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ON FUNCTIONS POSITIVE DEFINITE RELATIVE TO THE
ORTHOGONAL GROUP AND THE REPRESENTATION OF
FUNCTIONS AS HANKEL-STIELTJES TRANSFORMS
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ABSTRACT. To every continuous function f on an interval 0 <x<a (0<a
< o) and every positive number v associate the kernel

flx, y) = fgf((xz + y2 — 2xy cos 9)%)(sin G)ZV'ldG, 0<%, y< a/2.

Let Az)=T(v+ ’/2)(2/2)1/"1/2 ]V_l/z(z), where ]V_%(z) is the Bessel function
of index v — 1. It is shown that f has an integral répresentation flx) =

jojooﬂ(x\/)-\)d'y()\), where 7 is a finite, positive Radon measure on R, if and only
if the kernel f(x, y) is positive definite. If v= (N — 1)/2, where N is an integer
> 2, this condition is equivalent to f\(x) = f(|x]), x € RY, |2| <a, ispositive
definite relative to the orthogonal group O(N). The results of this investigation
extend the preceding one of the author on functions positive definite relative to the
orthogonal group. In particular they yield the result of Rudin on the extensions
of radial positive definite functions.

1. Introduction. Let f be a function defined on an open ball SN(a) =
fx € RN|x| <4} in N-dimensional Euclidean space RN, Here 0 <a<oo and |x|
denotes the usual norm in RN, In [4] we called f positive definite relative to the
orthogonal group O(N) if [ satisfies the following conditions:

[ is continuous, radial and

(1) [[1tx = D¢ dxdy > 0

for all radial ¢ in C?(SN(a/Z)) . (C?(G) denotes the vector space of complex
valued infinitely differentiable functions on G with compact support.)
In [4] we did show that a function f defined on SN(a) is positive definite

relative to O(N) if and only if it has an integral representation of the form
(2) fx) = fRNei""dpl(z) + fRNex'tdyz(l) for all x € Sy(a),

where p, and p, are bounded, positive, rotation invariant Radon measures on

RN and p, is such that
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390 A. E. NUSSBAUM [January
fRN e*tdp (1) <o forall x € Sy(a).

The integral representation (2) is equivalent {4, Theorem 3] to

(3) f(x):ft’_"wﬂ (IxlyD @y for all x € S (a),

where y is a bounded, positive Radon measure on R and (for a> 0)

Q,(2) = I‘(%‘)(é)‘/z(“-”]%(a_z)(z) if z£0 and 1 if 2=0

22 24 26

TR T 7 s R B S 4 e B - B

J {2 is the Bessel function of order v.

=1

The present investigation was inspired by the following observation.

Since the functions [ and ¢ in (1) are radial we may write f{x) = F(|x}),
HAx) = |x|), where F is a functionon 0<r<a and ® is a function on 0 <r<
a/2 with supp @ C[0, @/2) (supp ® denotes the support of ®). If we now intro-

duce generalized spherical coordinates we find that for N > 2 inequality (1) be-

comes
(4 ff/(x - YDy dx dy = (Zn)NJ‘T)/Zf:/Z/N(r, SYNW(s) dyp (1) duy(s) > 0,
where

1 T . -
(5) fN(f, S) = 'Bmfo F(\/ﬁ + 82 - 2rs cos 0)(sm 0)N Zde

for 0<r<a/2, 0<s<a/2 Here Bla, Bl =T(adI(B)/T{a+ B) is Euler’s beta

function and

(6) du () = (2% WN=Dp(N/2)) - 1N - ar,
(4) remains valid also for N =1 if we set

(7) [1(r, s) = BLF(|7 + s|) + F(|r - s})]

for 0<r<a/2 and 0<s<a/2 (and dul(r) as in (6)).
Indeed, if N> 2 and x € G = S,(a/2)

- S a/
® J -8 ay = [_Flix = y000Ddy = [7 e dp

where I(p) is the surface integral of the function F(|x - y)®|y]), |y| = p over
the sphere {y € RN||y| = p} of radius p in RN:

©) Hp) = f‘y|=pF(|x- YO y]) dS.

If we let O be the angle between the vectors x and y, then |x - y| =
Vid 241312 - 214l [y] cos 6 and
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1973} ON POSITIVE DEFINITE FUNCTIONS 391

(10) as 27 (p sin OV ~2pd6

(N ~1)/2)
(dS is the infinitesimal ((» — 1)-dimensional) surface area of the spherical zone
consisting of the points on the sphere |y| =,p for which the angle between y and
x varies from 6 to 0 + d6. dS is the product of pdf with the {(n — 2)-dimensional)
area of the cross section of the sphere |y| = p with the plane (y, x) =
ZN 1¥;%; = p cos 6. The cross section is the surface of the sphere of radius

p sin 0 in RN-1. its area is

22N - (N-1)/2
—(p sin )N -2,
TN -1/2) ¥
Hence
2 (N=1)/2

e S, in N2 do,
TV =17 P sin 0 et

From (10) and (9) follows that

2”(""‘”/2 3 N-2 -1
(1) Kp) NG 75 f F(y|x| % + p% - 2|x|p cos ) (sin H) do . (I)(p)p
Now
2n(N=1)/2 2aN/ 2 (2m)N/ 2

(24N -2p(n/2)]-!

N(N-1D/2 TN - D/2T(%)  BIN - /2, %]
and hence, by (11) and (8),
fG fx - y)ply) dy

N/2 "
(12) ___(_21’)_-__ f /2 f F(\/xlz + p? = 2|x|p cos 6)
- (sin ON- Z(D(P)dﬂduN(p)-

Therefore
f flx —y)¢(x)¢>(y) dxdy
(2”)N af2 a2 F( ? — 2rp cos 0)
sl Jo Jor et e
. (sin ON- Z(D(r)fb(p) adeN(r)d[l.N(p),

G

whence (4). The case N =1 is easily verified.

From (4) follows the following proposition

Proposition 1. Let f(x) = F(|x|) be a continuous radial function on the ball
Syl@) (0<a<w) in RN and set
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392 A. E. NUSSBAUM [January

Fylr 8) = [TRW/r+ 57 - 2rs cos 0) (sin 6)Y 7 df
if N>2 and
F (r, s) = BLE(|r + s + F(|r - s|)]

if N=1. Then { is positive definite relative to the orthogonal group O(N) if and
only if the kernel FN(r, s), 0<r, s<a/2, is positive definite, That is,

n n
(13) Y X aaFylx, x)>0
i=1 j=1

for all choices of complex numbers a,, a

ERETICE and points x, X, +-+, x_ on
the interval (0, a/2).

) S n

Proposition 1 allows us to rephrase the theorem [4, Theorem 31 on the integral
representation (3) of a function positive definite relative to the orthogonal group
O(N) as follows.

Theorem 1. Let F be a continuous function on the interval 0 <r <a
(0 <a <) and N a positive integer. Let F\(r, s} be as in Proposition 1. Then

F bhas an integral r epresentation of the form
F(r) = f:o (WX dN)  forall 0<r<a,
where y is a bounded, positive Radon measure on R, if and oniy if (13) holds.

The principal purpose of this paper is to extend Theorem 1 (plus some re-
finements) to the case where N = o is any number > 1. The method of proof is

“*‘nuclear

entirely parallel to the one used by the author in [4]. It is based on the
spectral theorem’’ [4, Theorem 1] used with great success by the Russian school.
We assume that the reader is acquainted with this theorem. See loc. cit. The
main theorem (Theorem 2) of this paper also extends the theorem in [1] in several
ways. We were not aware at the time we obtained the result in [1] of the connec-
tion with functions positive definite relative to the orthogonal group. In conclu-
sion we would like to point out that the main.theorem of this paper also contains
the result of Rudin [5] on the extension of radial positive definite functions. See

the discussion in [4].

2. Definitions and preliminary results. Let v be a fixed positive number. We
define Ux) = sz+l(x), where Q_(x) is as defined in the introduction.

We set

dulx) =27 % T + %1~ x2Vdx,

and define LIIIO, =) as the linear space of Lebesgue measurable functions on
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1973] ON POSITIVE DEFINITE FUNCTIONS 393
[0, =) for which f;’|/(x)|dy(x) < %, Further we let

(3v=~5/2) /)12
D(x, y, 2) = 2 M + %1 (xyz)l"zv[A(x, y, 2]2¥"2,

Ten”

where A(x, y, z) is the area of a triangle whose sides have length x, y, z if there

is such a triangle, and otherwise, D(x, y, 2) = 0.

Definition 1. If { is a Lebesgue measurable locally essentially bounded func-
tion on the interval [0, a) (0 < a < =) we define the associated function or as-

sociated kernel [(x, y) by

[l ) = ;le/(\/xz + y2 = 2xy cos 0)(sin 6) 2V~ 149

v

for 0<x<a/2, 0<y<a/2. Here c,= Blv, 4] = W) a?/T( + Y).

Proposition 2. If [ is as in Definition 1 and {(x, y) its associated function,
then

@) f(x, y) = fgf(Z)D(X, y, 2)dulz) for 0<x<a/2, 0<y<a/2 and

(ii) f(x, y) is continuous on (0, a/2) x (0, a/2).

Proof. Let 0 <x<a/2, 0<y<a/2 and consider a triangle whose sides have
length x, y, z and whose angle opposite the side of length z is 6, Then z =
(x2 + y2 = 2xy cos ), whence zdz = xy sin 0 df. The area of the triangle
Alx, y, z) = xy sin 0/2. Therefore df = zdz/2A(x, y, z) and hence

(sin 2V 140 = 24(x, y, 2) el z
xy 2A(x, y, z)

_ Z(ZV‘Z)(xyz)l'ZV[A(x, y, z)]ZV'ZzZde_
Therefore

Z-L (sin 6)%7~ 140 = D(x, y, 2)du(2),

v
whence

1 (7 2 2 . 2v-1
?vfof(\/x +y% = 2xy cos 0) (sin 6) do

=J‘x+y [(DD(x, y, 2) dulz) = fZ[(z)D(x, y, 2) du(2),

x=y
for D(x, y, 2) =0 if z> x+ y or |x = y| > z. This proves (i). In particular if we
take f(x) = 1 we obtain

o0 1 o . -
JO D(x, y, z)du(z) = c, f0(81n O ldh=1  0<x y<w,
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394 A. E. NUSSBAUM [January

for Blo, Bl = 2[75/2(sin 6)2* Ycos 0)>A-1 40. 1f now 0 <%y, y,<a/2 and 0<
26 <a-(xy+y,) then

e, y) = g y )l < [207 O () IDx, . 2) = Dlx g 4 2)|dlz)

< esssup |/(z)|f°°|D(x, ¥, 2) = D(x g, y o 2)|du(z)
Ostxo +¥q +28 0

for all |x ~ x| <&, |y -y, <&
But

lim *ID(x, y, 2) = Dlx g y o 2)|dulz) = O
(x,y>-o(x0,yo)f0| ¢ o Yo N

since D(x, y, z2) — D(x, y,, 2) p-a.e. and
f:\D(x, y, 2)|dulz) = 1 qf‘:ID(xo, y o 2Ndulz) = 1.

(We use here the fact that if (/n) is a sequence of integrable functions such that

{,— [ a.e. with [ integrable, then f|/~/ | —0 if and only if [|/ | — [If}.)
It follows that [ is continuous at (x, yo).

Lemma 1. If  is a Lebesgue measurable locally essentially bounded func-
tion on [0, @) (0 < a < o) and its associated function [(x, x) =0 for 0< x<a/2,
then f(x) =0 a.e. for 0 <x <a.

Proof.

f(x, %) =—3— J‘Z/(x\/i—:_Z—E;;?) (sin 0)2u_ 1dg -0 for 0<x< a/2.
v

If we set, for fixed 0 < x < a/2, t = »/2 — 2cos 0/2 we obtain

2v
o, 5) = [T 2 - P L = 0.
Cvx
Hence
(14) f;/(Zt)tZV' Yx2 _=1gr 20, 0<x<a/2.

Ifv=1, g/(Zt)tdt =0 for 0 <x <a/2, whence f(x) =0 a.e. for 0 <x<a.
If v £1, we multiply both sides of equation (14) by x and integrate with re-

spect to x from O to y, we obtain

Y (% w-l. 2 ,2yw=1 Nede wal .2  2yw-1
IOIO/(2t)t x(x® = t%) dzdx_foft/(zz)z x(x® — 1977 Ydx dt

1 ry
N 4 2v-1 b4 2 2yw-1 _ 2v—-1 2_ 2\V _0
- a0 an a7 s = [ iy - e <,
for 0 <y < a/2. Thus

f;‘/(zz)zz”" Ux?—tHYdt =0, 0<=x<a/2.
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Continuing this way we get

(15) [0 H? - 1 *kdr =0 for 0 <x < a/2

and £=0,1, 2, .. -‘, which upon the substitution = = \/xz _ t? Becomes

(16) f:/(Z\/xz - uz)(xz- wd)’~ 120+l 2k g, 0

for 0 <x<a/2 and k=0,1, 2, .... Since every continuous function g(u) on

[0, x] can be approximated uniformly by even polynomials in u, it follows from

(16) that

ﬁf(Z\/xz — a2 - W W (W) du = 0

for all continuous functions g on [0, x], 0 < x < a/2. Therefore

/(2\/x2 ~ W) (2 w12+ 0 aee. for O <u<lx
(for every fixed 0 < x < a/2). Hence
/(2\/x2 ~u?) =0 awe. for 0 <u<x

and every 0 <x <a/2, whence f(x) =0 a.e. for 0 <x <a.
If f(x)=Q\x), 0<x <o, where A is any complex number, then its associated
function

flx, y) = flx)f(y), 0<x, y <o

This formula is due to Sonine. See [8, formula (16), p. 367].
Thus by Proposition 2

17) f‘: QA)D(x, y, 2)du(z) = QAXDy)

for 0 <x, y <o and all complex numbers A.

If / and g are elements of LII,[O, ), and if we set
(/ x &) = [T [T 1)glD(, y, 2) duly) dp(2),

then (f x g)(x) exists for almost all 0 < x < e, fx g € LIII[O, ), and (by Fubini’s
theorem and (17)) (f x g) = /g, where

f(t) = f: Qxt)(x) dplx), 0 <t < oo,

is the Hankel transform of f of order v — % . See [2]. (Equation (12) states that
if v=(N =1)/2 then
7 %(x) = 2mN/ 2F x ®(|)).

’

This is the motivation for defining the ‘'x-convolution’’ as above.)
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Definition 2. We denote by P [0, a) (0 <a < =) the set of Lebesgue measur-
able functions [ on the interval 0, a) which are locally essentially bounded on
[0, @) and whose associated function f(x, y) is positive definite on (0, a/2) x
©, a/2). That is,

(18) izn: 'd(x x)>0

for all choices of complex numbers a,, a,, -+, & and any points x, %, «+ -, x,
on the interval (0, a/2). The elements of P [0 a) will be called positive defznzte
functions on [0, a).

It is clear that condition (18) is equivalent with

a/zf 2 (s, Y)$IFG) ) duly) 2 0

0 0
for all ¢ € C, [0, a/2) (orall ¢ € C;"(O, a/2)).

3. The principal result.

Theorem 2. A Lebesgue measurable function { on the interval [0, a)

(0 < a < ) has an integral representation of the form
(19) Ax) = fojx(l(x\/X) dy(\), a.e. for 0<x<a,

where y is a bounded, positive Radon measure on R such that the integral
2. UxyA) dy(\) converges absolutely for every 0 < x < a, if and only if [ is
positive definite on [0, a).

The measure y may be chosen such that supp y C [0, =) ((= o, 0) if and
only if in addition to [ € P [0, a)

(20) [ [ D= ABYRIBly i) diy) 2 0 (< 0)
for all ¢ € CF0, a/2). Here Ad(x) = ¢"(x) + (2v/x)p'(x).

Proof. If f has an integral representation of the form (19), then, clearly, [ is

locally essentially bounded on [0, a). Further, by Proposition 2, Fubini’s
theorem and (17)

fier ) = 7[5 UVRD, y, 2)dptz) dyd)
:Jm Qe/NQVX) dy(N)  for 0 <x, y <a/2.

Hence
n

D IRTN(CHERI il D SELCRYY

i=l j=1 i=1

2dy(\) >0,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1973] ON POSITIVE DEFINITE FUNCTIONS 397

and [ € PV[O, a).

Conversely, suppose that [ € PV[O, a). Let D (~a/2, a/2) be the space of even
complex valued C*-functions on (- @/2, a/2) with compact support.
D*_ a/2, a/2) is a vector subspace of D~ a/2, a/2) (the usual space of test
functions on (~ @/2, a/2) of distribution theory with the Schwartz topology). We
endow D¥(- a/2, a/2) with the topology induced by P~ a/2, a/2) and set E =
D¥(- a/2, a/2). E is a vector subspace of the nuclear space D(— a/2, a/2) and
therefore is nuclear. Clearly E is separable. On E we define a pseudo-inner

product by setting

@) = [ [ (5, y)T) du) dty)

for ¢ and ¢ in E. (¢,¢) >0 since f € P[0, a).
If ¢ €E then ¢'(0) = 0 since ¢ is even. Therefore ¢'(x) = xx¢(x) for all
x, where Xg € E. Clearly

?17({)_, ¢''0) as x — 0.

Thus, X 4(0) = ¢"(0) and X is uniquely determined by ¢.
On E we define the operator A¢p = — ¢p" — 2uxg; iee. (Ap)x) = - p"(x) -
(2v/%)¢"'(x) if x£ 0 and - ¢"(0) — 20¢"(0) = — (1 + 2)"(0) if x = 0. Clearly A

is a linear operator in E. Furthermore, A is continuous for
(n=1) (n+1) _
(21) X (x)lfkn| ISu| Ild) ()] form=1,2,3,...
tigix

and all x, where &  is a constant independent of ¢. (Infact k =1/n is the
smallest possible constant for which the above inequality holds for all ¢. The
verification of this is left to the reader.)

From (21) follows that if (¢n) is a sequence in E which converges to 0 then
X¢n—* 0 in E, whence A is continuous.

Next we show that A is symmetric relative to the pseudo-inner product

(é, ¥); i.e., (Ad, ) = (¢, AY) for ¢ and ¥ in E. To see this we first show
that

22) (Ag) (1) = 12(s) for & ¢ E and all complex 2.
Indeed, if K =[2""%T( 4+ %)]™!
du(x) = Kx*" dx,
(AP)(x) = — x~ 2 d(x*"$"(x))/dx if x £0,

and therefore
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398 . A. E. NUSSBAUM [January
—(A) () =K [ Q" ) dx = - K [0 e g/ dx

= Ktﬁ[xz”tﬂ"(tx) + 2ux 271 (0] (x) dx = tf:[tﬂ"(tx) + 2—:9'(tx)] dp(x)

by successive integration by parts. But Bessel’s differential equation for
Jy_y; (x) implies that Q"(tx) + Qu/x)Q'(tx) = ~ Qzx) for all complex ¢ and x (if
we set Q'(z)/z|z=o = Q"(0)). Therefore

(46) (1) = [T Qe0Iplx) du(x) = %)

for all t.
From (22) follows that

(Ad x ) 0) = 200D = SO = (¢ x A) (1),
whence A¢ x ¥ = ¢ x Ay, But
@G )= [ [ 10, BTG e ) = 270 x TNe) o)
by Fubini’s theorem. Therefore
(A ) = 7 1GHAD x Y))dula) = [7 ()b x AY)x) dulx) = (b, A)

for ¢ and ¥ in E.
In E we introduce the involution ¢*(x) = ¢(x). Clearly A¢p™= (A¢)* and
(&% ¥™ = (¢, ¢) for all ¢ and ¢ in E. All conditions of the theorem of expan-

sion into generalized eigenvectors [4, Theorem 1] are satisfied. Hence there

exists a bounded, positive Radon measure p on R, for every A € R a sequence
of generalized eigenvectors e;(/\) €E', 1<k<dA) +1, of A (i.e. (e’:()\), Ad)
= )\(e;(/\), @) forall ¢ € E and 1 <k <d(A) + 1) such that

d(\) ———
(6 ) = [T 5 (), $)e (), ¥)dp(X)
k=1

for ¢, Y € E. Here d(\) is a p-measurable function with values in {1, 2, 3, +-, o}
and there exists a p-null set N such that e;()\), 1 <k<dQA)+1, are linearly
independent if A ¢ N,. Furthermore supp p C[0, o) ((~ o, 0]) if (20) holds. For
details see loc. cit.

Let G = (- a/2, a/2). Since e ()\) € DYG)' there exists a umque even dis-
tribution ¢, () on G (i.e. e LA € fD (G) and (e (), ) = (e, ), qS) for ¢ € NG);
here ¢>(x) = ¢>(— x)) whose restriction to E is e, (A), 1 <k<d(X) +1, A €R. See
[4, Proposition 1].

If ¢ € D(G) we set & =%+ qvS); " € E. 1f now ¢ € D(G) and supp ¢ C

~ {0}, then clearly - A¢p = A¢ and (- A(,‘b)“ =~ A(,'b” since A is invariant
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under reflection ¢ — ¢?, supp ¢ C R — {0}. Hence, for all ¢ € DVG), supp & C
G - {0},

(€, (), = A) = (e, V), (= AB)*) = (£, (M), — Ad") = Me, (M), ") = Me, V), ¢)

since e, (A) is even. Thus, the distribution e (A) satisfies the differential equa-

tion
(23) - Ae, (N) = re (V) in G- 10},
1 <k<d(A)+1, A €R. ‘A denotes the transpose of A,

(AN - 670 - (2 9w) - 476 - 2 g1 4 B B,

& € D(G), supp ¢ C G - {0}. It follows that the distribution e,(A) is an even C™-
function ek(’\’ %) in G - {0} which satisfies the differential equation (23) [7,
Theorem IX, p. 128] in the classical sense in G - {0}. In fact ek(/\, x) is an
analytic function in x, 0 < |x| < a/2, since the coefficients of ‘A are analytic in
0 <|x|.
To find the general even solution of the differential equation (23),
2v

!
—tAez_e"+(7) = Ae, O<|xl,

set e = |x]2vy. Then by a simple computation
. 2
(24) _y'-;y'z)\y, x £0.

The general even solution of this equation is, if A =0,

allxl'zu+1+a2 if v,
y(x) = ) .
allog|x}+a2 ifv=4%,

a, and a, are arbitrary constants.
If A£0O,
y() = 1| TR WRRD, x40,
where J(z) is the general solution of the Bessel equation
2212 + 2] + 22 - (v - %)AJ(z) =0, =z 40,
The simple computation is left to the reader. Therefore

y(0) = by x| "L R + b, TN, VR,

x £0, where b, and b, are arbitrary constants and Ty is Bessel’s function of
index v - % and N,_y, is Neumann’s function (or Bessel’s function of the 2nd
kind) of index v - %.

Thus,
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C(0)|x|?¥ + D(0)|«|, 0<|x|<a/2,if A=0,v=Y,
ek()\, x) =

CO)|x|?Y + D(O)| %" log|x|, O0<|x| <a/2,if A=0,v £,

and
ek()\, x) = C()\)|x|2VQ(\/)-\x) +D()\)|xly+y2 NV_%(\/XPCI), 0<|x| <a/2,if A £0,
where C(A) and D(A) are constants. Since Q0) = 1 we have in all cases

(25) e (A, x) = CW)|x2"Q/Ax) + D) x| 2700 (x), 0 < |x| < a/2,
where 60,(x) = Ix|1=2¥ if v £ Y% and log|x| if v =) and 6,(x) =
%] "N, (VRIx]) i A £ 0.

The function |x|2V0)‘(x) is locally integrable at x = 0 and therefore ek()\, x)
defines a distribution in G. Since ek(/\) = ek()\, x) (as distributions) in G - {04,
e, (A) = ¢, (A, x) is a distribution in G with support in {0}. Therefore

n
e (W) = e, (A, x) + 3 c (W)
k=0
where ck()\), k=0,1,...,n, are constants and & is the Dirac delta measure.

Since ek()\) and ek()\, x) are even distributions in G,

n
Z ck()\)S(k) is an even distribution.
k:o

Thus,
3 WHN0) = 3 (- 1k, (NgR(0)

k:O k:O
for all ¢ € D(G). It follows that ck()\) =0 for & odd. Therefore

(26) (M = e (0, x) 4 3 e, BER.
k=0

We shall show that ek()\) = c(N)|x|**Q/X x), A € R. To prove this we first

show that

(27) (e, (s %), Ap) = Me, (A, %), B) ~ 26(0) lir(x; D(A)e?¥8'(e)
€0+

for every ¢ € E. Indeed, e, (A, x) = |x|2vy(x), where y satisfies (24). Therefore,
if ¢ €E
(e, x), Ag) =2 f ‘;/ 22 () A)x)dx = — 2 f z/ 2«2 (%)) dx

=2 :/2xzyy'(x)¢'(x)dx, for ¢'(0)=0
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and lim, , ezuy(e) = limg 4, ek()\, €) exists (in fact this limit is 0 as is easily
verified). Therefore

(e, ), agy=2 f f,/ 27y (g () dx = 2 lin [ V2 2y () ()
=0 +

2 1im %2 (Il = 22 () )
0+
~ 22600 tim %' + M2 G dx
0 +
= Me, (A, x), @) - 24(0) lim D(A)e*"By(e)
€0+
for y(x) = C(NUVAx) + D(A)F,(x) by (25) and
dQ(\/Xx) _ \/XQI(O) - 0.
dx %<0

Now,
(e, (N), Ag) = Me (M), ¢) for all ¢ €E,

A€k and 1 <k <d(A) + 1, Therefore by (26)

(e, 0 2, AB) 1+ 3 o A PN0) = Me, (A, ), @) + A 3, (NSPRN0).

k=0 k=0

Hence, by (27,

(28) ~240) lim DG + 3 ¢, NAPO ~X 3 ¢, WER(0) = 0
0+

k=0 k=0

Since (28) holds for all ¢ € E, the coefficients of ¢(0), é"(0), ..., ¢(2m+2)(0)
in (28) are all 0. Now (A@)0) = - (1 4 2v)¢"(0),and by a simple computation

(A) 2R(0) = <1 +7r]>¢‘2k+2>(o) E=0,1,2,...
Therefore the coefficient of ¢(2m+2)(0),
2v
- czm()\) (l +—?;-_-k—1 ) =0,

whence, czm()\) = 0. Continuing this way we see that co()\) = cz()\) = e =
czm(/\) = 0 for every A € R. Therefore e, (A) = ek()\, x) and

(29) lim D()\)ezvel(f) = A€ER.

€0 4
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But lim, . CZVOAI(G) # 0. The reader will verify that when A= O,Iimc_'0+ ezye(;(e) =1

fv=Y, (1-20) if v#% and

2N HE-( 4 )
w

lim,_, €29'0) = if A£0.

It follows therefore from (29) that D(A) = O for all A € R. Hence
e, (N = C|«| 2R(/Ax), AeR.
Therefore AN =1 p-a.e. and

2C( N2

e (N, e (N, %) = a/2 /2 (e /20 DU/ D V) dilx) diu(y)

belongs to L Xp) for all ¢ and lﬁ in E. Therefore A — 4K~ % C())|? is p-measur-
able and if we set dy{A) = 4K~ 2|C(N)| 2dp(N),

a a/ —_—
(¢, ¥) = fo/zjol 2/'(x, y)(x) Yly) dul %) duly)
- f ‘;/ ? [ 72 Qe MU ) i)l y) D,

We now proceed mutatis mutandis as in the proof of [4, Theorem 3l.

(30)

If 0<x,< a/?2 1s an arbitrary but fixed point, choose a sequence (qS ) in E
such that ¢ >0, f@ ¢"dy =1 and supp ¢, Clx €R|||x|- x| <1/n} Then

fz/z Ux/N_(Ddx — Ux /A as n—

and therefore upon substitution of ¢ for ¢ and ¢ in (30) and letting n — oo we obtain

by Fatou’s lemma and (ii) of Proposition 2

foo (Q(xo\/X)) zdy()O < lim f:/zf:/zf(x, y)¢n(x)¢>n(y)dy(x)dy(y) = /(xo, xo).

Therefore if 0<x, y <a/2,

Gy J ARV < (7 L0y 4 ) (7 La0vm 4N |
S /(x, x)%/(y, y)l/z_

Now

f(x, 2 =Ig/(z)D(x, x, 2)du(z) <esssup|f(2)] <o, 0<x<a/2,

0<z<2x
and therefore by Fatou’s lemma if x — 0, 0< X, <a/2,
f” d}'()\) < lim /(xn, x") = lim /(x, x) < oo,

0

Thus y is a bounded positive Radon measure.

Next we show that
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(32) [(x, y) =j T Q/NAWDIAN,  0<x, y<a/2
To see this we first note that
f O_ON f Z/Zf:;/Z | Q0NN dx)%”dp(x)dp( y)dAN
o (a Yl (e ra b
< ( f_m J‘O/ZlQ(x\/X)q_’)(x)l Zdy(x)dy()\)) ( f ~ J'O/ZlQ(y\/A)!/,(y)lZd#(y)dy(A))
= (¢, &)Y, ) <o forall ¢ and ¢ in E.
Therefore from (30) by Fubini’s theorem
a/2 ra/? -
33 [ [27 1, PP du0duly) =
for all ¢ and ¢ in E, where
K(x, y) = foij(x\/X)Q(y\/—;\)dy()\), 0<x y<a/2

a/2

o f:/z K(x, y)¢(x)—¢—(-)7)dp(x)dy(y)

K(x, y) is continuous on [0, a/2) x [0, a/2) for
(x, y) — f :Q(xﬁ)u(yﬁ)dy(»

is continuous on R x R by the Lebesgue bounded convergence theorem since
IQ(Z)I S 1 for OS z <> and

(x 9 = [°_Qy/DANNHN

is continuous on [0, a/2) x [0, a/2) by the Lebesgue dominated convergence
theorem because 1 <Q(ix) <Qix)) for 0 <x <x; <= and (31) holds.

From (33) and the fact that f(x, y) and K(x, y) are both continuous on
(0, a/2) x (0, a/2) follows that

f(x, ) = K(x, y)  for 0<x, y<a/2, i.e. (32).

Next we define the function k(x), 0 <x <a, by k(x) = [*_Qx\/Ndy(N. This
integral converges absolutely for 0 < x < @. Indeed, if 0 < x < @/2 then

[l 2 = [T QRN = [T [ 0WR2D0x, x, 2du(2)dfkN
= o7 QVRAD(x, % 2dyNdu(2).
The change of order of integration is justified for
f?wﬁ)ﬂ(\/xz)D(x, %, 2)dplz)dy(N) = f:fﬁmﬂ(\/xz)l)(x. x, 2)dANdu(z)
since the integrand is nonnegative. Further
[ Jela0/Aalptx, % 2du)ann
< 7 [3Pte % DN = [*dh0) < [* ahN <.

(34)
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Therefore Fubini’s theorem applies.

From (34) follows by Fubini’s theorem that
f T VAL Dlx, x, Ddy(N <=, peace.
Hence, since D(x, x, 2) £0 for 0 <z < 2x,
ffwlﬂ(ﬁz)‘dy()\) <= a.e. for 0<z<2x,

But fgm(ﬁz)u}/(» <o forall 0<z<w and x — UyAx) is monotonically in-
creasing if A <0. Therefore

JTN|Q(\/—)_\z)|dy()\) <o forall 0<z<2x

and since 0 <x < a/2 was arbitrary

fo_ow'lﬂ(\/xz)ldy()\) <s forall 0<z<a

From what precedes also follows by the Lebesgue dominated convergence
theorem that k(x) is continuous on 0 < x < a and f(x, y) is the associated func-

tion of k. Indeed

Kx, 3) = [THDs, 5, 2dut=) = [ [T AYR2)Dlx, y, 2y (V=)

= fjw J :Q(\/X z)D(x, y, 2)du(z)dy()) = fojwﬂ(xﬁjﬂ(y\/x)dy(A)

=f(x, y) for 0<x, y<a/2,
by Fubini’s theorem and (17). Therefore by Lemma 1

f(x) = H(x) a.e. for 0<x<a
That is,
f(x) = fojmﬂ(x\/‘);)dy()\) a.e. for 0<x<a
Finally, if

f(x) = ffwmx\/X)dy(A) a.e. for 0<x<a,
where the integral converges absolutely for 0 < x <, and supp y C
[0, ) (=, 01), then for all ¢ € E
[J15 9= A du(x)dul )
= ({{[” =yDDix, y, 2 AN G dy (Nl 2)dpl ) duly)
- [ {a=yDDlx, y, 2)(- A (x) Gy dul 2)dpu(x) dply)dy (N)
- [T A TWDEYRdYO = [ NP 2dyN 20 (0
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by successive application of Fubini’s theorem and (22). This completes the proof.

Corollary 1. If f € PJO, @) there exists a continuous function k € Pv[()’ a)
such that f(x) = k(x) a.e.

Corollary 2. A continuous function { on the interval [0, a) (0 <a <o) has an

integral representation of the form
flx) = Fwﬂ(x\ﬁ\)a’y()t) for all 0 <x<a,
where y is a bounded, positive Radon measure on R, if and only if { € P[0, a).

Corollary 3. [1l. A function f € L™[0, =) (relative to the Lebesgue measure)

bas an integral representation of the form
flx) = I:Q(xt)d}(t) a.e. for 0 < x <oo,

where y is a bounded, positive Radon measure on [0, ), if and only if { €
P [0, ).
v ?

Lemma 2. A continuous function [ € P_{0, @) is [v]-times continuously dif-
ferentiable. See [6, Lemma 4, p. 822l,

Proof. If / € P [0, a) is continuous
fx) = fmmﬂ(x\/X)dy(M, 0<x<a,

by Corollary 2. Now x — f?_mﬂ(x\/X)dy()t) is an analytic function on —a<x< a

for

Uxy/M) = i (- l)kck(x\/)_\) 2k - :‘Z ckak(— NE,

k=0 k=0

where the coefficients ¢, > 0, k=01, 2, +««. Therefore
fo °<)Q(x\/X)aVy()\) =y <Ck f(_)_w(— )\)ka’y()\)> x2k
k=0

for |x| <a.
Next we show that g{x) = f’gﬂ(x\/T\)dy(A) is [v]-times continuously dif-
ferentiable on R. We proceed as in [6, Lemma 4., p. 822

k,
(35) 9—"-(%@ — QR /Ry DE,
dx

From x) =c x~ Y %), where a=v - and c__ is a positive constant, follows

that
c';lﬂ(k)(x) = ](’;)(x)x'a— <I:)a]£f’lkx)x'a’l teceralat Deeelar k- 1)]a(x)x"a"l°.
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Hence, since ](I;)(x) =0(x~"%), we have Q%*Xx) = 0(x~ % %) = 0(x~"). Therefore
by (35)

k
TN _ o=y,

ox

It follows that if & <v, i.e. k& <[v], then

00 akﬂ(x\/)\)
kY x) =
g*Xx) = fo P dy (N

for all x € R,
Suppose [ is a function of class C? on the interval [0, @), then by a simple

computation

(36) I‘; FCHAS () dpl %) = f (ANG) Blx) ()

for all ¢ € C3(0, a). Indeed, since du(x) = Kx?Vdx, where K is a constant,

j S [N AS(Ddp(x) = K j SADAG ()2 dx
=K j AV () dx = - K f;/'(x)xzvqs "(x)dx
= K [ () dx = ﬂ(A/)(x)q&(x)dy(x).
From (36) follows that condition (20) of Theorem 2
f f x, Y= AP Hydu(x)duly) = f/(xx(- A¢) x ) x)dulx)
= 1= Al x PRdul0) = [(- AN x Bdulx) 20 (< 0)

for all ¢ € C7(0, @ is equivalent to — Af (Af) € P[0, a). Combining this with

Lemma 2 we may restate the last part of Theorem 2 as follows.

Theorem 3. Suppose v > 2. A continuous function { on [0, a) (0 < a <) bas

an integral representation of the form

fx) = f:ﬂ(xt)dﬁ(t), (/(x) = I:mim)dﬁ(ﬂ)

for 0 < x <a, where B is a bounded, positive Radon measure on [0, ), if and
only if { and - Af (Af) belong to P [0, a).

We conclude this paper with the following theorem.

Theorem 4. P [0, a) D P#[O, a) if v<y and a function [ € P_0, a) =
P 10, a) if and only if [ has an integral representation of the

r11/>0 v

form

o L2
/(x)=f L€ ldolt) ae for 0<x<a
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where  is a bounded, positive Radon measure on R such that
o0 Zt
f °<,ex do(t) < forall 0 <x<a.

Proof. We start with the identity [8, p. 373]

et w/2

_f‘( ‘; 0 ]ﬁ(z sin 0)(sin ) %+Ycos 0)2%+149
2*Ma+ 1

J a+B+ l(z) =

a>-:1, 8> -1, z any complex number. From it follows that if u>v (> 0)
(37) 92#+1(Z) = fz/zﬂ(z sin 6)do(6)

for all complex numbers z. Here {1 = 92v+1 and o is a bounded, positive Radon
measure on [0, 7] (depending upon v and p).
If now [ € P#[O, a), v <y, then by Theorem 2 [ has an integral representation

»
(38) ) = [T Q,, WNdy(N ace. for 0<x<a,
where y is a bounded, positive Radon measure on [0, @) for which
(700, VDY) <= for 0<x<a

Let flx, y), 0<x, y <a/2, be the associated function of [ relative to v,

then
flx, y) = Iz/(z)D(x, y, 2)du(z) = fzft’mﬂzﬂu(zﬂ)[)(x, y, 2)dy (N du(2)
-7 ’;/ 2 Qzy/A sin OD(x, y, 2)do (0)dy(Ndulz)
= t’wJ‘Z/ZJ“;Q(z\/X sin O)D(x, y, 2)du(2)do (6)dy (N
= J"_"Nﬁ/z Qxy/A sin QA sin Odo(Ody(N, 0<x, y<a/2,

by (38), (37), Fubini’s theorem and (17) in that order. From the last equality
follows that f € P_[0, a); i.e. P[0, @) D P#[O, a).

From what precedes follows that P_[0, a) = r\Pl/2 (N-l)[o’ a) as N ranges
over the integers 2, 3, 4, «««. In 4] we proved [loc. cit., Theorem S| that a con-

tinuous function

kEP%(N__l)[O,a) fOl’ N=2, 3’4’-..,‘

if and only if k& has a representation of the form

00 2
k(x) = f cwe" Ydo(t) for 0<x<a,

where ® is a bounded, positive Radon measure on R. But to every [ € PV[O, a)

there exists a (unique) continuous & € PV[O, a) such that f(x) = k(x) a.e., by
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Corollary 1. Hence, to every [ € Pw[O, a@) there exists a (unique) continuous & €
P_l0, @) such that f(x) = k(x) a.e. Therefore, from what precedes, a function f
on [0, @) belongs to P_[0, @) if and only if there exists a bounded, positive

Radon measure w on R such that

0o 2
fx) = f_mex 'dw(t) a.e. for 0<x < a.
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