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1. INTRODUCTION

In their former papers, Sharma and Taneja [11] and Sharma and Gupta [9]

characterized a generalized measure of type (:’ g) given by

(L.1) IEHP; Q) =277 — 279 Y (piq! — pigl), «B.7,86>0
i=1

B+ 8(x +y) whenever « =y =9),

wherc P = (pl) R pn): D; z 0, Zpl = 1 and Q = (ql’ A} qn)’ qi > 0’ zlqi ;<" 1
i=1 i=

are two discrete probability distributions of a discrete random variable.

The measure (1.1) under certain conditions (see [11]) gives Kullback’s [5] relative
information and Kerridge’s [4] inaccuracy. These measures have many applications
in statistics, economics etc..

The measure (1.1) can also be taken as

(1.2) IER(P; Q) = (227F — 277971 Zl(p?ql.-’ Tt plal ),

where a, B, 7,0 > 0, « # (B + 5) whenever f§ = §(x = 7).
When y = & = 1, the measure (1.2) reduces to

(L3) ISP Q) = (T = ) [l - 1], a kB, x>0,
i=1
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- The measure (1.3) has been characterized: by Sharma and Autar [7’, 8] and reduces
to Kullback’s relative information and Kerridge’s inaccuracy when =1, o — |
and o = 1,  — 1, respectively.

The measure (1.2) is related with (1.3) as follows:

. A, . y ,
(L) BP0 = e aeBr Q)+ M 1 o),

Asp — Ays A? s a.p

where A, 5 = (2*7% — 1)* and 4, , = (2"7% — 1)*.

It can be easily seen that the measure I{;'§)(P; Q) satisfies the following branching

property:

(15  IEBP; Q) —IGH(py + P2 Ps - Paidy 42 G5 -0 4,) =

A, « 7(a
e P (. (p PP 4

Acp = Ay L+ P PP g+
q A, B , p
) e et (R
q, + q, 6"'Aaz./’ pi + ps Pi + P2
q q
1 , 2 ), Ayp+ A, ;
q; + g, g, + q;

where p, + p, >0, q; + g, > 0.

When y =6 = 1 (or @ = = 1), (1.5) reduces to a branching property studied
by Sharma and Autar [7, 8].

In this communication, we characterize the measure (1.2) by taking the branching
property (1.5) along with two other axioms. Some properties of this measure are also
studied.

2. GENERALIZED MEASURE OF TYPE (";;g)

. . . o . . .
In this section, we shall characterize measure of type (v, g) associated with a pair

of probability distributions P = (p,, ..., p,), p; 2 0, p; = land Q@ = (q,, ..., q,)
n i=1

g; 2 0,) g; =1 of a discrete random variable. We consider the following axioms:
=1

(1) (Symmetry). IG3(py1, Pas P3; 41> 92> q5) is @ symmetric function of its variables
provided the probabilities p; and ¢, (i = 1, 2, 3) correspond to each other.

(I1) (Normality). I&5(1,0; 3,%) = 1.

*) Throughout the paper, we shall adopt the notation A4, for 2*=# — 1) and Ay s for
Q70— 1.
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(111) (Branching property).
IER(P; Q) — IGH(Py + Pas Pas s Pas 41 + Gas G3s o s ) =

(7,9)

A,  1(a, p p

=l (py + Pz) (‘11 +q.)" 151 Bl)) < e
A, wAN Pi+ P PP

q q A, L
b, 22 ) + L (py + P2y (a0 + 42)° 77
q, + 42 41+ q; A, s — Aoy

Izl,él))( Py D2 . 4 g2 )
b O ’ ) 5
Pr+DP2 Pr+pP2 g1+ 4q g+ q;

where p; + p, >0, g +q, >0, A, + A, and o, B, y and & are positive
parameters different from unity.
From axiom (I}, we have

(2.1) IED 1 = X =y X3 yos L = Xy = y3,%5) =
=IEB(x, 1~ yy — X, 5 Xa 1 — ¥y — X2, ¥2) s
which together with axiom (I11) gives
(2.2)
f(1 ~x1,1—x2)+A

et (1 (1 = xp) e (y—*;&m)Jr

—A 1-—x, 1—-x,

by (1= ) ’h( -i_>=

1o~ Aup 1—x, 1 —x,
RS G S B | B (2 ™ (_xj_; x, ) N
Aup = Ay L=y 1-y,
i (R ),
where
8 g;(xl, — X33 %p, 1 = x;) = f(x4; x;),
IERxL T — x5 %5, 1 — x3) = g(x15%,)
and 8 61) (x5, 1 = x43 %5, 1= x;) = h(xq; x,).

Setting x;, = x, = 1, y; = y, = 0in (2.2), we get

. _ . . Aa,ﬁ o . A'/,é . .
(2.3) f(0;0) = f(151) + y " g(1; 1) + YR i h(1;1).

a,p T 8 7,8 T
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By axiom (III), we get

(24) 15:3(1,0, 05 1,0,0) = IE(1, 0; 1, 0) + T—f‘»“-i"_ 1991, 0; 1,0) +
a,f T “y,6

4 A
+ o TGEN(1,051,0) = f(1; 1) + — 2 g(15 1) +
Ays = Augp wp ~ Ays

+ oA h(1;1),

AM - Aa./l
and
(2.5) &R0, 1,0:0,1,0) = I&H(1,0:1,0) + — 220 [&0(0,150,1) +
a,f Ay,é
+ s I8:5)(0,1;0,1) =
Av,é - Aa,p
=f1; 1) + — b Aus g(0; 0) + _Ava h(0; 0) .
Aa,ﬁ - Ay,& A)r,J - Aa,ﬁ

Expressions (2.4) and (2.5) together with axiom (1) give

(2.6) A, sLa(1; 1) — g(0; 0)] = 4, ,[h(1; 1) = K(0;0)] .
Now for y = é =1, (2.3) and (2.6) give
n. - g(1;1) = g(0;0) = 0.

Again for a = f = 1, (2.3) and (2.6) give

§

(28) h(1; 1) = h(0;0) = 0.
Thus (2.3) together with (2.7) and (2.8) gives
@9) - #(151) = £(0; 0).

Further, if x;, = x, = 0, y, = 0, ¥, = %in (2.2) then by axiom (II), (2.7) and (2.8),
we get

(2.9) f(1;1) =f(0;0)=0.

Next, substituting y; = 1 — x,, y2 = L = x, in (2.2) and using (2.7) and (2.8),
we get

(2.10) flxsxp) = /(L= x5 1 = x3).

Thus, the functional equation (2.2) with (2.10) reduces to

@11) flxs;%2) + Af—é% =% —-x)f g (——yl———; __Zg_) +

a,p T Ay L=xy 1-x,
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A —j Vi Y2
40 (L= x, ) (1 = x,) /1’("-——*-'2*——-):
(= (- )

s — Aap 1 —x; 1 —xy

A - x
= frva) + s (L (=) (-—“'"T ; —*> *

af T Ayé

+ ‘_,,‘__“{‘]vh,é,_, (1 — ) (] _ yz)ﬁ'v h( Xy ‘x_kt) "

Ay,é'"Az,ﬁ‘ 1 M ,I - )2

for all x,, ¥y, X2, y2€[0, 1) withx + x, £ L1 +y, S L
Now we shall first obtain a relation between f, ¢ and h and then find the values
of these functions in the following lemma:

Lemma. The functions f, g and h given in (2.11) satisfy the relation

A A
2.12 X3¥) = b g(xyy) + 20— h(x; y),
(2.12) Sy = b —g(x:y) Mo A, (x: )

.8 7.8

where

213)  glsy) =AY+ (1 —x (L0 =] A4, 0,

and

2.14 h(x; p) = A 4y "+ (L= xP (1 = )7 = 1], A4,,+0,
r J 7

for all x, y [0, 1].

Proof. Setting p; = 1 — x;,q, = 1 — x5, 2 = y{/(1 — x,) and ¢, = y, /(1 -
— x,)in (2.11), we get
A

A R
2.15) f(piiay) + ——2F—— piat " g(p2 42) + 2 — Pigy 7 h(pas q2) =
( Aa,ﬂ - Ar,é Ay,é - A”, ’ 2)

A, o —a 1 - 1 —
= f(pip2 1)+ ’ﬂA ~(L=pp) (1 — 4142) g( B, q1—>+

Aa,ﬁ - Ay 1 - pips 11— 91492
A ! - 1 - 1 -
b (- gy (R ),
Ay,.s - Az.ﬂ L—pip, 11— 449,

for all py, 44 € (0, 1], p2, gz € [0, 1] with pyp, < 1 and 4142 < 1
We shall prove that for arbitrary p’s and ¢’s as above, the function F defined by

Aa a -
(2.16) F(pis 23 415 42) = f(pis a1) + 22— [plagh ™" +
Aa,ﬁ - A)ué

+(t = Pl)u(l - ‘h)ﬁ_a] 9(p2; flz) +
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A - -
+ =2 [plqy7 + (L= p) (L = a0) T h(p2s 42)
Ayv,j - Ad,/i

is symmetric, i.e.

@17 F(py, P2 41 42) = F(P2r P13 420 1) -
Now (2.16) together with (2.15) gives

. A, i
(2.18) F(p(, p2: 41, 42) = f(P1P2; 4142) + ™ e (L

a,p 7.0

(1 = q:0:) " G(p1s 23 44, 42) +

A -
+ o (L= pypa)' (L = 0442)"77 Hpys P25 43, 42) s
A‘/.J - Aa.ﬁ
where
. 1 - 1 -
(2.19) G(Pp P25 41> ‘12) =49 <A B > L) +
L—-pp, 1 —-4q19q,
1 — a 1 _ B-a
+< Py ) < 0 ) 9(p1; 42)
1 —pips 1—-4:9;
and

1 - 1 —
(2.20) H(p,, p2: 41, 92) = h( LT S ) +
1 —pip> 1 —q44,

L—p V[ 1—q, \7
+ ( P ) < ! ) k(ps; 4,) -
1 —pps 1 —4q,9, )
Now to prove that F is symmetric, we have to show that the functions G and H
are symmetric. To this aim, first let y = 6 = 1in (2.15). Then we get

(221) g(py; 41) + pidi " 9(p2s 42) =

= 9(R1P2§ ‘11‘12) + (1 - PIPZ)d (1 e ‘11‘12)”7‘Z

( 1~p ,1—¢g )
g ——r e 5 e o e e R
L—ppa 1 — 419,

for all py, 4, €(0, 1], p,, g, € [0, 1] with p,p, < 1 and q,q, < L.

Next set pi = (1 — p,)[(1 — pyp;) and gi = (1 — q,)[(1 — q,9,) in (2.19),
we get

G(p1, p2; 41> 42) = 9(pTs aY) + pi°aY" * g(pas 42) =

~ 1 - P* 1 qt >
* . % * o \a *  \-a .

= 5 + (1 — p 1 B e

g(Plpz qlqz) ( Py ’2) ( qqu) 9 <1 p:r s 1 qfqz
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(from (2.21))
/ *
=g(t = piv2 1 = qiqy) + (1 = pipaf' (1 = glqs) g (*——;:- ST
(from (2.10))
:g(‘,‘_&\_; 1 -4 )+(1“Ez_)“ Lot Y™ 0 =
L=py 1 - qq, L—pipa/ \1 = quq, o

= G(p2, P15 920 ¢41) -

Similarly, for « = g = 1, we can easily show that

H(py, P2 41, 92) = H(p,. py; 43, q1) .

This proves (2.17).
Now putting p> = g, = 1in (2.17), we get

(222) 0= F(piw 1? 4915 1) - F(l, Pi; ]s ql) =

— f(p,: A ppepa " -
f(pyiay) + P [P1dh™" + (1 = ) (1 — g )P T g(1; 1) +

b gt (= Y (L = a A ) = 11
A‘/v,; . Aa‘ﬂ 1, > 5 )-—

A,

A
=== 9g(p1: q:) — 22— h(p,: q,) .
Aap = Ays (P: 4, Ays = Agy (pri 41

Expression (2.22) together with (2.7), (2.8) and (2.9) gives (2.12).

Again taking p, = 0, q, = } in (2.17), from (2.16), (2.17) and axiom (1), we get
fOJ‘ Aa,lf + Ay,&’
(223) Aup{9(pri ) + [P1a77 + (1= pf (1 = g, = 1] = 2% g(p,: q1)}

= A o{h(pi ) + [p1a177 + (1= pi) (1 = q,)"77 = 1] = 2% h(p,; q,)} =

= C(say),

where C is any arbitrary constant.

Now putting py = g, = 1 in (2.23) and using (2.7), we get C = 0. Thus (2.13)

and (2.14) follow.
Now (2.12) together with (2.13) and (2.14) gives

(2.24)  f(pia) =
= (A, — A,0) 7 [P+ (L= pf (L= @) = pg® 7 + (1 = p) (1 — )],
Aa,/] + Ay,&

which is an information function of fype<:’ /;)
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Again from the branching property (i.e., axiom (III)) we can write

(2.25) 53 H(P; Q)= Z sttt g(pifsis aifty) +
Aa 8 A), 5i=2
+ Y is*té_” h(pifsi; 9:/ts)
A‘y,é . Aa’ﬂ i=2 it 13 i i 13 b

where s; =p, + ... + psti=4q; + ... + q;(i=2,3,....n).
Now (2.25) together with (2.13) and (2.14) gives

(2.26)  IG5(P; Q) = (Aup — Ay0)7" Z(P" TP, A A,

which is an information measure of type (:(’ g)

Thus, we have proved:

Theorem 2.1. The measure determined by axioms (I)—(11l), associated with
a pair of probability distributions P = (py, ..., p,), p; 20, Y p;=1and Q =
n i=1

=(qy, .- qn),4: 20, ), g; = 1is given by (2.26).
i=1

2.1. PARTICULAR CASES
Setting y = & = 1 in (2.26), we get

(2.27) 1P(p; Q) = (227F — 1)7! [Z piai ™" - 1].

Case L. (Kullback’s relative information): The measure (2.27) together with the
condition

(2.28) 1P(p, 1 —p; p.1 —p)=0, 0<p<1
gives f = 1.
Thus under the condition (2.28), the measure (2.27) reduces to

(2.29) I(P; Q) = (271 — 1)~ l[zpqu 1], a1,

which is the relative information of type « studied by many authors ([6], [10], [12],

[13]).
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Also

(2.30) lim I"(P; Q) = j‘p.- log, (pi/d:) »

a1

which is Kullback’s [5] relative information. This measure has also been characterized
by Hobson [3], Campbell [1] and Sharma and Taneja [10].

Case II. (Kerridge’s Inaccuracy): The measure (2.26) together with the condition

(2-3]) I(afﬂ)(l’l, P2, Pas 44, 42, ‘lz) = ](a’ﬂ)(l’n D> + P3i 4, 42);

gives a = 1.
Thus under the condition (2.31), the measure (2.27) reduces to

@232) MPiQ)= (2 - ) [T pal™ 1)L B,

which is the inaccuracy measure of type f studied by many authors ([10], [12], [13]).
It may also be noted that

(2.33) lim I’(P; Q) = — ) p;log, g,
A1 i=1

which is Kerridge’s [4] inaccuracy measure.

3. PROPERTIES OF THE MEASURE L7 [,’)’ (P; Q)

The measure of information I35)(P; Q), P, Q € 4,, where 4, = {P = (P1s - - - Do),

p; 2 0, Y p; = 1} has the following properties:
i=1

Theorem 3.1. (i) (Symmetry): I88(P; Q) is a symmetric function of its arguments
provided the probabilities p; and q, (i = 1,2, ..., n) correspond to each other i.e.,

TGP o Paets Pus Qs - os Qa5 ) = 1B Py Prs v s Pret3 s s+ - s 1)
(]]) (Expansibility): Ig g))(pl’ < s Py 0: qis <« s 9ns 0) = I(y 6)(p1a cees Pus Qs - -
ey )

iii) | Recursive of type * ﬁ . For (py, ..., p,) and (q,, ....q,) € 4,, we have
Y, O

(3.1)

IEB(Py s P iy oo @) = TSPy + PouPas ooy Pud G4+ 42y Gy oy dy) =

>
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A, p - r
= ~(py + p2)(q, + a)' I B)< P , Ps ;
Ay p — A Py + Py P+ P2

T 42 A,
, + B (py + ) (40 + 42
4, + 4, ‘i1+‘]z> Ays— Aap ' o) (4 ’

1,1) P D2 . q; q
'Igv.é) ( ) > s : >, Ay p ¥ A, s
Pyt P2 Pir+ P2 4y +4; g+ 4,

(iv) (Generalized recursive of type(jj’ {;)) For n 2 N + 1 whereN 22 and

(P1s -y Pa) €4 (g4, - -, 4,) € 4,, we have

. »0) Pi, - s Pus Q5 -+ 5 qn) —
(32) IS )
N
- lg'zg;(z pb pN+1, L] pn’ 'Zlqi’ qN+1a RN qn) =
i N N :
= ;{-“ (Zp) (Zq)" TGP L pe - oa Zpis
a.B v iT1 = t=

N
ql/'zlqh R quiziqi) +
N N N
+ - (Z p:) (qu‘)aiylg,’al))(lh/z Pis -+ PN/Z
A ——A 2p i=1 i=1 i=1

U

. N N
q.f _}_:1‘1:', R QN/Zlqi) .

(v) (Strongly-additive of type (rx, ﬂ))

7, 0

(3.3) IEB(PiP11s -y PiPims -« s PuPmss « - <> PPt

A1d11s - > A1 91n - - > Ambmis - - -5 qmqmn) +

Aa m‘ .
(y J)(pli ooy Pms G o e qm) + b ijqf (1 1)(p11a LIIRRY pjn;
Agp — Ay5i=1

qji15 ~~--an) +

"""""""""""" ZP,Q; yIE;&)(pjlr <o Pins qj1> s an)
Ayé Aaﬁj 1

fora”(pl) ‘o ’pm) and(Qla R qm)EAms (pjb

(=12 ...,m).

P €dyand (g, ..., q,,) € 4,

Proof. Properties (i) and (ii) are obvious and can be verified easily. Property (iii)
is axiom (IIT) considered in Section 2. We prove (iv) and (v) by direct computation
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Ify 6)(171’ sty pn; di> - -+ qn) -

(iv)

iia”)’(Zp,, PNsts - Pl Zqi, Tuirs o ordn) =
= (A — 4,97 [Z(P" Bt - plai ) -
N N n
- {(LP (Zq)ﬁ * + Z PTQ';’ - (';pi)y(-zlqi)a——y ""l N+1Pq, v}] =
N

1 i=

N
Yay - lef-q?"’ +
=1 i=

i=

4,07 LY pal ™~ (3

:( a8 = y
i=1 i
N .

Py (007 =

i=

M=

+(

i=

= (= A0 (PP (P IS S,

-

i) (4/24)” 1] -

”MZ

N

A (Y (L0l T IS0,

q)"’ 1] =

p:) (g /

N
Pi- - PN/ lei ;

i=

™M=
“Mz

I

T

A N
= (T (R e IR

LD =

i=

ql/ZN} i - qn/ §1Qi) +

2

+ - (ZP))(Z‘I °” ’1851))(1’1/ ’pN/zZ

A*,',J- ap =1

Q/Z -»-~,q~/2q)

A = _
(V) Igg))(l’x e Pms G5 - e qm) + e ijq_llj u]glil))(p_,h st pjn;
Agp— Ay i=t
9o o) A, , A levqa TG (Pits s Pins Gits s Qgn) =
v.6 T apd

m m
= (Ao = A0 [X(PJa5 ™" = plai ") + 3wl "(Zpi,tﬁ f-1) -
- A

~ X piai( ;p}'iq?f -] =

= (4,5 — [Z Z(le’u) (9,0, = (pipse) (9,45) "] =
- IE: d)(plplla ] p.lpln* <oy PmPmis - - o> Pmpmn 5

qull: R} qlqlm e AmGmrs e qmqmn) .
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Theorem 3.2. Let P, = (I’n- Pias -0 pln) ed,and P, = (I’zi; P22+ - -+ sz) €d,
with a similar notation for Q, and Q,. If PTP, = (p1;P21. -+ P11Pams - - -
<y PinP2ts - - s p]nPZm)> then

(i) (Generalized additivity):
(3.3)
8 g))(P*Pz’ Q Qz) = GE; g}(Pl; Ql)]{::g))(Pﬁ Qz) + Gﬁ?:ﬁ'))(Pz; Qz)lgfg))(Pﬂ Ql) s
where
(3.4) GGH(P: @) = 1 X, (vial ™" + plai™), 2 B,3,6> 0.
(i1) (Sub-additivity): For e,y 2 I, B —a = 1,6 — y = 1, we have
(3.5) IG5(PTP2; 010:) S IGH(Ps; @1) + IGH(Pa: 2).

Proof. (i) R.H.S.

(P1ai* + p1iadi?) (Aey — Ay)” Z(PzﬂzJ — phiaz;T) +

1 =1

1
- 2

™M=

i

i

3

n
%Z(Pzﬂz, + Pz,‘h, y) (Aap 7,6)4_2 (pqiq‘{i_a - Piiqii‘}‘) =
=1 -

= (Aep = Ar) " Z 2 [(p1ip2) (41:92,) " = (P1ip2) (91:92;)° 7] =
= IGH(PYP,; Q1Q;) = LH.S,

(ii) Now fora, y 2 L with f —a = 1,0 — y = 1it follows from (3.4) that

nM=

GE(P;0) = (m,qu +pla) S0,

i

which together with (3.3) proves (3.5).

Theorem 3.3. For (py, ...,p)€ 4, (4irs -, @mi) and (q,, ....q,)€ 4, (i=
= 1,2, ...,n), we have

(3'6) I?’)’! g))( zlpiqli’ . "leiqim; ‘11: ey qm) g .leilgrig;(qlb ERE) ani; ql’ A qm)'

for all o, B, y and & such that either f>a>1,0<dé<y <l ord>y>1,
O0<f<a<l.

Proof. We have

%;g)(zpfhn * "svzlpiqmi; qys -+ qm) =
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= (A5 — 4,, Z [( Z D; q“)a - (iél:lpiqji)y Q?My] =

2 ey = 4 ELE paiat ™ - E el
for f>a > 1and 0 < 3§ <y < 1 (see Gallager [2], p. 523)
= (4. — Av.a)"’élm[j a5a " élqﬁ.-q?‘y] =
—Zp,l(m(q,, e @miidis - Gm) for B>a>1 and 0<d<y<!.

By symmetry in «, y and f, J, the above result is also true for 0 < ff < « < 1 and
o>y > 1.

Theorem 3.4. (Inversion Theorem): If we define the functions ¢, ¢, and ¢, as
(3.7) IENn, . Uns s, ... 1s) = $(n;s),

(3.8) Ig‘ﬁ’)(l/n, o Ans s, oo sy =

= ¢u(n; 5) = (1n)(1]s)’ ‘“jgz(i)" g(1/i; 1)1},
and

(3.9) IG A, o tn s, o 1fs) =
= ¢a(n;s) = (1n)" (1)s)" ”Z(J)" h(1[j;1/j) ,

then for all rationals m/n, r/s,wherel £ m £ n,1 £ r < s, the function f defined by

a0 () = = e [V () e +
() () ] -
0 [GYC) e e (=2 (=) e e

Proof. Let p, = m[n, 4; = r|s be any two rational numbers lying in (0, 1).
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Next, putting in (3.3) m =2, py=min,q, =rls,p, =1~ p, =1— m/n,
gr=1—-q,=1—rfs,1<m<n 1<r<s, and

_ f1m if k=12 ...,m
Pie =39 if k=m+1, m+2 . ..n

fln=m) if k=12...,n—m

P =19 if k=n—m+1L,n—m+2 ...n,
(yr if k=1,2,....m

41 =0 if k=m+1, m+2 ... n,
Y =nif k=12 ...,n—m

EELRT) if k=n—-m+1,n—m+2 ..,n

we have

@11 IGEAn, Y n, 0,000, Un, 10, 0,05 s, . s,
\‘_—V___/ e e e e e .

m n-—m n—m m m
0,...,0, 1/s,...,1/s, 0,0..,0)
n—m n-—m m

= I8 (min, 1 — mfn;rfs, 1 — rfs) +

PR ¥ . {(n/m)“ ()P = 1GB (1 pm. ., 1fms O, .., 05 1fr, ... fr,
Aﬂ.ﬁ b A;,J) S———— D e e
m n-—m m
0,....0)
N, e’ +
n—m

+ (1 — m[n)*(1 — r/s)”‘“l?{’ﬂ)) <n ! . L ,0,...,0;

- m n-—m
n—m m
Lo .,0)} 4
s —r S —r
n—m m
; [ﬁfa—’ {(m/n)v (PJsY7 1D (U, oy U, O, o 03 r, o 1,
78 =f m n—m m
0, ....0)
—_— 1+

n—m
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+U““WPU~dW”ﬁ%( j 00

n—m n—m
[ Uy U S SO —
n—m m

1 1

0, .., 0)

s — F s —r

i VN —— N, mrmnm—

n—~m m

AsIER o4, x A, — R(n = 2,3, .. .)are symmetric and expansible (Theorem 3.1)
and

(3.12) M @) =151 = pia, 1 = q).
Now (3.11) together with (3.7), (3.8), (3.9) and (3.12) gives the desired result (3.10).

Corollary. If the functions ¢, @1 and ¢, satisfy the relation

Ay

. AY;‘L,,,, -
(313) (i)(n, .S) = ;1(:; - Ay’(; (i)l(n, S) + ;y—d‘_ Aa:ﬂ z(n, b)
with

(3.14) $:(1:2) = ¢2(1:2) = 1; y(1:1) = py(1:1) = 0,
then

(3.15) P(n;s) = (Aap — A, 5) " (n' 757 7F — p1 775779
and

(3.16)  f(m[n; rfs) = (Axp = Ays) ™" [On]n)* (r[s) ™ + (1 = m]n)* (L = rfs) ™ —
= (mjny (r[s)'™" = (1 = mny (1 = r[sf™].

Proof. Setting p; = 1fm, py =1[n,q; = 1lr,q, =1]s (j=1,2, ..., mk =
=l,2,...,n),l§m§r,1§n§sin(3.3),wcget

(3.17) ¢(mn; rs) - ¢(m; r) + :4 Aa,ﬁ . R ¢, (n; S) +

a7 “y,6

S ﬁv"_ _mlTpr d)z(”;S)

Ay — Aa,ﬂ
Aa B 1-aa—f .
(3.18) p(mn; rs) = ¢(n; s) + ——=L—n' " TE $ (m5r) +
Arx,ﬁ - Av.é
+ ————A”"’ — ' TV By (m; r) .
Ay,«i = Sap
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Now (3.17) and (3.18) together with (3.13) give
(3.19) A (L = n' 25 §y(msr) + (0 TP — 1) dy(nss)) =
= A, {(1 = n' 7770 y(msr) + (m' 7T — 1) dofnss)

1, s = 2in (3.19) and using (3.14), we get

I

Taking n
(3.20) Aol = 2275 gy (ms 1) + (M7 F — 1)} =
= A1 = 270 o) + (7 = D) = K (say),

where K is an arbitrary constant.
Next, taking m = r = 1 in (3.20) and using (3.14), we obtain K = 0.
Thus, we have

(3.21) di(m;r) = Agp(m* 7 P — 1), A,z %0
and
(3.22) Gy(mir) = A, J(m* 0~ 1), A, +0.

Thus (3.13) together with (3.21) and (3.22) gives (3.15). Finally, (3.16) follows
from (3.10), (3.13), (3.21) and (3.22).
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Souhrn

O ZOBECNENYCH MIiRACH RELATIVN{ INFORMACE
A NEPRESNOSTI

1. J. Tanmia, H. C. Gurta

Kullbackova relativni informace a Kerridgeova nepfesnost jsou dvé informaéné-
teoretické miry pro dvojice pravdépodobnostnich distribuci diskrétnich ndhodnych
veliin. V ¢lanku se studuje zobecnénd mira, kterd specialné zahrnuje parametrické
zobecnéni relativni informace a nepiesnosti. Jsou rovnéZ odvozeny nékteré duleZité
vlastnosti této zobecnéné miry a véta o inversi.
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