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1 Introduction

The distribution of zeros in the character table of a group is a classical problem with an
extensive literature that goes back to the well-known theorem of Burnside stating that any
non-linear irreducible character of a finite group vanishes at some element of the group.
Hence it is interesting to investigate the properties of a finite group with ‘many’ zeros or
without zeros at some special places in its character table. There are many results about
the number of zeros in the rows of a character table (see [2, 3, 6,17] and [7], etc.).

On the other hand, we find that it is also interesting to study the distribution of zeros in
terms of a column. Isaacs et al. [5] investigated the property of an element x of odd order
such that every irreducible character does not take zero on x, and proved that such element
x was contained in the Fitting subgroup. Hence the number of zeros in the columns of a
character table will have effect on the group structure. Xu et al. [13] classified finite groups
of odd order with their character tables having at most p zeros on each column, where p
is the smallest prime divisor of the group order. In this paper, we classify finite solvable
groups with their character tables having at most p + 1 zeros in each column, where p is
the minimal prime divisor of their orders.

Definition 1.1 A group is called V(k)-group if its character table has at most k zeros in

each column.

Definition 1.2 Let 6(x) be a character, and A be a subset of G. For x € A4, if 0(x) = 0, we
say 6 vanishes at x. If 6(x) = O for any x € A, we say that 6 vanishes on A.

All further unexplained symbols and notation are standard and can be found, for in-
stance, in [4]. In particular, Z; denotes an elementary abelian group of order p".

In this paper, we study solvable V(p + 1)-groups, where p is a minimal prime divisor of
|G|. Hence there are two cases that need to be considered: p =2 and p # 2.

For p = 2, we have the following theorem.
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Theorem A Let G be solvable such that 2||G|. Then G is a V(2 + 1)-group if and only if
one of the following holds:
(1) G has exactly one non-linear irreducible character;
(2) G has exactly two non-linear irreducible characters;
(3) G has exactly three non-linear irreducible characters;
(4) G has a normal series1 < G’ <G < G, where |G/G'| =2, |G'/G"| =3, G/G" = S3, and
G" = Dg or Qg;
(5) G= G x Z,, where G' = Z3 x Z; is a Frobenius group;
(6) G= G' % Zy, where G' = Z5 x Zs is a Frobenius group, and the action of G on the set
Irr1(G') is non-trivial;
(7) G= G % Zs, where G = Qg or Dg;
(8) G= G’ % Zs, where G' = Z3 x Z; is a Frobenius group;
(9) G is abelian.
For p #2, then G is an odd order by the minimality of p, and G must be solvable. And we

get:

Theorem B Let G be a finite group and p be the minimal odd prime divisor of its order.
Then G is a V(p + 1)-group if and only if one of the following holds:
(i) G is abelian;
(ii) G is an extra-special p-group;
(iii) G =G x L is a Frobenius group with an elementary abelian kernel G' and a cyclic
complement L, and |G'| —1 < (p + 1)|L|.

2 Preliminaries
In this section, we give some results which will be applied to our further investigations.

Lemma 2.1 ([12, Theorem 1]) Let G be a solvable finite group. Then the character table of
G has at most one zero in each column if and only if one of the following holds:
(1) G is abelian;
(2) G has exactly one non-linear irreducible character, and one of the following holds:
(2.1) G is an extra-special 2-group;
(2.2) G=N x H is a Frobenius group with a kernel N and a complement H, where H is
an abelian group and N is an elementary abelian p-group such that |H| = [N| - 1.

Lemma 2.2 ([1, Theorem B)]) Let x be an element in a p-group P with |x*| = p®. Then there

exist at least b(p — 1) non-linear irreducible characters vanishing at x.

Lemma 2.3 ([8, Proposition 3.2.2]) Let G be a solvable group. Assume that G has at most
two irreducible characters of degree m (#1). If |G/ G'| = 2, then one of the following occurs:

(1) G=Ss3

(2) G = Zs x Zy is a Frobenius group with a kernel Zs and a complement Zy;

(3) G= S,

If|G/G'| #2, G is m-nilpotent and a normal 1 -complement of G is non-abelian, where
7 = (G/G'), then one of the following occurs:

(i) G =K x H is a Frobenius group with a kernel K of order 25 and a complement H,

where K is an elementary abelian group and H is a dihedral group Dy;
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(ii) G =K x A is a Frobenius group with an elementary abelian kernel K of order 81 and
a complement A, where A|Z(A) = Zs x Zy and | Z(A)| = 2;

(iii) G = AB, where A is a cyclic subgroup of order 4 and B is an extra-special group of
order 27;

(iv) G is the normalizer of a Sylow 2-group of the simple group Sz(22"™*1).

Lemma 2.4 ([14]) Let G be a finite group and 1 # N < G. Then G is a Frobenius group with
a kernel N if and only if 06 is irreducible for any 6 € Irr(N) and 6 # 1y.

Lemma 2.5 ([10]) A finite solvable group G has exactly one non-linear irreducible charac-
ter if and only if one of the following holds:
(1) G is an extra-special 2-group;
(2) G =N X H is a Frobenius group with an elementary abelian kernel N and an abelian
complement H such that |H| = |[N| -1

Lemma 2.6 ([15, Theorem 2]) A finite solvable group G has exactly two non-linear irre-
ducible characters if and only if one of the following holds:
(1) G is an extra-special 3-group;
(2) G=N X H is a Frobenius group with an elementary abelian kernel N and an abelian
complement H such that 2|H| = |N| -1;
(3) G =(Z3 x Z3) x Qg is a Frobenius group with a Frobenius complement Qg;
(4) G isan2-group of class 3, and G has a normal series 1 <1 Z(G) < G' < G satisfying
the conditions: GIZ(G) is an extra special 2-group, |G'| = 4 and | Z(G)| = 2;
(5) G isan 2-group of class 2, and G has a normal series 1 < G' < Z(G) < G satisfying
the conditions: G/Z(G) is an elementary abelian group, |G'| = 2 and |Z(G)| = 4;
(6) G/Z(G) = N X H is a Frobenius group with an elementary abelian kernel N and an
abelian complement H such that |H| = |[N| — 1. Furthermore, Z(G) = Z, and
Z(GING =1

Lemma 2.7 ([9, Corollary 1]) Let G be a non-abelian group of odd order and p be the
minimal prime divisor of |G|. Then G has at most 2p irreducible characters of degree m
where 1 # m € cd(G) if and only if one of the following occurs:
(1) G is an extra-special p-group;
(2) G =K x H is a Frobenius group with an elementary abelian kernel K and a cyclic
complement H. Moreover, |K| -1 < (2p —2)|H]|.

Lemma 2.8 ([16, Theorem 2.3]) Let G be non-nilpotent and |Irr1(G)| = q, where q is a
prime number. Then | cd(G)| = 2 if and only if one of the following assertions holds:
(1) F(G) is abelian, |G : F(G)| = |F(G) : G| = p, p is a prime divisor 0f|G/|, |G'|-1isa
prime number;
(2) G=G' %A, G isan abelian p-group and A is cyclic, |A| = q(|G'| = 1) (g is a prime
number), G/Z(G) is a Frobenius group with a Frobenius kernel isomorphic to G' and
a cyclic Frobenius complement of order |G'| — 1;
(3) G =N x Ny, where Nj is a Frobenius group with an elementary abelian kernel N
and a cyclic complement H such that |N| —1 = |H|. Moreover, |Ny| = g, where q is a

prime number;
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(4) G is a Frobenius group with an elementary abelian kernel N and a cyclic
complement H such that q|H| = |N| — 1, where q is a prime number.

3 Proof of Theorem A

To make the proof clear, we give the following lemma:

Lemma 3.1 Let G bea V(k)-group, ¢ € Irr(G') \ {1} and T,, be the inertia group of ¢. There
exists a subgroup G' < U, < T, such that |U,/G'| < k. Moreover, for each ¢ € Irr(U,) such
that ¢g = @, there exists a unique x € Irr(G), lying over ¢ and vanishing on G\ U,. Hence
there are at least |U,/G'| irreducible characters of G, lying over ¢ and vanishing on G\ U,,.

Proof By [11, Lemma 2.2], there exists G' < U, < T, such that ¢ is extendible to ¢ €
Irr(U,) and ¢ and ¢ are fully ramified with respect to T,,/U,,.

Note T, <1 G for G’ < T,,. Applying Clifford theory, we see that there exists a unique
x € Irr(G) such that [xy,,¢] #0 and x vanishes on G \ U,.

Suppose ¢ vanishes at x. So is A¢ for each A € Irr(U,,/G'). Note that ¢ is also extendible
to (A¢). Since G is a V/(k)-group, |U,/G'| < k. O

In practice, we always choose U, as big as possible.

Proof of Theorem A Obviously, we need only to show the necessity.

Since an abelian group is obviously a V(2 + 1)-group, so we may assume that G is a non-
abelian solvable group. We divide the proof into 3 cases by the order of G/G'.

Case 1. If |G/G'| > 3, we claim that G is one of the groups in (1), (2) and (3).

Let ¢ be a non-linear irreducible character of G'. If ¢ is extendible to an irreducible char-
acter x € Irr(G), then the irreducible characters of the form A x for A € Irr(G/G’) are |G/G/|
distinct irreducible characters of G by [4, Theorem 6.17], which vanish at the elements
as ¢. Hence |G/G'| < 3, a contradiction. For each non-principle character ¢ € Irr(G’), by
Lemma 3.1, there exists U, such that |U,/G’| < 3. Now we consider the action of G on the
set of Irr(G') \ {1’} by g: 6 — 0¢ for 6 € Irr(G') and g € G.

Subcase 1.1. The action of G on {Irr(G')} \ {1g'} has at least four orbits.

Let ¢; (i =1,2,3,4) be non-principal irreducible characters of G’ from four different
orbits. By Lemma 3.1, there exists y; € Irr(G) such that [x;s/, ;] # 0. Then yx; vanishes on
G\ Ui, Uy i = 1,2,3,4, which implies G = |}, U,,. Since |U,/G'| <3, |G/G'| < 9. If
|G/G'| =9, then |U,,/G'| = 3, where i = 1,2, 3,4. By Lemma 3.1, for each i, there are exactly
three irreducible characters xi, x;» and x;3 of G, lying over ¢; and vanishing on G \ U,.
Since Uy, is properin G, (G\ U,,) N (G\ Uw;) #@fori#j. Letx € (G\Uy,)N(G\ Uy;). Then
there are six irreducible characters of G vanishing at x, which is a contradiction. Similarly,
we also get a contradiction if |G/G'| = 4,5,6,7 or 8.

Subcase 1.2. The action of G on {Irr(G')} \ {1¢'} has exactly three orbits.

Let ¢; € Irr(G’) (i = 1,2, 3) be non-principal irreducible characters from different orbits.
If ¢; satisfies |U,, /G'| = 2 or 3, then, by Lemma 3.1, there are at least four irreducible
characters of G, lying over ¢;, 2 or ¢3 and vanishing on G \ Uil U,,, which implies
G =J2, U, for Gisa V(2 +1)-group. Since |G/G'| > 4, there are at least two of these
irreducible characters g;, satisfying |U,,/G'| > 2. By Lemma 3.1, there are at least four ir-
reducible characters of G, vanishing at an element, a contradiction. Hence |U,,/G’| =1 for
i =1,2,3, which implies that G has exactly 3 non-linear irreducible characters.
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Subcase 1.3. The action of G on {Irr(G')} \ {1} has exactly two orbits.

We can choose two irreducible characters of G/, say ¢; and ¢,, from two different orbits
respectively. If one of ¢; and ¢, for example, ¢, satisfies |U,, /G| = 3, then there are at least
four irreducible characters of G lying over ¢; and ¢, and vanishing on G \ U?:l U,,. Since
Gisa V(2 +1)-group, it follows that G = | J>, U,,. Hence, G = U, or U,,, which is clearly
impossible since |G : G'| > 3. If ¢, and ¢, satisfy |U,,/G’| = 2, where i = 1,2, then there are
at least four non-linear irreducible characters of G lying over ¢; and ¢, and vanishing on
G\ Uiz=1 U,,, which implies G = Ule U,,. Hence, |G : G'| < 3, a contradiction. Therefore,
there is at most one of the two irreducible characters ¢; and ¢, satisfying |U,,/G'| = 2,
which implies that G has at most 3 non-linear irreducible characters. Hence, G can only
be isomorphic to one of the groups listed in (1), (2) or (3) by Lemma 2.5.

Subcase 1.4. The action of G on {Irr(G')} \ {1/} has exactly one orbit.

Since |U,/G'| < 3, G has at most three non-linear irreducible characters. By Lemma 2.5,
it is easy to see that G is isomorphic to one of the groups listed in (1), (2) or (3).

Case 2. |G/G’| =2. Then G is one of the groups listed in conclusion (1)-(6).

Let x be a non-principle irreducible character of G and 6 an irreducible constituent of
x¢ - In this case, we have that x¢ = 6 or x = 8C.If x = 0%, then x vanishes on G\ G', which
implies that G has at most three non-linear irreducible characters induced by those of G'.

Subcase 2.1. G has exactly one irreducible character, say 8, induced from an irreducible
characters of G, say A.

We have seen that A(1) = 1. There are exactly three linear characters in Irr(G’). Using
Lemma 3.1, there exists at most one zero in each column of the character table of G'. By
Lemma 2.1, G’ is abelian or has exactly one non-linear irreducible character. If G’ is a
non-abelian group, let ¢ be the unique non-linear irreducible character of G' and x¢ = ¢,
where x € Irr(G). Then G has exactly three non-linear irreducible characters y, £ x and
16, where & € Irr(G/G') \ {1g}. Clearly, A6(1) = 2. If x(1) = 2, then |G| =2 + 12 = 14, and
|G’| =7, contrary to G is non-abelian. Therefore, x (1) = & x(1) # 2. By Lemma 2.3, G = S,,
and G is in (3). If G’ is abelian, then |G’| = 3. Hence |G| = 6 and G = S3, and G is in (1).

Subcase 2.2. G has exactly two irreducible characters induced from irreducible charac-
ters of G'. Let 8, a be the two irreducible characters such that 8 = A% and o = ®, where
B,a € Irr(G) and A, u € Irr(G').

Subsubcase 2.2.1. If A and p are linear, then G is a group as in the conclusion (2).

In the case G’ has five linear characters (|G'/G”| = 5), and all non-linear irreducible char-
acters of G’ are extendible to G. By the same arguments as above, one has that there is at
most one zero in each column of the character table of G'. By Lemma 2.1, we have that G’
either is abelian or has exactly one non-linear irreducible character.

If G’ is abelian, then G has exactly two non-linear irreducible characters. Hence, G is
isomorphic to the group listed in (2) by Lemma 2.5.

If G’ is a non-abelian group, let ¢ be the unique non-linear irreducible character of G’
and xg = ¢, where x € Irr(G). Then G has exactly four non-linear irreducible characters y,
£x,A%and u®, wherelg # & € Irr(G/G'). Since |G/G'| = 2, it follows that A¢(1) = (1) = 2.
If x(1) =£x(1) = A1) = u®(1) = 2, then |G| = 2 + 16 = 18. Hence, |G'| = 9, which implies
that G’ is abelian, a contradiction. Therefore, x(1) = £x(1) #2, A6(1) = u°(1) =2. So G
satisfies the assumptions of Lemma 2.3. But it is easy to check by Lemma 2.3 that no such
group exists.

Subsubcase 2.2.2. If either A or u is non-linear, then G is one of the groups in (2) and (4).
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Without loss of generality, let (1) > 1 and A(1) = 1. In this case, one has that |G'/G"| =3
and |G/G'|=2, and so G/G” = S3. Now, we assert that G’ has at most two non-linear irre-
ducible characters except u and puf for each g € G\ G'. Otherwise, we can choose three
such irreducible characters of G/, say ¢1, ¢, and ¢3. We first assume that one of the three
irreducible characters is extended by an irreducible character of G”. Let ¢;57 = § where
3 € Irr(G”). Since ¢; is extendible to G, we have that ¢; does not vanish for any element
while ¢; vanishes if j # i, which implies that i, ¢ and ¢, are the three extensions of 8, but
¢ and ¢3 can not be extended by an irreducible character of G”. Let &, &, € Irr(G”) such
that ¢, = EIG/ and ¢3 = $2G/. Then both ¢, and ¢3 vanish on G’ \ G”, a contradiction. In this
case, the above assertion holds. Next, we assume that ¢;, ¢, and ¢3 are not extended by
an irreducible character of G”. Then each of them is induced by an irreducible character
of G”, which implies that the irreducible characters ¢;, ¢, and ¢3 vanish on G’ \ G, a
contradiction.

Now, we have that G’ has at most four non-linear irreducible characters. If G’ has exactly
two non-linear irreducible characters, then G has exactly two non-linear irreducible char-
acters A¢ and 119, which concludes (2) in this case. Suppose G’ has exactly three non-linear
irreducible characters, say p, u$ and ¢;. By the same arguments as above, we have that ei-
ther the irreducible characters i, 4¢ and ¢, can be extended by an irreducible character of
G” or induced by an irreducible characters of G”. If u, u¢ and ¢, are three extensions of an
irreducible character of G”, then (1) = u#(1) = ¢1(1), which is impossible by Lemma 2.8.
In the latter case, one has that G’ is a Frobenius group with a kernel G” by Lemma 2.4.
Furthermore, since |G'/G”| = 3 and G’ has exactly three non-linear irreducible charac-
ters, we get that G” is an abelian group. Hence |G”| = 10, a contradiction to G/G" = S;.
Now, we have that G" has four irreducible characters, denoted by u, ¢, ¢; and ¢,. By the
same argument as before, one has that i, «¢ and ¢; are three extensions of an irreducible
character of G” and ¢, = 1%, where u € Irr(G”). Since each linear character of G” is not
extendible to G/, £(1) = 1, which implies that G” has exactly four linear characters and one
non-linear irreducible character. By Lemma 2.5, we have that G’ = Dg or Qg, and so G has
normal series 1 < G” < G < G, where |G/G'| =2, |G'/G"| =3, G/IG" = 83, G' = Dg or Qg.
Thus G is a group as in the conclusion (4).

Subcase 2.3. G has exactly three irreducible characters induced from irreducible char-
acters of G'. Let 8 = A%, o = % and y = n® be the three irreducible characters such that
B =15 a=uCandy = n% where 8,a,y € Irr(G) and A, 1, € Irr(G').

Subsubcase 2.3.1. If A, i and 7 are linear characters, then G is one of the groups in (3)
and (5).

In this case, one has that G’ has seven linear characters (|G'/G”| = 7) and all non-linear
irreducible characters of G’ are extendible to G. By the same arguments as before, we have
that there are at most one zero in each column of the character table of G'. By Lemma 2.1,
we have that G’ either is abelian or has exactly one non-linear irreducible character.

If G’ is abelian, then G has exactly three non-linear irreducible characters. In such case,
(3) follows by Lemma 2.5.

If G’ is non-abelian, then G’ = K x H, where K is an elementary abelian group of order
8 and H = Z;. Therefore, G = (K x H) x Z,, and so (5) holds.

Subsubcase 2.3.2. If one of A, i or 7 is non-linear, then G is one of groups in (3) and (6).

Without loss of generality, let (1) > 1 and (1) = A(1) = 1. So |G'/G"| = 5. Take & €
Irr(G”). If £ is extendible to 8 € Irr(G’), then the irreducible characters of the form pd
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for any p € Irr(G'/G”) are all of the irreducible constituents of & @ Hence, one has that
there are at least three irreducible characters of the set {pd|A € Irr(G'/G")} extendible to
G, and the extensions have common zeros, a contradiction. Therefore, £¢ € Irr(G') for ev-
ery £ € Irr(G”). Since £ vanish on G’ \ G”, we have that G’ has at most three non-linear
irreducible characters. Otherwise, we can take four non-linear irreducible characters u,
18, ¢ and ¥ of G/, where g € G’ \ G”. Clearly, ¢ and { are extendible to G. Moreover, we
have four irreducible characters of G, two lying over ¢ and other two lying over v, van-
ishing on G’ \ G”, a contradiction. By Lemma 2.4, G’ is a Frobenius group with an abelian
kernel G”. We know that |G'/G"| = 5 and G” is an elementary abelian subgroup of order 16
or a cyclic subgroup of order 11. If |G”| = 11, then G has exactly three irreducible characters
A%, 1% and n®. Hence (3) follows. If |G”| = 16, then G = G’ x Z,, where G' =K x G” is a
Frobenius group with an elementary abelian kernel G” of order 16 and a cyclic complement
K of order 5; and the action of G on Irr; (G’) is non-trivial. In such case, (6) follows.

Subcase 2.3.3. If two of A, i and 7 are non-linear, then we claim that no such group
exists.

Without loss of generality, let (1) > 1, n(1) > 1 and A(1) = 1. In this case, |G'/G"| = 3. Let
£ € Irr(G"). Then either & is extendible to G’ or £¢ € Irr(G'). Moreover, we can get that
any two irreducible characters of G’ which are not u, ué, n and né for some g€ G\ G’
have no common zeros. According to the properties of the distribution of zeros of G, we
have that the non-linear irreducible characters of G’ can only be one of the following two
cases:

(a) G has 7 irreducible characters, u, 1, 1, n, 8, 6 and yx, where &, &, € Irr(G”) and

& # & € Irr(G”) such that 8g = & and Ogr = &;. On the other hand, u, ué, n, n¢ are
the four extensions of & and &, while x = p& where p € Irt(G”) and p(1) = 1.

(b) G has5 or 6 irreducible characters u, ué, n, 7%, 8 and 6 (maybe there exists no such
0), where &, ¢, ¢ € Irr(G”) such that g = pugr = u‘gG,, =&,n=0% and nf =69 . If
there exists such an irreducible character 6 of G/, then 6 = v, where v € Irr(G”).

In the former case (a), one has that G” has only two non-linear irreducible characters

with no common zeros, which is impossible by Lemma 2.1.

In the latter case (b), if £ (1) = 1, then £(1) = 1, which implies that |G"/G"”'| = 7 or 10. Since
¢ isa conjugate to ¢ in G, it follows that the quotient group G/G” isomorphic to a subgroup
of Z4 or Zg, a contradiction to G/G” = S3. Hence, v(1) = 1, and so |G"/G"| = 4. By Clifford
theorem, it is easy to see that n® vanishes on G” \ G”. Let w be an irreducible character
of Irr(G”/G"). Then w& € Irr(G”). If wé # &, then wé& is a conjugate to u or 1, and so &
vanishes on some elements in G’ \ G”, which implies that 1¢, n¢ and the two extensions
of § to G have common zeros in G” \ G, a contradiction.

Case 3. |G/G'| = 3. Then G is one of the groups in (1), (3) and (7).

Let x be a non-principle irreducible character of G and 6 be an irreducible constituent
of xg . In this case, we have that xg =0 or x = 0. If x = 6%, then x vanishes on G\ G,
which implies that G has at most three irreducible characters induced from irreducible
characters of G'.

Subcase 3.1. If G has exactly one irreducible character induced from irreducible charac-
ters of G/, then G is isomorphic to the group listed in (7) or A4, the alternating group of
degree 4.
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By the same arguments as in Subcase 2.1, one has that there exists at most one zero in
each column of the character table of G'. By Lemma 2.1, G’ is abelian or has exactly one
non-linear irreducible character.

If G’ is a non-abelian group, G’ has exactly one irreducible non-linear character. Then
|G'/G"| =4 and |G/G’| = 3. By Lemma 2.5, G’ = Dg or Qg. Moreover, we can get that G =
Dg x Z3 or Qg X Z3. Hence, (7) holds.

If G’ is an abelian group, then |G'| = 4, and so |G| = 12. Hence, G = A4, (1) holds.

Subcase 3.2. G has exactly two irreducible characters induced from irreducible charac-
ters of G'. Let B = A% and a = u® be the two irreducible characters, where 8,« € Irr(G)
and A, 1 € Irr(G@).

Subsubcase 3.2.1. If A and p are linear characters, then G is one of the groups in (2)
and (8).

In this case, we know that G’ has seven linear characters since |G'/G”| = 7 and all the
non-linear irreducible characters of G’ are extendible to G. By the same arguments as
above, one has that there is at most one zero in each column of the character table of G'.
By Lemma 2.1, we get that G’ either is abelian or has exactly one non-linear irreducible
character.

If G’ is an abelian group, then G has exactly two non-linear irreducible characters. In
the case (2) follows by Lemma 2.5.

If G’ is a non-abelian group, then G’ is a Frobenius group with an elementary abelian
kernel G” of order 8 and a complement H of order 7. Thus G = G’ x Z3, and so (8) holds.

Subsubcase 3.2.2. If one of A and p is non-linear, then there is no such group G.

Without loss of generality, let £(1) > 1 and A(1) = 1. In this case, we have that |G'/G"| = 4
and |G/G’'|=3. Thus G/G" = A,. We assert that G’ has exactly three non-linear irreducible
characters i, ué and ,ugz, where g € G\ G'. Assume the contrary; let § be an irreducible
character of G’ such that & # u, 48 and Mgz. According to the properties of the distribution
of zeros of G, it is easy to know that u vanishes on G’ \ G” and § has zeros in G’ \ G”.
Hence, all of the three irreducible characters lying over § and «® have common zeros, a
contradiction. Therefore, G has exactly two non-linear irreducible characters wCand AC.
Moreover, 19(1) # A6(1). But no such groups exist by Lemma 2.6, a contradiction.

Subcase 3.3. G has exactly three irreducible characters induced from irreducible char-
acters of G'. Let B = A®, & = u® and y = 5 be the three irreducible characters, where
B,a,y € Irr(G) and A, w, n € Irr(G).

Subsubcase 3.3.1. A, i and 7 are linear characters.

In this case, |G/G’| = 3 and |G'/G"| = 10, which is obviously impossible.

Subsubcase 3.3.2. One of A, u and 7 is non-linear.

Without loss of generality, let (1) > 1 and 5(1) = A(1) = 1. In this case, one has that
|G'/G"| =7. By the same arguments as in Subsubcase 2.3.2, for every & € Irr; (G'), it follows
that there necessarily exists an irreducible character ¥ € Irr(G”) such that & = 9G . Hence,
G’ has exactly three non-linear irreducible characters u, ué and ugz, where g e G\ G'.
Then G’ is a Frobenius group with an abelian kernel G” of order 22. But |G'/G”| = 7, which
implies that G’ is abelian, a contradiction.

Subsubcase 3.3.3. Two of A, u and 7 are non-linear.

Without loss of generality, let (1) > 1, n(1) > 1 and A(1) = 1. In this case, we have that
|G'/G"| = 4. By the same arguments as in Subsubcase 3.2.2, G has exactly six non-linear
irreducible characters p, ué, ,ugz, n, n and r]gz, where g € G\ G'. It follows that G has
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exactly three non-linear irreducible characters, and so (3) holds. This completes the proof
of Theorem A. 0

4 Proof of Theorem B

Let G be a V(p + 1)-groups, where p is the minimal odd prime divisor of its order. Obvi-
ously, G is a solvable group since G is a group of odd order. In this section, we give the
proof of Theorem B.

Proof of Theorem B 1f G is an abelian group, obviously G is a V(p + 1)-group, and so we
may assume that G is a non-abelian group. We divide the proof into two cases up to the
order |G/G'|.

Case 1. |G/G'| > p.

Let ¢ be a non-linear irreducible character of G'. If ¢ is extendible to an irreducible
character x € Irr(G), then there are |G/G’| distinct irreducible characters of the form A x of
G, A € Ir(G/G’). Obviously, Ax vanishes at which ¢ vanishes. Hence |G/G’| = p + 1. Since
p is the minimal prime divisor |G|, p = 2, a contradiction. Therefore, only the principal
character of G’ is extendible to an irreducible character of G.

For a non-principal character ¢ € G’, by Lemma 3.1, U, exists and |U,/G'| = 1 or p by the
minimality of p. Now, consider the action of G on Irr(G’) \ {1¢'} by g : 6 — 6 for 6 € Irr(G')
and g € G.

Subcase 1.1. This action has at least p + 2 orbits.

In this case, we can take p + 2 irreducible characters of G, say ¢1,¢s,...,@ps2, from
p + 2 different orbits respectively. So ¢1,¢s,...,¢,.2 can give rise to at least p + 2 dis-
tinct irreducible characters of G and all of them vanish on G \ Uf:'lz U,,, which implies
G= Uf:rlz U,,. Since |U,/G'| =1orp, |G/G'| < p(p +1). Hence, |G/G'| = p* or r, where r
is a prime and r > p. If |G/G| = p?, then G has at least p + 1 subgroups U,, satisfying the
equality |U,,/G'| = p, where i =1,2,...,p + 1. It follows that there are exactly p irreducible
characters of G lying over ¢; and vanishing on G \ U, for each i. Since G = Uf:lz Uy, we
have that the intersection (G \ U,,) N (G \ LI%.) is not empty for i #j. Let x be an element
of (G\ Uy,) N (G\ Uy,). Then there are 2p irreducible characters of G lying over ¢;, ¢; and
vanishing at x, which leads to a contradiction. Now, we consider the case that |G/G'| =r.
In this case, ¢ € Irr(G), where i = 1,2,...,p + 2, and so the p + 2 irreducible characters
o, 09,.. .,g0pG+2 vanish on G \ G', an obvious contradiction. Therefore, there are at most
p + 1 orbits of the action of G on {Irr(G')} \ {1¢'}.

Subcase 1.2. This action has k orbits, where 3 <k <p +1.

We can choose k irreducible characters of G', say ¢1, @2, . . ., ¢, lying in each of k different
orbits respectively. If one of the k irreducible characters, for example, ¢, satisfies | U, /G| =
p, then there are at least p + 2 irreducible characters of G lying over ¢, ¢s,...,¢r and
vanishing on G \ Ule U,,, which forces G = Uf;l U,,. Hence p < |G/G| < kp, and then
|G/G'| = q. But p is the minimal divisor of |G|, a contradiction to |U,, /G’| = p. Therefore,
we have that |U,,/G'| =1 where i = 1,2,...,k, and hence G has at most p + 1 non-linear
irreducible characters. By Lemma 2.7, one has that either G is an extra special p-group or
a Frobenius group with an elementary abelian kernel.

Let ¢ € Irr(G’) and 0 € Irr(T,|¢). Since U, = G', we have that 6(1) = ,/|T,/G'| - ¢(1). It
follows that x (1) = |G/T,| - 0(1) = |G/T,| - \/IT,/G'| - (1), where x € Irr(G|g). Hence, for
each x € Irri(G), x(1) is divided by every prime divisor of |G/G'|. By [4, Theorem 12.2], G
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has a normal g-complement, and so G has a normal 7(G/G’)-complement. Let N, denote
the normal g-complement of G, where g is a prime divisor of |G/G’|.

Subsubcase 1.2.1. If 7 (G/G’) = 7(G), then either G is an abelian group or an extra special
p group. In the case that the desired conclusion (i) or (ii) holds.

Subsubcase 1.2.2. Suppose that 7 (G/G’) # 7(G) and G is not nilpotent. In the following,
we will show that G/N, is abelian for every prime divisor g of |G/G'|.

We first prove that if p||G/G’|, then G/N, is an abelian group. Suppose G/N, is non-
abelian. By Lemma 2.7, G/N,, is an extra special group. So G/N,, has p — 1 non-linear irre-
ducible characters, which implies that | Irr;(G|N,)| < 2. Hence, one has that the action of
G/N, on the set {Irr(Np)} \ {1, } has at most 2 orbits. If N}, is non-abelian, then the action
of G/N,, on the set {Lin(N,)} \ {1x,} has exactly one orbit. Thus, (IN,/N,| -1)[p*"*!, which
implies that |[N,/N,| is an even number, a contradiction. Hence, N, is an abelian group.
Next, we assert that N, is the minimal normal subgroup of G. Assume the contrary. Let
1#M <G and M < N,,. Obviously, the action of G on the set {Irr(M)} \ {15} has exactly
one orbit. By the same reasoning as above, one has that |M/M’| is an even number, a con-
tradiction; and so the assertion holds. Assume that N, is an elementary abelian g-group
(g # p). Till now, we get that G is a Frobenius group with a kernel N, and an extra-special
complement of order p”. However, it is easy to check that no such group G exists, which
leads to a contradiction.

Next, we prove that G/N, is an abelian group for g # p. If G/N, is non-abelian, then G/N,
has at least ¢ — 1 non-linear irreducible characters by Lemma 2.2. But G has at most p + 1
non-linear irreducible characters, which implies that N =1, a contradiction.

Set K = (| Nj. Then K is a normal 7(G/G’)-complement of G and G’ C K. Since G is
solvable, we have that G’ has a Hall-(7 (G) — 7 (G/G')) subgroup H. Obviously, H is a Hall-
(7(G) — 7 (G/G")) subgroup of G. In this case, one has that K = H < G/, and hence K = G'.
Set1g # A € Irr(G') and w € Irr(T5 |A). Since (|G|, |G/G’]) = 1, one has that A is extendible
to . Furthermore, A is fully-ramified with respect to T;, which implies that T) = G'. By
Lemma 2.4, G is a Frobenius group with a kernel G’ and a cyclic complement L. Since G
has at most p + 1 non-linear irreducible characters, one has that |G| < (p +1)|L| + 1, where
p < q. Hence, (iii) holds.

Subcase 1.3. This action has at most two orbits.

If the action of G on {Irr(G’) \ 1¢'} has exactly one orbit, then |G'/G”| is an even number,
a contradiction. Now, we have that the action of G on the set {Irr(G’) \ 1¢/} has exactly
two orbits. By the same reasoning as above, one has that G’ is an abelian and a minimal
normal subgroup of G. We can take two irreducible characters of G, say ¢; and ¢,, from
the two different orbits respectively. If both ¢; and ¢, satisfy |U,,/G'| = p, then there are
2p irreducible characters of G lying over ¢; and ¢, and vanishing on G \ >, U,,, which
implies G = | J2, U,,,. But this is impossible since U, # G. If one of ¢; and g, for example
¢ satisfies |U,, /G| = p, then G has exactly p + 1 non-linear irreducible characters. More-
over, we have G = HK is a Frobenius group with an elementary abelian kernel K and a
cyclic complement H. Since H = G/K is abelian, one has that G’ < K. On the other hand,
we know that | Irr; (G|G')| = p + 1, which implies that G’ = K. Thus |U,, /G'| =1, a contra-
diction. Therefore, we have that |U,,/G’| =1, where i = 1,2. In the case that G has exactly
two non-linear irreducible characters. By Lemma 2.6, one has that G is an extra special
p-group, as desired.

Case 2. |G/G'| =p.
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Let x be a non-principle irreducible character of G and 6 an irreducible constituent
of x¢ . In this case, we have that xo =0 or x = 6. If x = 6%, then x vanishes on G\ G,
which implies that G has at most p + 1 irreducible characters induced from irreducible
characters of G'.

Since the non-principle linear irreducible characters of G are not extendible to G, one
has that |G'/G”| = kp + 1, where 0 < k < p + 1. One the other hand, since p is the minimal
prime divisor of |G|, we get that |G'/G”| = kp + 1. Let B be a non-principle irreducible
character of G’ and ¢ an irreducible character of G” such that [8g7, 9] #0. Then Bgr = ¢
or B=¢%".

Subcase 2.1. If G’ is an abelian group, then G is isomorphic to the group listed in (iii).

Since G’ is abelian, it follows by Lemma 2.1 that G is a Frobenius group with a kernel G’
and a cyclic complement L of order p, where G’ is a cyclic group of order kp + 1 and k < p,
as desired.

Subcase 2.2. If G’ is not abelian, then there is no such group. In order to prove this, we
write the proof into two subsubcases.

Subsubcase 2.2.1. Suppose there exists an irreducible character § € Irr(G’) such that § is
extendible to G.

We first prove that §g~ is reducible and § is the unique character of G’ which is extendible
to G. Let ¢ € Irr(G”) such that [87, ¢] # 0. Suppose 8¢~ is irreducible, then g7 = ¢. Let L =
{13|A € Irr(G'/G")} be the set of all extensions of ¢. If one of the elements in L \ {8}, say A4,
is extendible to G, then G has 2p non-linear irreducible characters lying over § and A8, and
the 2p non-linear irreducible characters vanish at the elements where ¢ vanishes, contrary
to Gisa V(p +1) group. Therefore, all the elements of L \ {§} are not extendible to G. It
is easy to check that (A8)gr = (A8)%,, = --- = ()\S)ng,,il = ¢ for each g € G\ G, where A§ € L.
So (A8)C vanishes at the elements where ¢ vanishes. Hence, G has exactly p irreducible
characters lying over § and k irreducible characters lying over other characters in L, and
the p + k irreducible characters vanish on the elements where ¢ vanishes, contrary to k > 2.
Thus 8¢ is reducible. If § # y € Irr(G’) is extendible to G, by the same arguments as above,
one has that y is reducible, which implies that both § and y vanish at G’ \ G”. Moreover,
G has 2p non-linear irreducible characters lying over § and y, and the 2p characters vanish
on the elements of G’ \ G”, which leads to a contradiction since G is a V(p + 1) group.
Hence, § is the unique character of G’ which is extendible to G.

Let n € Irr;(G') such that 7 is reducible. If = 6S for some 6 € Irr(G”), then t; = |G :
IGO0)|1G:G" | =p-kp+1.Since t = |G :I5(0)| = kp +1, we have that £, = |G : G"| = p(kp +
1), which implies that ¢ is reducible for any g € G. On the other hand, if n¢» is irreducible,
by the same reason as above, one has that »¢ is irreducible for any g € G. It is easy to check
that if two of the characters n, 7%, ..., ngpfl are extensions of y for someg € G— G and p €
Irr(G”), then all the characters n, 7%, ..., ngpfl are extensions of x. Hence, we can get that
Irry (G') = {8} or Irry (G') = {8, 1, 1%, ..., ngpfl}. If Irr; (G') = {8}, then G” is abelian and |G”| =
kp +2 which is an even number, a contradiction. So Irry (G') = {8, 1, 74, ..., ngIH }.Lets = A9
and 1 = 09 where 1,0 € Irt(G”). If A(1) =1 and 6(1) > 1, then |G"/G"| = §(1) + 1, which is
an even number, a contradiction. Also, if A(1) >1and 6(1) = 1, then |G"/G”| = p(kp + 1) +1,
a contradiction. Hence, A(1) = 0(1) = 1, so G” is abelian and |G”| = (kp + 1)(p + 1) + 1 (co-
primeto kp+1), |G/G"| = (kp+1)p,n(1) =n¥(1) = --- = ngp_l (1) =kp+1,8(1) = kp+1,and so
cdi(G) = {p(kp + 1), kp + 1}. Therefore, G has a normal (kp + 1)-complement H. Moreover,
we have that G’ < H and |H/G"| = p, and so G/G” is abelian, a contradiction.
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Subsubcase 2.2.2. Suppose all the non-linear irreducible characters of G’ are not ex-
tendible to G.

By Lemma 2.3, G is a Frobenius group with a kernel G’ and a cyclic complement L of
order p. Furthermore, we have that G has at most p + 1 non-linear irreducible characters. It
follows by Lemma 2.6 that G’ is an elementary g-group and |G'| < mp +1, where m < p +1.
But G is a non-solvable group, an obvious contradiction.

Conversely, it is easy to check that all these groups listed in Theorem B are obvious
V(p + 1)-groups. This completes the proof of Theorem B. d
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