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Introduction

In this paper we shall study an invariant of framed links in 3-mani-
folds and apply it to investigate 3- and 4-manifolds.

In recent years relations between framed links and 3- or 4-manifolds
have been revealed by Kirby [3], Montesinos [4] and others. In their
papers it was proved that closed orientable 8-(resp. 4-)manifolds cor-
respond to some equivalence classes of framed links in S® (resp. #, S'x S?)
bijectively (resp. injectively). Thus link-theoretical invariants of the
equivalence relation can be regarded as invariants of 8-(or 4-)manifolds.

To find such invariants is an important and interesting problem as
is mentioned in [2]. But almost all invariants of links known before,
for examples, link groups, signatures and so on, are not efficient since
they are not invariant under “band moves”. On the contrary, framed
link groups which we shall define in the following section are invariant
under these moves. Moreover they change in a simple fashion when they
are “stabilized”. v

In §1 we shall give the definition of framed link groups and prove
its invariance under “band moves”. In §2 and §3 we shall study the
relations between framed link groups and 8- and 4-manifold theories.

§1. Framed link groups.

We work in the smooth category. Let M?® be a connected 3-manifold
without boundary. o

DEFINITION 1. LCM is called a framed link in M with % components
if L is a disjoint union of circles I, (i=1, 2, ---, k) with tubular neigh-
bourhoods N; and framings f;: [, x D*— N, such that N,NN,=@ (i#3j).

REMARK. For a link in a 3-sphere S® or a 38-disk D3 a framing is
indicated by an integer as in [8].
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For a component I/, of L, let p,=f(l,x(1/2, 0)) where (1/2, 0) e D*=
{(z, y) € R*|x*+y*<1} and let m,=f,(q;x0D?) where q,cl,. Here we call
p, a parallel and m, a meridian of [,.

Let G(L)=n,(M—L). When we give orientations to loops », and m,,
and combine these to the base point by arcs, we obtain elements of G(L),
which we also call a parallel and a meridian of I/,. (They are also denoted
by »; and m,.) Clearly a parallel and a meridian are determined up to
conjugation and inversion. Let Q(L) be the normal subgroup of G(L)
which is generated by »,’s (=1, 2, ---, k). The subgroup Q(L) does not
depend on the choice of parallels.

For subsets A, B of a group G, let [4, B]={II a.b,a;'b;*|a; € A, b, € B}
and N(A)={I] g.a.9:"|a.€ A, g9.€G}.

DEFINITION 2. Let FG(L)=G(L)/[Q(L), G(L)]. We call it the framed
link group of L.

Note that F'G(L) is a finitely presented group whenever G(L) is so.
More exactly we have the following lemma.

LEMMA. Let LcCM be a framed link. Suppose that G(L) 18 finitely
presented as Xy, -+, Xu} Ty, **, Tmp. Then FG(L) i8 presented as
<x1y oy Ty Ty * 0y Ty [pi(xn ) wn)y w:'] (’i:l’ Tty k’ j=19 % n)>’ where
o, -+, x,) 18 a word representing the parallel p,.

PROOF. Let h:{x, ---, %,; 7y, * -+, Twy —G(L) be an isomorphism. Let
N be the normal subgroup generated by [z, ---, z,), 2;] (¢=1, ---, k,
j=1, ---, n). Note that Na[p(=,, ---, =,), w] (¢?=1, ---, k) for any word
w in @, ---, ®,. Since h maps [p(x, ---, x,), z;] into [Q(L), G(L)] and
[Q(L), G(L)] is normal, we have A(N)C[Q(L), G(L)]. On the other hand,
any element of [Q(L), G(L)] is presented by a product of elements
h{p., 9. Jh:* for some h,, g, € G(L) where p, € G(L) is a parallel. This means
[QL), G(L)]ch(N) and thus [Q(L), G(L)]=h(N). From the definitions of
factor groups and finitely presented groups, we obtain {(z, ---, z,;
LETIR Tﬂ)/N§<x19 Ty Ty Ty 0y Ty [pt(xu ) x,.), 07_,-] ('I:=1, ) k, j=
1! ) n))‘ Thus G(L)/[Q(L)9 G(L)]E <x19 y Tay Ty oy Ty [pt(xh Tty z,),
z;] (¢=1, ---, k, =1, ---, n)). This completes the proof.

Let p denote the canonical surjection G(L)— F'G(L).

DEFINITION 3. Let P(L)=p(Q(L)). We call it the parallel subgroup
of FG(L).

Clearly P(L) is contained in the center of F'G(L).

The rest of this section is offered to prove that FG(L) and P(L) are
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unchanged by “band moves”. Here we recall “band moves”.

DEFINITION 4. Let L be a framed link having at least 2 components.
Let I,, l; be components of L and b be a band which connects I, and p;
such that bN(L—1)=@. Let I; be the loop obtained as connected sum
of I, and p; which is indicated by a thick line in Figure 1. The framing
of l; is determined by the standard way from those of I, and [; (For
more details, see Montesinos [4].). Then L'=(L—1,)Ul; is called the framed
link obtained from L by a band move.

L

Dj

FIGURE 1

Our result on the invariance of framed link groups are stated as
follows:

THEOREM 1. Let L' be a framed link obtained from L by a band
move. Then there 18 an isomorphism

h: FG(L) — FG(L')
which preserves the parallel subgroups, i.e., h(P(L))=P(L').

PrOOF. We use the notations in Definition 4. Let X=N,U N, U N(b)
where N(b) is a tubular neighbourhood of the band b as in Figure 2.

FIGURE 2

Note that 90X, the boundary of X, is a surface of genus 2. We
determine the generaters a, b, z, ¥ of 7, (0X) as in Figure 3.
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FIGURE 3

Then #,(0X)=<a, b, =, y;[a, x]=[b, ¥]>. =(X—(,Ul,;) is also generated
by a, b, x, y and we obtain 7(X—(,Ul,))=<a, b, z, ¥; [a, x], [b, y]>. Simi-
larly 7(X—(liUl;)=<a, b, z, y; [a™'b, z], [b, y'x])>.

Let Y=M—-X and {x;r), x={=,, -+, 2,}, r={r, ---, r,} be a finite
presentation of #n,(Y—L). When we regard a, b, , y as elements of
(Y —L)=<x; r), they can be represented by words a(x), b(x), x(x), y(x)
in x. Then, by van Kampen’s theorem for M—L=(X—(,Ul;))U(Y—L),
we obtain G(L)=n(M—L)={x, a,b, z, y; r, a=a(x), b=b(x), z=2(x), y=
y(x), [a, 2], [b, y]). Similarly we obtain G(L)==n,(M—L")={x, a,b, =, y;
r, a=a(x), b=>b(x), =x(x), y=y(x), [a7'b, x], [b, y~'x]).

Next we shall study presentations of F'G(L) and FG(L'). Parallels
p’s (I#1, j) can be represented by words p,(x) in x both in G(L) and
G(L'). Furthermore parallels corresponding to I, and I, are presented by
a and a7'b in G(L) and G(L') respectively. On the other hand, parallels
corresponding to l,’s are presented by b both in G(L) and G(L’). Thus
we obtain the following presentations of F'G(L) and FG(L’).

FG(L)E(.X?, a, by T, YT, a’=a'(x)r b=b(x)’ x=x(x), y=y(x): [a, x]y [by y] ’
[pl(x)y x]v [pl(x); a]; [pl(x)y b]’ [pl(x): x]) [pl(x)v y] (lélék ’
l#4, j) la, x}, [a, b), [a, 2], [a, ¥], [b, x], [}, a), [b, «], [b, ¥])

FG(L)=<{x, a, b, @, y; r, a=a(x), b=b(x), z=2(x), y=y(x), [}, 2] ,

[b, y7'x], [pi(x), x], [Di(x), a], [D:i(x), B], [Di(x), z], [D:(x), ¥]
(A=sl=sk, l#13, 5) [a7), x], [a77b, a], [a~'D, B], [a™?b, «] ,

[a™'b, ¥}, [b, x], [b, a], [b, ], [b, y]) .

Note that [ab, c]=a]d, cla '[a, ¢] and [a, bc]=[a, b]b[a, c]b~ hold for
elements a, b, ¢ in a group. Thus it is easily ascertained that any relator
of FG(L) can be obtained as a product of conjugate elements of relators
of FG(L') and vice versa. This shows that FG(L) and FG(L') are iso-
morphic. Denote this isomorphism by k. Clearly 2 maps the parallel
subgroup P(L) which is generated by p,(x)’s, a and b to the parallel
subgroup P(L’) which is generated by p,(x)’s, @ and a~'b. This completes
the proof of Theorem 1. S o
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We nov& consider the framed link group of a split link.

PROPOSITION 1. Let L, be a framed link in M, (i=1,2). Let M be
a conmnected sum of M, and M, which are summed keeping away from.
L, and L,. When we regard L=L,U L, as a f'ramed link in M, we obta'm
the followmg 180morphisms: A

FG(L)=F G(Ll) * FG(L,)[[N(P(L,) » P(L,)), FG(L,) » FG(L,)] |
U U :
P(L)= N(P(L,) » P(L,))| N(P(L,) x P(L)) N [N(P(L,) * P(L,)), FG(L)*FG(L,)] .

PrOOF. Consider the diagram below:

GL)*GL) —— GD)
_ 110’ _ p
FG(Ly)» FG(Ly) --~> FG(L)

where i is an isomorphism obtained from van Kampen’s theorem, p is
the canonical surjection and p’ is a homomorphism induced from the
canonical surjections p,: G(L,)— FG(L;). We claim that there is a homo-
morphism j: F'G(L) * FG(L,)— FG(L) such that poi=j09". We have
ker p=[Q(L), G(L)], kerp'=N(Q(L,), G(L)]*1 U 1x[Q(L,), G(L,)]) and
t([Q(Ly), G(L]*1U1+[Q(L,), G(Ly))) c[Q(L), Q(L)], considering [Q(L), G(L)]
is normal. So we obtain i(ker p’)Cker p. This shows the existence of j.

Since poi=jop' is onto, 7 is also onto. Hence in order to show
ker j=[N(P(L,) » P(L,)), FG(L,) « FG(L,)] it is sufficient to prove FG(L)=
FG(L,) « FG(L,)[[N(P(L,) » P(L,)), FG(L,)» FG(L,)]. @ Note that kerj=
p'(ker jop')=p'(ker poi)=p'(:7[Q(L), G(L)]). Further, since (N(Q(L,)*
Q(L,)))=@Q(L), we have 7[Q(L), G(L)]=["(Q(L)), :"(G(L))]=[N(Q(L,) *
Q(Ly)), G(L,) » G(L,)]. Hence ker j=p'(:7[Q(L), G(L)])=p'[N(Q(L,) * @(L)),
G(L,) *G(L,)]=[N(P(L,)) « P(Ly,)), FG(L,)» FG(L,)]. Thus j induces an iso-
morphism, say k&, k: FG(L,)* FG(L,)/[N(P(L,)* P(L,)), FG(L,)* FG(L,)] —
FG(L).

We denote by H the group N(P(L,) x P(L,))/ N(P(L,) * P(L)) N [N(P(L,)
P(L,)), FG(L)~FG(L,)]. Regarding H as a subgroup of FG(L,)=*
FG(L,)/[N(P(L,)  P(L,)), FG(L,) » FG(L,)], we shall show that k¥ maps H
to P(L) bijectively. We first note that H is contained in the center of
FG(L)*« FG(L,)/[[N(P(L) » P(L,)), FG(L,)« FG(L,)]. In particular H is a
normal subgroup. Since P(L) is normally generated by parallels which
come from H by k. This means that k¥ maps the normal subgroup H
onto P(L). Thus k|H: H— P(L) is a bijection. This completes the proof
of Proposition 1. o ?
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§2. 3-manifolds and framed link groups.

Kirby [3] showed that to diffeomorphism classes of connected closed
orientable 3-manifolds there correspond equivalence classes of framed link
(or more exactly framed link types) in S® defined below. The equivalence
relation which is called 6-equivalence are generated by the following two:

(1) (Kirby move or stabilization) Let L be a framed link in S®
and [, be a unknot with framing +1 separated from L by a 2-sphere.
The insertion of [, is called a Kirby move.

(ii) (A band move) This move was described in Definition 4.

We write L»5«L’ when they are d-equivalent. For a framed link L, X,
denotes the 3-manifold obtained by surgeries on L.

THEOREM (Kirby). For framed links L and L' in S* they are o-
equivalent if and only if X, and X, are diffeomorphic.

The purpose of §2 is to study the relation between X, and FG(L),
P(L).

PROPOSITION 2. There i8 an exact sequence
1— P(L)—> FG(L) — m,(X;)) — 1.

PROOF. From the definition of X,, the sequence 1—>Q(L)——>G(L)£»
7, (X.)—1 is exact where ¢: G(L)=n,(M—L)—r,(X,) is induced from the
inclusion map. Since [Q(L), G(L)]cQ(L), we have ¢([Q(L), G(L)])=1. Thus
q¢ induces an epimorphism ¢': FG(L)—=n,(X;) with ker ¢'=p(ker q)=
»(Q(L))=P(L), where p: G(L) — F'G(L) is the canonical epimorphism. Hence
the sequence 1— P(L)— FG(L)—r,(X.)—1 is exact.

Now we describe how a framed link group changes with a Kirby move.
Let Z denote an infinite eyclic group.

PROPOSITION 3. Let L'=LUl, be obtained from L by a Kirby move.
Then the followimg commutative diagram holds.

1— PL) — FGWL) —rnX,)—>1

Lk

11— PULY)YXZ— FGLYXZ— w,(X;)) —> 1.

Proor. We apply Proposition 1 substituting L,=L and L,=1,. Since
l, is a unknot with framing +1, FG(l,)=P(l,)=Z. From Proposition 1,
FGL)=FGL)*Z|[N(P(LyxZ), FG(L)xZ]. Considering that P(L) is in
the center of F'G(L), we have [N(P(L)+Z), FG(L)*Z1=[N(1x*Z), FG(L)+Z].
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This means F'G(L"\=FG(L)*Z/[N1x+Z), FG(L)* Z]=FG(L)x Z. Similarly
we have P(L')=P(L)Xx Z and the proposition.

Now we introduce some concept with respect to a pair of groups.
By (H, G) we denote the pair of a group G and its normal subgroup H.
Let (H, G)xX K stand for (Hx K, GXx K) for any group K.

DEFINITION 5. The pairs of groups (H, G) and (H’, G') are called Z-
equivalent, denoted by (H, G);(H G, if (H,G)XxZ™ and (H',G)XZ"
are isomorphic as pairs for some integers m and n.

Using the definition above we have the following theorem from
Theorem 1 and Proposition 3.

THEOREM 2. Let L and L' be framed links in S°. If Lr;L’, then
(P(L), FG(L)) 5z (P(L'), FG(L)). |

This theorem combined with Kirby’s theorem says that the Z-equiva-
lence class of (P(L), FG(L)) is an invariant of surgery manifold X,.
Now we present some examples.

EXAMPLE 1. Let L be a unknot with framing » (Figure 4).

C D

FIGURE 4

In this case we have X,=L(n,1l), a lens space of type (=, 1), and
clearly 1 - P(L)— FG(L)—m,(X.)—1 is isomorphic to 1 - Z gy N ZinZ—1.

ExXAMPLE 2. Let L be the Borromean rings with framing 0 for any
component (Figure 5).

L/ 0 g

AN =
</Oz,g @

N

FIGURE 5

Then X,=T?° a 3-dimensional torus. Let a® denote bab'. Using the
Wirtinger presentation, we obtain: :
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G(L)=<=, y, 2, u, v, W; x=w’., Y=v° z=u', c=w", y=v*, z2=u") ,
by Tietze’s transformation, o
={u, v, w; w=w"", =" y=y""")
On the other hand parallels are presented as follows:

p=uz ' =u(w’) ' =[u, v],
similarly :
p,=[w,u] and p.=[v, w] .

Hence we have:

FG(L)=u, v, w; w*=w"", v*=0"", w’=u"
[u, [v, w1], [v, [w, ull, [w, [, v]], [v, [v, w]], [w, [w u]],
[u’ [u’ v]]’ [w’ [v’ w]]’ [u’ [w’ u]]’[’v’ [u, 1_}]]> .

Note that the first 8 relators can be induced from the others. Let G
denote the free group of rank 3, then the observation above shows, in
this case, 1— P(L)— FG(L)—=r,(X;)—1 is isomorphic to 1—-[G, GJ/IG,
G, G11-G/IG, [G, G]]—-G/[G, G]—-1.

§3. 4-manifolds and framed link groups.

In this section we deal with framed links in #,S*x S%. Montesinos [4]
showed that the correspondence which assigns connected closed orientable
4-manifolds to equivalence classes described below of framed links in
#.S!x S? (where n varies within non-negative integers) is injective. The
equivalence relation is generated by the following 3 types of moves:

(i') Let l,=8'xptcS*xS* be a framed link in S'xS? with the
standard framing. To a framed link L in #,S'x'S? add I, to obtain a
framed link L'=LUl, in #,,, S'x S=.

(ii’) Let L be a framed link in #,S'%xS? and I/, be a unknot with
framing +0 in a 8-ball in. #,S'xS* which is away from L. Add I, to
obtain a new framed link L'= LUl in %,8'x8%.

(iii’y The band move described in Definition 4.

We shall define a diagram of groups which is associated with a given
framed link in #, S'x S? and describe how the diagram changes when the
link is changed by moves (i’)-(iii’). Let Q(L) be an image of Q(L) under
a canonical surjection G(L)=#n,(M —L)—n,(M). Consider an induced
homomorphism, say », 7: FG(L)=G(L)/[QL), G(L)]— m,(M)/[Q(L), m.(M)].
Let M(L) be ker». It is easy to see that M(L) is a normal subgroup of
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FG(L) which is generated by meridians m,’s. So we call it a meridian
subgroup of FG(L). , ~ :

" From a given framed hnk ‘we obtain the followmg diagram denoted
by (%): ‘

1
M(L)
N
() 1— P(L) = FGL) L 7,(X)) — 1 (exact)

r

m(fwv['Q(L), ()]

1 (exact)

where ¢ denotes the same map as in the proof of Proposition 2.

Let N, be a closed 4-manifold ' which corresponds to a framed link
LcM, where M=#,S*xS®. More precisely N, is obtained from &, S'x D*
by adding 2-handles along LcM=6(8,8'xD% and by adding suitably
3- and 4-handles to obtain a closed 4-manifold. From the diagram (*)
we can read off the information about 7,(IV,).

PROPOSITION 4. Under the motation above, we have -'
chl(NL)Enl(xL)/q,,(M(L)__)—z—(xl<M QW), w,(M)D/r(P(L)) .

PrROOF. The manifold N, has (h,, S!x D% U (2-handles) as its 2-skeleton,
where 2-handles are attached along L. Further, since «,(%,S'xS»)=
7«71(h,,Sl x D?®), we have _

T, (Np)=m,(8, S* x D*U2-handles)=x,(#, S* x S*U 2—handles) .
The last group is isomorphic to 7, (M)/Q(L). Since Q(L) and r(P(L)) are
generated by image of parallels, we get ,
T (M)/Q(L) = (m(M YQL), ©(M )])/ "'(P(L))
The:proof of the fact =, (N,)==,(X.)/q'(M(L)) is similar if we consider the
dual handle decomposition. This completes the proof.

Suppose that L is changed to L’ by a band move. Then L and L'
have isomorphic diagrams; in fact, as is described in the proof of Theo-
rem 1, not only P(L) and FG(L) but also M(L) (which is generated by
z, ye~* and m, (I+#1, 7)) is invariant. In .the remainder of this section
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we study how the diagram (») changes under the moves (i’) and (ii").
Let L’ be obtained from L by the move (i’). Then FG(L') is obtained
from FG(L) and a generator corresponding to a parallel of /,. But this
element commutes with all elements of FG(L'). Thus FG(L"=FG(L) X Z.
The similar argument for P(L’) and M(L’) shows the following proposition.

PROPOSITION 5. The diagram of L' obtained from L by move (i') is

18omorphic to
1

M(L)
1 —— P(L)x Z — FG(L) X Z —> m,(y) —> 1

1
(m(M)/[Q(M), = (M)]) x Z

:
where all maps are naturally constructed from those of the diagram ()
and id: Z— Z.

Next suppose that L’ is obtained from L by move (ii’). Then FG(L')
is obtained from F'G(L) and a generater corresponding a meridian of [,.
But, in this case, this element commutes only with parallels, so we get
FGULN=FG(L)* Z|[N(P(L)*1), N1xZ)]. The similar argument for P(L’)
and M(L’) gives the following proposition.

PROPOSITION 6. The diagram of L' obtained from L by the move

(i") 28 18omorphic to
1

N(M(L) = Z)][N(P(L) + 1), N(1» Z)]\ N(M(L) + Z)
1 — P(L) — FG(L)* Z/[N(P(L) 1), N(L Z)] — m,({;)» Z —> 1

2 (MG, T(M)]
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In relation to the propositions above, we present an example, from
which we can read off from the ‘diagram () further information about
T,(Np). :

Let consider the following link picture:

n components.

FIGURE 6

Then we get N,=#,CP(2). An easy calculation shows that the cor-
responding diagram is:

L 4

Z"=M(L)

l—— Z"—Z"— 51— 1
n L
P(L) 1=x,(M)/[Q(L), ©,(M)]

1
1.

Note that, in the diagram above, we have M(L)NP(L)=Z". But this

property does not change when L is stabilized by the moves (i’) and (ii’).

Since the band move also does not change the diagram, #,CP(2) and

%,.CP(2) (n#m) are distinguished by our diagram.

More acute observation of the diagram (x) will give us a detailed
geometric information about 4-manifolds.

REMARK. The following generalization of framed link groups may
be useful in some setting. For a framed link L in M, let M(L) be the
kernel of the natural map G(L)=n,(M—L)—r,(M). Then M(L) is the
normal subgroup of G(L) which is normally generated by meridians. As
in §1, let Q(L) be the normal subgroup of G(L) which is normally gen-

erated by parallels. Let us define F/TG/(L)zG(L)/[Q(L), M(L)]. Then the
invariance of F'G(L) under band moves can be proved by the same way
as in Theorem 1. Using F'G(L), one can simplify the statements in § 3.
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