
384 E . T . W h i t ta k e r

T h e  ab so lu te  su rface  av a ilab le  fo r  a d s o rp t io n  h a s  b een  d e te rm in ed  

fro m  m easu rem e n ts  o f  th e  in itia l  ra te  o f  d iss o lu tio n  o f  th e  p o w d e r in 

d ilu te  h y d ro flu o r ic  a c id . T h e  a re a s  co v e red  b y  m o lecu les  o n  th e  su rface  

h av e  been  ca lcu la te d  a n d  fo u n d  to  ag ree  w ith  v a lu e s  fro m  o th e r  sources.

A  g en era l ex p re ssio n  h a s  b een  p ro p o s e d  c o n n ec tin g  a d s o rp t io n  p o ten tia l 

w ith  a m o u n t a d so rb e d , le a d in g  to  a  n ew  th e o re tic a l  iso th e rm a l.

T he  re s tr ic te d  ap p lic a b ility  o f  L a n g m u ir ’s fo rm u la  to  p a r ts  o f  th e  

iso th e rm a ls  is in te rp re te d  th eo re tic a lly .

S pec ia l ex p e rim en ts  w e re  m a d e  o n  th e  fo rm  o f  th e  a d s o rp tio n  iso 

th e rm a l a t  low  a d so rp tio n s .

O n  G a u s s ’ T h e o r e m  a n d  t h e  c o n c e p t  o f  M a s s  in  

G e n e r a l  R e l a t i v i t y

B y E .  T . W h i t t a k e r , F .R .S .

( Recei ved January 7, 1935)

§ 1— In t r o d u c t i o n

T h e  p re s en t c o m m u n ic a tio n  is c o n ce rn e d  w ith  th e  ex ten s io n  to  G e n e ra l  

R e la tiv ity  th eo ry  o f  th e  w e ll-k n o w n  th e o re m  o f  G a u ss  o n  th e  N e w to n ia n  

p o te n tia l , v iz ., th a t  th e  to ta l  flux  o f  g ra v ita t io n a l  fo rce  th ro u g h  a  sim ple  

c lo sed  su rface  is e q u a l to  ( — 4 t z)x  th e  to ta l  g ra v ita tin g  m ass  co n ta in ed  

w ith in  th e  su rfa c e : a n d  to  v a rio u s  q u e s tio n s  w h ich  a rise  in  co n n ec tio n  

w ith  th is . In  th e  ex ten d ed  th eo re m , w h ich  is fo u n d  in  § 2, th e  N ew to n ian  

c o n ce p t o f  “  g rav ita t in g  m ass ”  is n a tu ra lly  rep la ced  b y  th a t  o f  th e  energy- 

ten s o r , w h ich  d o es  n o t  in  g e n e ra l co n s is t so lely  o f  th e  “  m a te r ia l ”  energy- 

ten s o r , a n d  n eed  n o t  in v o lve  a n y  “  m a t te r  ”  a t  a ll. T h is  new  fea tu re  is 

illu s tra te d  in  § 3 by  a n  ex am p le  in  w h ich  th e  “  g rav ita t in g  m ass  ”  is 

s im p ly  a n  e lec tro s ta tic  field. In  § 4 a  th e o re m  o f  “  en ergy  ”  is o b ta in ed  

w h ich  is re q u ire d  la te r , a n d  w h ich  en ab les  u s to  m ak e  p rec ise  th e  co n cep t 

o f  th e  “  p o te n tia l  en ergy  ”  o f  a n  in fin ites im al p a rtic le  in  a  s ta tic a l field 

in  g en e ra l re la tiv ity ;  th is  “  p o te n tia l  en e rg y  ”  is sh o w n  to  b e  th e  p ro d u c t 

o f  tw o  fac to rs , o n e  d ep en d in g  o n  th e  p a rtic le  a lo n e  (w h ich  m ay  be 

ca lled  its  “  p o te n tia l  m ass  ” ) a n d  th e  o th e r  d e p e n d in g  so le ly  o n  its 

p o s it io n . I t  is sh o w n  in  § 5 th a t  th e  d e fin itio n  o f  “  p o te n tia l  m ass ” 

in tro d u c ed  in  § 4 en ab les  us to  express th e  g enera lized  G a u s s ’ th eo rem  o f
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Gauss' Theorem 3 8 5

§ 2 , in  th e  case  w h en  th e  e n e rg y - te n so r  is d u e  to  a c tu a l  m asses , b y  a  s im p le  

s ta te m e n t p rac tic a lly  id e n tic a l  w ith  th e  o r ig in a l G a u s s ’ th e o re m  o f  

N e w to n ia n  th eo ry . F in a lly  in  § 6  i t  is sh o w n  th a t  th e  e le c tro s ta t ic a l  

fo rm  o f  G a u s s ’ th e o re m  in  N e w to n ia n  p h y s ic s , v iz ., th a t  th e  to ta l  s t r e n g th  

o f  th e  tu b es  o f  fo rc e  issu in g  f ro m  a  c lo se d  su rfa ce  is e q u a l  to  th e  to ta l  

e lec tric  ch a rg e  w ith in  th e  su rface , c a n  a ls o  b e  e x te n d e d  to  G e n e ra l  

R e la tiv ity , b u t  th a t  th is  e x te n s io n  is d iffe ren t in  c h a ra c te r  f ro m  th e  

g ra v ita tio n a l th e o re m  o f  § 2 .

§ 2— T h e  Ex t e n d e d  G a u s s ’ T h e o r e m  f o r  t h e  G r a v i t a t i o n a l

F i e l d

W e sh a ll f irs t c o n s id e r  th e  ex te n s io n  to  G e n e ra l  R e la tiv ity  o f  G a u s s ’ 

th eo re m

j | | ^ J S  =  4TrM , (2 .1 )

S

w h ere  V  d e n o te s  th e  g ra v ita t io n a l  p o te n tia l ,  S a  s im p le  c lo sed  su rfa c e  

o f  w h ich  dS  is an  e lem en t o f  a re a , <r/v th e  e le m en t o f  in w a rd s -d ra w n  n o rm a l  

to  dS, a n d  M  th e  to ta l  g ra v ita tin g  m ass  c o n ta in e d  w ith in  th e  su rfa ce  S.

In  a tte m p tin g  to  g en era lize  th is , w e m u s t  re m e m b e r  th a t  in  G e n e ra l 

R e la tiv ity  th e  g ra v ita t io n a l  fo rce , as m e a su re d  by  a n y  o b se rv e r , d e p e n d s  

n o t o n ly  o n  th e  o b se rv e r ’s p o s it io n  b u t  a ls o  o n  h is  v e lo c ity  a n d  a cc e le ra 

tio n , b e in g  in  fac t rep re se n te d  by  th e  fo u r-v ec to r

g ( =
f d2x * . „  i h k \  d xk \

W  +  )  d r  ~d^j
( 2 . 2 )

w here d i  d en o te s  th e  e lem en t o f  p ro p e r - tim e  o f  th e  o b se rv e r. In  sp e ak in g  

o f  a n  in te g ra l inv o lv in g  g ra v ita tio n a l fo rce  w e m u st, th e re fo re , specify  

a t every  p o in t  a n  o b se rv e r w ith  re sp ec t to  w h o m  th e  fo rce  is m e a s u r e d : 

th is  c an  be d o n e  in  a  n a tu ra l  w ay  o n ly  fo r  w o rld s  w h o se  m e tr ic  c an  b e  

defined  by  an  e q u a tio n  o f  th e  ty pe

dz2 =  U  dt2 -  i  2  d xh dxS, (2 .3 )
C p ,  q =  1

w here  U  m ay  invo lve  a ll fo u r co -o rd in a te s  a n d  w h e re  th e  coeffic ien ts aVQ 

d ep en d  on ly  on  th e  c o -o rd in a te s  (x l9 x 2, x 3).* In  th is  w o r ld  w e can

* T he  variab le t m ay  ob v io u s ly  be rep laced  by any  co n s ta n t m u ltip le  X/, p ro v id ed  

U  is rep laced  by U /X 2 ; w e  m ay  tak e  ad van tag e  o f  th is to  n o rm a lize  t an d  U  so  th a t  

at in fin ity  U  1 ; for  U  m ust in  any  ca se  tend  to  a  c on sta n t va lu e  a t in fin ity , s in c e  

the  m etric tend s to  a G a lilea n  m etric  there.

VOL. CX L IX .— A . 2  C
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386 E . T . W h i t ta k e r

su p p ose  a t  every p o in t  an  o bserver w h o  is “  a t  re s t ,”  i.e., w hose  co

o rd in a te s  (.*!, x 2, x 3) a re  co n s ta n t, h is  co -o rd in a te  t a lo n e  vary ing , and 

w e can  define g rav ita tio n a l fo rce  to  be  th a t  m easu red  by  these  observers. 

N o w  fo r such  an  ob se rv er w e h av e

dt TT_i dx1 n dx2 „ dxz A

J T =  U  ’ 5 7 “ ° ’ dX =  0’ 5 7  =  0"

an d  thus eq u a tio n  (2.2) gives fo r /  =  1, 2, 3,

so

an d

j _ r o o \  a u

u  { / j “  2 7 u  ’

g ‘
^  aik a u  

2 7 u  ax
t  =  1, 2, 3,

g° =  ~
d \J - i  

- dx
+ {°0°}u - 1

(2.4)

I t  is th ere fo re  n a tu ra l  to  co n sid e r, as  a  poss ib le  generaliza tion  o f  the 

in teg ra l on  th e  le ft-h an d  side o f  (2 .1), som e co n s tan t m u ltip le  o f  the 

in teg ral

f f  fqi8 (*2> * 3) +  2 8 C*8. x 1)

J J r  3 ( « ,  » )  a  ( « , » )
3  ( x 1, X2) |

*  a ( « ,» ) /
\ / —g du (2.5)

w here (g1, g 2, g 3) is th e  th ree -vec to r in  th e  space  (x1, x 2, x 3) (w hich  is the 

“  in s tan tan eo u s  space  ”  o f  th e  observer) g iven  by  (2.4), w h ich  rep resen ts 

th e  g rav ita tio n a l fo rce  as m easu red  by  th e  observer, a n d  w here  the 

in teg ra tio n  is tak e n  over an y  sim ple c losed  su rface  S o n  th e  space  o f 

(x1, x 2, x 3) ; u a n d  v a re  any  tw o  p a ram e te rs  w h ich  specify  th e  p o s itio n  o f 

p o in ts in  th is su rface ; a n d  g  d en o tes  as u su a l th e  d e te rm in an t o f  the 

coefficients o f  th e  m etric  (2.3), so  th a t

V —g =  c~3 u *  s/a ,

w here  a is th e  d e te rm in a n t o f  th e  coefficients o f  th e  fo rm  dxh dx'1.

T o  find w h a t th e  co n s tan t m u ltip lie r o f  th e  in teg ra l (2.5) shou ld  be, 

le t us c alcu late  th e  in teg ra l (2.5) fo r  th e  case  o f  th e  field o f  a  single g rav i

ta tin g  m ass, fo r  w hich  th e  m etric  is g iven by  S chw arzsch ild ’s fo rm u la

ds2 — 1 dt2 — I ,/  r/R 2

1 - ±
V R

+  R 2 dQ2 +  R 2 sin2 0</<£2\

w here  a  =  an d  (J deno tes th e  N ew to n ian  co n s tan t o f  g rav ita tion ,
c
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G auss’ Theorem 3 8 7

w h ile  M  is th e  m as s  o f  th e  g ra v i ta t in g  c e n tr a l  b o d y . H e re  th e  in te g ra l  

(2 .5 ), ta k e n  o v e r a  s p h e re  o f  r a d iu s  R , b e c o m e s

' j ) s i n  6 m d + o r

S ince  w e w a n t  su c h  a  m u lt ip le  o f  th e  in te g ra l  (2 .5 ) a s  w ill g ive  4 t t (3M , 

w e see th a t  th e  re q u ire d  m u lt ip lie r  m u s t  b e  — c3 ; a n d  th u s  w e  sh a ll  s tu d y  

th e  q u a n ti ty

8 (x 2, x 3) 

8  (w , )
+  S 2

8 ( a :3, x 1)  „ 3 8 ( . v \  x 2) )

8 ( u ,v) 8 (u, ) i
\ / —g  du dv. ( 2 .6 )

S u b s ti tu t in g  f ro m  (2 .4 ) in  (2 .6 ), w e  h a v e

' - H J

v  f a  1* 8 U  8 (x 2, x 3) , 2* 8 U  8 (x 3, X1)

* l  8x fc 8 (w, v) 8x* 8 (w, r )

8 U  3 (x 1, x 2) ) 

^  dxk8 (w, i?) J
a 4 U “ * du dv.

C o n v e r tin g  th is  su r fa c e - in te g ra l in to  a  v o lu m e - in te g ra l , i t  b e co m es

2  —  

h, k dxh 1 j r  j £ ) dx' dx‘ dx° •
I

in te g ra te d  o v e r th e  th re e -d im e n s io n a l  re g io n  R  c o n ta in e d  b y  th e  su rfa c e  

S in  th e  sp ace  (x 1, x 2, x 3).

S ince  B e ltra m i’s d if fe ren tia l  p a ra m e te r  o f  th e  s e c o n d  o rd e r  w ith  re s p e c t 

to  th e  q u a d ra t ic  fo rm  2 a  VQd xv dx'1 is d e fin e d  b y  th e  e q u a t io

A 2V  = J _  s  _ J L
\Zdh.ic dxh

(cfi ahk
8 V \ 

8x V  ’

th e  p rec ed in g  e q u a tio n  m ay  b e  w r i t te n

A jjTJi. ahj d x1 d x2 d x2. (2 .7)

N o w  d e n o tin g  th e  c o n tra c te d  R ie m a n n  te n s o r  o f  th e  m e tr ic  (2 .3) 

b y  K  pa, w e find , o n  s u b s ti tu tin g  th e  coefficien ts o f  th is  m e tr ic  in  th e  

o rd in a ry  fo rm u la  fo r  K M, th a t

K 00 =  -  c2 U* . A 2U*, so  K 0° =  -  c2 U ~ » . A aU * .

T h u s  (2 .7 ) b eco m es

I  =  — 11 j  K 0° . cfi d x1 d x2 d x2. (2 .8)

2  c  2
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388 E . T . W h i t ta k e r

B ut th e  field -equations o f  g rav ita tio n  give

K  o
c5 1 0 . m

w here  (3 d en o tes  th e  N e w to n ian  co n s tan t o f  g rav ita tio n , a n d  T /  is the  

ene rgy-tensor, an d  th u s  (2 .8) becom es

I =  | ' j |  (T 0° -  i T ) . U* a* 1 2 dx3, ( 2 .9 )

=  ^  j j j  (T 0° -  iT )  y / - g  1 2 </x3. (I)

This is the theorem in General Relativity which corresponds to Gauss' 

theorem in Newtonian potential theory— T h e  le ft-h an d  side  is th e  su rface- 

in teg ra l o f  th e  g rav ita tio n a l fo rce  o v er a n  a rb i tra ry  sim ple c lo sed  su rface, 

an d  th e  r ig h t-h a n d  side  is th e  v o lu m e-in teg ra l, tak en  over th e  space 

enclosed  b y  th e  su rface , o f  a  q u a n tity  th a t  d ep en d s  o n ly  o n  th e  energy- 

ten so r, w h ich  in  G en e ra l R e la tiv ity  p lay s th e  p a r t  th a t  is tak e n  by  m a tte r  

in  N e w to n ian  physics .

§ 3— A n  E l e c t r o s t a t i c  Ex a m pl e

T h e  th eo rem  (I) is n a tu ra lly  m u ch  w id e r in  its  ph y sica l significance 

th a n  th e  o rig ina l G a u ss ’ th eo rem , since th e  energ y -ten so r T /  is n o t, in 

general, co n s titu ted  solely o f  th e  “  m a te ria l  ”  energy -ten so r, b u t  includes 

th e  e lec trica l energy -ten so r, etc . L e t us tak e , as a n  exam ple , a  system  

in w hich  th e re  is n o  m a te ria l  ene rgy -ten so r, nam ely , an  e lectro static  

system  such  as a  co n d en so r fo rm ed  o f  tw o  m assless co n cen tric  spherica l 

su rfaces ca rry in g  eq u al a n d  o p p o s ite  charges . L e t E /  d en o te  th e  electric 

ene rgy -tenso r d u e  to  th e  e lec tro s ta tic  field be tw een  th e  surfaces, so th a t 

E 0° rep re sen ts th e  den sity  o f  e le c tro s ta tic  en e rg y : th e  energy-fluxes E 0a 

a re  zero , th e  co m p o n en ts  o f  e le c tro m ag n e tic  m o m e n tu m  — E /  are  

a lso  zero , a n d  th e  rem ain in g  co m p o n en ts  E /  1, 2, 3 )  rep resen t

th e  M axw ell stresses . T h e  co n d en se r will n o t, how ever, be  in  equ ilib rium  

unless th ere  is a lso  a  system  o f  m echan ica l stresses keep ing  th e  surface- 

e lem ents o f  th e  tw o  sphe rica l su rfaces in  p o s itio n  by  an tag o n iz in g  the 

m echan ica l fo rces exerted  o n  these  by  th e  e lectric  field . T h e  sim plest 

a rran g em en t, in  th eo ry , is to  have  stresses rep re sen ted  by  an  energy- 

ten so r Rj,® such  th a t  th e  co m p o n en ts  R /  fo r  p , 1, 2, 3  exactly
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Gauss' Theorem 389

n e u tra liz e  th e  M ax w e ll s tre sse s E / ,  th a t  is, R /  +  E /  =  0  fo r  1,

2, 3. S ince th e  sy s tem  is s ta tic a l, th e  ene rg y -flu x es  R 03 a n d  th e  m o m e n tu m  

c o m p o n e n ts  — R /  w ill b e  n u ll. T h u s  th e  to ta l  e n e rg y - te n so r  T /  =  E /  

-f- R  9 w ill h av e  a ll its  c o m p o n e n ts  n u ll ex ce p t T 0° ;  a n d  th e re fo re  

T  =  S T /  =  T 0°, a n d  so
V

[ j [  (To0 —  i T )  V ~ g  dx1 d x2 d x3 =

x  (en e rg y  o f  system ) .

N o w  th e  m ass  M  o f  th e  sy s tem  is 1 /c2 x  its  en erg y . T h u s  

j  f f  ( T 0° -  i T )  \ / —g  d x1 d x2 M ,

a n d  th u s  th e  th e o re m  (I) b eco m es  in  th is  c ase

— c3 f f I' i  a (* 2, * 3) , „ 2 3 (* 3, x 1) 
J J  Is  0 (M,t>) * 0 (u, v)

+  g 3 V - g d u  dv =  4t tPM,

th e  an a lo g y  o f  w h ich  w ith  th e  N e w to n ia n  G a u s s ’ th e o re m  is ev id en t.

§ 4— T h e  In t e g r a l  o f  En e r g y  f o r  a  P a r t i c l e  i n  a  St a t i c a l

F i e l d

In  o rd e r  to  exp re ss  o u r  ex te n d e d  G a u s s ’ th e o re m  (I) , in  th e  ca se  w h e n  

th e  en e rg y -ten so r is p u re ly  “  m a te r ia l ,”  in  a  fo rm  m o re  c losely  a n a lo g o u s  

to  th e  o rig in a l G a u s s ’ th eo re m , w e sh a ll n eed  to  e n q u ire  m o re  c lo sely  

w h a t is to  b e  u n d e rs to o d  b y  “  m ass  ”  in  th is  c o n n ec tio n . L ig h t w ill b e  

th ro w n  o n  th is  q u e s t io n  b y  s tu d y in g  th e  en e rg y -re la tio n s , in  a  s ta tic a l 

g rav ita t io n a l field , o f  a  “  te s t-p a r tic le ,”  i.e., a  p a rt ic le  so  sm a ll th a t  it 

does n o t  sensib ly  d is tu rb  th e  field, a lth o u g h  i t  is a c ted  o n  b y  it.

L e t th e  m e tric  o f  sp ace -tim e  b e  specified  b y

d r2 =  U  d t2  — -1 d l 2 =  U dt2 —
c2

- 2 2  a TQ d x v dX1,
C v ,Q =  1

w here d-cis th e  e lem en t o f  p ro p e r - tim e  a n d  w h e re  U  a n d  th e  aM a re  

fu n c tio n s  o f  (x1,x2, x 3) only . T h en  i f  da d en o te s  th e  e lem en t o f  tim e  as 

m easu red  b y  an  o bserver P  a t  re s t in  (x 1, x 2, x 3), w e h av e  da2 =  U  dt2. 

T h e  k in e tic  energy  o f  a  sm all p a rt ic le  o f  p ro p e r-m ass  m , m o m e n ta r ily  a t  

P , as m easu red  by  th is  o b se rv er, is

me2 j 1 1 (dVf-4

c2U  \d t)
o r  me2 U= ( 4 .1 )
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390 E . T . W h i t t a k e r

N o w  w ritin g

T  =  ^ u  t * - ± r * ,

w h ere  th e  accen ts  d e n o te  d if fe ren tia t io n s  w ith  re s p ec t to  t ,  o n e  o f  the  

e q u a tio n s  o f  m o tio n  o f  th e  p a r t ic le  is

A  (11
d i  \  dt'

0 ,

w h ich  g ives

o r

0T  . .
=  c o n s ta n t ,  

ot

T  T d t

U  d =
(4 .2 )

w h ere  e d e n o te s  a  c o n s ta n t .  F r o m  (4 .1) a n d  (4 .2 ), th e  k in e tic  en e rg y  is

m e2 s  U - i .  (4 .3 )

N ow  a t  in fin ity , i.e., w h e re  th e  in flu en ce  o f  th e  g ra v ita t io n a l  field  v an ish es  

a n d  sp ace -tim e  is G a lile a n , le t  th e  v e lo c ity  o f  th e  p a r tic le  b e  I n  th is

reg io n , U  -*• 1, so  b y  (4 .1) th e  k in e tic  e n e rgy  ten d s  to  m c2 ( l  — -g- J ,

a n d  b y  (4 .3 ) i t  te n d s  to  m c2e. E q u a t in g  th e s e  tw o  v a lu e s , w e  h a v e

F ro m  (4 .1), (4 .3 ), a n d  (4 .4 ), w e  h av e

m e2

l  JJT 1*

c2U  \dtJ

me2

(4.4)

( D )

a n d  this is the equation o f  conservation o f  energy fo r  the particle. T h e

ex p re ss io n  o n  th e  le f t is th e  k in e tic  en e rgy , a n d  th e  ex p re ss io n  o n  th e  

r ig h t m ay  b e  ca lled  th e  lost potential energy. The lost potential energy

m

corresponds to that o f  a particle o f  mass ^  _  w2 j  in a fie ld  o f  force  c2/U k

W e a re  n o w  in  a  p o s it io n  to  see th e  d ifference  b e tw een  N e w to n ian  

d y n am ics a n d  th e  d y n am ics  o f  G e n e ra l R e la tiv ity , in  th e  m a tte r  o f  p o te n tia l
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Gauss’ Theorem 391

energy . In  N ew to n ia n  d y n a m ics  th e  e q u a tio n  o f  c o n se rv a tio n  o f  en e rg y  

fo r  a  single p a rt ic le  is

(k in e tic  en e rgy) +  (p o te n t ia l  en e rgy ) =  C , (4 .5 )

w here th e  p o te n tia l  en e rgy  is th e  p ro d u c t  o f  th e  m ass— a  fixed  q u a n ti ty —  

in to  a fu n c tio n  w h ich  d e p en d s  o n ly  o n  th e  p o s i t io n  o f  th e  p a rtic le , a n d  

w here C  is a  c o n s ta n t  w h ich  d e p en d s  o n  th e  ty p e  o f  m o tio n , o n  th e  

in itia l c ircu m stan ces  o f  p ro je c tio n . I n  G e n e ra l R e la tiv ity  w ith  s ta tic a l 

fields, on  th e  o th e r  h a n d , th e  e q u a tio n  o f  c o n se rv a tio n  o f  ene rgy  fo r  a  

single  sm all p a rtic le  o f  p ro p e r -m a s s  is (as w e see f ro m  (IT )) o f  th e  

fo rm
(k in e tic  ene rgy ) =  ( lo s t p o te n tia l  ene rgy ), (4 .6)

w he re  n ow  th e  lo s t  p o te n tia l  en e rgy  is th e  p ro d u c t  o f  ( 1 — ' in to  a

fu n c tio n  w h ich  d e p en d s  o n ly  o n  th e  p o s i t io n  o f  th e  p a r t ic le :  here w  

denotes the velocity which the particle would have after escaping fro m  the 

gravitational fie ld  and arriving at the Galilean space-time at in fin ity; th e  

c o n s ta n t w in  (4.6) c o rre sp o nd s  to  th e  c o n s ta n t  C  in  (4 .5 ), s ince  it  c h a ra c te r 

izes th e  v a rio u s  ty p es  o f  m o tio n , b u t  it  en te rs  in  a  w h o lly  d iffe ren t m a n n e r  

in to  th e  e q u a tio n , since  in  (II)  o r  (4.6) its  effect is to  m o d ify  th e  effective

m ass. W e sha ll call m  ( 1 — — ) th e  potential mass, s ince  it  is th e

coefficien t w h ich  p lay s th e  p a r t  o f  m ass  in  th e  ex p re ss io n  fo r  th e  p o te n tia l  

energy . I t  is, o f  co u rse , e q u a l to  1 /c2 X  th e  en e rgy  o f  th e  p a rtic le  w h en  

it h a s  e scaped  to  in fin ity  o u t  o f  th e  in flu ence  o f  th e  g ra v ita tio n a l field.

W e  m ay  re m a rk  th a t  th e  c o n s ta n t  is n o t  n ece ssa rily  p o s it iv e ; it 

w ill, in  fac t, be  n eg ativ e  i f  th e  p a rtic le  h a s  n o t  suffic ien t en ergy  to  ca rry  

it o u t  o f  th e  g rav ita t io n a l  field in to  th e  G a lile a n  field  a t  in fin ity .

W e m ay  rem ark  in  p a ss in g  th a t  e q u a tio n  (II)  lead s im m ed ia te ly  to  

th e  fo rm u la  fo r  th e  sh if t to  th e  re d  o f  a  sp e c tra l lin e  w h ich  is em itted  in  a  

s tro n g  g rav ita t io n a l  field, w h en  m easu red  b y  a n  o b se rv e r o u ts id e  th e  

field . F o r  w e have  on ly  to  p a ss to  th e  lim itin g  case  w h en  th e  m a te ria l  

p a rtic le  becom es a  lig h t-q u an t, so th a t  its  k in e tic  en ergy  is n o w  / z v ,  

w here  v is th e  frequency  a n d  h is P la n c k ’s c o n s ta n t . E q u a tio n  (II)  n ow  

becom es

/zv =  A - l  o r  v0 =  vU *,
U 2

w here v is th e  frequency  a t  th e  p lace  o f  em ission  (e.g., o n  th e  sun ) a n d  

v0 is th e  frequency  as obse rv ed  o u ts id e  th e  g rav ita t io n a l  field (e.g., on  

the  ea rth ) . T h is  is th e  w ell-know n  fo rm u la  fo r  th e  sh ift to  th e  red  o f  

sp ec tra l lines em itted  in a  s tro ng  g rav ita tio n a l field.
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392 E . T . W h i t ta k e r

§ 5— IN T E R P R E T A T IO N  O F T H E  E X T E N D E D  G A U S S ’ T H E O R E M  F O R

P u r e l y  M a t e r i a l  F i e l d s

W e sha ll n o w  show  th a t  th e  co n c e p tio n  o f  “  p o te n tia l  m ass ,”  in tro d u c ed  

in  § 4, fu rn ish e s a  p h y sica l in te rp re ta tio n  o f  th e  ex ten ded  G a u ss ’ th eo rem  

(I) o f  § 2 , fo r  p u re ly  m a te r ia l  s ta tic a l fields.

W hen th e  field is p u re ly  m a te r ia l ( . , th e re  a re  n o  e lec trom agn etic

p h e n o m en a ) a n d  in co h e ren t, th e  en e rg y -ten so r is s im p ly

T J>4 =  C2(Jo d&  dj?

dx  d i  ’

w h ere  ( £ ° ....  £3) a re  th e  co -o rd in a te s  o f  a  p a rt ic le  w h en  its  p ro p e r- tim e

is t ,  a n d  <r0  is th e  p ro p e r -d e n s ity  o f  m a tte r , d e fin ed  by  th e  in v a r ia n t 

c o n d it io n  th a t

f V -  S  dx° 1 dx2 (5.1)

in teg ra te d  o v er an y  reg io n  o f  sp ace -tim e , is e q u a l to  th e  su m  o f  the  

len g th s  o f  th e  w orld -lin es o f  m a te r ia l  p a rtic le s  in  th is  reg io n , e ach  m u ltip lied  

by th e  p ro p e r-m ass  o f  th e  p a rtic le  to  w h ich  it  b e lo n g s .

S ince  th e  field is s ta tic a l, w e sha ll su p p o se  th e  m a te r ia l p a rtic le s  to  be 

a t  re s t  in  th e  space  (x 1, x 2, x 3) ,*  so  th a t  d?v/d r  =  0  fo r  p  — 1, 2, 3. T h u s  

th e  o n ly  n o n -ze ro  c o n s titu e n t o f  T m is

w h en ce  T 0° =  c2o0 a n d  T  =  S T /  =  T 0°. T h u s  (2.9) becom es

„ V

I  =  J j  J" <r0U dx1 dx2 d x3 =  4n[i j* j" j  

T h u s  i f  8t d en o tes  a  sm all in c rem en t o f  th e  v a riab le  t, w e h ave

18* = y / —g  8* dx1 dx2 d x3. (5.2)

L e t  Q  den o te  th e  reg io n  o f  sp ace -tim e  o b ta in e d  b y  m u ltip ly in g  the  

th ree -d im en s io n a l reg io n  R  (viz ., th e  sp ace  in sid e  th e  su rface  S in  the 

sp ace  o f  x 1, x 2, x 3), by  8 t.Th en , b y  (5.1), e q u a tio n  (5.2) 

th e  s ta te m e n t th a t—

18 / =- 4 -  [i x  th e  sum  o f  th e  len g th s  o f  th e  w o rld -line s o f  th e  

m a te ria l  p a rtic le s in  th e  reg io n  Q , each  m u ltip lied  by  the  

p ro p e r-m a ss  o f  th e  p a rtic le  to  w h ich  i t  b e longs .

* T h is , o f  co u r se , requ ires  th a t  th ey  sh ou ld  be s itu a ted  a t p la ce s fo r  w h ich  U  has  

m axim um  or m in im um  va lu es.
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G auss’ Theorem 393

D iv id in g  b o th  sides o f  th is  e q u a t io n  b y  8t, a n d  m a k in g  -> 0, 

w e o b ta in

I =  4 TCp x  th e  su m  o f  th e  p ro p e r -m a s se s  o f  th e  m a te r ia l  p a rtic le s  

in  th e  th re e -d im e n s io n a l reg io n  R , e ac h  m u lt ip lie d  b y  th e  

v alue  o f  d t /d t  fo r  th e  p a r t ic le  in  q u e s tio n ,
I

[ =  4 t tP x  th e  su m  o f  th e  p ro p e r -m a s se s  o f  th e  m a te r ia l  

p a rtic le s  in  th e  reg io n  R , e ac h  m u lt ip lie d  b y  th e  v a lu e  o f  

U 4 a t  th e  p a rtic le . (5 .3 )

N ow  th e  e q u a tio n  o f  en e rgy  (I I)  o f  § 4 , fo r  o n e  o f  th e s e  p a rt ic le s  a t  re s t  

in  th e  sp ace  (jc1, x 2, x 3), is

me2 -
m e2

so

so  (5 .3 ) b ecom es
C 2 !

(5 .4)

I =  4tt (3 x  th e  su m  o f  th e  p ro p e r -m as se s  o f  th e  m a te r ia l  p a rtic le s  in  

th e  reg io n  R , e ach  m u ltip lie d  b y  th e  v a lu e  o f  (1 — b e lo n g 

in g  to  it, 
o r

I =  x  th e  sum  o f  th e  “  p o te n tia l  m asses  ”  o f  th e  m a te r ia l  p a rtic le s  

in  th e  reg io n  R .

T h u s  f inally  w e h av e  th e  re s u l t th a t  when the sta tical gravitational f ie ld  

is due solely to material particles, the extended Gauss' theorem o f  § 2  takes  
the fo rm

— c3
8 (x2, x 3) 

8 ( u , v) +  +  ** W  d u  dv  “

(I I I )

where the integration is taken over any simple closed surface in the space o f  

(x1, x 2, x 3), and  M  denotes the sum o f  the “ potential masses ”  o f  those 

material particles that are inside this surface.

T h e  close an a lo gy  be tw een  th is  a n d  th e  o r ig in a l G a u s s ’ th eo re m  o f  

N e w to n ian  p o te n tia l- th e o ry  is o b v io u s . T h e  re m a rk a b le  fea tu re  is th a t  

it  is th e  “  p o ten tia l  m asses ,”  a n d  n o t  th e  p ro p e r  m asses, o f  th e  p a rtic le s  

w h ich  o ccu r in  th e  r ig h t-h a n d  side o f  th e  eq u a tio n .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



394 E . T . W h i t ta k e r

§ 6— Th e  Ex t e n d e d  G a u s s ’ T h e o r e m  f o r  t h e  E l e c t r i c  Po t e n t i a l

In  N ew to n ia n  p hy s ic s , G a u s s ’ th e o re m  is a p p lic a b le  n o t  o n ly  to  th e  

g ra v ita tio n a l p o te n tia l  b u t  a lso  to  th e  e le c tro s ta tic  p o te n tia l , ta k in g  th e  

fo rm  (in  su itab le  u n its )

f f
s

V - dS  =  T o ta l  e le c tr ic  c h a rg e  in s id e  th e  su rface  S,
0 V

w h ere  V  d e n o te s  th e  e le c tro s ta tic  p o te n tia l .  T h is  th e o re m  can  be  

ex ten d ed  to  e lc tro m agn e tic  fields o f  a n y  k in d , in  g ra v ita t io n a l  fields o f  

a n y  k in d  in  gen e ra l re la tiv ity , a s  fo l lo w s :

L e t  M  b e  a n y  th re e -d im e n s io n a l m u lt ip o in t  in .  sp ace -tim e , w hose  

f ro n tie r  is a  c lo sed  su rfa ce  S. D en o te  b y  J p th e  e lec tr ic  c u rre n t-v e c to r  

w h o se  c o m p o n e n ts  a re  (p, pvx, pvy, pvz w h e r

ch a rg e  a n d  ( vx , vy,vz) is its  ve lo c ity . T h e n  th e  to ta l  q u a n ti t

tr ic ity  b e lo ng in g  to  th o se  w o r ld - lin e s  o f  e le c tr ic  c h a rg e  w h ich  in te rse c t  

th e  m u lt ip o in t  M  is

, -p 9 (x2, x 3, x°) 

3 (P,<1, r)

, T3 c (x°, x 1, x 2) 

3 (p , q ,r )

, J2 8 (x 3, x°, x 1) 

3 (P , q, r)

|  V ~ S  dp dq dr, ( 6 . 1)

w h ere  (p, q, r) a re  a n y  p a ra m e te rs  sp ecify ing  p o s i t io n  in  M .

N o w  th e  fu n d a m e n ta l  e q u a tio n s  o f  th e  e le c tro m ag n e tic  field  (M ax w e ll’s 

e q u a tio n s  e x ten d ed  to  g e n e ra l re la tiv ity )  a re

w h e re

1 y 8 ( V - g X ” ) _ jB 

V ~ S  i
(p  =  0, 1, 2, 3) ( 6 .2 )

X  =-
”  '  8xs dxr

(6.3)

(</><), <f>i, 4*2) 4>3) b e ing  th e  e lec tro m ag n e tic  p o te n tia l-v ec to r, so X „

s ix -vecto r o f  w h ich  th re e  c o m p o n e n ts  re p re se n t th e  e lec tric  fo rce  and  

th e  o th e r  th re e  re p re se n t th e  m ag n e tic  v ec to r.

S u b s titu t in g  f ro m  (6 .2 ) in  (6 .1), a n d  tr a n s fo rm in g  in to  a  surface- 

in teg ra l, w e o b ta in  th e  re s u lt th a t  the total electric charge, belonging to
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Gauss ’  Theorem 395

particles whose world-lines intersect a three-dimensional multipoint whose 

fron tier is a simple closed surface  S, is

8 (x°, x 1) 

d (u, )
+  X 31

8 Q ° , x 2)

8 (u, v)

I V 1 2  8  ( x ° ,  X 3)

^  8 (u, v)
+  X«3

8 (x 1, x 2) 

8 ( u , r )

+  x “2 +  X “  } V - *  ( I I I )

77*w is the extension, to  m ost general electromagnetic f ie ld  any  

gravitational fie ld , o f  Gauss’ theorem on the electrostatic potential. E v id e n tly  

it  d iffers  g re a tly  f ro m  th e  e x te n s io n  o f  G a u s s ’ th e o re m  o n  th e  g ra v i ta t io n a l  

p o te n tia l ,  w h ic h  w a s  th e  su b je c t  o f  §§ 2 -5 .

Su m m a r y

T h e  w e ll-k n o w n  th e o re m  o f  G a u s s  o n  th e  N e w to n ia n  p o te n t ia l ,  v iz ., 

th a t  th e  to ta l  f lux  o f  g ra v i ta t io n a l  fo rc e  th r o u g h  a  s im p le  c lo sed  su rfa c e  

is e q u a l  to  ( — 4 tt) x  th e  to ta l  g ra v i ta t in g  m a s s  c o n ta in e d  w ith in  th e  

su r face , is e x te n d ed  to  G e n e ra l  R e la tiv ity . I n  th e  e x te n d e d  th e o re m , 

th e  N e w to n ia n  c o n c e p t  o f  “  g ra v i ta t in g  m a s s  ”  is n a tu r a l ly  re p la c e d  b y  

th a t  o f  th e  e n e rg y - te n so r , w h ic h  d o es  n o t  in  g en e ra l c o n s is t  so le ly  o f  th e  

“  m a te r ia l  ”  e n e rg y - te n so r , a n d  n e ed  n o t  in v o lv e  a n y  m a t te r  a t  a ll. I t  is 

sh o w n  th a t  in  o rd e r  to  p ro v id e  a  s im p le  p h y s ic a l  in te r p r e ta t io n  o f  th e  

fo rm ulae o b ta in e d , a  n ew  c o n c e p t  m u s t  b e  in tro d u c e d , to  w h ic h  th e  

n a m e  “  p o te n t ia l  m as s  ”  is g iven . T h e  e le c tro s ta t ic a l  fo rm  o f  G a u s s ’ 

th e o re m  is a ls o  e x te n d e d  to  G e n e ra l  R e la tiv ity .
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