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Abstract: We present the bounds in terms of other important graph parameters for general
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between general Sombor index and other generalised indices: general Randić index and general
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2010 Mathematics Subject Classification: 05C07, 05C90.

1 Introduction

We consider only finite simple graph in this paper. Let G be a finite simple graph on n vertices

and m edges. We denote the vertex set and the edge set of G by V (G) and E(G), respectively.

The degree of a vertex u ∈ V (G) is denoted by dG(u) and it is defined as the number of edges

incident with u. The complement of G, denoted by G, is a simple graph on V (G) in which two

vertices u and v are adjacent, i.e., joined by an edge uv, if and only if they are not adjacent in G.

Hence, uv ∈ E(G) if and only if uv /∈ E(G). Clearly, E(G) ∪ E(G) = E(Kn), where Kn is

the complete graph on n vertices and m = |E(G)| =
(

n
2

)

−m. Let ∆ and δ denote the maximum

vertex degree and the minimum vertex degree of the graph G, respectively.

In chemical graph theory, one generally considers various graph-theoretical invariants of

molecular graphs (also known as topological indices or molecular descriptors), and study how

strongly are they correlated with various properties of the corresponding molecules. The first

such topological index was introduced in 1947 by H. Wiener [18] and is used for correlation

with boiling points of alkanes. Wiener’s index is related to the distances in molecular graphs.

Historically, the first vertex-degree-based topological indices were the graph invariants that nowadays

are called Zagreb indices. Numerous graph invariants have been (and still continues to be)

1

http://arxiv.org/abs/2110.03225v1
phanjoubam17@gmail.com
skupar@gmail.com


employed with varying degrees of success in QSAR (quantitative structure-activity relationship)

and QSPR (quantitative structure-property relationship) studies. The Zagreb indices are amongst

the most studied invariants [14] and they are defined as sums of contributions dependent on the

degrees of adjacent vertices over all edges of a graph. The Zagreb indices of a graph G, i.e., the

first Zagreb index M1(G) and the second Zagreb index M2(G), were originally defined [11] as

follows.

M1(G) =
∑

u∈V (G)

dG(u)
2; M2(G) =

∑

uv∈E(G)

dG(u)dG(v).

The first Zagreb index of G can also be expressed as

M1(G) =
∑

uv∈E(G)

[dG(u) + dG(v)].

Generalised version of the first Zagreb index have also been introduced [13], known as the general

first Zagreb index and is defined as

Mp
1 (G) =

∑

u∈V (G)

dG(u)
p.

When p = 3, M3
1 (G) =

∑

u∈V (G)

dG(u)
3

is known as the forgotten index, denoted by F (G), and is

also equal to

F (G) =
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2].

One of the highly successful and widely used indices in QSPR and QSAR is the Randić index

R(G) [16]. It is defined as

R(G) =
∑

uv∈E(G)

1
√

dG(u)dG(v)
.

The Randić index have been extended to general Randić index [11], defined as

Rα(G) =
∑

uv∈E(G)

[dG(u)dG(v)]
α

for any real number α. Motivated by Randić and Zagreb indices, Zhou and Trinajstić defined

sum-connectivity index χ(G) [19] and general sum-connectivity index χα(G) [20], which are

defined as

χ(G) =
∑

uv∈E(G)

1
√

dG(u) + dG(v)

and

χα(G) =
∑

uv∈E(G)

[dG(u) + dG(v)]
α

for any real number α. Gutman recently introduced [9] a new vertex-degree-based topological

index called the Sombor index, which is defined as SO(G) =
∑

uv∈E(G)

√

dG(u)
2 + dG(v)

2
. Numerous
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work have so far been carried out on the Sombor index. The chemical applicability of the Sombor

index is found to have shown good predictive potential [15]. Computations of Sombor index of

various graphs have been carried out, for example chemical graphs [5]. Basic properties of the

Sombor index have been presented and its relations with other topological indices: the Zagreb

indices, are investigated in [6]. In [3] and [17], in addition to Zagreb indices, relations between

Sombor index and other topological indices are carried out.

Motivated by the extensions of Randić and sum-connectivity indices and several works on

Sombor index, we define general Sombor index SOα(G). It is defined as

SOα(G) =
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]α/2

for any real number α. For α = 1, we have the usual Sombor index whereas for α = 2, we

get the forgotten index. Thus SOα(G) generalises the Sombor index and the forgotten index.

In this paper, we present the bounds of general Sombor index in terms of other important graph

parameters. We also explore the Nordhaus-Gaddum-type result for the general Sombor index.

We present further the relations between general Sombor index and other generalised indices:

general Randić index and general sum-connectivity index.

2 Preliminaries

A graph G is called regular if all vertices of G have the same vertex degree and it is called

bi-degreed if it has two distinct vertex degrees. A connected graph G is called a bi-regular graph

or semi-regular bipartite graph if G is a bipartite graph with two partite sets A and B such that

each vertex in A has degree ∆ and each vertex in B has degree δ.

Now, we state a lemma which provides necessary and sufficient conditions for non-regular

graphs to be bi-regular [2].

Lemma 2.1. Let G be a connected non-regular graph. Then the following statements are equivalent:

1. G is bi-regular.

2. G is bi-degreed and |dG(u)− dG(v)| > 0 is constant for all edges uv of G.

3. dG(u) + dG(v) > 0 is constant for all edges uv of G.

Remark 2.2. We note that the third condition in Lemma 2.1 can be replaced by dG(u)
2+dG(v)

2 >

0 is constant for all edges uv of G. Thus the following statements are equivalent for a connected

non-regular graph G:

1. G is bi-regular.

2. G is bi-degreed and |dG(u)− dG(v)| > 0 is constant for all edges uv of G.

3. dG(u)
2 + dG(v)

2 > 0 is constant for all edges uv of G.
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Proof of the Remark 2.2. Notice that (2) implies (3) is clear from the definition. So, we only

prove that (3) implies (1). Now by (3) we have that dG(u)
2+ dG(v)

2 > 0 is constant for all edges

uv of G. This implies that any two vertices joined by a path of even length in G must have the

same degree. We now show that G is bipartite by contradiction. Suppose that G is not bipartite.

Then G has an odd cycle C. Let u, v be two adjacent vertices on C. Then C contains a path of

even length connecting u and v. Hence, dG(u) = dG(v) = k for some positive integer k. Since

G is connected, for any vertex x of G, there is a path P between u and x. Let e = ab be any

edge on the path P . Then by (3), dG(a)
2 + dG(b)

2 = 2k2 since dG(u)
2 + dG(v)

2 = 2k2 for the

edge uv of G. Also dG(u) = k. Then each vertex on the path P has vertex degree k and so does

x. It follows that G is regular. This contradicts the assumption that G is not regular. Hence, G is

bipartite. Furthermore, any two vertices u, v in the same partite set of G are joined by a path of

even length, and so dG(u) = dG(v). Thus G is bi-regular. This shows that (3) implies (1).

Next, we recall the famous Jensen’s inequality (see [4]).

Lemma 2.3 (Jensen’s inequality). Let f : (a, b) → R be a convex function. Let n ∈ N and

α1, α2, . . . , αn ∈ (0, 1) be real numbers such that α1 + α2 + · · · + αn = 1. Then for any

x1, x2, . . . , xn ∈ (a, b) we have

f

(

n
∑

i=1

αixi

)

≤
n
∑

i=1

αif(xi).

Corollary 2.4. For a positive integer k, if f is strictly convex (i.e., f ′′ > 0), then

f

(

k
∑

i=1

xi

k

)

≤ 1

k

k
∑

i=1

f(xi)

where the equality holds if and only if x1 = x2 = · · · = xk. Moreover, the inequality is reversed

if −f is strictly convex.

The following inequality is due to Radon and can be found in [6].

Lemma 2.5 (Radon’s inequality). If ak, bk > 0 for k = 1, 2, . . . , m and p > 0, then

m
∑

k=1

ak
p+1

bk
p ≥

(

m
∑

k=1

ak

)p+1

(

m
∑

k=1

bk

)p .

Equality holds if
a1
b1

=
a2
b2

= · · · = am
bm

.

3 General Sombor index and its properties

In this section, we present the bounds of general Sombor index in terms of other important graph

parameters. We also explore the Nordhaus-Gaddum-type result for the general Sombor index.

First, we give some examples of general Sombor index.
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Example 3.1. 1. SOα(Kn) = 2−1+α/2n(n− 1)α+1 = 2α/2m(n− 1)α and SOα(Kn) = 0.

2. SOα(Cn) = 2(3α)/2n.

3. SOα(P2) = SOα(K2) = 2α/2.

4. SOα(Pn) = 2× 5α/2 + 2(n− 3)2α/2 for n ≥ 3.

3.1 Bounds for the general Sombor index

We first present bounds for the general Sombor index in terms of the forgotten index and numbers

of edges of the graph.

Theorem 3.1. Let G be a graph with m ≥ 1 edges. Then we have the following.

1. SOα(G) ≥ m1−α/2F (G)α/2 if α < 0 or α > 1 and

2. SOα(G) ≤ m1−α/2F (G)α/2 if 0 < α < 1.

Moreover, equality holds in either cases if and only if G is bi-regular.

Proof. Notice that if α < 0 or α > 1, then xα/2 for x > 0 is strictly convex. Thus by Corollary

2.4, we have

[

1

m
F (G)

]α/2

=





1

m

∑

uv∈E(G)

(dG(u)
2 + dG(v)

2)





α/2

=





∑

uv∈E(G)

dG(u)
2 + dG(v)

2

m





α/2

≤ 1

m

∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]α/2 =
1

m
SOα(G)

Thus SOα(G) ≥ m1−α/2F (G)α/2 and the equality holds if and only if dG(u)
2 + dG(v)

2
is a

constant for all edges uv of G. That is, by Remark 2.2 the equality holds if and only if G is

bi-regular. Similarly, if 0 < α < 1, then −xα/2 for x > 0 is strictly convex. Hence SOα(G) ≤
m1−α/2F (G)α/2, where the equality holds if and only if G is bi-regular.

It is reported in [8] that F (G) ≥ M1(G)2

2m
for a graph with m edges, where the equality holds

if and only if G is a regular graph. Also, M1(G) ≥ 4m2

n
, where the equality holds if and only

if G is a regular graph (due to the Cauchy-Schwarz inequality) [1]. Thus we have the following

bounds for the general Sombor index in terms of n and m.

Corollary 3.2. Let G be a graph on n vertices and m ≥ 1 edges. Then

1. SOα(G) ≥ 8α/2m1+αn−α if α < 0 or α > 1 and
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2. SOα(G) ≤ 8α/2m1+αn−α if 0 < α < 1.

The equality holds in either cases if and only if G is regular.

Next, we present another bound for the general Sombor index.

Theorem 3.3. Let G be a graph on n ≥ 2 vertices and m edges. Then we have the following.

1. If 0 < α < 1, then

SOα(G) ≥ F (G)α/2

where the equality holds if and only if G = K2 ∪Kn−2 or G = Kn.

2. If α < 0, then

SOα(G) ≤ 2−1+α/2n(n− 1)

where the equality holds if and only if G = K2.

3. If α > 1, then

SOα(G) ≤ 2α/2m(n− 1)α

where the equality holds if and only if G = Kn or G = Kn.

Proof. Let 0 < α < 1. Then

SOα(G) ≥





∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]





α/2

= F (G)α/2

where the equality holds if and only if |E(G)| ≤ 1, i.e., G = K2 ∪Kn−2 or G = Kn. This proves

(1).

Let α < 0 and G 6= Kn. Let G1 be the graph obtained from G by deleting the possible isolated

vertices of G. Let n1 = |V (G1)| and let ∆1 and δ1 denote the maximum and minimum degrees

of G1, respectively. Notice that by Handshake lemma, we have m1 ≤
n1∆1

2
. Then

SOα(G) ≤
∑

uv∈E(G1)

(2δ21)
α/2 ≤ n1∆1

2
(2δ21)

α/2 = 2−1+α/2n1∆1δ1
α ≤ 2−1+α/2n(n− 1),

where the equality holds if and only if G is regular and ∆1δ
α
1 = n− 1, i.e., G = K2. This proves

(2).

Let α > 1. Notice that dG(u) ≤ n− 1 for any vertex u of G. Thus

SOα(G) =
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]α/2 ≤ m[2(n− 1)2]α/2 = 2α/2m(n− 1)α

where the equality holds if and only if either dG(u) = dG(v) = n− 1 for every edge uv of G or

E(G) = ∅, i.e., G = Kn or G = Kn. This completes the proof.
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3.2 Nordhaus-Gaddum-type result for the general Sombor index

Theorem 3.4. Let G be a graph on n ≥ 2 vertices and m edges.

1. If α > 0, then

SOα(G) + SOα(G) ≤ 2−1+α/2n(n− 1)α+1

where the equality holds if and only if G = Kn or G = Kn. Further, if α ≥ 1, then

SOα(G) + SOα(G) ≥ n(n− 1)1+α

21+α

and if 0 < α < 1, then

SOα(G) + SOα(G) ≥ nα/2(n− 1)(3α)/2

2(3α)/2
.

2. If α < 0, then

2−1+α/2n(n− 1)α+1 ≤ SOα(G) + SOα(G) < 2α/2n(n− 1)

where the left equality holds if and only if G = Kn or G = Kn.

Proof. Let α > 0. Notice that dG(u) ≤ n− 1 for any vertex u of G. Thus by definition, we have

SOα(G) + SOα(G) =
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]α/2 +
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]α/2

≤m[2(n− 1)2]α/2 +m[2(n− 1)2]α/2

=2α/2(m+m)(n− 1)α = 2−1+α/2n(n− 1)α+1

where the equality holds if and only if either dG(u) = dG(v) = n− 1 for every edge uv of G or

E(G) = ∅, i.e., G = Kn or G = Kn. This proves the first part of (1). Similarly, if α < 0, then

SOα(G) + SOα(G) ≥ 2−1+α/2n(n − 1)α+1, where the equality holds if and only if G = Kn or

G = Kn. Further, by Theorem 3.3 (2), we have

SOα(G) + SOα(G) < 2−1+α/2n(n− 1) + 2−1+α/2n(n− 1) = 2α/2n(n− 1).

This proves (2).

Notice that m + m =
n(n− 1)

2
, thus F (G) ≥ M1(G)2

2m
≥ M1(G)2

n(n− 1)
and F (G) ≥ M1(G)2

2m
≥

M1(G)2

n(n− 1)
. So, for α = 2,

SOα(G) + SOα(G) =F (G) + F (G)

≥ 1

n(n− 1)

[

M1(G)2 +M1(G)2
]

≥ 1

n(n− 1)

[

M1(G) +M1(G)
]2

2

≥ 1

n(n− 1)

1

2

n2(n− 1)4

4
=

n(n− 1)3

23
(1)
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Now if α > 1, then xα/2 is strictly convex. Thus

SOα(G) + SOα(G)

≥ (m+m)











∑

uv∈E(G)

[dG(u)
2 + dG(v)

2] +
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]

m+m











α/2

=(m+m)1−α/2[F (G) + F (G)]α/2 (2)

From (1) and (2), for α > 1 we have

SOα(G) + SOα(G) ≥ n(n− 1)1+α

21+α
.

Lastly, if 0 < α < 1, then

SOα(G) + SOα(G) ≥





∑

uv∈E(G)

[dG(u)
2 + dG(v)

2] +
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]





α/2

=[F (G) + F (G)]α/2 (3)

From (1) and (3), for 0 < α < 1 we have

SOα(G) + SOα(G) ≥ nα/2(n− 1)(3α)/2

2(3α)/2
.

This completes the proof.

4 Comparison of general Sombor index with other generalised

indices

In this section, we present the relations between general Sombor index and other generalised

indices: general Randić index and general sum-connectivity index.

4.1 General Sombor index and general Randić index

We now present a relation between general Sombor index and Randić index.

Theorem 4.1. Let G be a graph on n vertices and m edges. Then

2α/2

∆α
Rα(G) ≤ SOα(G) ≤ 2α/2

δα
Rα(G)

where the equality holds if and only if G is regular.
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Proof. Notice that

SOα(G) =
∑

uv∈E(G)

[dG(u)
2 + dG(v)

2]α/2

=
∑

uv∈E(G)

[dG(u)dG(v)]
α

[

1

dG(u)2
+

1

dG(v)2

]α/2

≥
∑

uv∈E(G)

[dG(u)dG(v)]
α

[

1

∆2
+

1

∆2

]α/2

=
2α/2

∆α
Rα(G)

Similarly, we obtain the upper bound. Moreover, it is easy to see that the equality holds if and

only if G is regular. This completes the proof.

As a consequence, letting α = 1 we get a relation for Sombor index in terms of second Zagreb

index as reported in [17].

Corollary 4.2. Let G be a graph on n vertices and m edges. Then

√
2

∆
M2(G) ≤ SO(G) ≤

√
2

δ
M2(G)

where the equality holds if and only if G is regular.

4.2 General Sombor index and general sum-connectivity index

Lastly, we present a relation between general Sombor index and general sum-connectivity index.

Theorem 4.3. Let G be a graph on n vertices and m edges. Then

χα(G)

2α/2
≤ SOα(G) ≤

√

m∆αχα(G)

where the left equality holds if and only if G is regular.

Proof. Let V (G) = {v1, v2, . . . , vn}. Let, for simplicity, di = dG(vi) for a vertex vi of G. Letting

ak → [di
2 + dj

2]α/2 and bk → [di + dj ]
α in Lemma 2.5 for p = 1 and the sums running over the

edges in G, we have

∑

vivj∈E(G)

[

di
2 + dj

2

di + dj

]α

≥





∑

vivj∈E(G)

[di
2 + dj

2]α/2





2

∑

vivj∈E(G)

[di + dj]
α

(4)

Notice that
di

2 + dj
2

di + dj
≤ ∆ for every edge vivj of G. Thus (4) becomes

SOα(G)2

χα(G)
≤ m∆α =⇒ SOα(G) ≤

√

m∆αχα(G).

9



For the lower bound, notice that for any edge vivj of G, we have di
2 + dj

2 ≥ (di + dj)
2

2
. Thus

SOα(G) =
∑

vivj∈E(G)

[di
2 + dj

2]α/2 ≥
∑

vivj∈E(G)

[di + dj]
α

2α/2
=

χα(G)

2α/2
.

As a consequence, letting α = 1 we get the lower bound for Sombor index as reported in [17]

and the upper bound for Sombor index as found by the present authors in [3].

Corollary 4.4. Let G be a graph on n vertices and m edges. Then

M1(G)√
2

≤ SO(G) ≤
√

m∆M1(G)

where the left equality holds if and only if G is regular.
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