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Abstract

In this paper, we call a finite group G an SN-group if every solvable
non-cyclic proper subgroup of G is either self-normalizing or normal in
G. It is shown that any SN-group is solvable. Also, the structure of
nilpotent SN-groups is obtained.
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1 1 Introduction

Let G be a finite group and H a subgroup of G. By Ng(H) we denote the
normalizer of H in . It is clear that the following inequality holds for any
subgroup H of G

H < Ng(H) < G.
Recall that H is said to be self-normalizing in G if H = Ng(H) and H be

normal in G if Ng(H) = G.
In [3], S. Li et al proved the following result:

Theorem 1.1 [3] Let G be a finite group. Suppose that every non-cyclic
subgroup of G s self-normalizing, then G is supersolvable.
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As a generalization of above theorem, the main goal of this paper is to
investigate the structure of a finite group in which every solvable non-cyclic
proper subgroup is either self-normalizing or normal. For convenience, such a
finite group is called an SN-group. Our main result is as follows, the proof of
which is given in Section 2.

Theorem 1.2 Let G be an SN-group, then G is solvable.

Theorem 1.2 implies that G is an SN-group if and only if GG is a group in
which every non-cyclic proper subgroup is either self-normalizing or normal.

Remark 1.1 A finite group in which every solvable non-abelian proper
subgroup is either self-normalizing or normal may be non-solvable. For ex-
ample, every non-abelian proper subgroup of the alternating group As is self-
normalizing but As is non-solvable.

Remark 1.2 An SN-group may be non-supersolvable. For example, let
G = Ay X Zs, where A, is the alternating group of degree 4. It is easy to see
that G is an SN-group but G is non-supersolvable.

In [1] and [5], Z. Bozikov, Z. Janko and D.S. Passman classified finite p-
groups in which every non-cyclic subgroup is normal. For convenience, we call
such a p-group a PBJ-group, in particular, we call G a PBJ*-group if G is a
PBJ-group but G is not a Dedekind group.

For nilpotent S N-groups, we have the following result, the proof of which
is given in Section 3.

Theorem 1.3  Let G be a finite group and 7(G) be the set of prime
divisors of |G|. Then G is a nilpotent SN-group if and only if one of the
following statements holds:

(1) If |7(G)| =1, then G is a PBJ-group.

(2) If |7 (G)| > 1, then G is either a Dedekind group or a direct product of
a PBJ*-p-group and a cyclic p'-group for some prime p.

For convenience, by A x B we denote the semidirect product of the normal
subgroup A and the subgroup B.

2 2 Proof of Theorem 1.2

Proof. (1) Claim: If every solvable non-cyclic subgroup of G is self-normalizing,
then G is solvable.

Suppose not. Let G be a counterexample of minimal order.

(1) Claim: G is a non-abelian simple group.
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Otherwise, assume that N is a nontrivial normal subgroup of G. By the
minimality of G, we have that both N and G/N are solvable, which implies
that G is solvable, a contradiction. Thus, G is a non-abelian simple group.

Let P be a Sylow 2-subgroup of G. Assume that |P| = 2", where n > 1.

(74) Claim: P is non-cyclic.

Otherwise, assume that P is cyclic. By [6, Theorem 10.1.9], G is 2-
nilpotent. Then there exists a nontrivial normal subgroup L of G such that
G = L x P, which contradicts G is a non-abelian simple group. Thus, P is
non-cyclic.

(7i) Claim: P is non-abelian.

Otherwise, assume that P is abelian. Since P is non-cyclic, by the hy-
pothesis, P = Ng(P). By [6, Theorem 10.1.8], we have that G is 2-nilpotent,
which contradicts G is a non-abelian simple group. Thus, P is non-abelian. It
follows that n > 3.

(a) Suppose that n = 3, by the hypothesis, every subgroup of P of order 4
is cyclic. Then P is isomorphic to the quanternion group @s.

First, suppose that P is a maximal subgroup of G. By [7], G = PSLsy(p),
where p is a Fermat prime or a Mersenne prime such that p > 17. Since the
Sylow 2-subgroup of PSLsy(p) is a dihedral group, it implies that P is Qs-free,
a contradiction.

Second, suppose that P is not a maximal subgroup of GG. Let M be a
maximal subgroup of G such that P < M. By the minimality of G, M is
solvable. Then there exists a maximal subgroup H of M such that H < M.
By the hypothesis, H is cyclic. It implies that P £ H and then M = HP. Let
K be a Hall-subgroup of H of odd order, then M = K x P. For each cyclic
subgroup (a) of P of order 4, let 7" = K x (a). Since |[M : T| = |K x P :
K % {a)| = |P : (a)] = 2, we have that "< M. By the hypothesis, T is cyclic,
which implies that (a) < Cg(K). Then we can get that P < Cg(K). It follows
that P < M, a contradiction.

(b) Suppose that n > 4. Since P is non-cyclic, by [4], we can easily get
that P has at least one non-cyclic subgroup @ of order 8. Then @ < Np(Q) <
N (Q), a contradiction.

It implies that the counterexample does not exist and then G is solvable.

(2) Final conclusion.

Let G be a counterexample of minimal order. We have that G is a minimal
non-solvable group and then G/®(G) is a minimal non-abelian simple group.
For every solvable non-cyclic proper subgroup H/®(G) of G/®(G), one has
that H is a solvable non-cyclic subgroup of G. Since G/®(G) is a non-abelian
simple group, H is not normal in G. By the hypothesis, H = Ng(H). Then
H/®(G) = Ng(H)/®(G) = Ngjo(q)(H/P(G)), which implies that every solv-
able non-cyclic subgroup of G/®(G) is self-normalizing. By Claim (1), G/®(G)
is solvable, a contradiction. It follows that the counterexample does not exist
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and so G is solvable. O

3 3 Proof of Theorem 1.3

Proof. The sufficiency part is evident, we only need to prove the necessity
part. Since G is a nilpotent S N-group, we can easily get that every non-cyclic
subgroup of G is normal.

(1) If |7(G)| = 1, then G is a PBJ-group.

(2) Suppose that |7(G)| > 1 and G = Py x PyXx...x Py, where P; € Syl,,,(G),
p1, D2, - - - , Ps are distinct prime divisors of |G|, s > 2.

() If every Sylow subgroup of G is cyclic, then G is a cyclic group.

(i) Suppose that G has at least one non-cyclic Sylow subgroup, we can
assume that P; is non-cyclic. Then P; is a non-cyclic PBJ-group. So P is
either a PBJ*-group or a non-cyclic Dedekind group.

First, suppose that P, is a PBJ*-group. For every ¢ > 2, we claim that P;
is cyclic. Otherwise, assume that P; is non-cyclic for some j > 2. For every
subgroup H of P;, we have that H P; is non-cyclic. Since H is a characteristi-
cally subgroup of HP; and HP; <G, one has H < G. Hence H < Py, which
implies that P; is a Dedekind group, a contradiction. So F; is cyclic for every
1 > 2. It follows that G is a direct product of a PBJ*-p-group and a cyclic
p/-group for some prime p.

Second, suppose that P, is a non-cyclic Dedekind group. For every ¢ > 2
and every subgroup K of P;, P K is non-cyclic. Since K is a characteristically
subgroup of P K and P;K <G, one has K JG. Hence K < P;, which implies
that P; is a Dedekind group for every ¢ > 2. It follows that G is a non-cyclic
Dedekind group. O
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