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ON FUNCTIONS OF BOUNDED BOUNDARY ROTATION

MING-CHIT LIU

Abstract. Let U=\z= reie \ r < 1}. For k ̂  2 let Vk be the class

of normalized analytic functions /(z) such that the boundary rota-

tion of f(U) is at most kir. Let A{r) be the integral

f ' rif'ipe^l'odpde,
•Jo    <J o

L(r) the length of the image of the circle | z\ =r under the mapping

f(z). In this paper the author proves that for z& U if f(z) £ Vk then

fi +r\\-"2
limsup (Su£ £(,)) (.A(r) log (7^))"     á *.

This generalizes to arbitrary k^2 the recent result of Nunokawa

for the case k=2.

Let ¿7 be the unit disk, |z| <1. For fixed k^2, by Vk we denote the

class of functions/(2) satisfying the following conditions:

(i) f(z) is analytic and f'(z) ¿¿0 for zE U.

(ii) f(z) is normalized by the requirements/(0) =0 and/'(0) = 1.

(iii) The boundary rotation oif(U) is at most kir, that is

r2*\      (      zf"(z))
(1) I       Reh+ ^4 dB ¿ kir,

where rei6=zEU.

The concept of bounded boundary rotation originates from

Löwner [l]. Extensive investigations are due to Paatero [3].

Let K denote the class of functions/(z) =z+ y^T=-» an zn, convex in

U, i.e. Re {1 +zf"(z)/f'(z)} > 0. It is clear that V2 = K.

Let C(r) denote the image of the circle |z| =r<l under some

mapping/(z), L(r) the length of C(r). By A(r) we denote the integral

/' 2x    /» r

\f'(t)\2pdpdd        it = pe*)
n      *J n

which is the generalized area of the image of the set | z| ¿r under the

mapping/(z).

Recently, Nunokawa [2, p. 332] obtained:

Received by the editors September 15, 1970.

AMS 1970 subject classifications. Primary 30A32; Secondary 30A04.

Key words and phrases. Analytic mapping, function of bounded boundary rota-

tion, convex function, curve length, order of infinity.

Copyright © 1971, American Mathematical Society

345

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



346 MING-CHIT LIU

Theorem N. Iff(z) EK (=V2) then

(2)

[July

/ i    y/i

L(r) =0{A(r) log ̂ —-J    ,

asr—*l.

In this paper we shall extend Theorem N to all classes  Vk by

proving

Theorem. Let 2 ̂  k < <=o. Iff(z) E Vk, then

(3) lim sup( SupL(r) j(irA(r) logi--J j
1/2

<   *.

Proof. Let a be a fixed constant, 0<a<r=|z| <1. Nunokawa

[2, p. 333] has shown that if/(z) has a nonvanishing derivative/'(z) in

Uthen

/' 2r | zf'(z) I dB g C + (^(r)//a)1/2 (z = re«),

where

and

I      | (HO + /'(') | á^P        (/ = pe0)
n   J n

«^ o  ^ o

1 +
(TW
fit)

d6dp.

We observe that since the functions f(z) of the class Vk comprise a

normal family there exists a constant A=A(a, k) depending only

upon a and k such that C^A. An estimate for J for the class Vk fol-

lows from the following result due to Robertson [4, p. 1480]:

rii+<—
Jo f'(t)

de
*\f'(t) 2C   f

= 2t + p2
•>o    \f'(t)

(            k2p2   \        2tti
g2ir(l +-) <-

V    (i-P2)/   i-

Then

J < lirk2 f-Jo    1

dp

- P2
= irk2 log m
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Since/?' |/'(z) |2^2tt it follows that ,4 (r) log ((l+r)/(l-r)) is un-

bounded as r—*i. Since a can be chosen arbitrarily close to one the

inequality (3) follows at once.

Remark. It is interesting to note that recently, M. S. Robertson

[5, p. 97] has considered a family of functions that includes the class

K as a proper subfamily. For — %Tr<a<%ir, we say thatf(z)ESa if

(i) f(z) is analytic andf'(z) ¿¿0 for zE U.

(ii)/(0)=0and/'(0) = l.
(iii) ForzEU,

R'Hi+ji)\>0-
Clearly, So = K. We can extend inequality (2) from the class K to

all classes Sa ( | a | < %ir) as follows :

Forf(z)ESa (\a\ < %w) we have

(4) lim sup ( Sup L(r)\ (*A(r) log(~Z¡)
■1/2

¿ 2 cos a.

The proof of (4) is similar to that in our Theorem. Let f(z)ESa-

Then there is a function P(z) with positive real part and regular in U,

P(0) = 1, |P<">(0)| á2(«!),« = l,2,3, ■ • • .suchthat

zf"(z)\
P(z) cos a + i sin a.(1+m-

Then

2M zf"(z)   2 r2* I zf"(z) I
de

r2*\      zf"(z) 2 r2*\zj"•
i +J-±1 de = 27T+ I    U-

Jo f'(z) Jo     l/'Cf'iz)

Í= 2w+  \      I (P(z) - 1) cos a\2de
•I o

Birr2 cos2 a      Sir cos2 a
¿2ir +-=-— (1 + o(l))

My thanks are due to the referee for some useful suggestions

shortening the original proofs.
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