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1 Introduction

Scattering amplitudes are one of the most fundamental observables in a quantum field
theory. Over the last decades remarkable mathematical structures underlying gauge and
gravity amplitudes have been discovered. Most of them not apparent from a Lagrangian
formulation of the theory. The study of the ultraviolet (UV) structure of gravity theories
through graviton scattering has a long history. While pure gravity in four dimensions,
described by the FEinstein-Hilbert action, is finite at one loop, explicitly computations
show that UV divergences appear at two loops [1, 2]. In supersymmetric versions of gravity
cancelations between bosonic and fermionic contributions delay the loop order at which UV
divergences can appear. Moreover, hidden symmetries can lead to finite results at orders
where UV divergences are naively expected. Maximally supersymmetric theories of gravity
have been analysed in various dimensions. In the absence of new unknown cancelation
mechanisms, it is believed that the maximally supersymmetric theory in four dimensions,
N = 8 supergravity, will be UV divergent at seven loops, see for instance [3]. While an



explicit computation to seven loops is still out of reach, and the presence of UV divergences
still a matter of debate, the computation of [4] shows that UV divergences are present at
five loops for D = 24/5. It has been argued that any new mechanisms in four dimensions
at seven loops, should have appeared for five loops at D = 24/5. This would suggest N' = 8
supergravity is not finite, even perturbatively.

A mechanism to cure UV divergences is provided by string theory, where point particles
are replaced by strings of finite size vo'. String theory provides an ultraviolet completion
of (super)gravity. Its low energy dynamics is described in terms of an effective action, which
contains a super-symmetric version of the Einstein Hilbert action, plus an infinite tower of
higher derivative terms (stringy corrections) weighted by powers of /. The structure of this
low energy effective action can be inferred from string scattering amplitudes. Furthermore,
by studying the scattering of the graviton state in string theory we can learn much not only
about the structure of string theory, but also about the maximal supergravity theories that
string theory UV completes. Over the last decade there has been great progress studying
the four-supergraviton amplitude in type II string theory in a low energy expansion in
flat space, see for instance [5-8]. The four-supergraviton amplitude depends on the string
coupling constant g, the string size o/ and the momenta and helicities of the external
graviton states. The dependence on the helicities is captured through the Lorentz scalar
R*, which enters as a prefactor and will be suppressed. The dependence on the momenta is
through the Mandelstam variables s, t, u, with s +¢ 4+« = 0. In string perturbation theory
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the amplitude admits an expansion in powers of g5, where the power g
the contribution from genus h worldsheets:

1
A(gs, ', s,t) = —2Atree(o/, s,t) + AP (o 5, t) + g2 AP (o 5, 1) + - - (1.1)
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Even in flat space explicit results are only known up to genus two, i.e. two loops. The tree
level result is given by the Virasoro-Shapiro amplitude [9]:

I(—o's/4)T(—a/t/4)T(—a'u/4)

Atree(a/’ s5,t) = I‘(l n a/8/4)F(1 + O/t/4)r(1 + O/u/4) .

(1.2)

The one loop contribution was computed in [10] as an integral expression, and its low
energy expansion was studied in [5]. The two loop contribution was computed in [11, 12],
see also [13], and its low energy expansion was studied in [14]. Although these results are
quite complicated, much can be learnt from them.

In this paper we would like to tackle the problem of computing graviton string ampli-
tudes in AdSs x S° to genus one and in a low energy expansion. At present we don’t have
a systematic way to directly compute string amplitudes in curved space-time. However,
for the special case of AdSs x S° the AdS/CFT duality offers an alternative approach.
In a compact space one cannot define asymptotic states but the AdS/CFT duality dic-
tates that one should map string amplitudes in the bulk to correlators of local operators
in the boundary. The AdS/CFT duality relates type IIB string theory on AdSs x S° to
four-dimensional ' = 4 SYM with the following identifications
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Figure 1. Higher KK-modes run inside the loop when considering loop corrections to the stress
tensor four point function.

where ¢ = (N2 — 1)/4 is the central charge of the gauge theory and A = g ,,N is the
t” Hooft coupling. The graviton on AdS is dual to the stress tensor super multiplet in
N = 4 SYM, and different members of the multiplet correspond to different helicities of
the graviton. The superconformal primary of the stress tensor multiplet is denoted by
s, a scalar operator of protected dimension two. In this paper we will consider the four-
point correlator of such operators (O3020203) ~ G(U, V), where U and V are the usual
conformal cross-ratios. More precisely, it has been argued [15-17] that the appropriate
quantity to associate to a scattering amplitude in AdS is the Mellin transform of the above
correlator, roughly given by
GU,V) ~ /Oo dsdtUs/?V12 M (s, t). (1.4)
—100
Perhaps the strongest evidence to support this claim is that in the flat space limit, where
the radius of AdS becomes very large, and the Mellin variables are rescaled accordingly,
one recovers scattering amplitudes in flat space. According to the identification (1.3)
the loop/genus expansion of the AdS amplitude corresponds to the large central charge
expansion of the correlator. Furthermore the low energy expansion corresponds to an
expansion around large A, where the leading term corresponds to the supergravity result
and the tower of terms suppressed by powers of 1/\ corresponds to stringy corrections.
The study of gravitational theories on AdS by CF'T correlators in a large ¢ expansion
was initiated in [18] at tree level. The technology developed in [19, 20] allowed to push
this program further, giving access to loop amplitudes on AdS. In a very precise sense
the one loop result G°°P(U, V) follows from the square of the tree-level result G*¢(U, V),
following an AdS unitarity method. These ideas were applied to the specific correlator at
hand in [21], where loop corrections to the supergravity result, without stringy corrections,
were computed. See [22] for an alternative approach to the same problem. An important
feature of these computations is the presence of operator mixing. To solve the mixing
problem one needs to consider more general correlators (02020,0,) at tree level, where
O, is a tower of protected scalar operators of dimension A = p, which corresponds to the
KK-modes of the graviton. From the AdS perspective this has the following interpretation:
even if we consider gravitons as the external states, KK-modes will run along the loop, see
figure 1. In [23] a machinery to compute stringy corrections to the above loop supergravity



result was developed. It was shown that in the flat space limit the results are in perfect
agreement with the low energy expansion of the genus one string amplitude considered
in [5]. The computation was done at the level of the space-time answer G'°°P(U, V) and
focusing in certain piece of the answer, namely the double-discontinuity, that contains in
principle all physical information.

In the present note we study the structure of the loop answer in Mellin space. We
will consider both, the loop supergravity contribution as well as the stringy corrections.
In order to compute the latter we will assume the Mellin amplitude at tree level, for all
correlators (O2020,0,), is given. We will see that the structure of both contributions in
Mellin space is remarkably simple. The result in Mellin space is illuminating in several
respects. First, it allows a direct comparison with the corresponding amplitude in flat
space. In curved space time the result involves an infinite sum over poles, which reduces
to branch cuts in the corresponding flat space limit. Second, the structure and degree of
UV divergences is much more transparent, since they arise from ‘divergent’ sums in the
definition of the Mellin amplitude. These sums can be regularised, at the expense of adding
polynomial ambiguities. At each order in o/, however, the degree of such ambiguities is
fixed by requiring analyticity in the spin in the region where the inversion integral of [24]
converges. As a byproduct of our studies we also derive an integral formula that computes
the anomalous dimensions of double trace operators for any polynomial Mellin amplitude.
This can be useful in different contexts.

This paper is organised as follows. In the next section we describe the structure in
Mellin space of the supergravity result, together with the whole tower of stringy corrections.
Then in section 3 we describe the structure of the genus one result, including both, the loop
supergravity result, as well as the infinite tower of stringy corrections. The loop supergrav-
ity result is given in full detail, while for the stringy corrections we give an algorithm to
compute them, from the result at tree level. Our main tool is a basis of polynomial func-
tions in Mellin space, described in the appendices, with a prescribed anomalous dimension.
At the end of the section we compare our results to the corresponding results in flat space.
Then we conclude with a list of open problems. Several appendices are also included.

2 Generalities and structure at tree level

2.1 Generalities

N =4 SYM possesses a tower of half-BPS operators O,, with p = 2,3,---, of dimension
A = p and transforming in the [0, p, 0] representation of the SU(4) R-symmetry group.
These operators map to the KK-modes of the graviton on AdSs x S°. It is convenient to
represent them as follows

Op(w,y) =y -y Tr (1 (2) - 9"(2)) (2.1)

where the SU(4) indices have been contracted with a null vector y/,I =1,---,6. We will
consider a special class of correlators involving these operators

(01, 31)03(w2, 12) Opl3,15) Oy, ) = LBV Ws 06 7 ) (a9)
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where we have introduced space-time and R-symmetry cross-ratios

U= 37%23334 V= 95%337%4 (2.3)
— , = , .
$%35U%4 95%397%4
2 .2 2 .2
aa =Y (1 )1 -a) =B (2.4)
Y13Y24 Y13Y24

The correlator G, (U, V, a, &) can be split into the contribution from short, protected, mul-
tiplets and long multiplets

Gp(U,V,0,7) = G(U,V, a, @) + Gi"8(U, V, o, @) . (2.5)

g;hort(U, V,a, &) does not depend on the coupling constant and can be computed follow-
ing [25]. For this class of correlators superconformal Ward identities fix completely the
R-charge dependence of the long contribution, see [26—28]

(z—a)z—a)(z—a)(z—a)

GmE(U,V, o, @) = H, (U, V) (2.6)

a’a?
where we have introduced U = 22,V = (1 — z)(1 — 2). H,(U,V) encodes the dynamically

non-trivial information in the correlator and admits a decomposition in super conformal
blocks

Hp(U, V) = Z anoga (2, 2) (2.7)

A

where the sum runs over superconformal primaries in long multiplets, of dimension A and
spin ¢, present in the OPEs Oy x Oz and O, x O,, transforming in the singlet of SU(4).
ap ¢ denote the OPE coefficients with which such primaries appear. The explicit expression
for the superconformal blocks in given in appendix A. We will study this correlator in a
double expansion. First around large central charge

1 1
Hp(U, V) =HT(U, V) + “HU V) + C—QH;,OOP(U, V)4 (2.8)
and then each term around large 't Hooft coupling A. In this regime the intermediate
operators are double trace operators labelled by their spin and n = 0,1, - - -, with dimension
1 1
Ane=4+2n+0+ 05+ C—ﬂiﬁ;’p SE (2.9)

and OPE coefficients denoted by a, ¢

1 1
__ _MFT tree loop
Apnt = Appe + Appe+ 50pnp T (2.10)

where the OPE coefficients in the mean field theory approximation follow from ’H;\,AFT(U, V)

MFT _ MFT MFT with

and are given by Upnt = CpniCont

(MFT)2 _ 240+ D0+ 1)({ +2n 4+ 6)1*(n 4+ 3)L (L + 1+ 2)T*(L +n + 4)
Pl p*(p+ DI (n+5)T'(2n 4 5)T(p — 1)I3(p)T(£ +n + 6)[(20 + 2n + 7)

F'n+p+3)'l+n+p+4)
F'n—p+3)ll+n—p+4)°

(2.11)



In this paper we will study the structure of the 1/¢ corrections to the correlator in Mellin
space, defined as

[ dsd t—p—2 2p—s 4—s p+2—t>2 <p+2—u)2
HP(U,V)—/iOO(47Ti)2UV ; Mp(S,t)F( - )r( _ )r( (e

(2.12)
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with s +¢ 4+ u = 2p. As a consequence of crossing symmetry
My (s, t) = Mp(s,u), Ma(s,t) = Ma(t,s). (2.13)

When referring to the particular case p = 2, the index 2 will often be suppressed, hence
M(s,t) = Ma(s,t). Let us start by describing the tree level result.

2.2 Structure at tree level

The Mellin amplitude at tree level Mgee(s,t) includes the supergravity result plus an
infinite tower of stringy corrections, suppressed by powers of 1/A. The supergravity solution

takes the form
4p 1

I(p—1)(s=2)(t—p)(u—p)

Stringy corrections arise as ‘truncated’ solutions to the crossing equations, where only

M;}ree—sugra(& t) — (214)

operators with finite support in the spin acquire a correction, see [18]. They correspond
to quartic bulk vertices of the schematic form ¢§vm¢>§, where ¢, are the KK scalars dual
to Op. In Mellin space, they are given by polynomials in the Mellin variables with the
symmetry properties (2.13), see [15, 29]. We will denote such polynomials by V}D(Q)(s,t).
For each vertex the support in the spin is given by the degree in the variable ¢ (which is
always even). The full tree level amplitude then takes the form

tree — p A
M(s, t) = T(p—1) ((s —2)(t —p)(u —p)

n Z )\—3/2_‘1(‘1)/2‘/1)(‘1)(8,75)) ) (2.15)
q

Based in consistency with the flat space limit, both at tree level and at one loop, it has
been argued in [23], that each vertex Vp(q) (s,t) is also a polynomial in p. Finally each vertex
is suppressed by a power A\~3/2-U9/2 where d(q) is the total degree of the polynomial in

the Mellin variables. For instance, the first vertices are given by

V;O)(p?S?t) = C3(p+1)3 (2‘16)
W(p. s.4) = G . " 2p(p—2)s b1 + p(p(b2 — 2p(p + 9)) + 40)
Val(p,s,t) = 8(p+1)5(2+t2+ 2+ s o r 05 )

and they correspond to the terms R* and 9*R* in the tree level effective action. The
coefficients by, by are not fixed by the analysis of [23] and we will not fix them here. In this
paper we will assume the vertices at tree level are given, and we will give a systematic way
to construct the genus one amplitude from them.



3 Structure at one loop

3.1 Unitarity method on AdS

The basic idea of the AdS unitarity method developed in [20] is the following. Knowing
the correlator at order 1/c¢ we can compute the corresponding anomalous dimension for
the double-trace operators vtree This together with the explicit structure of the conformal
block decomposition allows to compute the log? U piece of the correlator to order 1 /c3:

Hloop( 7 ‘l g U _ = Z MFT (,Y?tlree) gn,zz(U, V) (31)

where gy, (U, V) is a short-hand notation for the conformal blocks of double-trace operators
at zeroth order. Via crossing this contribution fixes the part of the answer proportional to
log? V. Then [19] allows to reconstruct the full CFT-data from this piece, and in principle
the whole correlator, up to certain ambiguities with finite support in the spin. In the
language of [24] the piece proportional to log? V gives the whole double-discontinuity to
order 1/c?, from where the full CFT-data can be reconstructed through an elegant inversion
formula.

The case of ' = 4 SYM at strong coupling is more complicated. Due to its R-
symmetry, there are several double-trace operators with the same twist and spin at large
central charge:

[O2, 0210, (03,0310, -, [Ont2, Ong2]o- (3.2)

and the sum over conformal blocks should include a sum over species for each (n,f). Hence
the correct expression for the piece proportional to log? U is

HOPWV)| Ly fz MET((1855°) Vg (U, V). (33)

where the square of the anomalous dimension has been replaced by its weighted average
and the index p = 2 has been suppressed in the OPE coefficients. In order to compute the
weighted average we need to solve a mixing problem. This mixing problem was solved in
detail in [21] and specially in [22], to which we refer the reader for the details. The end
result is the following. For a given twist 4 + 2n, this can be done by considering the family
of correlators (02020,0,), with p =2,3,--- ,n+ 2. It can then be shown

n+2

((15°)5) = 3 BN (3.4)

p=2

where (’ytrje>p is the averaged anomalous dimension that follows from the correlator

(02020,0,,) to order 1/c. Note that this averaged anomalous dimension is the only
information we can compute from the correlator, in the presence of more than one species.
This justifies the figure 1 in the introduction.

Let us now discuss in detail the structure of M'°P(s,t). We will star by discussing
Mloop-sugra(s ¢) the result without stringy corrections. Then we will show how to system-
atically construct the stringy corrections from the result at tree level M},ree(s, t).



3.2 Loop supergravity

In the following we give the full answer of the loop supergravity result in Mellin space. We
start by recalling the log? V' coefficient of the answer in space time. This can be extracted
from [22, 30] and takes the form

_ LD(D —2)D(D —2)69(z, 2) (3.5)

(2) —
g (U, V) log? vV 2’5(5 — Z)

where D = 220,(1 — 2)0, and

G?(z,2) = Ry(z,%) + Ri(z,2) (log z — log Z) + Ra(z, Z) (log z + log 2) (3.6)
FRy(2,2) (Lia(1 — 2) — Lis(1 — 2)) + Ra(z, %) (L12 (1 - i) ~ Liy (1 _ i))
+18;]5Li2(1 —2z) — 18;JZL12(1 —2).

The rational functions R;(z, zZ) where given in [30],and can be found in appendix C. In [22] it
was shown how to complete this piece to the full answer in space-time, assuming the answer
has a specific structure in terms of transcendental functions. This result was confirmed
in [30]. In the following we will show that the answer has a remarkably simple structure
in Mellin space. We start by making the following observation. G®)(U,V) contains a
piece that behaves like log? V' log? z ~ log? V' log? U. This can only arise from simultaneous
poles in s and ¢ in Mellin space. Crossing symmetry then implies the following symmetric
structure

MEPRE o) = m%::Z <(5_2m%_2n) o)z w2 (s2n) ) o B

with ¢, = cpm and recall s +t + u = 4. The dots represent single poles and regular
terms, to be addressed below. We then proceed as follows. Given ¢, one can perform the
corresponding residue integrals and compute the piece proportional to log? U log? V' of the
corresponding space-time answer. We obtain

UV 2T (m + n)2cmn

160(m — 1)2T(n — 1)2 log? Ulog?V + - -- (3.8)

¢ v)= Y

m,n=2

This should be matched to the known result, which can be read off from (3.5). It is
convenient to expand it in powers of U:

C6(V2aAV +1) g2y 12 (50V3 + 313V2 + 178V +5) U3 4
log2 Ulog?V (1-V)8 1-V)*
(3.9)

This allows to find con,c3p, . After some work we were able to guess a closed form

gH(U, V)

expression for ¢,,,. The coefficients are indeed symmetric under m < n and are given by

~ pO(m,n)
Cn = 5 (3.10)

m+n—5)5



where p® (m,n) is a polynomial of degree six, given by

PO (m,n) = 30m>n®(m +n)? — 10mn (7m3 + 36m?n + 36mn? + 7n3) —296(m + n) + 64
+ (44m* + 548mPn + 1152m?n? + 548mn® + 44n*) (3.11)
~2 (128m® + 631m?n + 631mn? + 128n%) + 12 (37m? + 90mn + 37n?) .

One can explicitly check that this polynomial vanishes for m = n = 2; m = 2,n = 3 and
m = 3,n = 2, so that ¢, is finite in these cases.

Having fixed the simultaneous poles of the Mellin amplitude, we can now turn to single
poles in s and t. A single pole in s generates a term proportional to log? U, and hence it
should be captured by (3.5), upon crossing symmetry. We find the following remarkable
result: the whole double discontinuity (3.5) is reproduced by the simultaneous poles and
hence single poles are absent. In appendix D we furthermore show that regular terms are
also absent, except for a single constant ambiguity. Hence, the full answer is given by

(3.12)

with ¢, given above. An important comment is in order. Given the large m,n behaviour

of the coefficients c¢,,, the above sum is formally divergent. It is possible however to
regularise these sums (this is done in appendix D) such that the final Mellin amplitude is
finite, and its residues at s = 2m,t = 2n are given by c¢p,. Different regularisations will
lead to different constant terms, so that our results suffer from this ambiguity.

3.2.1 Flat space limit

As mentioned in the introduction, the Mellin amplitude M (s, t) has the interpretation of a
scattering amplitude on AdS. A strong indication that this must be the case is that in the
limit in which the radius of AdS becomes very large, and the Mellin variables are rescaled
accordingly, one recovers the flat space scattering amplitude [15]. For the case at hand [31]
lim M(R?s, R*t) ~ /Oo Boe P A(28s, 28t) (3.13)
R—o00 0
where R is the radius of AdS and A(s,t) is the 10D flat scattering amplitude. See [21]
for a derivation of the precise relation, following [32], taking into account the graviton
polarisations. In the following we will consider the large s, ¢ limit of M!°°P-5U8™ (5 ). This
is not straightforward, since its definition involves a double sum. Let us consider one of
the three contributions

Mpart(sat) = Z (S — 2;:)1& — 2n) . (314)

m,n=2

The first observation is that this sum is divergent. In order to obtain a convergent sum we
take derivatives w.r.t. s and ¢.

050 Mpars (5,1) = > = 2mc)fg& o (3.15)

m,n=2



the second observation is that any finite number of poles decays like 1/(s%t?) for large s, t.
However, from the explicit result for the flat space supergravity amplitude we expect a
softer decay. Hence the enhanced behaviour arises from the tail of the sums: namely the
regions where n and m are large and of the same order of s,t. Furthermore, if we are only
interested in the leading large s,t behaviour we can replace the sums by integrals. We are

led to 9

6m?n
(m+n)3(s —2m)2(t — 2n)?

the integrals can be performed and the answer written in terms of logarithms. Since we

050y Mpart (s, 1) %/ dmdn (3.16)
0

would like to compare our answer to the 10D box integral below, we will work in a region
where logarithms are real in the Euclidean region, s,t < 0. We obtain the following result

3st (s — 4dst + t2 —5  9st(s? —t2 -5
95 g (11 = PG og? = 2 o = (317)
3(—st+2(d+72) 3% +2(9—47?) %2 + 2 (4 + 72) st3 — t)
+ :
8(s+1t)°

This precisely agrees, up to an overall factor entering the proper flat space limit, with the
double derivative of the box function in ten dimensions I(s,t)

8 Bt part(s t) = 458 8t ( ) (318)
where
2,2 Yy
I(s,t) = 1 (S t (log ——|—7r ) (s—t) <St >log+ulog F 8t+ A2+bu>
120 \ w? u?
(3.19)

and here s +t + uw = 0. This is a non-trivial check of the Mellin expression for the
loop supergravity result. Note that this match, together with crossing symmetry, strongly
constraints the possible regular terms that we can add to the Mellin amplitude in the loop
supergravity approximation. The only possibility is a constant. In appendix D we perform
an independent check of this fact.

3.3 Stringy corrections

In this section we give an algorithm to determine the stringy corrections to the Mellin
amplitude at loop order for p = 2, assuming the Mellin amplitude, for all p, to tree level.
The recipe consists on three steps.

Step 1: determining the average anomalous dimensions to order 1/c. The first
step to solve the mixing problem is to determine the average anomalous dimensions from
a given vertex in the correlator (22pp). The supergravity solution leads to the following
contribution

< tree—sugra> _ (n + 1)4(” + 4+ 2)4(]9 - 1)]72(]9 + 1)F(n +p+ 3)F(7’L —p+ 0+ 4)
.t P 120+ 1)22n+£4+6)2T(n—p+3)T(n+p+L+4) ‘
(3.20)

~10 -



Note that although the anomalous dimensions of individuals eigenstates must be indepen-
dent of p, the weighted average is certainly not. For the vertices we proceed as follows.
Consider a particular vertex V,(s,t), which is a polynomial in s,¢ and symmetric under
t <> u. First we write it as a linear combination of the Mellin functions M 15?2(8’ t) presented

in appendix A, where the functions in the p-frame must be used

Vi(s,t) = VMY (s,8) + S MY (s,8) + -+ 0 MY (s,8). (3.21)
(@)

Here Lax is given by the degree in ¢ of the polynomial V,(s,t). Once the coefficients ¢}’
are determined, it is straightforward to compute the anomalous dimension arising from
this vertex. This is given by

1% p Clsz? (@) L
ey = 25— 557 D L Pt (3.22)
F(p - 1) Cp,n,f q,L "

where c};/,[i T are the MFT OPE coefficients given in (2.11) and pﬁ’z is given in appendix A.

Let us work out a simple example. Take V,(s,t) = ri(p), just a function of p, with no
dependence on the Mellin variables. First we write 1 as a linear combination of the functions
MIE?L)(S, t) in the p-frame
1 )
1= —1(—1)PM]§{”0 )(s,1). (3.23)
Hence V,(s,t) = k1(p) leads to the following anomalous dimension

(_1)pp 012\/7[755‘ pO,p—Z (3 24)
20(p— 1) 0 ‘

<')’X,Z>p = —r1(p)

(2n+5)2n+7)(p+2)(p + 3) 48(p + 1)

with the results in appendix A it is in principle straightforward to compute the anomalous

_ mp)(=1)P(n +2)*(n +3)(n + 4)219\/(" +1)°(n+53(p - 1((n+3)* —p?)

dimension due to any polynomial vertex. As proven in appendix B, it is also possible
to give an integral formula for the anomalous dimension given a specific vertex V(s,t).
Assume for simplicity V,(s) is solely a function of s. Then only operators with spin zero
will acquire an anomalous dimension given by

ds

Rt 42n+5)2n +7) Joico r(s-1)°

AFT (=1)P(n+3) /ioo T(5—n—-2)T(5+n+4)

(o) = — Vols).  (3.29)

Step 2: taking the square. Once we have computed the averaged anomalous di-
mensions to order 1/c¢ we can consider specific contributions proportional to a quartic

vertex times supergravity or two quartic vertices. These contributions were denoted by

4 4 4

< 2>sugra|R < 2>R IR
nt » \Y nt

grams, see figure 2. Following that notation, given two vertices V, V', we have!

, etc. in [23] and are represented by triangle and bubble loop dia-

n+2

Y = ST - (3.26)
p=0

IFor different vertices there is two equivalent contributions, so we need to multiply by a factor of 2.
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Figure 2. The fish diagram arises as the “square” of two contact terms.

The contribution <72>iuggra‘sugra leads to the loop supergravity result, considered previously.

Here we will consider the rest of the contributions. Let us focus in the example above,
Vp(s,t) = k1(p) and compute the contributions ()5 (v2)VIV e obtain

(Pl = S ey () D30+ Ds(p — Dp*(n —p + )

=0 24(2n +5)(2n + 7)(p + 2)(p + 3) (3.27)
AT 23y DR+ 2sln £ 320 = D0 —p 4 Bt p3) g

= 48(2n +5)2(2n + 7)2(p + 1)(p + 2)2(p + 3)2

In order to perform these sums we need to specify k1(p). In all the examples studied so far
this always contains the factor (p + 1)s. For instance, to order 1/A%/2, the leading stringy
correction, the vertex is exactly of this form, and x1(p) = (3(p + 1)3 is fixed by matching
with the Virasoro-Shapiro amplitude in the flat space limit. One can perform the above
sums in more generality, but let’s take x1(p) = (p + 1)3 for definiteness. In this case we

obtain
sugralV _ (n+ 1)3(n+2)*(n+3)%(n+4)*(n +5)3
GO = 720(2n + 5)(2n 4+ 7) (3.29)
viv (n4+1)*(n+2)°(n+3)"(n+4)°(n + 5)*
e = 3360(2n +5)(2n + 7) (3.30)

Note that the results are simple rational functions, with only single poles. Requiring
this to be true puts some constraint on the possible p-dependence of the vertices at tree
level. We will not prove that this is indeed the case, but we note that for the leading
stringy corrections this is implied by the flat space limit. Furthermore, this is also strongly
suggested by the low energy expansion of the genus one string amplitude in flat space [5].

Step 3: reconstructing the loop Mellin amplitude. The final step is to reconstruct

sugralV 2>V|V’
nt

the contribution to the loop amplitude from a given (y2))""™" (v For this, we

. . : . 14\ .
perform the inverse of the procedure in step one. First, we write (72>n|£ as a linear

combination of the insertions prLL’Z given in appendix A.

VW ZCL Pnz (3.31)
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The upper limit in L is given by the minimum spin of the two vertices V, V’. The upper limit
in ¢ is set by the behaviour of (72>Z|£V at large n. Having found the decomposition (3.31)

we can readily write down the polar part of the Mellin amplitude at loop level:

(loop) (v _ 1§~ (@)@ s
MV(\)\(;I’) (s,1) = 1 qZL:CLq M;® (s, t)ho (2 - 2) + crossed (3.32)

where ‘crossed’ denotes the other two contributions such that the full amplitude is sym-
metric in (s,t,u). This answer is crossing symmetric and reproduces the correct double-
discontinuity. For instance, for the two diagrams considered above we obtain

sugra|V

00 1
MR (5 1) = = (—1265"+12885 554452+ 1155259600 ) 1 (2—;)+crossed

00 1
MR (s,1) = 2%5 (—46257+1162750~1342745°+908180s" - 38412085 1007148852

—150530568+9838080) Yo (2— ;) +crossed . (3.33)

Note that to this answer we can still add regular, polynomial terms, completely symmetric
in all Mellin variables. As we discuss in the following to a given order in 1/ the degree of
the possible ambiguities can be actually determined.

3.4 Regularisation, UV divergences and ambiguities

Some of the sums involved in defining the Mellin amplitude at loop order/genus-one are
actually divergent. It is instructive to look at them in some detail. Consider for instance:

1
t—2n

Mgio(t) =)

n=2

(3.34)

This sum can be regulated by using zeta-function regularisation. An equivalent way is by
taking derivatives w.r.t. t and then performing the sum

1 1 t
M) = =3 g =~ (2 5) (335)

which leads to . .
Mygiv(t) = 51/;(0) (2 - 2) + Cy (3.36)

where Cj is a constant of integration. Similar sums can be regulated in exactly the same
way, but we may need to take more than one derivative. For instance

n 1 t
AN N
S o =gt ( 2> +Coy+ Cit. (3.37)

n=2

The presence of divergent sums in the one-loop Mellin amplitude is a manifestation of the
UV divergences expected in the low energy expansion under consideration (loop super-
gravity plus a tower of stringy corrections). As seen for the two sums above, they can be
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regularised, but at the expense of introducing an ambiguity Cy + C1t. Upon symmetrisa-
tion and recalling s 4+ ¢ + u = 4, this leads to an ambiguity which is a constant. This has
exactly the same form as the correction due to a quartic vertex R?.

A natural question to ask is, for a given divergent sum, what are the possible am-
biguities. In the computation above we could have taken more derivatives, which would
have introduced more constants of integration, and lead to a higher order polynomial in
the Mellin variables. The inversion formula of [24] explains why this is not possible and
sets a limit in the order of the polynomial. Note that a given sum over poles produces a
specific double-discontinuity in space time. Given this double-discontinuity one can com-
pute the CFT-data for double-trace operators, for instance their anomalous dimension, to
this order. Note that the double-discontinuity is blind to the polynomial ambiguities, but
the anomalous dimension of low-spin operators is not. The fact that the inversion formula
should produce the correct result in the region where it converges sets a bound on the
polynomial ambiguities we can add.? As a result, for the sums above the ambiguous terms
have to be the ones considered.

Before concluding, let us mention a toy-model to understand how stringy corrections
cure the UV divergences present in loop supergravity, at the level of the Mellin amplitude.
Very roughly, string theory introduces a soft cut-off in the momenta, adding a factor e=o'P?
in internal propagators for a given scattering process. This would suggest the following

prescription:
a'n

n ne
Msugra(t) - Z t—on — Mstring(t) - Z t—on

n=2 n=2

(3.38)

this toy model has the correct large n behaviour at each order in o’. Note that the sum
Mitring (t) is now perfectly convergent for finite o/. Furthermore, its corresponding double
discontinuity produces a CFT data convergent for all values of the spin. However, if one
performs the sum and then expands in o’ each term, when plugged into the inversion
formula, produces divergences for higher and higher values of the spin. More precisely, at
order o'? the inversion formula/CFT data converges only for spin > ¢ + 1.

Let us now imagine we first expand in o’ and then perform the sums, regularising them
as above. To each order in o/ we would obtain

n 1 t
= )0 (o 2
n§:2 r— 4tz/; (2 2) + Ag + At (3.39)
n? 15 t
3 = 20 (2 - = 2
2o St P (2 2) + By + Bit + Bot (3.40)

and so on. But for the toy model at hand this can be precisely compared with the small
o’ expansion of the exact answer. We obtain

a'n 1

- 1 t\ 1
3 ne - 4 W(O) (2 — 2) + 1(tloga’+was+3) 4+ (3.41)

t—2n 20/

n=2

2The same conclusions can be drawn from large spin perturbation theory, if one assumes the CFT data
can be pushed down to the radius of convergence in 1/¢, which is the case in this holographic context.

— 14 —



A very interesting feature is the appearance of the divergent term —2%,. This has ex-
actly the form of the known counterterm to regularise the loop supergravity computation.

Generically the structure of these enhanced terms is as follows

(2n)%e—'n 1 ta—t t
e o 4y <0><2_), 3.42
nz::? P— gttt 5 (3.42)

Note also the appearance of regular terms proportional to loga’. Still, we would like to
stress that this should only be seen as a toy model. For instance, a bug of this model is
that it produces a non-trivial Mellin amplitude to order o/, which is not present in the full
solution.

3.5 Summary: full structure at one-loop

The low energy expansion of the one-loop string amplitude on AdSs x S° takes the follow-
ing form

Mloop($7 tv 'LL) = Mpolar(sy ta U) + Mpolar (ta U, 8) + Mpolar(u7 87 t) + R(S7 ta u) (343)

with

A c 1 S
_ mn (n+1) s
Mpolar(svtyu) Z (S — 2m)(t — 2n) + Z )\n/QP (S,t,u)w() <2 2) (344)

m,n=2 n=3,5,6,

with ¢y, given in (3.10) and where PV (s, ¢, u) are polynomials in the Mellin variables
symmetric under ¢ <> u and of total degree n + 1. These polynomials can be constructed
following the prescription outlined above. At each order in 1/A we have the freedom to
add regular polynomial terms:

R(s,t,u) = ap + o M (s, t,u)

)\3/217 @ (87 t, U) + e (345)

1

+ WP
fully symmetric in the Mellin variables and with bounded degree, as discussed above. These
polynomials cannot be fixed from crossing symmetry alone. Note that based in the toy-
model above we expect these regular terms to contain also pieces proportional to loga’. It
is illuminating to compare this answer to the corresponding expansion in flat space, given
by [5, 8]

AL (g ¢ ) = ABSL (5t w) + ABUS (st ) (3.46)

an non-an

where the analytic contribution is given by

Agﬁnus—l(s’ t, U) _ g <1 + 009 + 0/3%0'3 + .. ) (347)

where g, = s" +t" + u”. The non-analytic part is given by

/N 4 /
4
A%(E‘)Il}ll_lg;ll (s,t,u) — Aloop—sugra(&t’ u) + (_ (i) EE:T84 log <_(Zj> (3.48)

I\ 6 )
_ <a> <57T (8786 + 84(t — ’U,)Q) log (—M) + Crossed _|_ .. )

4 /) 2520
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where 1146 are constant scales. We see that in the flat space limit the structure of the
answer in AdS reduces exactly to that in flat-space, where infinite sums over poles lead
to branch cuts. Furthermore, note that in the conventions of [5] A°°Psuera(s ¢ 4) has an
overall coefficient o/.® Hence the analytic contribution is enhanced by a power of 1/a’ with
respect to the non-analytic piece and can be interpreted as regulating the UV divergences
that arise when computing the genus one-amplitude, exactly as explained in the toy model
above. Note furthermore that the regular terms in the AdS solution will include the terms
proportional to loga’ and log p in the flat-space limit.

4 Conclusions

In the present paper we have studied non-planar corrections to the stress-tensor four-point
correlator in ' = 4 SYM, to order 1/c? and in a large 't Hooft coupling expansion. We
have studied such correlator in Mellin space, showing that it displays a remarkable simple
structure. Our motivation is that this should represent the genus one graviton amplitude
for type IIB strings on AdSs x S°. This cannot be accessed by direct methods.

Ours is a modest result, but the amplitude in Mellin space displays very interesting
features. In the loop-supergravity approximation the amplitude is given by an infinite sum
over simultaneous poles, plus a constant. Stringy corrections are given by sums over single
poles, whose residues follow from the result at tree level (for more general amplitudes,
including also KK modes). In addition we can add regular polynomial terms, whose degree
is fixed at each order in 1/A. The result in Mellin space allows a direct comparison to
the amplitude in flat space, and its elucidating to contrast the two. Furthermore, there
is a direct relation between the UV divergences present in the loop-supergravity result
(which stringy corrections cure) and the degree of the polynomial ambiguities mentioned
above. It would be very interesting to make contact with recent impressive developments
regarding the Mellin/Polyakov bootstrap, see [33-38|, where the issue of contact terms is
very important. In the problem at hand we are dealing with a full-fledge holographic CF'T
and string theory and the flat space limit put some constraints on what the regular terms
can be.

As a byproduct we have also derived in inversion formula to compute the anomalous
dimension to double-trace operators given a polynomial Mellin amplitude. The idea behind
its derivation is the same as the idea that relates large spin perturbation theory to the usual
inversion formula, see [30]. However, the formula we have derived only works order by order
in ¢, so we feel it is far from optimal. It would be interesting to make contact with related
attempts [39-41].

There are many additional open questions that would be interesting to address. First,
note that we have assumed the tree-level answer for the family of correlators (22pp) is
given beyond the supergravity approximation. It would be very interesting to understand

3The apparent mismatch in the powers of o’ is due to different conventions between the CFT and string

computation. For instance, from the results in [5] one can explicitly check that the relative factor between
the tree level supergravity result and the first non-analytic genus-one contribution is g2a’”. Using the

AdS/CFT dictionary this precisely reduces to %

- )\3%, which is exactly what we obtain.
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how to fix the stringy corrections in this more general case, perhaps along the lines of [42].
In [23] we have conjectured certain principles that strongly constraint the form of such
corrections, but still leave some freedom.

There has been a lot of progress in understanding which kind of functions can appear in
the low energy expansion of string amplitudes in flat space, see for instance [43-46]. These
are special modular functions with a very rich mathematical structure, see [47-49]. It would
be fascinating to understand how much of this structure extends to curve space-time.

Another interesting question is the extension to higher genus. From the CFT per-
spective, higher trace operators will also enter into the game. A step towards this aim
would be first to understand genus one corrections to more general correlators, involving
the KK-modes of the graviton. At tree level and in the supergravity approximation a very
nice structure arises [28, 50]. It would be interesting to see if any of this structure survives
at loop order and/or when including stringy corrections.
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A A basis for polynomial Mellin amplitudes

An important ingredient used in this paper is a family of sums over super-conformal blocks,
truncated in the spin and labelled by L, the highest spin entering the sum, and ¢ = 0,1, - --
These sums take the form

§j§:a%%Tpné@gnaZ 2) (A1)

where anM’gFT are the (square) OPE coefficients of the double-trace operators, in the mean

field theory approximation, given by (2.11) for p = 2. ¢, (2, 2) is a short-hand notation
for ga, ¢(2,2), with A,, =4 + 2n + ¢, where the super-conformal blocks are given by

At 2 Fasera (2)Facess (2) — 25 Fagesa (2) Fazesz (2)
9au(z,2) = (22) 2 : : = : : (A.2)

Z—Z

with Fg(z) = 2F1(f, 3,28, z) the standard hypergeometric function. For L =0

00) _ __ (n+Ds(n+3)0(n+q+6)
0= @n+5)2n + )T(n— g+ I (g + 6)

(A.3)
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while for L = 2:

p(2’Q) _ (n+1)7(n+3)3s'(n+ ¢+ 8) (AA)
m2 T 2n+5)2n+T7)(2n 4+ 9)(2n + 11)I(n — ¢+ 1)T(q + 8) '
29 _ _29+5 (29 A
= = . .5
pn,O 3(2q+ g)pn—l,Q ( )
The expressions for all L take the form
5
o) _ [ (n+3)D(L+n+ 0L +n+6)0(L+n+q+6) o)
" 21420 (n + )T (n+3)0 (L+n+ §) D(L+q+6)0(n—q+1)
54 4 7T _;
(La) _ o Dla+5+i)T(E+a+]-7) () (A7)
PnL=2j = Pn-j L 5 7 R '
F(q+§)F(L+q+§)
for j =1,2,---,L/2, where
P 1 P9 _j 3 _j 7
o A (i+ )T (i +3)TL+20 (—j+ L+ 3)T (=i +L+1]) s
; . )

370+ )0 (L+3) 0 (L+ D) D(—j+ L +2)

A feature of these insertions, to be used in the body of the paper, is the large n behaviour,
given by
Pl p2atotal (A.9)

In [23] we characterised related sums as having a particularly simple structure, involving
only rational functions and log(1 — z),log(1 — 2z). In this paper we find a more precise
characterisation: there is a basis of polynomial Mellin amplitudes, symmetric under ¢ <> u
and denoted as M gn(s, t), such that their log U piece in space-time exactly coincides with
SHU,v). Méq)(s, t) takes the following form:

2ED (5 -1 (S +q+17)

()
M;V(s,t) = —
v F(L+q+%)F(—q+§—1)

P (s,1) (A.10)

where P]Eq)(s, t) is a polynomial of degree L in s,t,q and possesses the symmetry
P9(s,t) =P (s,4—s—1).

For the first few cases we obtain

P9s,t) =1 (A.11)
1s? + 162st — 2 162t? — 648t + 624
Péq)(s,t):gs + 162s 0858— 6 648t + 6 (A.12)
7s? + 36st — 28s + 36t2 — 144t +64 2 ,
+ 5 q+§q (s—4).
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For a given L the polynomials can be determined as follows. The four-dimensional super
conformal blocks are eigenfunctions of a quadratic Casimir

Cone(2,2) = Megne(2,2),  Mpe=m+L+3)(n+L+4)+(n+1)(n+4). (A.13)

This Casimir has a specific action on Mellin space, as a difference operator:

C= i (s = 2t + 85 — 2 4+ 8t — 16) — i(s AT (14T + %(t — AT+ i(sﬂ)?T;

(A.14)
where the shift operators T;Et shift the corresponding Mellin variable by £2. Acting with
the Casimir operator on the sums (A.1) will have the effect of multiplying pi’g — )\mgpi:g.
This can be written as a linear combination of the pfljéq/ themselves with ¢ = ¢+ 1,q,- -

and L' = L,L —2,---. This implies a difference equation relating CM ng)(s, t) to a linear
combination of the M gf/)(s,t) themselves. For any fixed L this can be worked out, and
leads to a difference equation from which the polynomials can be fixed.

The functions M ISQ)(s,t) represent a basis for polynomials in s, symmetric under

t <+ 4 — s —t, where the degree in ¢ is given by L. For instance, for L = 0 we obtain

MO (s,t) = -4, M (s,t) = —4 <;—2> . M (s,1) = —4 (;—2> <;—3> (;—q—1>
(A.15)

which clearly form a basis for polynomials in s. The above Mellin expressions are given in
the ‘frame’ of the (2222) correlator. For the application in the body of the paper it will be
useful to translate such Mellin expressions to the frame of the correlator (22pp). If a given
function of cross-ratios has a Mellin representation M (s,t) with respect to (2222), then its
Mellin representation in the p-frame is simply

_T(2-s/2)

M(s, t)|p-frame N W

M(s,t+2—p) (A.16)

we will denote the above Mellin expressions in the p-frame as M (qL)(s,t). As usual, for

p
p = 2 we suppress this index.

Let us add the following observation. In the body of the paper it is important to repro-
duce space-time answers with a specific piece proportional to log? U. From the discussion

above, together with basic properties of residues it follows

Séq)(z, 2)log? U < 2M£q)(s7t)1/10 (2 — ;) (A.17)

where 1y(x) is the digamma function.

B Inverting polynomial Mellin amplitudes

The previous appendix gives a systematic way to compute the anomalous dimension given
a polynomial Mellin amplitude of a fixed degree in t. We would like to derive an integral
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formula for this. Let us start with the simplest case M(s,t) = Mp(s), a Mellin amplitude
which is just a function of s. Following the discussion in the previous appendix, only
operator with spin zero will acquire an anomalous dimension. We look for an inversion
formula of the form ,

100

Yap = / " dsKo(s)Mo(s) . (B.1)

—100

Acting with the Casimir operator on both sides of this equation we obtain

100

An,0Vn,0 = /ioo dsKy(s)CMy(s) = / dsKo(s)% (3(4 + 8)Mo(s) — (s — 4)* My (s — 2))

— O:O sy (504 + $)Ko(s) — (s — 2)°Ko(s +2)) Mo(s)

where in the second line we shifted the contour of integration in the second term. This
should be true for generic My(s) and leads to

AnoKo(s) = 5 (544 5)Kols) — (5 — 2 Ko(s +2))

which gives a recursion relation from which we can determine Ky(s) up to a multiplicative

n-dependent factor:
IF(5—n—-2)T(5+n+4)

r(s-1)°

The overall coefficient can be fixed as follows. Using the basis of solutions given in ap-

(B.2)

pendix A for L = ¢ = 0 we require

100

2000 = —4 [ K(s)ds. (B.3)
—100
We find 43
n
h(n) = — B4
) =~ lentnEns )’ (B4)
where we have used the following result
ico T'(3 L($—n-2 2T’ 2)?
—ico r(s-1) I'(n+1)°I'(q +2)
where for integer n the contour includes the poles s =4,6,---,2(n + 2).

This method can be generalised to any polynomial Mellin amplitude. Let’s pick the
following basis of symmetric functions in ¢, u:

M (s,t) = Mo(s) + (t* + u?) My(s) + (t* + u*) My(s) + - - (B.6)
Under the action of the Casimir
CM(s,t) = Mo(s) + (2 + u®)Ma(s) + (t* + u*) My(s) + - - (B.7)

Let us introduce a matrix notation in this basis, M(s) = (My(s), Ma(s),---)T and the
same for M. Then we have

M(s) = Co(s)M(s) + C_(s)M(s — 2) (B.8)
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where Cy(s), C_(s) are upper triangular matrices, which are calculable for truncations of
any size:

[Ls(s+4) —3(s—8)s(s+4) —32 ...
Co(s) = 0 1(s(s+8) +20) I

—3(s =42 3(s = 6)(s = 4)* ...
C_(s) = 0 —3(s —4)°

Now we would like to construct a family Kernels K, ,(s) such that
o0 0 0042
o= [ ds (KL (5)Mo(s) + K2 () Myyo(s) + -+ ). (B.9)
—100
In matrix notation, we can consider an upper triangular and a diagonal matrices

(K(s))ij = K22 (s), I = diag(M.o; Anas Ands ) - (B.10)

Acting with the Casimir on both sides of (B.9) and shifting the contour we arrive to the
following relation
JK(s) =K(s5)Co(s) + K(s +2)C_(s +2). (B.11)

This leads to an infinite set of relations for the Kernels Kff’eﬁm)(s), m=20,1,2,--- which

can be solved iteratively. The solution to these relations takes the following form

Jbem) (g) = F(”Jr%) F(lt+n+4) 1(5-n-2)T(3 +n+4+£)P(QZm)(S)
20+20(n + 3)T (£+n+ %) r(s-1)° "

(B.12)
where Pfem )(s) are polynomials in s of degree 2m, which are uniquely fixed by the re-
currence relations and qu?g) (s) = 1. For instance the second order polynomials Pr(fe)(s)
satisfy

(2n—5+4)(20+2n+5+8) PL%) (54+2) 4 (5(20+5+8)+2(£+2) (£+5)—2n ) P (5) =

- é(€+1)(£+2) (=3(5—4) A+ (3025) s~ 10(E47) 657 +24(s—4))

assuming they are second order polynomials in s, this relation fixes them uniquely.

C Double-discontinuity of loop supergravity

In the body of the paper we gave the double-discontinuity of the correlator to order 1/c?,
in the supergravity approximation, in terms of five rational functions. These functions are
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given by

_UV3@BV —7(U+1))  V2(—4U - 3V + 15) V(%—V—i%) z—Z

Ro(z,2) = 16(z — ) TTTRG=23 T T ieUGz—3 16U
pos . VU —U+V 1) UVIUP-UV45U-V+1)  (1=V)V
22 = ——n T Sz 2)p SU(z - 2)?
1-U)??+5V V(V+1)—-2(1-U)? 13
©96(z — 2)? 64UV 192
L Ua-U)v? v VU1 -U)—6(-U +V +1))
Ra(22) = =g =35 Taue—9 " 96(z — 2)3
QU-V—-2)(z—3) 1-U+V
64UV 96(z — 2)
Raez) = UV -V 1) VWV 1) V2

8z—2° | 8U(z—2¢ ' dz—2)}
USV2(U +V — 1)

Ra(z,2) = 8(z—2)6

Where we have used a mixed notation for the cross-ratios, with U = 2z, V = (1 —2)(1—2).

D Regular terms ambiguities for loop supergravity

In the body of the paper we have seen that the precise double discontinuity in the loop
supergravity approximation implies a Mellin amplitude which is the sum over simultaneous
poles in two Mellin variables. In particular, single poles are absent. Furthermore, matching
with the flat space limit suggest that regular terms are also absent, except for a single
constant ambiguity (the simplest quartic vertex) independent of the Mellin variables. In
this appendix we perform an independent check of this fact. In order to do this we take
as a starting point the Mellin expression, in terms of simultaneous poles, and compute
the corresponding space-time answer. We will work to order U? and keep only the pieces
proportional to log?U and logU. Note that the three terms will contribute to this. We
would like to study the Mellin amplitude around s = 4, keeping also regular terms. Let us
study the three terms separately:

Cmn 1 Con Cmn
DI e e Sl D D i D DI 7 et vy

m,n=2 n m#2,n

Crmn 1 Con Con Cmn
Z (s —2m)(u — 2n) B _3—4;t+2n+z(t+2n)2 a Z (4 —2m)(t+ 2n)

m,n=2 n m#2,n

2 (t—2m3n(77:—2n):_ 2 (t—2m%+2n)'

m,n=2 m,n=2

Up to terms that vanish as s — 4. Some of sums involved are actually divergent. This
divergence can be regularised in different ways but this will lead to ambiguities. Let us
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consider for instance the following sum

S =2, t —12n '

n=2

We would like to regularise this sum, without changing the residues at the poles ¢t = 2n.
We can do that by taking a derivative w.r.t. ¢, summing, and then integrating. In the last
step we pick a constant of integration.

S(t) = %wo) (2 — ;) +e.

Following this simple procedure, all sums can be regularised, which leads to a finite Mellin
amplitude, with the correct residues. The final result can be written in terms of polygamma
functions, although is quite cumbersome. Performing the Mellin integrals we arrive at the

following expression
GO, V) = U? (log? Uho(V) +log Uh1 (V) + ha(V)) + - - (D.1)

~ 6logV (=3V24 (V244V + 1) logV + 3)
- (1-V)S

ho(V) (D.2)

6 (3V4-99V3-333V2—2(V—1)2 (V244V+1) log(1-V)—99V +3
72(V244V+1) . 4(=3V24+2 (V2+4V+1) log V+3) o
(1-V)8 (1-V)8
+18(V+1) (=V2472V4+4(V-1)%log(1-V)-1)
(V=17

G3+

logV
24(V(V+4)+1) (72(V+1))
(V-1)° (1=v)°

9 (27V2486V 427) 72 (V244V +1)
2(1-V)6 (1-V)6

log VLiz(V)— LiQ(V)

Lis(V).

he(V') will not be necessary for our purposes. With this expression at hand, we can perform
a CPW decomposition and compute the anomalous dimension of leading twist (four) double
trace operators. We find

: 704 + 7403 — 55302 — 49040 — 3444
loop-sugra — 92 >9. D.
0.¢ —1)(+1)3(+6)3¢+8) - (D-3)

But this agrees precisely with the known result, see [22]. This still leaves the ambiguity
of adding a regular term that only contributes to the anomalous dimension of spin zero
operators. This exactly matches our intuition from the flat space limit.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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