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ON FUZZY BITOPOLOGICAL
SPACES IN SOSTAK'’S SENSE

A. A. RAMADAN, S. E. ABBAS, AND A. A. ABD EL-LATIF

ABSTRACT. In this paper, we used the supra fuzzy topology which
generated from a fuzzy bitopological space [1] to introduce and
study the concepts of continuity (resp. openness, closeness) of
mapping, separation axioms and compactness for a fuzzy bitopo-
logical spaces. Our definition preserve much of the correspondence
between concepts of fuzzy bitopological spaces and the associated
fuzzy topological spaces.

1. Introduction and preliminaries

Sostak [16], introduce the fundamental concept of fuzzy topological
structure as an extension of both crisp topology and Chang’s fuzzy topol-
ogy [5], in the sense that not only the object were fuzzified, but also the
axiomatics. In [17, 18] Sostak gave some rules and showed how such an
extension can be realized. Chattopdhyay et al. [6, 7] have redefined the
similar concept. In [15, 8] Ramadan gave a similar definition namely
“Smooth fuzzy topology” for lattice L = [0,1], it has been developed in
many direction [4, 10-13, 17, 18]. Ghanim et al. [9] introduce the supra
fuzzy topology as an extension of supra fuzzy topology in sense of Abd
El-Monsef and Ramadan [2]. Abbas [1] generated the supra fuzzy topol-
ogy from a fuzzy bitopological spaces. In this paper we have used the
supra fuzzy topology which created from fuzzy bitopological spaces to
introduce and study the concepts of continuity of mapping, separation
axioms and compactness of the fuzzy bitopological spaces.

Throughout this paper, let X be a nonempty set I = [0, 1], Iy = (0, 1]
and % denote the set of all fuzzy subsets of X. FP (resp. FP*¥)
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stand for fuzzy pairwise (resp. fuzzy P*). For a € I, a(z) = « for
all z € X. A fuzzy point z; in X is a fuzzy set taking value t € Iy
at = and zero elsewhere, z; € X if and only if ¢ < A(z). A fuzzy set A
is quasi-coincident with a fuzzy set u, denoted by Agu, if there exists
z € X such that A\(z) + p(x) > 1. Otherwise A gu[14].

DEFINITION 1.1 [9, 16]. A mapping 7 : [X — I is called supra
fuzzy topology on X if it satisfies the following conditions:

(81) 7(Q) = 7(1) = 1.

(S2) 7(Vieatts) = Aiest(ps), for any {p; 13 € J} C I*.

The pair (X, 7) is called supra fuzzy topological space (briefly, sfts).
A supra fuzzy topology 7 is called fuzzy topology on X if

(T) 7(p1 A p2) 2 7(p1) A 7(a2), for any p, pa € I,
and the pair (X, 7) is called fuzzy topological space (briefly, fts).The
triple (X, 11, 72) is called fuzzy bitopological space (briefly, fbts) where,
71 and 7y are fuzzy topologies on X. Throughout this paper, the indices
i, € {1,2} and 7 # 5.

DEFINITION 1.2 [11]. A mapping f : (X, 71, 72) — (Y, 77, 75) from
a fbts (X, 71, 72) to another fbts (Y, 7, 75) is said to be:

(i) F P-continuous if and only if 7;(f~*(x)) > 77 (u) for each p € I
and i =1,2

(ii) FP-open if and only if 7(f(u)) > m(u) for each p € IX and
1=1,2

(iii) F'P-closed if and only if 77*(1 — f(u)) > 7:(1— p) for each u € I¥
and i =1,2.

THEOREM 1.1 [3]. Let (X,T) be an ordinary topological space (resp.
supra topological space). Then, the mapping w(T) : I*X — I defined
by

w(TYN) =V{a € I: XY, 1] €T}

for every A € IX is fuzzy topology (resp. supra fuzzy topology) on X.

This provides a “goodness of extension” criterion for fuzzy topological
properties. Recall that a fuzzy extension of a topological property of
(X,T) is said to be good when it is possessed by w(T') if and only if the
original property is possessed by T'.

THEOREM 1.2 [3]. Let (X,T) and (Y,T*) be ordinary topological
spaces. If a mapping f : (X,T) — (Y,T*) is continuous, then f :
(X,w(T)) — (Y,w(T™)) is fuzzy continuous.
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DEFINITION 1.3 [1]. A mapping C : IX x Iy — IC is called supra
fuzzy closure operator on X if for A\, u € I* and r, s € Iy, it satisfies the
following conditions:

(C1) C(Q,r) =0.

(C2) A< C(A\, 7).

(C3) C(\ 1) V C(,m) < CAV ).

(C4) C(A\,r) SC(N9) ifr < s.

(C5) C(C(A,1),7) =C(\ ).

The pair (X, C) is called supra fuzzy closure space.

THEOREM 1.3 [1]. Let (X, 7) be a sfts. For each A € IX, r € Iy we
define a mapping C, : I* x Iy — IX as follows:

CrAr)=Mp:pz ATl -p) 27}

Then, (X,C,) is supra fuzzy closure space. The mapping I, : IX x
Io — I which defined by: I,(\,7) = {u : p < X\, 7(u) > r} satisfies
I’r(l - )\,T’) = _]_- - CT()\7T)'

THEOREM 1.4 [1). Let (X, 71,72) be a fbts . For each A € IX,r € I
we define a mapping Cia : I x Iy — IX as follows:

Clg()\, 7‘) = C/rl (/\, T‘) AN 07—2 (/\, T').

Then, (X, C)2) is supra fuzzy closure space. The mapping I s : IX x
Io — IX which defined by I;2(\,r) = I, (\r)V I, (A7) satisfies
Io(L— M) =1 —CrafA, 7). '

THEOREM 1.5 [1]. Let (X, 71, 72) be a fbts. Let (X, Ci2) be a supra
fuzzy closure space. Define the mapping 75 : IX — I on X by

Ts()\) = \/{T1()\1) A Tl()\2) T = /\1 V )\2},

where V is taken over all families {\y, A2 : A = A1 V A\a}. Then,
(i) 7s = T¢,,is the coarsest supra fuzzy topology on X which is finer
than 7 and Ts.

(ii) Ciz = Cr, = Cre,

2. FP*-continuity

We are now going to use the family 7, which is generated by the two
fuzzy topologies 71 and 7, to introduce another type of fuzzy continuity
(resp. openness, closeness)of the fuzzy pairwise mappings.
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DEFINITION 2.1. Let f : (X, 71, 72) — (Y,7f,75) be a mapping from
a fbts (X, 11, 7) to another fbts (Y, 7y,75). f is called F'P*-continuous
(resp. FP*-open, FP*-closed) if and only if f : (X,7,) — (Y, 7)) is
F P-continuous (resp. F P-open, F P-closed).

THEOREM 2.1. Every FP-continuous (resp. FP-open, F P-closed)
mapping is F P*-continuous (resp. FP*-open, F P*-closed).

PrRoOF. Let f : (X, 11,72) — (Y,7],75) be a F' P-continuous mapping
from a fbts (X, 71, 72) to another fbts (Y, 71, 75) and (X, 75), (Y, 7F) their
associated sfts’s. Suppose that there exists u € IY and r € I such that

Ts(fTH W) <7 < 75 (W)

There exists py, pp € IY with g = py V 2 such that 77 () = 75 () A
75 (pu2) > r. Then, 7f(u1) > r and 75 (u2) > r. From FP-continuity
we have

(f 7 (p1) = () =7 and  7(f N (p2)) > 75 (u2) > 7.

This implies that
m(f T () A (F 7 H(p2)) 2 7

Since f~(u) = [ (1) V [ (p2), we have 75(f 71 (w) > . Itis a
contradiction. Hence,

() > (), Ypelr.

Thus, f is FP*-continuous. The other parts can be proved by the same
manner. O

EXAMPLE 2.1. Let X = {a,b,c} and Y = {z,y}. Define A\;, Ay € IX
and g1, pp € IV as follows:

M(@) =03  A(b)=03  A(c)=05

pi(z) = 0.5 pi(y) = 0.3
pz(z) = 0.3 p2(y) = 0.5
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We define fuzzy topologies 71,72 : IX — I and 77,75 : IY — I as
follows:

(1, if x=0,1 1, if Ax=0,1
71 ()\) - 05, lf A= )\1 7'2()\) = 03, if A= )\2
L 0, otherwise, 0, otherwise,
(1, if u=0,1 1, if p=0,1
(p) =4 03, if p=m Ta(u) =94 02, if p=p
L 0, otherwise, 0, otherwise.

From fbts’s (X, 71, 72) and (Y, 7{,75) we can induce supra fuzzy topolo-
gies 7, and 7, as follows:

(1, if A=0,1
0.5, if A=\
(A =¢ 03, if A=
0.3, if A=AV

A 0, otherwise,

(1, if p=01
0.3, if p=p
=4 02, if p=p

0.2, if p=p1Vpus
\ 0, otherwise.

Consider the mapping f : (X, 7, 72) — (Y, 7], 75) defined by:

Then, f is F'P*-continuous but not F' P-continuous.
ExXAMPLE 2.2. In the above example we define 7y and 735 as follows:

1, if pu=0,1 1, if u=0,1

T(p)=4 06, if p=m () =19 0.5, if p=p
0, otherwise, a, otherwise.
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From fbts (Y, 7{,75) we can induce the supra fuzzy topology 7. as fol-

lows:
L, if u=0,1

06, if pu=u
To(u)=4q 05, if p=pe
0.5, if p=p1Vus
0, otherwise.
Then, the mapping f : (X,7,m) — (Y,7,75) is FP*-open but not
F P-open.

THEOREM 2.2. Let f: (X, 1, 72) — (Y, 77,75 ) be a mapping from a
tbts (X, 11, 72) to another fbts (Y, 7, 75). Then, the following conditions
are equivalent:

(i) f is FP* continuous.

(i) mo(L— f7H(w)) 2 75 (L — p) for each p € I".

(iii) f(Clg(/\ 7)) < C12(f(\),7)for each A € IX and r € Iy.

(iv) Cra(f~Y(w),r) < fF71(Cra(p, 7)) for each p € IY and r € I.

(v) f~H(I1a(p, 7)) < I1o(f~Y(p),r)for each p € IY and r € Iy.

PROOF. (i) = (ii) It is easily proved from Definition 2.1, and the fact
A=) =1~ fFHw.

(i) = (iii) For each X\ € I and r € Iy we have,
FTHC(F(N), 1) = FHCrs (fF(N), 7)) (from Theorem 1.5.)
=T Mn el in> f), i (1—n) 2}
=AM e IX 7 ) = X (1 - m) 27}
>N e X f 7 ) 2 A (L= f7H ) 2 )
= Cr (A7) =Cia(\, ).

Thus, f(C12(A,7)) < Cra(F(A), 7). '

(111) (iv) For all € IY,r € Iy, put A = f~!(u). From (iii) we
have, .
f(Clz(f_l(,u),T)) < ClZ(f(f_l(,U'))?T) < Cl2(/“>7')'
This implies that

Cra(f~H(w),m) < FTHF(Cr2(F7H 1), 7)) < F7H(Crzlp, 7).

(iv) = (v) For all u € IYr € I we have
Cia(fH (L= p),r) < f7H(Cra(l — p, 7).
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This implies that

1-fHCr2(1 = pm)) <1 —Caa(f (1 — ), 7).
Therefore
FHA—Ca(l = 1)) < L= Cra(f (L — p), 7).
By Theorem 1.4, we have
F a2 (u,r)) < ha(L= f7HA = p)yr) = Da(F7H (), 7).
~(v) = (i) Suppose that there exists u € IY and r € Iy such that
T(f7H W) <r < T ().
Then, there exist pq, us € IY such that
To(w) =7 () V13(uz) > and p= gV ps.
This implies that 75(¢1) > r and 75 (u2) > r . Then,
Ly (p,r) = and Iy (p2,7) = po.
From Theorem 1.4, we have
Tio(p, ) = g (1, m) V Loy (2, ) = 1 V p2 =
By (v) we have
FMN) = £ () < Ta(F (), 7).
Thus,

f_l(u) = Ilz(f_l(/ﬁ)ﬂ”) =1-Cp(1- f_l(lﬁ)ﬂ")
1

This implies that
To(fH W) 2

It is a contradiction. So, 7¢(f ™ (u)) > 7*(u) for each p € IY. Hence,
f:(X,n,m) — (Y,75,75) is FP*-continuous.
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3. Separation axioms for fuzzy bitopological spaces

DEFINITION 3.3. A fbts (X, 1, 72) is called:

(i) FPRy if and only if 2; 4C, (Ym,r) implies that ym, 4Cr, (z4,7).
(ii) FPR; if and only if z; 4C~, (Ym,r) implies that there exist A\, u €
I* with 7;(\) > r, 7;(u) > r such that z; € \, ym € g and A fp.
(i) FPRy if and only if z; gp = C;,(p,r) implies that there exist
A p € I* with 7(X) > », 75(u) > r such that z, € A\, p < p and
A 4.

(iv) FPR3 if and only if n = Cr,(n,7) Agp = Cr,(p,7) implies that
there exist A, u € I* with 7;(A) > r, 75(u) > r such thatn < A\, p<
and A gu.

(v) FPT, if and only if z; 4y, implies that there exists A € IX such

that for i=1 or 2 7;(A) > r and x4 € A, ym fgA OF Ym € A, T3 4.

(vi) FPT; if and only if z; 4y., implies that there exists A € IX such

that for i=1 or 2 7;(A\) > 7, z: € X and v, 4.

(vil) FPT; if and only if x; Ay, implies that there exist A\, u € IX

with 7;(A) > r, 7;(p) > r such that z; € A, y, € u and X fu.

(viii) FPT, 1 if and only if z; 4y, implies that there exist A, u € IX

with 7;(A) > 7, 75(u) > r such that z, € A, Yy € p and Cr;(X,7)

/407'1' (,LL, ’f').

(ix) FPTs if and only if it is FPRy and FPT}.

(x) FPTy if and only if it is FPR3 and FPT.

Now, by making use of the supra fuzzy topology 7, generated by the
two fuzzy topologies 71 and 73, we introduce and study weaker forms of
the fuzzy pairwise separation axioms FPT; i = 0,1,2,25 1 3,4 and FPR;
1=0,1,2.

DEFINITION 3.1. A fbts (X, 11, 72) is called:

(i) FP*R; if and only if its associated sfts (X, 7s) is FR;, 1 =0,1,2.
(ii) FP*T; if and only if its associated sfts (X, 7,) is FT;, 4 =0,1,2,
23, 3,4.

THEOREM 3.1. Let (X, 7,7) be a fbts. Then, we have
(i) FPR; = FP*R;, i =0,1,2.

(ii) FPT, = FP*T,,i=0,1,2,21 3.

(ili) FPT; & FP*T;, i =0, 1.

Proor. (i) Let (X,71,72) be FPRy and let z; 4C;, (ym,r) from
Theorem 1.5, we have z; 4C12(ym,r). Also, by Theorem 1.4, we have
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Ty A[Cfl (Zlm,"") A CTQ (ymar)]' Then
2t € 1= [Cr, (ym, 7) A Cry (Y 7)) = [L = Cr (Y, )] V [L = Cry(yim, 7))

This implies that z; € 1 — C;, (ym,7) or ¢ € 1 — Cr,(ym, ), therefore
zt ACH (Ym,7) or Ty fCr,(Ym, 7). Since (X, 11,72) is a FPRy, we have

Ym /qc"'l (xt) 7‘) O Ym /40"'2 (xt’ T)‘
This implies that

Ym A[C‘rl (xh T) A C‘rz (iL‘t, T)] = ClZ(mta ’I“).

Then, y,, AC:, (xt,7), s0 (X, 71, 72) is FP*Ry. (For ¢ = 1,2 the proof is
similar).

(ii)Let (X, 71,72) bea FPT,1 and 2y 4y Then thereexist A, pu € X
such that z; € A, ym € @, 7i(A) > 7, 75(p) > 7 and Cr, (A7) 4Cr, (1, 7).
Since, C;, < Cy, for i = 1,2 we have, Cr, (A\,7) /qC, (u,7). Then
(X,71,72) be a FP'T,1. (For ¢ = 0,1, 2,3 the proof is similar ).

(iii) Necessity: follows from (ii). Sufficiency: Let (X, 71, 72) be FP*T}
and z; 4ym. Then, there exists A € I* such that z; € A, 74()\) > 7 and
ym AA. Since T4(A) > r then there exist A\, A\p € IX such that

7s(\) = (A1) A2(A2), A=AV

Then, 71(A1) > 7 and 72(A2) > r. x; € X implies that x; € A\ or z; € Aa.
Also, ym 42X implies that v, 4A1 and y,, gA2. Thus

(xr € M,1(A) > ryandy, A1) or (x: € A2, 72(A) > 7 andy,, 4A2).
Hence, (X, 11, 7) is FPTy. (For i = 0 the proof is similar). g

LemMA 3.1. Let (X, 71, 72) be a fbts. Then:
(i) If (X, ) or (X,79) is FT;, then (X, 71,72) is FP*T; i = 0,1, 2,

23,3.
(ii) If (X, 1) or (X, 72) is FR;, then (X, 11, 72) is FP*R; i =0,1,2.
Proovr. The proof is easy. O

ExaMmPLE 3.1. Let X = {z,y}. We define fuzzy topologies 71,73 :
IX — I as follows:

if Ae{0,1}

if Ae{za,ya},a€(0,1)

if Ae{zaVYa,TaVyr,21Vyahac(0,1)
otherwise

T]_()\) =

O e = =
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1, if xe{0,1}
7-2(/\): %, lf )\G{ﬂfa,ya,xav?/a}’aé (%’1]
0, otherwise.

Then, for 0 < r < % the fbts (X, 11, 72) is FP*T3 since, (X, 71) is FTy
and F Rz(see Lemma 3.1)) but (X, 7, 7) is not FPTs.

EXAMPLE 3.2. Let X = {x,y, 2}. We define fuzzy topologies 71,7 :
I* — I as follows:
it Ae {01}
if \=uzq,a€c(0,3]
otherwise
if Ae{0,1}
if Xe€{za,¥Ya,za}, @€ (0,1]
if A€{ZaVUarZaV 2ZasVYa V 2a},a € (0,1]
otherwise.

m(A) =

’7'2(/\) =

O V= Wik = O o

Then, for 0 < r < % the fts (X, 72) is F'T; and from Lemma 3.1, we have
(X,71,72) is FP*T3, but it is not FPT5.

EXAMPLE 3.3. Let X = {z,y}. We define fuzzy topologies 71,72 :
IX — I as follows:
if Ae{0,1}
it e {z1,n}
otherwise
if Ae{01}
if Ae{zxos,0.5}
otherwise.

’/"1()\) =

7’2()\) =

S wiv = O o= =

Then, for 0 < r < % the fts (X, ) is FT,1 and from Lemma 3.1, we
have (X, 7y, 72) is FP*Tyy, but it is not FPT,;.

ExXaMPLE 3.4. Let X = {z,y}. We define fuzzy topologies 71,7 :
IX = I as follows:

L if Ae{01}
A=< L if A=¢0,0€(0,0.3]U(0.4,1)
0

, otherwise
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1, if xe{01}
2(A) =< 1, if A=ga,a€(0,1)
0, otherwise.

Then, for 0 < r < % the fts (X,7) is FR; and from Lemma 3.1, we
have (X, 7y, 72) is FP*Rgy, but it is not FPR,.

EXAMPLE 3.5. Let X = {z,y}. We define fuzzy topologies 71,72 :
I*X — I as follows:

1, i Me{0,1) 1, if Ae{0,1}
7-1()‘) = %a if Ae {351»?/1} 7—2()‘) = %7 if A= _(ﬁ
0, otherwise 0, otherwise.

Then, for 0 < r < § the fts (X, 1) is FR; (resp.F Rp) and from Lemma
3.1, we have (X, 7y,72) is FP*Ry, (resp. FP*Ry) but it is not FPR;y,
(resp. FPRy).

LEmMMA 3.2. Let (X,7,72) be a fbts. For r € Iy we have the
following:

(i) For all A € I with 7,(\) > 7, Aqu if and only if A\gCi2(p,7),
peIX,

(ii) £;qC12(\,7) if and only if Aqu for all u € I with 74(p) > r and
T: € W

ProoF. (i) Let A € I*X with 75(A\).> 7, Aqu. Since u < Cia(u,7),
ACia(p, ). Conversely, let A € I*X with 7,(\) > r and suppose that
A Au, then p < 1 — A this implies that

Cr,(p,r) S Cr (L= A7) =1- A

By using Theorem 1.5, we have Cia(p,7) <1 — A Then, A 4Ci2(u, 7).
This is a contradiction.

(ii) Let x1qCi2(A, 7). Since x¢ € p, pgCiz(A,7) . By (i) we have ugh
for all 4 € IX with 74() > 7 and z; € u. Conversely, suppose that
xs 4C12(A,r). Then, z; € 1 — Cia(\,7). Let p = 1 — C12(\,7). By
Theorem 1.5, u = 1 — C; (A, r), then 74(p) > 7. Since, A < Cra(\, 1),
then u = 1— Cia(A,r) < 1— X this implies that A 4u a contradiction.;)

THEOREM 3.2. Let (X,71,72) be a fbts. Then the following state-
ments are equivalent:
(1) (X,Tl,’Tg) is FP*RO
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(ii) Cra(we,r) < p for all p € I, r € Iy with 75(p) > 7 and z¢ € p

(iii) If zs 4\ = C, (A, 1), there exits u € I with 75(p) > 7 such that
xy guand A < pu, r € Iy. '

(iv) If z; 4\ = Cr,()\,7) then, Cyr (zs,7) fA =Cr,(\,7), A€ [* T €
Io.

(V) If 2 /407'3 (ymar) then, CTs (.Z't,f') /407'3 (ym’ 7‘), r € .

Proor. (i) = (ii) Let ymqCi2(zt,r). By Theorem 1.5, we have
YmqCr, (z¢,7). By using (i) we obtain z:qCr, (Ym,7) i.e. 2:qC12(Ym, 7).
By using Lemma 3.2(ii), we can found that, y,qu for all 4 € IX with
7s(1) > r and x; € p. Then, we have C1p(x;,7) < pforallp e IX,r €Iy
with 75(p) > r and z; € p.

(i) = (1) If ym 4Cr,(2t,7), we have y,, € 1 — Cr, (z4,7). By (ii) and
the fact 75(1 — C (z¢,7)) > r we obtain

Ci12(Ym,r) <1 —-Cr (x¢,7) <1 — 4.

Thus
Tt 4012(?/% 7“) = CTS (ym, 7‘)'

Hence, (X, 11, 72) is FP*Ry.

. (i) = (iii) Let =z gA = Cr,(A\,r). Since Cr (ym,7) < Cr, (A7) for
each y, € A we have z; 4C;_ (Ym, 7). By (i) we have y, 4C; (z¢,7). By
Lemma 3.2(ii), for each y,, 4C-, (x4, 7), there exists n,, € I*X such that

Tt MMypm> Ts(My) 2 T, Ym € My, Let
1= Vyer (M, : 20 Al )
From Definition 1.1, we have 75(u) > r. Then,
Ty Aps A < py () 2 7
(iii) = (iv) Let z; 4\ = Cy, (A, 7). By (iii) there exists u € I* such

that
Tt /4/% A < M’TS(/J’) 2T

Since x; 4, it follows that x; € 1 — p, this implies that
Cr (1) SCr(l—p,r)=1l-p<1-A

Hence, C;, (z4,7) AN = Cr, (A, 7).
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(iv) = (v) Let z¢ ACr, (Ym, 7). Since, Cr (Cr, (Ym,7),7) = Cr. (Ym, )
and by using (iv) we have C;_(z¢,7) 4Cr, (Ym,T)-

(v) = (i) Let ¢ 4Cr, (ym, 7). By (v) we have Cr, (x4, 1) ACr, (Ym,7)
and since y, < Cr, (Ym,7) then v, 4Cr (x¢,7). Hence, (X,7,72) is
FP*Ry. 0

LeEMMA 3.3. Let (X,T1,T3) be an ordinary topological space. Let
w(T1) and w(Ty) be the induced fuzzy topologies of Ty and T» respec-
tively. Also, let w(Ts) be the induced supra fuzzy topology of the supra
topology T, and let

(w(T))S()\) = V{W(Tl)()\l) /\w(TQ)(/\Q) A= )\1 vV )\2}

Then,
w(Ts) > (W(T))s

PROOF. Suppose that there exists A € IX and ry € I such that
(w(T))s(X) = 10 > w(T5) ().
Then, there exist A1, Ao € IX such that A = A\; V Ay with |
w(Th)(M) > 70 and w(Tz2)(A2) > 7o.

Then
)\;1(7‘0, 1] €Ty and /\51(7‘0, 1] eTs.

This implies that
A (ro, 1] = AT Hro, 1JU A (ro, 1] € Ts.
Then, (w(Ts))(A) > ro which is a contradiction. Hence,
(W(T))s < w(T5).

O

THEOREM 3.3. Let (X,T1,T») be an ordinary bitopological space.
(i) If (X, w(TY),w(T?)) is FP*T;, then (X, Ty,Ty) is P*T;,i=0,1,2,
21,3,4.

(it) If (X, w(Th),w(T3)) is FP*R;, then (X,Ty,T,) is P*R;,i = 0,1, 2.
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Proor. (i) (For i = 2): Let z # y and suppose that z; fym. Let
r € Iy such that r < ¢t,m. Since (X,w(T1),w(T?)) is FP*T, there exist
M p € IX with (w(T))s(X) > 7, (w(T))s(u) > 7 such that x; € X, ym € p
and A gu. By Lemma 3.3, we have '

w(Ts)(A) Z (W(T))s(A) 2

Then, A7Y(r,1] € Ts. Since z; € A then, A\(z) > ¢ > r implies that
x € A~Y(r,1). Similarly p=*(r,1] € T; and y € p~1(r,1]. Since, A fgu
then, A <1 — u, implies that

A1) € X - p (1)

Then,
A N (1] = ¢
Hence, (X, T1,T3) is P*T;. (for, i =0,1,2%,3,4 the proof is similar).
(ii) The proof is similar to part (i). O

4, FP*-compactness

DEFINITION 4.1. Let (X,7) be a fts and p € IX, r € Iy. Then :

(i) The family {n; : 7(n;) > r,j € J} is called 7-cover of y if and only
if for each z; € p there exists jo € J such that z; € n,,.

(ii) p is C-set if and only if every 7-cover of y have a finite subcover.

(iii)(X, 7) is called F-compact if and only if for every A € IX such
that 7(1 — A) > r is C-set .

DEFINITION 4.2. A fbts (X, 11, 72) is called F P*-compact if and only
if its associated sfts (X, 1) is F-compact.

THEOREM 4.1. Let (X,71,72) be a fbts . If (X, 1) or (X, 1) is F-
compact, then (X, T, 72) is F P*-compact.

Proor. Let (X,7;) be F-compact. Let A € IX such that 74(1 —
A) >r,r € Iy and {n; : 75(n;) > r,j € J} be a 75-cover of A. Since
Ts(1 — A) > r, then we can write

)\=)\1/\)\2, Ti(l—ki)?_r, (i:1,2).
Then, for every x; € ), there exists n;, € I with 75(n;,) > r such that

1 2
T € Mo = ) V5



On fuzzy bitopological spaces in Sostak’s sense 511

for some nj(-z) € I* with 7;(n (i)) >r, (i = 1,2), then z; € 77(1)

Ty € 77]( ), Now, { (1) (') (nj(l)( ) > i = 1,2,3,...} is a T-cover
of A\ or{nj0 ():7‘( ()())>rz=1 2,3,...} is a mo-cover of \y. If
(X,7) is F-compact, then A1 is C-set. So, there exists a finite 7-cover
{77(1)( ):4=1,2,3,...,n} of A1, this implies that

A< A <V ().

Hence, A is C-set consequently, the fbts (X, 7,72) is FP*-compact.
Similarly, if (X, 72) is F-compact then, (X, 7, 7) is FP*-compact. [

THEOREM 4.2. Let (X,71,72) be a FP*T3 and pu € IX is C-set.
Then, for every X € I with 7,(1 — \) > r,r € I, such that A\ 4y, there
isn,p € I with 75(n) > r, 75(p) > r and n fp.

PRroOOF. Since A /gu, then for each z; € p we have, z; /g\ =
Cr,(\,7), r € Iy. Since (X, 71, 7) is FP*Ts, there exists n*, p* € IX
with 75(n*) > 7, 75(p*) > r such that z; € n*, A < p* and n* /fgp*.
Then, {n* : 74(n*) > r,z; € u} is Ts-cover of . Since, p is a C-set, then
p < Visn*(i). Let n = V2 n*(3) and p = p*(zt) for all i. Then n 4p.O

THEOREM 4.3. Let (X, 71,72) be a FP*Ty, x; be any fuzzy point of
X and X € I* is a C-set such that z; 4\. Then, there exist n;,m, € IX
with 17,(m) > r, Ts(n2) > 7, r € Iy such that zy € m1, A < 1y and
™ Ame. Moreover, if A, € I* are C-sets such that A fu, then there
exist p1,p2 € IX with 7,(p1) > 7, Ts(p2) > 7, r € Iy such that A < py,
p < p2 and p1 fp2.

PROOF. Since z; 4\, then z; 4y, for each y,, € A. Since (X, 1y, 7o)
is FP*Ty, there exist m1,n* € IX with 75(m) > r, 7(n*) > r, 7 € Iy
such that z¢ € m, ym € 7* and n1 4n*. Then, {n* : 75(n*) > r, ym € A}
is a T5-cover of A. Since ) is C-set, there exists a finite subcover {n*(4) :
i=1,2,3... ,n} of . Let 9o = V?_;n*(). Then

Ts(m2) = Ts(Vizin™(4)) > Ay 7s(n*(2)) > 7.

Since n1 4n*(4), (i = 1,2,3,... ,n), then g <1—-n*(3), (i=1,2,3,...,
n), this implies that

m <A (L—n%(8) =1 Vi " (1) =1L —ns.

Then, 7, gn2. For the second part, let z; € p, since A gu, then z; 4\, by
the first part there exist p*, po € I with 7,(p*) > 7, 75(p2) > 7, 7 € I,
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such that z; € p*, A < pg and p* fpo. Then, {p* : 75(p*) > r,x¢ € p} is
a Ts-cover of u, so there exist a finite subcover {p*(i) : 1 =1,2,3,... ,n}.
Let p1 = Vi, p*(¢). Then

Ts(p1) = Ts(Vie1p™ (1)) = N 1Ts(p* () > 7.

Since ps 4p* (i), (1 =1,2,3,... ,n), then po gp1. a
THEOREM 4.4. Let (X, 71, 73) be a FP*Ty. Ifn € I is a C-set, then
C—,—s('r],"') =1nT€ IO-
Proor. Let z; € 1 —n. Then, z; fgn. Since n is C-set, then be

Theorem 4,3, there exist pg,, A € I with 75(pz,) > 7, 7,(A) > 7, r € Iy
such that x; € pg,, 7 < X and py, 4A. This implies that

Ty € g <1-A<1—19

Thus
L-n=V{yg, o € 1L -7}
Then, 7,(1 —n) > r. Hence Cr,(n,7) =1

THEOREM 4.5. Let (X, 11, 72) be a FP*-compact and F'P*T,. Then,
it is FP*Ty.

PRrROOF. Since (X, 7y, 72) is FP*T5, it is clear that it is FP*T,. Re-
mains we prove that (X, 71,72) is FP*Rg, so let \y = C, (A1,7) gra =
Cr,(A2,7). Then, 75(1 — A1) > r, 7s(1 — A2) > r and since (X, 71, 72)
is FP*-compact, then \; and Ay are C-sets. Since, A\; /A2, then by
Theorem 4.3, there exist p1, pa € IX with 75(p1) > 1, 7s(p2) > 7,7 € Iy
such that Ay < p1, A2 < po and p1 fgpe. Thus, (X, 71,72) is FP*R3.
Hence (X, 71, 72) is FP*1y. O

THEOREM 4.6. Let f : (X,m,72) — (Y, 7],75) be a FP*-continu-
ous mapping from a fbts (X, 1, 72) to another ftbts (X, 75,73). If u € I*
is C-set, then f(u) is C-set in Y.

PROOF. Let {n; : i € J} be a 7}-cover of f(u). Then f(u) < Vicsmi,
72 (n;) > r, for all 4, this implies that

p< FHEW) < FH(Vieam) = Vies fHm).

Since f is F'P*-continuous, then

m(fT ) 2 i () = 7
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Then, {f~*(m;) : © € J} is a Ts-cover of p and since p is C-set, then
p < VP, f~Y(n;) this implies that

Fl) < FOVELFHm)) = Vie F(FHm)) < Vimym.

Hence, f(u) is C-set in Y. o

COROLLARY 4.1. The F P*-continuous image of an FP*-compact is
F P*-compact.
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