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In this article, we introduce Reich type contractions and («, F)-contractions in the class of controlled metric spaces and establish
some new related fixed point theorems. Our results are generalizations of some known results of literature. Some examples and

certain consequences are given to illustrate significance of presented results.

1. Introduction and Preliminaries

In 1993, Czerwik [1] reintroduced a new class of generalized
metric spaces, called as b-metric spaces, as generalizations of
metric spaces.

Definition 1 ([1]). Let Y be a nonempty set and s>1. A
function d), : Y x Y — [0,00) is said to be a b -metric if for
allg,w, 7€,

(1) dy(g,w)=0iff ¢=w

(b2) d,(¢,w) =d,(w,¢) forallg,we Y

(b3) d (¢, 7) < s[dy (6, @) +d)(w, 7)]

The pair (Y, d,,) is then called a b-metric space. Subse-
quently, many fixed point results on such spaces were given
(see [2-7]).

Kamran et al. [8] initiated the concept of extended b
-metric spaces.

Definition 2. Let Y be a nonempty set and p: Y xY —
[1,00) be a function. A function d,: Y XY — [0,00) is
called an extended b -metric if for all ¢, w, T €Y,

(i) d,(cw)=0iff ¢=w
(if) d,(6, w) =d,(w, )
(iii) d, (6 w) <p(6, @)[d(, 7) +d,(7, )]

The pair (Y, d,) is called an extended b-metric space.
Very recently, a new kind of a generalized b-metric space
was introduced by Mlaiki et al. [9].

Definition 3. Let Y be a nonempty set and p: Y xY —
[1,00) be a function. A function € : Y xY — [0,00) is
called a controlled metric if for all ¢,w, 7€,

(i) G(gw)=0iff¢=w
(ii) €( w) = C(w,¢)
(iii) €(s, w) <p(s 1) €6,

The pair (Y, ®) is called a controlled metric space (see
also [10]).

The Cauchy and convergent sequences in controlled
metric type spaces are defined in this way.

7) +p(w, 7)€ (w, 7)
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Definition 4 ([9]). Let (Y, &) be a controlled metric space and
{6, },50 be a sequence in Y. Then,

(i) The sequence {g,} converges to some ¢ in Y; if
for every € > 0, there exists N = N(¢) € N such that
€(c,,6) <e for all n=N. In this case, we write
lim, 6, =¢

(i) The sequence {¢,} is Cauchy; if for every € > 0, there
exists N =N(¢e) € N such that €(g,,,c,) <e for all
m,n>N

(iii) The controlled metric space (Y, ®) is called com-
plete if every Cauchy sequence is convergent

Definition 5 ([9]). Let (Y, €) be a controlled metric space. Let
¢eY and £ > 0.

(i) The open ball B(g, ¢) is

B(g,e)={weY : (¢, w)<e} (1)

(ii) The mapping Q: Y — Y is said to be continuous
at ¢ € Y; if for all £ >0, there exists § >0 such that
0O(B(g,8)) € B(£g, €)

Very recently, Wardowski [11] introduced a new type of
contractions, called F-contractions and established some
new related fixed point theorems in the context of complete
metric spaces.

Definition 6. Let F : R* — R be a function satisfying

(F,) F is strictly increasing, that is, for all ¢, ¢, € R* such
that ¢, < t, implies that F(t,) < F(t,).

(F,) For every sequence {f,} of positive real numbers,
nhﬁngo t,=0and ,115130 F(t,) = —0o are equivalent.

(F,) There is h € (0,1) so that lim t"E(t) =0.
t—0*

Let C be the set of above functions F satisfying (F,)-(F;) (to
be consistent with Wardowski [11]). A self-mapping O on the
metric space (Y,#) is said to be an F-contraction if there are
a function F satisfying (F,)-(F;) and a constant 7 > 0 so that

1(Qg, Qw) >0 = 7+ F(n(Q, Qw)) < F(y(s,w))  (2)
forallg,weY.

Theorem 7 [11]. Let (Y, ) be a complete metric space and
Q:Y—Y be an F -contraction, then Q admits a unique
fixed point.

The authors in [11] manifested that a Banach contraction
is a specific case of F-contractions, while there are many F
-contractions which need not be a Banach contraction. For
more details, we refer the readers to ([12-22]).

In this paper, we first define Reich [23, 24] and
(a, F)-contractions in the setting of controlled metric spaces
and prove some new fixed point results. We also provide some
examples to illustrate significance of the established results.
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2. Results on Reich Type Contractions

Theorem 8. Let (Y, €) be a complete controlled metric space.
Let Q: Y — Y be so that there are a, 3,y € (0, 1) with k=
a+pl1-y<],

€ (25, Qw) < aB(s, w) + BE(s, ) + Y6 (w, Qw) (3)
forallg,weY. For¢, €Y, take ¢, = Q"g,. Assume that

p(ciﬂ’ ci+2)p(ci+1’ Cm)
P(6i>Givr)

sup lim
m=11i—00

< é (4)

Suppose that lim,_, . p(s,,¢) and lim,_ p(s,¢,) exist,
are finite, and ylim,_,_ p(g,,¢) <1 for every ¢€ Y, then O
possesses a unique fixed point.

Proof. The considered sequence {¢,} verifies ¢,,, = Qg, for
all n € N. Obviously, if there exists n, € N for which ¢, |, =

Gy,» then ¢, =, , and the proof is finished. Thus, we sup-
pose that ,,,,=¢, for every n € N. Thus, by (1), we have

%(cn’ cn+1) = %(an—v an) < “(g(cn—l’ Cn)
+ BE (615 26,-1) + YE (6, 25,,)
=G (G,-1>6y) + BE(Guo1>6n) T YE (S 1)
(5)

which implies that

R

+
1-

=

%(Cn’ Cn+1) <

%(Cn—l’ cn) = k%(cn—l’ Cn)' (6>

-

Thus, we have

B (G Srr) SKB(Gy15G) SKPB(Gy 25 G y) < -+ SK"B(Go 61)-
(7)

For all n, m € N(n < m), we have

C(C> Sm) <L (S Sue1) C (S Snet) + L(Se1> Sin) € (St Son)
< PS> Sni1) (S Sner) + P(Cv1s Sm)P (St Sniz)
’ (g(cnﬂ’ cn+2) + p(cn+1’ Cm)P(C,H.z: Cm)%(CM—Z’ Cm)
< PG Sne1) € (S Sne) + L(Snrs Sm)P(Sns1> Snr2)
G (Gpe1>Sne2) F P(Sne1> Sm)P(Sni2 Sm)P(Sni2> Snas)
(G20 Sne3) + P(Suet> S )P (Sni2s Sm)P(Ci3> Sin)
(G435 Sm) <+ S P(Cp> St ) (S> S

+ mi: ﬁ p(sp Cm))P(Ci’ Gir1) (G Gir1)

i=n+1 \ j=n+1

-1
+ T 266 6m)EGors 61n)-

i=n+1
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This implies that
%(Cw Cm) Sp(Cn, Cn+1)%(cn’ Cn+1)

+ Z_: ﬂP(Cj’Cm)>P(Ci’Ci+1>(g(Ci>Ci+1>

i=n+1 \ j=n+1

+ ( ”f[ P(Ci, cm>>p<qm1’ Cm)%(cm—l’ Cm)

i=n+1

< P(S> a1 )K" B (Go5 61)

+ 2 ﬂP(Cj’Cm))P(Ci’Cm)ki(g(co’Cl)

i=n+1 \ j=n+1

m—1
+ (H p(ci,cm)>p(cm1, Gm)K" € (S0, 61)
i=n+1
= P(S> St )K" € (o5 61)
m—1 i
+ Z H P(Cj’ Cm))P(Ci’ Gir1)k'G(Go, 61 )-

i=n+1 \ j=n+1
)

<ﬂp(¢j’ Cm))P(Cv Ci+l)ki(g(C0’ql)' (10)

V= (ﬂP(Cj’ Cm)>p(% Ci+1)ki(g(C0’cl)‘ (11)

=0
We have
Vi1 :P(C‘ c )p(cﬁl’ ci+2) k. (12)
v; e P(Si>6it1)

In view of condition (4) and the ratio test, we ensure that
the series ) ;v; converges. Thus, lim,_, S, exists. Hence, the
real sequence {S,} is Cauchy.

Now, using (9), we get

%(cn’ Cm) < %(CO’ Cl) [knp(cn’ cn+1) + (Sm—l - Sn)} : (13)

Above, we used p(, w) = 1. Letting n, m — oo in (13),
we obtain

lim €(s,¢,,) =0. (14)

n,m—00

Thus, the sequence {¢,} is Cauchy in the complete con-
trolled metric space (Y, %). So, there is some ¢* € Y so that

lim €(g,,¢")=0; (15)

n—-o00

that is, ¢, — ¢* as n — 00. Now, we will prove that ¢* is a

fixed point of Q. By (3) and condition (iii), we get

Cg(q*, ‘QC*) = P(C*a qn+1)(g(c*’ CVHI) + p(cml’ QC*)%(CMI’ ‘Qc*)
P(S"5Gni1) B (6" ) + P (i1 267) € (5, Q67)
P(S"6ui1) € (67 Guir) + P (1> 267) [aE (G, 67)
+ BE(6 Q6,) + V(6" Q7]
=P(6%60s1) € (67 Guin) + P(Sni1> 267) [0 (6,0 67)
+ BE (G Gur1) +¥YE(¢"5 267)].

IA

(16)

Taking the limit as # — 0o and using (5, 6) and the fact
that lim,_, p(c,,¢) and lim, , p(,¢,) exist, are finite, we
obtain that

(6", 0") < [y lim p6,,, 06| 66", 067). (17)

Suppose that ¢* #(¢*, having in mind that [ylim,_,
P61 Q26™)] < 1, s0
0<B(s", ") < |y lim p(c,, )| 6(c", 67) < B(6", 7).

(18)

It is a contradiction. This yields that ¢* =Qc¢*. The
uniqueness of the fixed point follows easily. It completes
the proof.

Example 9. Consider Y = {0, 1, 2}. Take the controlled metric
€ defined as

11 3
6(0.1)=5,%(0,2)= 5. 6(1L,2)= -, (19)

N =

where p : Y x Y — [1,00) is symmetric such that

3

p(0,0)=p(1,1)=p(2,2)=p(1,2) =1,p(0,2) =2,p(0,1) = 5.
(20)

Given Q:Y — Y as
Q0=2andQ1=02=1. (21)
Consider ¢ =1/11 and =y =3/11. Take ¢, =0, then
¢;=2 and ¢, =1 for all n>2. Clearly, (4) is satisfied. On
the other hand, note that (3) holds for all ¢, w € Y. All other
hypotheses of Theorem 8 are verified, and so 2 has a unique

fixed point, which is u = 1.

Example 10. Let Y =10, 1]. Consider the controlled metric
type € defined as

(6 0) = ¢~ wf, (22)

where p(¢,w) =¢+w+ 1 for g,w € Y. Take Qg =¢*/4. Con-
sider « =1/4 and 3=y = 1/3. Take ¢, = 0; so, (4) is satisfied.



Also, (3) holds. All conditions in Theorem 8 are fulfilled, and
so, there is a unique fixed point, which is u = 0.

Corollary 11 (see. [9]). Let (Y, ) be a complete controlled
metric space. Let Q) : Y — Y be s that there are o € (0, 1) and

B (06, Qw) < aB(s, w) (23)

forallg,weY. Forg, €Y, take g, = Q"g,. Assume that
sup lim p(G;, 1> 6:2)P(Siv 1> Gn) 1P (655 Gy ) < 1/0.(36)

m1

Suppose that lim,_,  p(¢,.¢) and lim, ., p(c,¢,) exist,
are finite, and ylim,_,_ p(g,.¢) <1 for every ¢€ Y, then Q
possesses a unique fixed point.

Proof. Taking S =7y =0 in Theorem 8.

3. Results on («, F)-Contractions

In 2012, Samet et al. [25] initiated the notion of a-admissible
mappings and proved some related fixed point results in the
context of complete metric spaces.

Definition 12 ([25]). Let Y be a nonempty set, and a: Y x Y
— [0,00) be a given function. A self-mapping Q on Y is
called o -admissible if

GweY,a(sw)=1= a(Q6, Qw) > 1. (24)

Definition 13. Let (Y, %) be a controlled metric space. A
mapping Q2 : Y — Y is said to be an ( a, F )-contraction if
there are some o : Y x Y — R*,F € C, and 7 > 0 so that

T+ (g, w)F((€(Q6, Quw)) < F(B(s, w)) (25)
for all ¢, w € Y with €(Qg, Qw) > 0.

Theorem 14. Let (Y,6) be a complete controlled metric
space. Let Q : Y — Y be an ( a, F )-contraction so that
(i) Q is a-admissible
(ii) There is ¢, € Y so that a(c,, Qg,) > 1
(iii) Q is continuous
(iv) For ¢, €Y, define the Picard sequence {¢,=Q"¢,}
such that

P(CHI’ Ci+2)p(ci+1’ Cm)
P(Si>Gir)

sup lim
mz]1i—00

<1. (26)

Assume that lim,_,_p(s,, ¢) and lim,_, p(, ¢,) exist and
are finite, for every ¢ € Y, then ( possesses a unique fixed point.

Proof. Let ¢, €Y be such that a(g,, Qg,) = 1. We define a
sequence {¢,} in Y by ¢,,; =€, for all n e N. Clearly, if
there is n, so that g, ,, =¢, , then the proof is finished. So,
assume that ¢, ;=¢, for each n € N, by using (i) and (ii), it
is obvious that
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OC(Cn, cn+1) 21 (27)
for all n € N. By (25), we have

T+ F(%(cn’ cn+1)) =T+ F(%(‘an—l’gqn)) =T

(28)
+ a(cn’ cn+1)F((g(‘Qqn—1’ ‘an))

Since Q is an («, F)-contraction, we can write

T+ F(%(cn’ cn+1)) ST+ “(Cw Cn-f—l)F((g(an—l’ an))
< F(%(qn—l’ qn))'
(29)

Thus, from (29), we get

F(g(cn’ crlJrl)) (%(Cn—b cn)) U F(%(cn—Z’ cn—l)) -2t

<F
S F(B(G3062)) ~ 37+ S F(B(60r1))n

(30)
Thus, by (29), we have
(6 6) S SF@ (o) —nr. (31)
Letting n — 00 in (31), we get
lim F(%(6,,6y01)) = 0. (32)
By (F,), we get
lim €(6,, G41) =0- (33)
Now, by (F;), there is h € (0, 1) so that
lim (%60 60 )| F(6 (610 61)) 0. (34)

n—o00

From (25), we have

6 et F B (G 6001)) = B (6 60 I "E (B (S0 601))
< 1[G Guu1)]" <0
(35)

On taking limit as # — o, we obtain

lim n[%(cn’cnﬂ)]h =0. (36)

n—.oo

Hence, lim n'"%(s,,¢,,,) =0, and there exists n, € N
n—00

such that n'"€(g,,,,,) <1 for all n>n,. So, we have

1
%(Cn’ Cn+1) < m (37)

for all n>n,. Consider the triangle inequality for g>1 to
have
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<‘g(qn’ Crl+q) P(Cn’ cn+1)<g(qn’ Cn+1) +p(cn+1’ Cn+q)%(cn+l’ Cn+q> U.= i
Lk’
—p(qn’ cn+l)%(cn’cn+l) +p(cn+1’ qn+q)p(cn+l’cn+2) ! (41)
’ %(CnH > <n+2) + p(crﬁ-l > Crﬁ-q)p (cn+2> cn+q) %(cnﬂ’ Cn+q) .
Vi=p(SiGir1) HP (s Cn+q) .
< P(Cn’ Cn+l )%(qn’ Cn+1) + p(cml’ Cn+q)P(cn+l > Cn+2) j=0
’ %(Cnﬂ > Cn+2) + p(qnﬂ > Cn+q)p (Cn+2’ Cn+q>
“P(Sni2 643) € (G20 Gnaz) + P (Sv1 Snrg) Since 1/k>0, Y . (1/i) converges and also {V} is
P (G2 g )P (Gr3r Grg) B (Gass Gurg) < - increasing e?nd bounded aEOove, thus, lim,_, . ,{V,}, which is
a2 /i nonzero, exists. Hence, {}:°,,,U;V,}, converges. Let us con-
< PG Se1) B (G Surr) + . H P(Sj> Snrg > sider the partial sum
i=n+l1 i=n+1
n+q-1 q i 1
P66 6:1) (6 Sis1) + [ [ 2(6iSrq) B (Smegts Sova)- $,= Y H P(SjSurg) |P(Si6ix1) T (42)
i=n+1 i=0 ]-:0
(38)
Now, from (39), we have
It implies that
P %(Cn’ crH—q) p(cn’ Cn+l)%(cn’ Cn+1) + (Sn+q—1 - Sn)' (43)
n+q=2 [ i By the ratio test and using the condition (26), we guaran-
B (G> Srg) <P (S G1) E (S Grr) Z H P(Sj>Snig) tee the existence of lim,_, . S,,. Hence, the real sequence {S, }
=l \j=n+1 is Cauchy. Now, taking the limit n — +00 in (43), we get
n+gq-1
“P(6ix6i1) € (6 Givn) + ( > p(s cw)) lim € (G, G4q) =05 (44)
i=n+1 n—00

P (Snrg- Gnra) @ (Gnag12 Sura) =P(So i) that is, {g,} is a Cauchy sequence in (Y, %), which is
mat [ complete, so {¢,} converges to some u € Y. We claim that

GG Gu) + ) < > sy Cn+q)> Qu = u. Since ¢, — u as n —> 0o and Q is continuous, we
=l e have Qg, — Qu as n — co. Thus, we have

“P(6i Gir1) € (6> Giv1) < P(G> Gt )€ (6> Gt )

n+q-1 [ E(u, Qu) = lim €(s,,,,, Qu) = lim €(Qg,, Qu) =0, (45)
( > Cl’ CHI)%(CI’ Cl+1) e e

+ ) L1265 g
i=n+1

n+q L and hence, u = Qu. Thus, u is a fixed point of Q. Its unique-

1 . .

ness is obvious.

< DS Spe1) B (Sr Grt) (Hp G Snrg )

i=n+1

I Corollary 15. Let (Y,€) be a complete controlled metric
(G Giay) = - space, and let Q : Y — Y be continuous so that
1 1 1/k

(39) T+ F((8(Qs, Q) < F(B(6, w)) (46)

Now. consider forallg,weY. For g, €Y, take ¢, = Q"g,. Suppose that

sup lim p(ci+1’ <i+2)p(ci+1’ Cm)

ntq-1 / 1 mz] 00 P(SiGi1)
Y Hp S Sura) |P(So i) iz

i=ntl Assume that lim,_, p(s,,¢) and lim, , p(c,g,) exist

<1 (47)

”*‘1 1 and are finite, for every ¢ € Y, then Q possesses a unique fixed
= HP C]) Cn+q cz’ Ci+1) POint
i= n+1
Proof. Taking a : Y x Y — [0,00) by (¢, w) =1, for all ¢, w
HP Gj>Snrq) | P(Si>Ginr) Z UiVis €Y in Theorem 14.
i= n+1 i=n+1

(40)  Corollary 16. Let (Y, ®) be a complete extended b -metric
space and Q:Y —Y be a continuous, a -admissible
and ( a, F )-contraction so that there is G, € Y in order that

where (G, €26,) > 1. Suppose that



p(ciﬂ’ Ci+2)P(Ci+1: cm)

<1. 48
P(Si>6ir1) (48)

sup lim
m=11—00

If in addition, lim,_, . p(s,,¢) and lim,_, p(c,¢,) exist
and are finite, for every ¢€Y, then Q has a unique fixed
point.

Corollary 17. Let (Y, €) be a complete b -metric space and
Q:Y — Y be a continuous, « -admissible and ( «, F )-con-
traction so that there is ¢y € Y with a(cy, €6,) > 1. Then, O
has a unique fixed point.

Proof. Takingp : Y x Y — [1,00) by p(¢, w) = p(w, 7), for all
¢, w, T €Y in Theorem 14.

Corollary 18. Let (Y, ®) be a complete metric space and O
: Y — Y be a continuous, « -admissible and ( «, F )-contrac-
tion so that there is G, € Y in order that a(c,, Q¢,) > 1. Then,
Q has a unique fixed point.

Proof. Taking p : Y x Y — [1,00) by p(¢,w) =1, for all ¢, w
€Y in Theorem 14.

Corollary 19 (see. [11]). Let (Y, €) be a complete metric space
and Q : Y — Y be an F -contraction. Then,  has a unique
fixed point.

Proof. Taking a : Y x Y — [0,00) by (¢, w) =1, for all ¢, w
€Y in Corollary 18.
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