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Abstract

In this paper the notion of fuzzy ideals of a I'-semigroup has been
introduced and some of their properties have been investigated. Char-
acterization of a regular I'-semigroup in terms of fuzzy ideals has been
obtained. Operator semigroups of a I'-semigroup has been made to
work by obtaining various relationships between fuzzy ideals of a I'-
semigroup and that of its operator semigroups. These results are then
used to revisit some results of I'-semigroups.
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1 Introduction

[-semigroup was introduced by Sen and Saha[8] as a generalization of semi-
group and ternary semigroup. Many results of semigroups could be extended to
[-semigroups directly and via operator semigroups|1] of a I'-semigroup. Many
authors have studied semigroups in terms of fuzzy sets[9]. Kuroki [5,6] is the
main contributor to this study. Motivated by Kuroki [5], Mustafa et all[7] we
have initiated the study of I'-semigroups in terms of fuzzy sets. The purpose
of this paper is as stated in the abstract.

In §3 we introduce the notion of fuzzy ideals of a I'-semigroup and obtain some
of their properties.
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In §4 we define composition of fuzzy ideals of a I'-semigroup and characterize
regular I'-semigroups in terms of fuzzy ideals.

In §5, in order to make operator semigroups of I'-semigroup to work in the
context of fuzzy sets as it worked in the study of T'-semigroups[1,2,3], we ob-
tain various relationships between fuzzy ideals of a ['-semigroup and that of
its operator semigroups. Here, among other results we obtain an inclusion
preserving bijection between the set of all fuzzy ideals of a I'-semigroup and
that of its operator semigroups. This bijection is then used to give new proofs
of its ideal analogue obtained in [2].

2 Preliminaries

A fuzzy subset[9] of a non-empty set X is a function pu: X — [0, 1].

Let S and I' be two non-empty sets. S is called a I'-semigroup[2] if there
exist mappings from S x I' x S to S, written as (a,a,b) — aab, and from
['x ST toT, written as («, a, 3) — «aaf3 satisfying the following associative
laws (aab)fc = a(abf)c = aa(bfc) and a(afb)y = (aaf)by = aa(Bby) for all
a,b,c € S and for all a, 3,y €T.

Let S be a I'-semigroup. By a left(right) ideal[2] of S we mean a non-empty
subset A of S such that STA C A(AT'S C A). By a two-sided ideal or simply
an ideal[2], we mean a non-empty subset of S which is both a left and a right
ideal of S.

A T-semigroup S is called regular]2] if, for each element x in S, there exist
B €I such that x = 28z .

3 Fuzzy Ideals in ['-Semigroup

A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy left ideal]7]
of S'if u(xyy) > w(y) Ve,y € S, Vy € I.

A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy right
ideal[7] of S if p(zyy) > p(x) Yo,y € S, vy € T

A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy ideal[7] of
S if it is both a fuzzy left ideal and a fuzzy right ideal of S.

Example: Let S be the set of all non-positive integers and I' be the set of
all non-positive even integers. Then S is a I'-semigroup if ayb and aafdenote
the usual multiplication of integers a, v, b and «, a, 3 respectively where a,b € S
and a.3,7 € I'. Let u be a fuzzy subset of S, defined as follows

1,ifx =0
pu(x) =< 0.1,if 2 = —1,—2 . Then pu is a fuzzy ideal of S.
0.2,if z < —2
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We omit the proof of the following as they can be deduced easily.

Theorem 3.1 Let I be a non-empty subset of a I'-semigroup S and x; be the
characteristic function of I, then I is a left ideal(right ideal, ideal) of S if and
only if x1 is a fuzzy left ideal(resp. fuzzy right ideal, fuzzy ideal) of S.

Proposition 3.2 Let I be a left ideal(right ideal, ideal ) of a I'-semigroup S
and a < 3 # 0 be any two elements in [0,1], then the fuzzy subset u of S,

| Byifxel . , . ,
defined by pu(x) —{ o, otherwise is a fuzzy left ideal(resp. fuzzy right ideal,
fuzzy ideal) of S.

Theorem 3.3 Let S be a I'-semigroup and i be a non-empty fuzzy subset of
S, then u is a fuzzy left ideal(fuzzy right ideal, fuzzy ideal) of S if and only
if pe’s are left ideals(resp. right ideals, ideals) of S for all t € Im(u) where
e ={zx €S :p(x) >t}

Definition 3.4 Let S be a I'-semigroup and pu be a fuzzy left ideal(fuzzy right
ideal, fuzzy ideal) of a I'-semigroup S. Then the ideals ;s are called the level
left ideals(resp. level right ideals, level ideals)of  where t € Im(p).

Theorem 3.5 Let v be a fuzzy left ideal(fuzzy right ideal, fuzzy ideal) of a
[-semigroup S and t; > to. Then py, C py, where ty,ta € Im(p), equality
occurs if and only if there is no x € S such that t; < p(x) < ts.

Proof. The first part of the theorem follows easily. Now let p be a fuzzy left
ideal of S such that u;, = p,. If possible let there exists x € S such that
t1 < p(z) < ty. Then x € py, but x ¢ py,, which is a contradiction. So there
exist no x € S such that t; < p(z) < ts.

Conversely, suppose u is a fuzzy left ideal of S such that there does not
exist x € S with ¢; < p(x) < ty. Since t; < to, then g, C g, (cf. Definition
3.4). If possible let p;, # py,. Then there is some y € S such that y € py, but
y & ey, 1€, u(y) >t but p(y) < to, ie, t1 < u(y) < tg, which contradicts our
assumption. Hence u;, = p4,. By applying similar argument we can prove the
theorem when g is a fuzzy right ideal and a fuzzy ideal. m

Theorem 3.6 Let f : R — S be a homomorphism of I'-semigroups (i) If X is a
fuzzy left ideal(fuzzy right ideal, fuzzy ideal) of S, then f=Y(X) is also a fuzzy left
ideal(resp. fuzzy right ideal, fuzzy ideal) of R(where f~Y(\)(rvys) := X(f(rys))
for all ;s € R and v € T), provided f~Y(\) is non-empty. (ii) If f is a
surjective homomorphism and 1 is a fuzzy left ideal(fuzzy right ideal, fuzzy
ideal) of R then, f(u) is also a fuzzy left ideal(resp. fuzzy right ideal, fuzzy
ideal) of S(where (f(u)(x)):= sup u(y),z € S,y € R).

fy)=z
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Proof. (i) Let A be a fuzzy left ideal of S. Let r;s € R and v € I'. Then
(fTHAN(rys) = A(f(rys)) = AMf(r)rf(s)) = Af(s)) = (fF7H(N)(s).
(f71(N)) is a fuzzy left ideal of R.

(i1) Let u be a fuzzy left ideal of R. Since (f(u))(z') = sup u(x) for

f(z)=a’

z €S, s0 f(p) is non-empty. Let ',y € S andy € I'. Then (f(p))(z'vy') =

sup p(z) > sup p(zyy) = sup p(y) = (f(u)(y ).
f)=2"vy/ flz) = xz fw)=y

fly) =y

Thus f(p) is a fuzzy left ideal of S. In a similar way we can prove the

theorem when A\, p are fuzzy right ideals and fuzzy ideals. m

4 Composition of Fuzzy Ideals

Definition 4.1 Let S be a T'-semigroup and uy, us € FLI(S)[FRI(S), FI1(S)]'.
Then the product py o ps of p1 and o is defined as
sup [min{u(u), po(v)} : u,v € S;y €T

(11 © o) () = z=u
0, if for any u,v € S and for any v € ', x # uyv

Theorem 4.2 In aI'-semigroup S the following are equivalent. (i)u is a fuzzy
left(right) ideal of S. (ii)x o pu C u(pox C ), where x is the characteristic
function of S.

Proof. Let i be a fuzzy left ideal of S. Let a € S. Suppose there exist u,v € S
and § € I" such that a = udv. Then, since u is a fuzzy left ideal of S, we have

(x o p)(a) = sup [min{x(z), u(y)}] = sup [min{l, u(y)}] = sup u(y). Now

a=xvy a=xyy a=xvyy

since p is a fuzzy left ideal, pu(zyy) > p(y) for all z,y € S and for all v € T.
So in particular, p(y) < p(a) for all @ = zyy. Hence sup u(y) < p(a). Thus

a=zyy

p(a) > (xop)(a). If there do not exist z,y € S,y € I' such that a = z7yy then
(xou)(a) =0 < p(a). Hence x o C p. By a similar argument we can show
that pox C p when p is a fuzzy right ideal.

Conversely, let Yy opu C p. Let z,y € S, v € I' and a := xvyy. Then

w(zyy) = p(a) > (x o p)(a). Now (x o p)(a) = sup [min{x(u), u(v)}] >

a=uav

min{x(z), u(y)} = min{l, u(y)} = p(y). Hence p(zyy) > p(y). Hence p is a
fuzzy left ideal of S. By a similar argument we can show that if pox C u then

w is a fuzzy right ideal of S.
|
Using the above theorem we can deduce the following theorem.

LFLI(S), FRI(S), FI(S) denote respectively the set of all fuzzy left ideals, fuzzy right
ideals, fuzzy ideals of a I'-semigroup S.
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Theorem 4.3 In aI'-semigroup S the following are equivalent. (i)u is a fuzzy
two-sided ideal of S. (ii)xop C p and pox C p, where x is the characteristic
function of S.

Proposition 4.4 Let iy be a fuzzy right ideal and ps be a fuzzy left ideal of a
['-semigroup S. Then py o o C g N po.

Proof. Let p; be a fuzzy right ideal and ps be a fuzzy left ideal of a I'-
semigroup S. Let x € S. Suppose there exist uy,v; € S and v, € I" such that
T = U17101.

Then (piop2)(x) = sup min{p(u), p2(v)} < sup min{u(uyv), po(uyv)}

T=uyv T=uyv
= min{u (), p2)(x) = (u1 N p2)(z). Suppose there do not exist u, v € S such
that x = uyv. Then (pg o po)(x) =0 < (g N p2)(x). Thus pg 0 o C g N po.
|
From the above proposition and the definition of u; N py the following
proposition follows easily.

Proposition 4.5 Let py, po € FI(S). Then puy o s C pg N pig C paq, fo.

Proposition 4.6 Let S be a regular I'-semigroup and piy, po be two fuzzy sub-
sets of S. Then puy o g 2D iy N fio.

Proof. Let ¢ € S. Since S is regular, then there exists an element z € S
and 7,7 € I' such that ¢ = cyy2799¢ = ¢ye where v := yxy € I'. Now

(1 © p2)(c) = sup {min{p(u), p2(v)} = min{ui(c), pa(c)} = (1 N p2)(c).

C=uav

Therefore 11 0 g 2O 1 N . M

Theorem 4.7 In a T'-semigroup S the following are equivalent. (i)S is reg-
ular. (it)py o gy = pg N pe for every fuzzy right ideal py and every fuzzy left
tdeal po of S.

Proof. Let S be a regular I'-semigroup. Then by Proposition 4.6, p1 o ps 2
11 N pe. Again by Proposition 4.5, py o o € pq N po. Hence pig 0 pio = 1 N fio.

Conversely, let S be a I'-semigroup and for every fuzzy right ideal p; and
every fuzzy left ideal us of S, 1y 0 o = 1 N po. Let L and R be respectively a
left ideal and a right ideal of S and z € RN L. Then = € R and x € L. Hence
xr(z) = xr(x) = 1(where xr(x) and xg(x) are respectively the characteristic
functions of L and R). Thus (xz N xr)(x) = min{xg(z), xr(z)} = 1. Now by
Theorem 3.1, x; and yg are respectively a fuzzy left ideal and a fuzzy right
ideal of S. Hence by hypothesis, xroxr = xrNxr. Hence (xroxr)(z) =1, i.e.,
sup [min{xr(y), xr(2)} : y,z € S;y € I'| = 1. This implies that there exist
some 1,5 € S and 7, € ' such that x = ry;s and xg(r) = 1 = x1(s). Hence
r€ Rand s € L. Hence x € RI'L. Thus RN L € RI'L. Also RI'L C Rn L.
Hence RI'L = RN L. Consequently, the I'-semigroup S is regular(cf. Theorem

12]). m
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5 Corresponding Fuzzy Ideals

Definition 5.1 [2] Let S be a T'-semigroup. Let us define a relation p on S xT
as follows : (xz,a)p(y,B) if and only if xas = yBs for all s € S and yra =
vyl for all v € T'. Then p is an equivalence relation. Let [x,a] denote the
equivalence class containing (z,a). Let L = {[x,a] :x € S, € T'}. Then L is
a semigroup with respect to the multiplication defined by [z, lly, B8] = [ray, 5].
This semigroup L is called the left operator semigroup of the I'-semigroup S.
Dually the right operator semigroup R of I'-semigroup S is defined where the
multiplication is defined by [a, a)[3,b] = [aaf, b].

Definition 5.2 For a fuzzy subset p of R we define a fuzzy subset pu* of S by
w(a) = inlﬁ ([, al), where a € S. For a fuzzy subset o of S we define a fuzzy
e

subset o* of R by 0*,([04, al) = inga(saa), where [a, a] € R. For a fuzzy subset
s€
d of L, we define a fuzzy subset 67 of S by 6" (a) = in£ d([a,~]) where a € S.
e

For a fuzzy subset n of S we define a fuzzy subset 77+/ of L by n+/([a, al) = ing
se

n(aas), where |a, o € L.

Now we recall the following propositions from[2] which were proved therein
for one sided ideals. But the results can be proved to be true for two sided
ideals.

Proposition 5.3 [2] Let S be a I'-semigroup with unities and L be its left
operator semigroup. If A is a (right) ideal of L then A" is a(right) ideal of S.

Proposition 5.4 [2] Let S be a I'-semigroup with unities and L be its left
operator semigroup. If B is a (right)ideal of S then B is a(right)ideal of L.

Proposition 5.5 [2] Let S be a I'-semigroup with unities and R be its right
operator semigroup. If A is a (left)ideal of R then A* is a(left)ideal of S.

Proposition 5.6 [2] Let S be a I'-semigroup with unities and R be its right
operator semigroup. If B is a (left)ideal of S then B* is a(left)ideal of R.

For convenience of the readers, we may note that for a ['-semigroup S and
its left, right operator semigroups L, R respectively four mappings namely (),

()Jr/, Ot ()*/ occur. They are defined as follows: For I C R, I* = {s €
S, la,s] € IVa € T'}; for P C S,P*/ = {lo,z] € R : saw € PVs € S}; for
JCLJt={se S [s,a] € JVaeTl}; for Q C S,QJF/ ={[r,a] € L:zas €
QVs € S}
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Proposition 5.7 If  is a fuzzy subset of R(the right operator semigroup of
the T'-semigroup S), then (u)* = (u*)¢ for all t € [0,1] such that the sets are
non-empty.

Proof. Let s € S. Then s € (1)* < [v,s] € ue ¥y € ' & ul[y,s]) >t Vy €
[ mfu(ly,s]) 2t p(s) 2t & s € (1) Thus (u)* = ().

Proposition 5.8 Let o is a fuzzy subset of a I'-semigroup S. Then (ot)*, =

(6™ )¢ for allt € [0,1] such that the sets under consideration are non-empty.

Proof. Let [o,z] € R and ¢ is as mentioned in the statement. Then [a, 2] €
(00)" & sax C oy Vs € S & o(sax) > tVs € S & inga(sax) >t &
s€

o* (Ja,z]) > t & [, 2] € (0% ). Thus (0)* = (0% ), .
[ |

In what follows S denotes a I'-semigroup with unities[1], L,R its left and
right operator semigroups respectively.

Proposition 5.9 If u € FI(R)(FLI(R)), then u* € FI(S)(respectively F LI
(5)])-

Proof. Suppose p € FI(R). Then p; is an ideal of R V¢ € Im(u). Hence
(u¢)* is an ideal of SVt € Im(u)(cf. Proposition 5.5). Now since pu is fuzzy
ideal of R, p is a non-empty fuzzy subset of R. Hence for some [a,s] €
R, p([er, s]) > 0. Then p; # ¢ where t := p([a, s]). So by the same argument
applied above (u)* # ¢. Let u € (u)*. Then [B,u] € p for all g € T
Hence u([3,u]) > t. This implies that éréﬁ“([ﬁ’“]) > t, i.e., p*(u) > t. Hence

u € (pu*);. Hence(u*); # ¢. Consequently, (uy)* = (1*):(cf. Proposition 5.7).
It follows that (u*); is an ideal of S for all t € I'm(u). Hence p* is a fuzzy ideal
of S(cf. Theorem 3.3). The proof for fuzzy left ideal follows similarly.
]

In a similar fashion by using Propositions 5.6, 5.8 and Theorem 3.3 we
deduce the following proposition.

Proposition 5.10 If o € FI(S)( FLI(S)), then o € FI(R) (respectively
FLI(R)).

We can also deduce the following left operator analogues of the above propo-
sitions.

Proposition 5.11 If 6 € FI(L)[ FRI(L)], then 6t € FI(S) [respectively
FRI(S)].
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Proposition 5.12 Ifn € FI(S)(FRI(S)), then 77+l € FI(L) (respectivelyF'R
I(L)).

Theorem 5.13 Let S be a I'-semigroup with unities and L be its left operator
semigroup. Then there exist an inclusion preserving bijection o — ot between
the set of all fuzzy ideals (fuzzy right ideals) of S and set of all fuzzy ideals
(resp. fuzzy right ideals) of L, where o is a fuzzy ideal (resp. fuzzy right ideal)
of S.

Proof. Let o € FI(S)(FRI(S))and z € S. Then (o )*(z) = igw’([m]) -
v
inf[info(zvys)] > o(z). Hence o C (UJF/)*. Let [y, f] be the right unity of

V€l ges
S. Then ayf = x for all z € S. Now o(z) = o(zvf) > mf[mfa(xas)] =

Ises
(‘Lrelngr ([z,a]) = (0+/)+(x). So o 2 (UJFI)*. Hence (O'Jr )* = 0. Now let
w € FI(L)(FRI(S). Then (,u*)*l([x,oz]) = inf/ﬁ(xozs) ;Iéf[’lylellﬁﬂ([xozs ) =

1n£[1nfu([a: al[s,y]) > p(lx, o). So u C (p )Jr Let [e, ] be the left unity of
seS yel

L. Then p([z, a]) = p([z, alle, 0]) > inf[infu(lz, alls, 7)) = (#) ([z,a]). So

seS yel

w2 (,u*)*l and hence p = (,qu)Jr . Thus the correspondence o — ot is a
bijection. Now let 1,09 € FI(S)(FRI(S)) be such that 01 C 0. Then for all

[z,a] € L, of ([z,a]) = irelgal(xas) < irelg()'g(l'OéS) = aj ([z,a]). Thus of C

oy . Similarly we can show that if 4y C po where py, o € FI(L)(FRI(L))
then uf C ug. Hence 0 — o is an inclusion preserving bijection. The rest
of the proof follows from Propositions 5.11 and 5.12.
]

In a similar way by using Propositions 5.9 and 5.10 we can deduce the
following theorem.

Theorem 5.14 Let S be a I'-semigroup with unities and R be its right operator

semaigroup. Then there exist an inclusion preserving bijection o +— o* between
the set of all fuzzy ideals ( fuzzy left ideals) of S and set of all fuzzy ideals
(resp. fuzzy left ideals) of R, where o is a fuzzy ideal (resp. fuzzy left ideal) of
S.

Now to apply the above theorem for giving a new proof of Theorem 4.6
([2]) and its two sided ideal analogue we obtain the following lemmas.

Lemma 5.15 Let I be a (left) ideal of the right operator semigroup R of a
[-semigroup S. Then (A\;)* = A« where A\ denotes the characteristic function
of I.
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Proof. Suppose s € I*. Then [3,s] € I for all § € I". This means
;ﬂ%()\[([ﬁ, s])) = 1. Also A;«(s) = 1. Now suppose s ¢ I*. Then there
S

exists 0 € T" such that [§, s] ¢ I. Hence A\;([d, s]) = 0 and so éng()\l([ﬁ, s]) = 0.
S

Hence (A7)*(s) = 0. Again (Ar<)(s) = 0. Thus (\;)* = Aj.
[ ]
By applying similar argument as above we deduce the following lemma.

Lemma 5.16 Let I be a(right) ideal of a I'-semigroup S and R be the right
operator semigroup of S. Then (A\;)* = Apwr.

Remark 5.17 By drawing an analogy we can deduce results similar to the
above lemmas for left operator semigroup L of the I'-semigroup S.

Theorem 5.18 [2] Let S be a I'-semigroup with unities. Then there exists an
inclusion preserving bijection between the set of all ideals (left ideals) of S and

that of its right operator semigroup R via the mapping I — I

Proof. Let us denote the mapping I — [ d by ¢. This is actually a mapping

follows from Proposition 5.6. Now let ¢(I;) = ¢(I5). Then I = I . This

implies that A , = /\I*/( where \; is the characteristic function 7). Hence by
1 2

Lemma 5.16, ()\11)*, = (/\12)*/. This together with Theorem 5.14 gives A;, = Ay,
whence [; = I,. Consequently ¢ is one-one. Let I be a (left) ideal of R. Then
its characteristic function A; is a fuzzy (left) ideal of R. Hence by Theorem
514, (A7) = Az This implies that \ .., = A (cf. Lemmas 5.15 and

’

5.16). Hence (I*)* = I, i.e., ¢(I*) = I. Now since I* is a (left) ideal of S
(c¢f. Proposition 5.5), it follows that ¢ is onto. Let Iy, Iy be two (left) ideals
of S with I; C I,. Then A\;;, € A;,. Hence by Theorem 5.14, we see that
(An)* € (A\p)* ie., /\Il*/ C /\Iz*/ (c¢f. Lemma 5.16) which gives I} C IJ .

n

Remark 5.19 Now by using a similar argument as above and with the help
of lemmas dual to Lemmas 5.15,5.16(cf. Remark 5.17) and Theorem 5.15 we

can deduce that the mapping ()+/ is an inclusion preserving bijection(with ()T
as the inverse) between the set of all ideals(right ideals) of S and that of its
left operator semigroup L.

Concluding Remark: Results of fuzzy semigroups can be extended to
the general setting of fuzzy I'-semigroups via operator semigroups as various
relationships between fuzzy subsets of a I'-semigroup and that of its operator
semigroups are found to be true and many results of I'-semigroup can be redis-
covered with the help of fuzzification which is illustrated in Theorem 5.18 and
Remark 5.19 .
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