp(w)
(Nh.p) Gh(u) <k 0, (27)
u € Ugg N el B(a, p)

is solvable. If up is any optimal solution to this problem, then an admissible
element vy, for (N) exists satisfying with some ¢ > 0 independent of h

|ap, — vp| < calh). (28)

Proof. (i) Solvability of (Ny,,) : For a positive hg and all h € (0, hg), the admis-
sible set of (Nj ,) is not empty, because u;, constructed in Lemma 2 satisfies all
constraints. The existence of an optimal 4 follows immediately. We have to find
vy, in Uyg with G(vp,) <k 0 and |v, — @p| < ca(h). Below, we cover the inequal-
ity constraints of U,g by the extended vector function G(u) : IR™ — IR‘H?™
introduced 2 pages before. Let us set in this proof G := G and £ := {4 2m to
avoid an extensive use of the hat sign. Hence we have to construct v, such that

Gi(vp) =0, i=1,...k, Gi(vp) <0, i=k+1,...,¢

(ii) Construction of an equation for vy,: Notice that @y, € ¢l B(a, p) for all h < hyg.
Therefore, if p is taken small enough, all inactive components G;(@) are inactive
for uy, as well and there exists € > 0 such that

Gl(ﬂh) <—-e<0 Viel, Vh<hg, (29)

where T is the set of all inactive indices ¢ of @ in {k+1,...,¢}.

Suppose that r constraints are active at w, £k < r < m. After renumber-
ing, if necessary, we can assume that those with the numbers 1 < ¢ < r
are active, hence Gi(u) = ... = G,(u) = 0. By the independence condi-
tion, the associated gradients VG,(u) are linearly independent. If p is small
enough, also VG1(ay,), ..., VG, (uy) are linearly independent. Consider the ma-
trix By, = [VG1(ap), .. .,VGT(ﬂh)]T. Since Bj, has full rank r, we find an in-
vertible submatrix Dj, such that (after renumbering of the components of u, if
necessary) By, = [Dy, Fj| holds with some matrix Ej,. Define Fj, : IR"™ — IR" by

Fh,i(w) = Gi(w,ahJ“, - 7ﬂh,m) — Ghﬂ'(ﬂh), 1=1,...,7

To find vy, we fix its m — r last components by vy ; = tp 4, ¢ =7+ 1,...,m,
and determine the first 7 components as the solution w of the system

Fy(w) =0, (30)
ie. weset vp; ==w;, t=1,...,7.
(iii) Solvability of (30): In this part of the proof, we follow a technique used
by Allgdwer et al. [21]. We define for convenience wy, 1= (Up 1, ..., Un) ", W0 =
(1, ...,%,)" and have

|En(wn)| < ca(h), (31)



since |G;(up) — Gpi(tp)| < ca(h) holds for all 1 <4 <r.

Thanks to (24) and the Lipschitz assumptions, there exist v > 0, 8 > 0 with

[1Fp (w1) = Fy(wa) || < vlwy —wa|  Vw; € B(w, p),
I(F(w) M <B  Ywe B(w,p)

for all 0 < h < hyg, if p is taken sufficiently small. Notice that G (w)/Ow is
then close to 9G(w)/0w, and this matrix is invertible. Define n > 0 by 7 :=
OB|Fy(wp)|. Then (31) implies 8y 71/2 < 1 for all 0 < h < hyg, if hg is sufficiently
small. Proceeding as in [21], the Mysovskij theorem, cf. Ortega and Rheinboldt
[22], p. 412, ensures that the Newton method starting at wg := @y, generates a

solution w of (30) in the ball ¢l B(wp,con), where ¢g is a certain constant. It
follows from our construction that

- =0, i1=1,....,k,
Gi(’l}h):Gh,i(uh){<0 i=k+1,...,r

Moreover, if h is small, G;(vy) < 0 holds for r < ¢ < £. Therefore, we have that
G(vp) <k 0 and vp, € Ugq. From w € ¢l B(wp, con) it follows |w — @p| < cgn <
ca(h), hence also |vy, — ap| < ca(h).

Lemmad. If p > 0 is taken sufficiently small and h € (0,ho(p)), then all
solutions 4y, of the auziliary problem (Np, ,) belong to B(4,p). Therefore, they
are also locally optimal for the problem (Np,).

Proof. First, we compare the solution u;, of (Ny, ,) defined in Lemma 2 with uy
that is admissible for (N ,) and approximates @ with the order a(h). We get

Su(an) < fu(un) < | fulun) = fu(@)] + [ fr(@) — f(@)| + f(@).

By
|fo(@) — f(@)] + |un — @l + [fn(un) — f(un)] < ca(h)

and by the uniform Lipschitz property of f5,, we find
f(un) < f(@) + ¢ afh). (32)

Next, we compare u with vy, taken from Lemma 3. The assumed second-order
sufficient optimality condition implies a quadratic growth condition. Inserting
vy, in this condition, we obtain for small h

Flon) = f(@) +wla — o
From |ap, — vp| < ca(h) we deduce
fun) + coo(h) > f(@) + w i — up|*. (33)
Combining the inequalities (32)—(33), it follows that

(@) +cra(h) > f(@) +wla —anl® = c2a(h)



and hence we obtain the stated auziliary error estimate
|@ — ap| < cy/al(h). (34)

For all sufficiently small h, this estimate implies |z —@p| < p so that @; does not
touch the boundary of B(@, p). In view of this, @y, is locally optimal for (Ny).

The error estimate (34) is not optimal. We can get rid of the square root. More-
over, we are able to show the stated local uniqueness of 4y, i.e. uniqueness of
local optima of (N) in a neighborhood of 4. Both tasks can be accomplished
by the stability theory for optimality systems written as generalized equations.
This would go beyond the scope of this paper and we refer the reader to the
detailed presentation in [19], where we complete the proof of the optimal error
estimate stated in the theorem. Moreover, we mention the recent monography
[23], where the theory of generalized equations and associated applications are
discussed extensively. The same estimate can also be shown for the associated
Lagrange multipliers.
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