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1 Introduction

Most of the real world problems in engineering, physics, biology, and other applied sci-
ences involve differential equations. This emphasizes the importance of understanding
and investigation of differential equations. Unfortunately, very few types of differential
equations can be solved analytically. One of the effective techniques for analytical solu-
tion of differential equations is the Laplace transform method, which has been used by
a number of researchers, see for instance [1, 2]. The idea of Laplace transformation was
extended to double Laplace transform and Sumudu by Kiligman et al. for solution of wave
and Poisson equations [3]. The Sumudu transform technique was used to solve differential
equations in control engineering problems [4, 5].

Because of variety of applications in applied sciences, fractional calculus has attracted
the attention of numerous researchers in the past decades, see, e.g., [6—9]. Fractional order
models are more general compared with integer order [9] and are helpful in understand-
ing the dynamics of real world problems in a better way. Plenty of open problems can be
found in the field of fractional calculus that need investigation both from theoretical and
experimental sides [10, 11]. Yang et al. [12] introduced an updated fractional operator with
variable order to describe spontaneous behavior of the process of diffusion.
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Integral transform procedure due to Laplace was used to investigate solution of FOPDEs
[13]. Oldham and Spanier exploited Laplace transform approach to compute solution of
homogeneous FOPDEs [14]. Using nonsingular kernel operator of derivative, Yang et al.
[15] proposed solutions of problems involving steady heat flow. Recently, fixed and vari-
able order derivatives have been applied to investigate the anomalous relaxation models
in heat-transfer problems [16]. The Laplace transform technique has been used by various
authors to analytically solve FOPDEs. A third order Laplace transform method was used
by Tahir et al. to solve a fractional order heat equation in two dimensions [17]. Sarwar et
al. computed series type solution to fractional heat equation in three dimensions [18]. To
the best of our knowledge, the homogeneous three dimensional heat equation with non-
integer order has not been investigated through Laplace transform yet. In this paper, we
extend the notion of triple Laplace transform to fourth order Laplace transform and use
the developed theory to solve a fractional order heat equation in three dimensions.

One of the important applications of the heat equation is the measurement of thermal
diffusivity in polymers [19]. Heat equation can be utilized to describe the diffusion of pres-
sure in a porous medium. The generalization of heat equation into a fractional order is very
important in the nonlocal phenomenon.

As mentioned earlier, fractional calculus generalizes the concept of integrals and deriva-
tives from integer to any positive real order. It means that fractional derivatives, which are
in fact definite integrals, provide geometric accumulation of functions. The corresponding
accumulation contains the integer order counterpart as a special case. This feature of frac-
tional calculus leads to global dynamics of real world problems, whereas classical calculus
describes the local dynamics of the corresponding problem. Further, in many real world
phenomena, due to hereditary axioms as well as description of memory, the fractional
order models are more beneficial than the classical ones. These interesting and useful fea-
tures of fractional calculus motivated us to study heat equations under fractional order
concept for its global and comprehensive structure analysis. For some recent and useful
studies, the reader is advised to see work presented in [20-31].

We consider our problem as

1
oD ux,y,z,t) = ;VZu(x,y,z, t), x>0,9>0,z>0,t>0, (1)

where V2 = 2 4 22 % We solve (1) subject to the following initial/ boundary condi-

ax2 T 9y
tions:

u(x,y,2,0) = (sinmx)(sinwy)(sinmz),
u(0,0,0,t) = u(0,y,z,t) = u(x,0,z,£) = u,(x,5,0,¢) =0, (2)

ux(0,9,2,t) = uy(%,0,2,t) = u,(x,9,0,t) = TE, (—t"‘),

where subscripts denote partial derivatives and 0 < & < 1. Here we remark that the con-
sidered heat equation is formulated in the Caputo sense.

The fractional order heat equation in three dimensions is obtained by replacing the first
order time derivatives of integer order with fractional order time derivative such that 0 <
a < 1. In many, situations we need first order time—space derivatives, e.g., in heat transfer
etc. In many scientific problems, during their modeling, we need their exact solution which
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is quite difficult for most of the nonlinear problems. Therefore, some sophisticated tools
are required to deal with such problems. Researchers have used numerical and analytical
techniques to handle the problems for corresponding numerical and analytical solutions.
Here we use updated tools of a multiple integral transform method based on the Laplace
transform to handle the considered problem for exact analytical solution. The result is
presented in compact form using the concept of fox function.

The report is structured as follows. In Sect. 2 we give basic definitions regarding frac-
tional derivatives and Laplace transform. Section 3 is devoted to the derivation of Laplace
transform of partial derivatives and integrals. We then consider in Sect. 4 the fractional
heat equation in three dimensions and apply the fourth order Laplace transform for its
solution. Finally, we conclude our work in Sect. 5. References are given at the end of the

manuscript.

2 Preliminaries

In the following we summarize basic definitions regarding the terms involved in the prob-
lem under consideration. These include the definition of fractional derivatives, the Laplace
transforms of first, second, third, and fourth orders.

Definition 2.1 Let f(¢) be a function defined on the interval (0,00). For « > 0, the
Riemann-Liouville fractional integral of f(¢) of order « is defined as (see, for instance,
[7,8,32])

o _L ! _ -l
ol; (t)_r(a)/o(t ) f(r)dr, (3)

provided the integral on the right converges.

Definition 2.2 Let f(¢) be a function defined on the interval (0,00). For « > 0, the
Riemann-Liouville fractional derivative of order « of the function f(¢) is defined by

1

o _ i " _ s\r—a-1 _
Oth(t)_iF(n—a)(dt) /o(t T) f(t)dt, aem-1,n], (4)

where the right-hand integral is pointwise defined on (0, 00) [7, 8].

Definition 2.3 For the function f(¢) defined in the interval (0, co), the Caputo fractional
derivative of order « > 0 is defined as

cnyo _ 1 ! _ n-a-1 i ! _
thf(t)—ir(n_a)/o(t T) (dt>f(r)dt, a€(n-1,n], (5)

where the right-hand integral is pointwise defined on Z*, see [8].

Definition 2.4 Letf(¢) be a function defined for all £ > 0, where t € Z. The Laplace trans-
form of the function f(¢), denoted by F(s), is the function defined by the integral [2]

F(s) = /0 FOe dt, ©)

where s > 0.
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Definition 2.4 can be extended into the double Laplace transform, the triple Laplace

transform, and the Laplace transform of fourth order as follows.

Definition 2.5 Let f(x, ) be a function of two variables x and ¢ defined for all x, ¢ > 0,
where x, t € Z. “The double Laplace transform” of the function f'(x, ¢) is defined as follows
[2,7]:

LD f o 1)(51,52)) = Flsp,) = /0 et /0 e, ) dd, )

where 51,85 > 0.

Definition 2.6 Let f(x,7,t) be a function of three variables «x, y, and ¢ defined for all
x, 9, t>0,and %, y, t € Z. For s1,83,53 > 0, the triple “Laplace transform” of the func-
tion f(x,y,t) is given by

Lo L Ly f (3,5, 0)(s1,52,83)} = F(s1,52,53)

/ —sgtf —szt/ Sltf x,y, dxd_)/dt (8)

Definition 2.7 Let f(x,y,z,t) be a function of four variables x, y, z, and ¢ defined for
all x,9,t > 0, x,9,2,t € Z. The Laplace transform of the fourth order for the function
f(x,9,2t) is given by

L LA (%9, 2,1) (51,52, 83,54) |

= F(S17 52153’54)

oo o0 o0 o0
= / et / e 53t / e 2! / e Vf (%, 9,2, t) dx dy dz dt, 9)
0 0 0 0

such that sq, 55, 83,84 > 0.

Definition 2.8 Letc, 8,¢ € C such that Z(«) > 0. The “Mittag-Leffler” function is defined

as [11]
Ea,ﬂ(t)
; koc +B)’

Definition 2.9 The Laplace transforms of the functions t#~1E, 5(At%) and t#1E,, g(~At%)
can be respectively defined as follows [33]:

B
f[tﬁ_lEa,5 (At“)] = SZ — for |A] < ‘s"‘!, (10)

o—p

S
L[tP Egp(-1t%)] = Y

for |A] < |s°‘|. (11)

Definition 2.10 The Fox function, also referred to as the Fox’s H-function, generalizes
the Mellin—Barnes function. The importance of the Fox function lies in the fact that it
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includes nearly all special functions occurring in applied mathematics and statistics as
special cases. In 1961, Fox defined the H-function as the Mellin—Barnes type path integral:

mn | _
Hp,q |: o

where [ is a suitable contour, the orders (m,n,p,q) are integers 0 <m < ¢q,0 <n < p, and
the parameters a; € R, A; >0, j=1,2,...,p, by € R, By >0, k = 1,2,...,4, are such that
Aj(bx +1i) #Bi(aj—i-1),i=0,1,2,...

1,s
Hs,t+1 |:_G

~ X T(ay +Air)...T(as + Ao’ (13)

B - rT(by +Bir)...T'(by + Byr)

(12)

(aw, Ar)Y 1 [T, (bx — Bs) ]_[]’711" 1-aj+sAj)o’ds
(b, BT | 270 Jy T12,,., T(1 = be + Bis) [T, (@ -s4)

(1 - 611,A1), veey (1 - éls,As)
(1,0),(1 = b1,B1),...,(1 = by, By)

r=|

3 Preliminaries regarding Laplace transforms of first, second, third, and fourth
order

In this section, we recall some basic results and notions which we consider helpful for

readers to understand the present work. Proof of theorems are omitted as they can be

proved by the following steps similar to the case of classical derivatives.

Theorem 3.1 If f € CAZ* x #*) and | = max{my, m,}, where my,my € Z. For i =

1,2,...,my and j = 1,2,...,my, there exist k, 11,7, > 0 such that | /{Bxﬂt)| < ke¥ttn | then

the ‘double Laplace transform” satisfies the following formulae [34]:

0"Mf@t)| N gt o [ 90,0
L., W}: L LS Zs ol g
mo mp—1
A i) f(x’t)}— LGS Z o 1"3{”(0 t)}
aem
amﬁmgf(x’ t)
E7R7 R R i
! 3t dam } (14)

meL j
—S;”lsgn2|:$.,%¢{f(x,t)}— S;/—I%{af;:())}
j=0

mp—1 . 8f(0 t) my—1mi-1 N . 8l+1f(0,0)
_Z 13{ } ZZ ll{axiaﬂ}’

where W f x,t) denotes a mixed partial derivative at the point (x,t).

Proof The proof is similar to that of the Laplace transforms of the ordinary derivatives of

functions of a single variable, see for more detail [35]. O

Theorem 3.2 Letf € CH(Z* x B+ x Z*), and | = max{m,, my, m3}, where my, my, m3 € 7.
For iy =1,2,...,my, iy = 1,2,...,my, and i3 = 1,2,...,ms, there exist k,t1, 7,73 > 0 such

Page 5 of 18
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x'19y"20¢'3

formulae [34]:

" f (x,y, ¢t
ax"™
my—-1 i
m1—1-i allf(O,y, t)
_sllf.,?.,%{f(x,y,t) ZOSII ! 1%%{7};
i1=
" f (x,y,t)
my—1 i
; 02f(x,0,¢t
—szszﬁ{f(x,y,t)} ngnz—l—tzzzc{%},
in=0
"f (x,y,t
44,2, {M}
atms
m3-1 ‘ i3
-sgsffa%{f(x,y,t) _ 28?3_1_13%??@{%}'
: y!
i3=0
gm+ma+m3 oy, t
.5,’@.,2@.,%6{ f (. )}
0t 3y 0xs

=125 4L LAy )

m3—-1my—1

_ Z Z Sle in-1 m3 i3— IZC 312+i3f(x, 91 O) }
i3=0 ip=0 dz’ aylZ
1 1 L
— - my—i1—1 m3 iz—1 3ll+l3f(0’y’0)
S gt g 2000
P 0t30x1
my-1my-1 Lo
_ Z Z Sml i1-1 le in— lg allﬂzf(o’ 9) t) }
i1=0 i5=0 dx'1 9y

m1—1my—-1m3-1

_ _ _ al1+l2+l3f(0 0 0
mi— 1 m2 1 m3 1
DI (Lo

i1=0 ip=0 i3=0

ai1+i2+i3
axi19y'2 9¢'3

-f(x,y,t) denotes a mixed partial derivative at the point (x,t).

that Im| ke*1 Y2 then the triple Laplace transform satisfies the following

(15)

Proof In a similar fashion it can be proved as the Laplace transforms of the ordinary

derivatives of functions of a single variable [35].

O

Theorem 3.3 Let f € CA(Z* x &+ x B* x X*) and | = max{my, m,, m3, my)}, where

my, Mo, m3, my € Z. For i; = 1,2,.

comy, i =1,2,..,my, i3 =1,2,..

.,m3, and iy = 1,2,.

h k, h th IR BHAf (xy,2,1) keI R g I
my, there exist k, 11,7, T3, T4 > 0 such that | | < then the

9x'19y™2 32'3 94

Page 6 of 18
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fourth order Laplace transform satisfies the following formulae:

my
Zz‘gy"%{a f(x,y,z,t)}

dx™

m1-1

[ ail 0’ 14
=" L. L. L f %y, 2, t) ) - Z s{”‘_l_”ﬁiﬁziﬂy{w},

i1=0
my
ftﬂ;fy%{a f(x,y,z,t)}
aym
my—1
=" L. L. L f %y, 2. 8) ) -
in=0
8m3 7 7 Jt
Di’é.fzfy%{ f(xy,2 )}
at"s
m3-1
=S8 4L L L (x,9,2,0)) -
i3=0
8m1+m2+m3 0, ,t
Z%%%{ f (%9, 2 )}
e dym2 Jxms

=118y 255 Sy (L L4 Lol f (%, y,2.1) )

ma—1m3—1my-1

mo—ip—1 m3z—iz—1 my—is—1
_2:2:}:522 333444%

ig=0 i3=0 ip=0

m1—-1m3—1my-1

-1 _m3—iz—1_md—ig—1
_E:E:E:Smtl 33&’:!!4%

i1=0 i3=0 iy=0

m1—-1my—1my-1

my1—i1—1 my—ip—1 mi—ig-1
—E:E:E:Sll 223445%

i1=0 ip=0 ig=0

m1-1my—1m3-1

m -1 m 1 m3-i3—-1
_E:E:E:Slll 22l2 s 3 z

i1=0 ip=0 i3=0

my—
>

1my-1 1
i1=0 ip=0 i3=0 ig=

m3—1my—

1
S1 4

0

811 +ip+i3+ig,

where 0xi19y12 9213 314

ox'l

. i
A |

ay’2

) i3
Z Sgngllga%%%{ Rl f(x")llyzro) },

ay's

(16)

8i2+i3+i4f(x, 0’ O, 0)
dt49zi39yn

ail +i3+i4f(0’ ¥, 0, 0)
0t49z3 dx1

ah +i2+i4f(0, 0’ zZ, 0)
dtiagy2 9xit

ail +i2+i3f(0, 0, 0, t) }

0239y 9xi1

-m1-1 —m2 1 —mg 1 —mg— 1{ 811+12+l3+l4f(0 0 0 0)}
S ’

dx10yR202z3 9t

denotes a mixed partial derivative at the point (x,y,z,t).

Proof The proof is similar to that of the Laplace transforms of the ordinary derivatives of

functions of a single variable, and therefore the readers are suggested to see [35] and the

references therein.

O

In the following theorems we define the double, triple, and fourth order Laplace trans-

form of fractional integrals.

Theorem 3.4 Let a,B € C such that %(«), Z(B) > 0. Let a,b € XZ with a,b > 0 and
f e Z10,a) x (0,b)]. Further assume that for x > a, t > b and constants k, 11, T, > 0 the in-
equality |f (x,t)| < ke***%2 holds. Then the double Laplace transform of fractional integral
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is given by [34]

LB JF D) 51,52) = Si?zt.zc{f(x, 0} (s1,52) 17)

LD D) 51,5) = éz.ﬁfx 660} (51,52), 1)
and

L Lol ol 1)) 51,52) = @Z%ﬂx, £)(51,5), 19)

where s, and sy are parameters of Laplace transforms of x and t respectively.

Proof Formula (17) can be derived by taking the double Laplace transform of the convo-
lution with respect to x. By taking the double Laplace transform of the convolution with
respect to t, one can easily prove formula (18). For the proof of formula (19), one may
consider the double Laplace transform of the double convolution. For further details on

the double Laplace transforms, see [3, 36] and the references therein. O

Theorem 3.5 Let o, B,y € C such that Z(«), #(B), #Z(y) > 0. Let a,b,c € # with a,b,c >
0 and f € £1[(0,a) x (0,b) x (0,c)]. Further assume that for x > a, y > b, t > ¢ and con-
stants k, t1, T2, T3 > 0 the inequality |f (x,y,t)| < ke*V*V2*% holds. Then the triple Laplace
transform of fractional integrals is given by [34]

1
Z%%{Olgf(xryr t)}(sl:SZ:s?:) = S_az-’%/%{f(x,y, t)}(SI,SZ,S?,), (20)
1
5 1
D%D%/o%c{olyf(xlyx t)}(31,52,53) = Tgﬂ%%c{,f(xryr t)}(SbSQ,Sg), (21)
5
y 1
z%%{oltf(x;y; t)}(ShSZ;SB) = S_yzﬁlzc{f‘(xiyr t)}(51!52¢53)r (22)
3
and
1
ﬂ%ﬂ{olfolfolif(x,y, t)}(Ssz,Ss) = mﬁ%fxﬂx,y, £)(s1,52,83), (23)
1°2°3

where s1, 53, and s3 are the parameters of Laplace transforms of x, y, and t respectively.

Theorem 3.6 Let o, B,y,0 € C such that Z(«), Z(B), Z(y), #Z(c) > 0. Let a,b,c,d € #
witha,b,c,d >0 andf € L*[(0,a) x (0,b) x (0,¢c) x (0,d)]. Further assume that forx > a, y >
b, z> ¢, t>d and constants k, 11, T3, T3, T4 > 0 the inequality |f (x,y,z, t)| < ke*1HT2+2s4n

holds. Then the triple Laplace transform of fractional integrals is given by

L2, L Jof %,9,2,1) } (51,52, 53,54)

1
= S—aﬁz%iﬁc{,ﬂx,% 2, t)}(SI,SZ: 53:54); (24)
1
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L2, 8,2 J0f(%,y,2,) } (51,5, 53, 54)

1
= —ﬂ,,%.fz.,?j,.,%c{f(x,y,z, t)}(S1,Sz,S3yS4), (25)

2
ﬁﬁi’}%{og (x,y,z,t)}(sl,sz,S3,S4)
1
= gz%%x {_f(xryr Z, t)}(sl,S2,53,S4), (26)
ﬁ%%%{olff(x,y, z, t)}(51,52,53,54)

1
= S_U"%"ZZQZVQ%C {f(x;y; z, t)}(31,32,53,54), (27)
3

and

ftfszx{ol olY Y10 o 1% (%, 9, 2,8)} (51,52, 53, 54)

= 13 e%fffxf(x,y,z t)(Sl,SZ) 53;54) (28)

s1s58355
where s1, $3, S3, and sy are the parameters of Laplace transforms of x, y, z, and t respectively.

In the theorems given below, we give the double, triple, and fourth order Laplace trans-
forms of the fractional Caputo derivatives.

Theorem 3.7 Let my,my € Nand o, B > 0suchthatmy—1<a <my, my—1< B <my.Let
us choose | = max{m,, my} and letf € C'(%* x R#*). Assume further that for a,b > 0 we have
fO e A1(0,a) x (0,b)]. Further assume that for x > a, t > b and constants k, T,, Ty > 0 the
inequality |f (x,t)| < ke*™*'2 holds. The double Laplace transforms of the partial fractional
Caputo derivatives can be defined as

L L D, 0) = 58 [%3 [fx, 1) mi:l s ’19%{ lgxg L‘)}] (29)
sl oifino) - atlimo) -3 5 00 | @
%o D50 D (%, 1)

Theorem 3.8 Let my,my,m3 € Nand o, 8,y >0such thatmz —1<y <mz,my—1<f <
my, my —1 < a < my. Let us choose | = max{m,, my, ms} andletf € C(B* x B+ x &*). As-
sume further that for a, b, c > 0 we have f) € Z,[(0,a) x (0, b) x (0,¢)]. Further assume that
for x>a,y>b,t>cand constants k, T1, T2, 73 > 0 the inequality |f(x,y,t)| < ke*1+y72+i7

holds. The triple Laplace transforms of the partial fractional Caputo derivatives can be

Page 9 of 18
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defined as [17]

L8, L Dif 6, y,0))

mp—1

=5t LG L fwy ) - s lfy%{%}_ (32)
I pr 1

L4, 2, Dif w,y,1))

g nglnn) -3 sz P%%m{' 33
I = 1

L8 2: D/ f %y 1)}

=£ﬂ%zﬁavuw¢n—§f%lﬁﬁzﬂqgggﬁq}’ (34)

i3=0

ﬁ%ﬁc{ochochochf(x’y’ t)}

mp—1 ;
0" f(0,y,t
=STS§S§|:$%$¢{IC(X,)/, Zs—l 119% {M}

dxi
i1=0

ul Bf(x,0,8)] e~ 1 3£ (x,7,0
—1-i ) —1—i ’y’ )
Y | RN S e g | P00
y i3=0

in=0

m3—1my—1m1-1

T St -

0x19y20t’3
i3=0 ip=0 i1=0 y

Theorem 3.9 Let my,my,m3, my € Nand o, B,y,0 >0 such that my — 1 <o < my, mz —
1<y <mg, my—1<B <my m —1<a < my. Let us choose | = max{my, my, m3, my}
and let f € CH(R* x B+ x B* x R*). Assume further that for a,b,c,d > 0 we have f¥ e
A100,a) x (0,b) x (0,¢) x (0,d)]. Further assume that for x >a,y > b, z > ¢, t >d and
constants k, 11, T2, T3, T4 > 0 the inequality |f(x,y,z,t)| < ke*1"V2+53% polds. The fourth

order Laplace transforms of the partial fractional Caputo derivatives can be defined as

LD LS D (o y,2.0)

o s -1-ip 8ilf(0’y’z’ t)
5| g Lfwynn)- Y5 ng e OO
i1=0
G5 Dl 5,20)
- mp—1 i
, 02f(x,0,z,¢
nﬁzz%%WW%m—Ziwﬂﬁﬂrl%flﬂ !
L in=0

L8282 DLf (%, 2,1))

m3-1 ;
_1—i 813 X, ,O,t
=i | L L. Lf ey at)) - > s 3%5{%” (38)

L i3=0



Khan et al. Boundary Value Problems (2022) 2022:16

4242, Dif w2 1)

ey —1-i a”‘f(%% z, 0)
=s] ﬁ,%,%,%{f(x,y,z,t)} - Z Sy 4%%%{7} , (39)
i3,=0
L2 Lo Zochochz/ochf(x,y, z )}
=stshs) [ZZ%ZC {fx,y,2,0)}
gy 010,28 " i 92f(x,0,2,1)
Y st PR N g g g g | DT 0EE
‘ ax1 ay»
i1=0 in=0
m3—1 . m3—1 .
1 353f(x,9,0,1) 1o 0f (x,9,2,0)
1-i3 1-i
_253 Z%%{T —254 AR — e
i3=0 i3=0
ma—1m3-1
a ’ ’ ’0
B
otia
ig=0 i3=0
my—1m3—1my-1m1-1
B B _ 8l1+12+13+l4f(0 0 O 0)
i1— 1 12 1 13 1 —ig-1
+ Z Z Z ZS S4’ axll aylgazlgtt4 : (40)
ig=0 i3=0 ip=0 i1=0

4 Solution of third order fractional heat equation

In this section of the manuscript we use the ideas discussed in the previous sections to
solve a third order fractional heat equation (1) subject to initial/ boundary conditions (2).
Applying fourth order Laplace transformation to both sides of (1) and exploiting the lin-
earity of the fourth order Laplace transform, one can write

LD L D)) = 5 LAL LT ul3,5,0). (a1)
In the light of Theorem 3.7, Eq. (41) takes the form
S LD L, Lulny 2 ) -5 DLy Lu(,9,2,0) - sz-z.zz.zyzcu(x,y, 2,0)
= % {S%Zo%.iﬁ,v%cu(x,y,z, t) - 142, 2,u(0,y,2,t) - $$$ u(O 9,2, t)
+52Z$$$ u(x,y,z,t) — 4.2, %u(x,0,2,t) - £,.2,%; yu(x,O , 2, £)
+ 53$$$$ u(x,y,2,t) — $3.24,.2,Lu(x,9,0,t) — ,ftff (x,y, 0, t)},

which implies that

1
SLLLLulny 0 0) - —(SLLL Ly 2 0) + L L Lulx,7,2,0)
+ 2L L, L Ly, 2, 0))

=5y lfffu(x,y,z,0)+s4 fffu(x,y,z, 0)

+ ﬂi{slﬁ.i”.fu(o Y,2,t) +$$$ u(O Y, 2,t) + $.4,.%,Zu(x,0,2, )
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+ 5%92”2 u(x,O z,t) + $3.4,.2, Lu(x,9,0,t) + Z.Z.Z u(x,y,O t)}
Using some algebraic manipulation, the above equation looks like

L2, Lu(x,y,2,t) {sj‘ - % (s7+s5+ s%)}
=5y 'L, %, Lu(x,y,2,0)

- sy 23,,%.,% u(x,y,2,0) — {Slﬂffu(o Y, 2t )+$$.Zyaiu(0,y,z,t)
x

+ 842, %u(x,0,z,t) + Z.ZE u(x,O z,t) + $3.2,.2, Lu(x,,0, t)

+$$$ u(x,y,O t)}

The simplification and little re-arrangement of the above equation leads to the following

assertion:

L8 Lu(x,,2,t)

7.[2

2

-1 o—2
= $$ L%, Lux, y,2,0) — 55 - L, L, Lu(x, 9, 2,0
n252—(s%+s%+s3){4 yZLaul9,2,0) = 53 y-Lal(%,9,2,0)

1
- ; [SIZZ%M(O’J)’ z, t) + D%D%D%ux(oryr z, t) + 520%0%9%&!(96, 07 z, t)

+ L2, Loy (%,0,2,1) + 342, Lu(%,9,0,t) + L8, Lyu(x,9,0, 1) ] } (42)
Now, applying the definition of triple Laplace transformation given in Theorem 3.8 to the
initial/boundary conditions (2), we obtain

j'[3

L8, (ulx,y,2,0)) =

(s + 2)(s2 + w2)(s2 + w2)’
L6 % u(%,9,2,0)) = .2 Lux,0,2,0) = £,2,%u0,,2,1)
= 24,2 Lux,,0,t) =0,

msy (43)

Zéfyft{ux(x,y, z, t)} = m:ﬁ%ﬂ{%(&%% t)}

o—1
TS,

T osasp(1+ sfjj)’

o—1
7TS4

%Zc%{uz(%}’, 2, t)} =

s182(1 + s4)

The introduction of Eq. (43) to Eq. (42) leads to

L2242 ulxy 2 t)} =

2a-1 3
T8y [ b

72s% — (7 + 53 +53) [ (51 +72)(s2 + 72)(s3 + 72)

1 1 1 1
b —+ 1| (44)
(1 +sy) [ s152  s283 8183
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To find the inverse Laplace of Eq. (44), we shall exploit the following formula:

o« S 1T(p-a)

As aresult, Eq. (44), after some algebraic manipulation, can be written as follows:

L2, 2, ulw,y,21))
_oo T (=-p(v-w)
_ZO:VX:():WX:(; viw!l ()T (v)
» [Z

q=0 r

S

(_1)q+v+w+r

WK
K

r (W)JT 2(p+q+r+s+w)si(v—p—q—r)S;Z(v+r+w)S;2(p+q+r)Sia—ap+aw+1

Il
(=]

s=

( 1 v+w+m

00
Z 1
2(m—-v—p) (V—r+w)+1s2(m r+w)+152(am+p+w)

2(p+w+v+1)
m=0 51 3 4

f—— O

oo

1

2(m-v-p)+1 2(v—r+w) 2(n-r+w)+1 2(an+p+w)
n=0 1 &) 3 Sy

- 1
Z m v—p)+1 2v r+w)+1 2(c— r+w)S2(ow+p+w) }:| (46)

c=0 S S3 4

Finally, by the application of inverse Laplace transform to Eq. (46) and using the Fox H-

function, the solution of the fractional three dimensional heat equation can be expressed
as follows:

X X X X0 X (_1)q+v+rx2v—2p—2q—2r—ly—2v—2r—lz—2p—2q—1t20¢—ap
= Z Z Z Z Z Yl 20+2q+2r+2s

(1-v+p,0),(1-v1).
2! _(t“;ﬂ) (0,1),(2,0)% (1-p,0),(1-v,0),(1,1),
L1z 222 ) | (1 +2v+2p +2q +2r,0),(1 + 2v + 2r,2),
(1+2p+2q,2), (20 + ap,a).

1)v+wx—2v—2p— 1y2v—2r+2wz—2r+2wt2p+2w—1

00 00 00 (
- Z Z Z VIwlr 2+2p+2w+2v

|: 1-v+p,0),(1-v-w,0).

~(x2t)* | (2,00%,(1-p,0),(1-v,0),(1+2v+2p,2),
—2V + 4rv — ZW,V),\ 21 — ZW, V), —Lp — ZW, Z().
(=2v + 2r = 2w, 0), (2 — 2w, 0), (1 = 2p — 2w, 2a)

( 1 )v+ wx—Zv—Zpy2v—2r+2w—lz—2r+2w t2p+2w—1

oo oo oo
- Z Z Z VIwlr 2+2p+2w+2v

1-v+p,0),(1-v-w,0).
x HYL | —(xzt%)? (2,0)2, (1 - p,0), (1 —v,0), 2 + 2p,2),
(1=2v+2r-2w,0),(2r - 2w,0), (1 - 2p — 2w, 2cx).
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(_ 1 )v+ Wx—2v—2py2v—2r+2wz—27+2w—1 t2p+2w—1

oo oo oo
- Z Z Z VIwlr 2+2p+2w+2v

, 1-v+p,0),1-v-w,0).
x HYg | —(xzt®) (2,0)%,(1 - p,0),(1=v,0),(2v + 2p,2), . (47)
(=2v + 2r = 2w,0), (1 - 2r — 2w, 0), (1 — 2p — 2w, 2).

We present some graphical visualization of the analytical results carried out to study
the effect of temperature profile of the proposed problem by varying x, y, z and fractional
order parameter . We study the effect of the variables x, y, z and the fractional order «
upon the temperature profile u(x, y, z, t) as a function of the time variable ¢ in the first two
figures, i.e., Figs. 1 and 2. To study the effect of ¢ and x on the temperature profile u(x, y, z, t)
along different value of fractional order o, we fixed the value of z and y, while varying x
and ¢ as shown in Fig. 1. Likewise the effect of x and y with « = 1 is given in Fig. 2. More-
over, to describe the relative impact of each component x, y, z, and ¢ against various values
of fractional order o, we plotted the contour plots as demonstrated in Figs. 3, 4, 5, and 6
in a different plane against various values of fractional order. Here the graphical results
are presented to show the effect of fractional order on the temperature profile u(x, y, z, t).
Clearly we observed that the fractional order parameter « has a significant impact on the
temperature profile as seen in the graphical results. Likewise, to compare our results with
other methods which have been utilized to the proposed fractional order heat equation,

a natural transform decomposition technique has been reported by Hassan Khan et al.

02—

01—

ulw,y, 2t)
°

W \
-0.1 — N &

02—

10 9 8 7 6 5 4 3 2 1 0
X

Figure 1 Plot of solution curves given by (47) of fractional heat equation (1) for different values of x, t and at
fixed values z=y =09

u(z,y,2,1)

Figure 2 Plot of solution curves given by (47) of fractional heat equation (1) for different values of x, t and at
fixed valuesz=y=09anda =1.0
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Figure 3 The contour plot of the solution curves given by (47) of fractional heat equation (1) for constant
values t =0.5, z= 0.5 at different values of & = 0.4,0.6,0.8, 1.0 in the xy-plane

0 1 2 3 4 5 6 7 8 9 10
t

Figure 4 The contour plot of the solution curves given by (47) of fractional heat equation (1) for constant
values of x = 0.5, z= 0.5 at different values of & = 0.4,0.6,0.8, 1.0 in the ty-plane

Figure 5 The contour solution plot given by (47) of fractional heat equation (1) for different values of
o =04,06,0.8,1.0 and fixed values of the variables z=y = 0.5 in the tx-plane

in [25]. It could be noted that the solution obtained by the fourth order Laplace trans-

form revealed the highest degree of accuracy. It is also analyzed that the fractional order
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10° 10'

Figure 6 The contour plot of solution curves given by (47) of fractional heat equation (1) for different values
of ¢ =04,0.6,0.8,1.0 and at fixed values x =y = 0.5 in the tz-plane

solutions are more feasible while comparing with the integer order. Thus, the method of
generalized Laplace transform is one of the best methods in order to find the solution of

partial differential equations having fractional order.

5 Conclusion
Fractional calculus is a developing area in the field of mathematics, science, and technol-
ogy. It is observed that the anomalous behavior of complex systems in various fields of
science and technology is studied via fractional-order systems, e.g., the anomalous behav-
ior of dynamical systems in electrochemistry, physics, viscoelasticity, biology, and chaotic
systems. In this work, we have extended a three dimensional heat equation from integer
order to fractional order and investigated its associated analytical solution via the gener-
alized Laplace transformation. For this purpose, first we generalized the notion of double
Laplace transformation to the triple one and then to fourth order. We have developed
theory related to the Laplace transform of the third and fourth orders. The established
theory has been used to analytically solve a fractional order partial differential equation.
We have solved a three dimensional heat problem with noninteger order using the mul-
tiple transform method of Laplace. Numerical simulations have been presented to verify
our analytical calculations.

In the future, the concerned technique of multiple transform method may be used to
study more general and complex problems of higher dimension with noninteger order

derivatives.
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