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1 Introduction

Triangulation of a point set or a polyhedron is an important problem with applications
for finite element simulations in CAD/CAM. Though a number of algorithms exist for
triangulating a point set or a polyhedron in two and three dimensions [6, 1, 10, 12], few
of them address the problem of guaranteeing the shape of the triangular elements, they
generate. To reduce ill-conditioning as well as discretization error, finite element methods
require triangular meshes of bounded aspect ratio [2, 11]. By aspect ratio of triangles or
tetrahedra, one may consider the ratio of the radii of the circumscribing circle to that of
inscribing circle (spheres in case of tetrahedra).

In 2-d, there are basically two approaches, known so far, to produce guaranteed quality
triangulations. The first approach, based on Constarined Delaunay Triangulations, was
:first suggested by L.P.Chew [7]. He guarantees that all the triangles produced in the final
triangulation have angles between 300 and 1200

. In [8], we improved this algorithm with
minor modifications to guarantee some of the triangles with better angle bounds. There is
another approach based on Grid Overlaying which was first used by Baker et. al in [3]
to produce a non·obtuse triangulation of a polygon. In [8], we proposed a simpler method
based on this grid approach to triangulate a polygon with good angles. Recently, in [5],
Bern et.al give algorithms for producing good triangulations which uses a special type of
grid that simulates the planar division with the quadtree.

Though several good heuristics have been published, till date, there is no known algo
rithm which triangulates the convex hull of a three dimensional point set with guaranteed
quality tetrahedra. This paper presents some results on good triangulations of the convex
hull of a point set in three dimensions. The problem allows one to introduce new points to
generate good tetrahedra with the restriction that all points added lie only inside or on the
boundary of the convex: hull. Good triangulations of convex polyhedra is a special case of
this problem. We show that an algorithm based on constrained Delaunay triangulations as
proposed by L.P. Chew for two dimensions can be extended to three dimensions to produce
triangulations where all tetrahedra have certain guaranteed qualities.

'Supported in part by ARO Contract DAAG29-85-C0018 under Cornell MSI, NSF grant DMS 88-16286
and ONR contract NOOOI4-88-K-0402.
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2 Preliminaries

2.1 Characterizing Bad Tetrahedra

In three dimensions, a tetrahedron which is not of bounded aspect ratio can be degenerate
or bad in three possible ways as described in [4]' The following two parameters w, ~

characterize bad tetrahedra as follows. Let w = ¥and f\, = f. where R is the radius of the
circumscribing sphere of a tetrahedron, L and I are the lengths of its longest and shortest
edges respectively.

Type(i), w = 0(1),~» L
Type(ii), w » L
Type(iii), w = 0(1), ~ = 0(1).

(0)

type (i) 'J:.'trah.cira
(b)

tw-o (ii) tetrah.dra

(0)
type (ill) tetrah.dra

Figure 1: Bad tetrahedra

Definition: A sliver is a tetrahedron which is formed by four almost coplanar points and
whose solid angles are very close to zero.

Type(i) corresponds to tetrahedra which have a very short edge relative to other edges and
have a circumscribing sphere which cannot have an arbitrarily large radius compared to the
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length of the longest edge. Specifically, type (i) includes needle like tetrahedra in which one
of the solid angles is highly acute and the face opposite to it has a negligible area. It also
includes slivers with a very short edge. See figure lea). Type(ii) corresponds to tetrahedra
which have a circumscribing sphere with arbitrarily large radius compared to the longest
edge. Specifically, type (ii) includes flat tetrahedra which have one of the solid angles highly
obtuse. It also includes slivers which lies very close to the surface of its large circumscribing
sphere. See figure l(b). Type(iii) includes only slivers whose edges have lengths within a
constant factor of each other and which cannot have a close incidence with the surface of the
circumscribing sphere. See figure l(c). We present an algorithm which triangulates a three
dimensional point set inside a convex boundary with the guarantee that no tetrahedron can
be of type (i) or type (ii).

2.2 2-d Algorithm

The core of the algorithm presented in this paper consists of Delaunay triangulation which
is the straight line dual of the varonoi diagram. In two dimensions, the circumscribing
circle of a triangle in a Delaunay triangulation of a point set does not contain any other
points inside it. Similarly, in three dimensions, the circumscribing sphere of a tetrahedron
in a Delaunay triangulation does not contain any other points inside it. This property of
the Delaunay triangulation was utilized by L.P. Chew in two dimensions to produce good
triangulations. He introduced the centers of those circumscribing circles which maintain a
certain minimum distance from the three vertices of the corresponding triangle. Of course,
the edges of the boundary have to satisfy certain length criteria. In his algorithm, Chew
used edge lengths in between d and V3d where any pair of input points is at least d units
away from each other. In the modified algorithm of [8], we require edge lengths in between
d and 1.5d. This gives three distinct advantages.

1. It is easier to divide edges between d and 1.5d in practice.
2. It is not necessary to check whether the center point to be introduced is inside the
boundary or not. It can be easily proved that with this edge length criteria, the centers
which lie outside the boundary do not satisfy the distance criterion.
3. The triangles which have circumcenters outside the boundary have better bounds on
their angles.

We present below this modified algorithm for good triangulation in two dimensions.

Algorithm 2d-TRI:
Input: Finite number of points in the plane within a polygonal boundary. The vertices of
the polygonal boundary are included in the input point set.

Input Conditions: There exists a quantity d, such that no two given points are closer than
d and no boundary edge is greater than 1.5d and less than d.

begin
Construct the Delaunay triangulation of the given points.

Repeat
Add the circumcenter VI of a triangle g = t:::.PiPiPk satisfying the following property:
VI is at a distance of at least d from all the three points Pi, Pi> Pk·
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Update the current triangulation by constructing the Delaunay triangulation
of the augmented set of points.

Until there is no such triangle.
end

For a simple polygonal boundary with a certain lower bound (390
) on the minimum

internal angles at the vertices, it is always possible to choose a d to satisfy the input
conditions of the algorithm 2d-TRI. Algorithm 2d-TRlproduces a planar triangulation T
which has the following properties.

Property 1: All edges in T have lengths in between d and 2d and in particular all the
boundary edges have lengths in between d and l.5d.

Property 2: The circumscribing circle of all triangles in T has radius less than d.

2.3 Geometric Lemmas

We use the following geometric lemmas in the next section.

Lemma 2.1: Let T be a Delaunay triangulation of a point set in two dimensions. Let R
be the maximum radius of all the circumscribing circles of Delaunay triangles in T. The
radius of any empty circle whose center lies inside T is less than or equal to R.

Proof: See Theorem 6.15[13J...

Definition: Let c be a circle drawn on the surface of a sphere s. Let PI.P2 be the axis
drawn through the center of c and which is perpendicular to c intersecting s at PI. and Pz.
The points Pt, P2 are called the poles corresponding to the circle c.

Lemma 2.2: Let c be a circle with radius less than r drawn on the surface of a sphere s.
Let the distance between c and its nearest pole be greater than d. The radius R of s must
satisfy the condition R < r2tp.
Proof: Consider the circle c as shown in Figure 2 with the nearest pole Pt. Let a, b be
the centers of sand c respectively. Obviously, lab] < (R - d). Consider the right angled
triangle 6.abt where t is a point on the circle c. Since the radius of c is less than T, we have
Ibtl < T. Hence, lat'l = R' = labl' +Ibtl' < (R - d)' +T' which gives R < "it. '"

3 3-d Algorithm

We assume that a finite number of points are given in three dimensional space. We call the
boundary of the convex hull of these points simply as the boundary. In what follows, by
convex hull of a point set, we mean its interior along with its boundary. A point is called
an internal point if it is not on the boundary and is called a boundary point otherwise. The
facets of the boundary are referred to as boundary facets and the edges on the boundary
facets are called boundary edges.
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Figure 2: Lemma 2.2

Algorithm 3d-TRI:
Input: Finite number of points in three dimensional space.

begin
Let d1 be the minimum of the distances between two points.
Let d2 be the minimum distance from an internal point to a boundary facet.
Let d3 be the minimum distance between two nonadjacent boundary facets.
Let T = ~min{d1>d2,d3}.

Triangulate each facet of the boundary using algorithm 2d- TRI in such a way that
every edge has length in between rand 2r and every boundary edge
has length in between rand 1.5r.
Let P be the current point set. Construct a 3-d De/aunay triangulation T(P) of the point set P.

repeat
Add the center v of the circumscribing sphere of a tetrahedron tj in T(P)
satisfying the following properties:
(i) all four vertices alii is at a distance of at least 2r from v,
(ii) the center v lies inside the boundary.
Set P = P u v and update the Delaunay triangulation T(P).

until there is no such tetrahedron.
end

With the above choice of r and with the assumption that all the face-angles of the facets
on the boundary satisfy the mlnlmum angle criterion, it 1s possible to triangulate them by
2d-TRlmaintaining the edge lengths as stated. In the following Lemma, we prove that the
above procedure terminates.

Lemma 3.1: Algorithm 3d-TRI terminates.

Proof: Algorithm 2d- TRI terminates since the points added by it are always at a certain
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distance from all other points. There can be only finitely many such points inside the given
polygonal boundary. Extending this argument to Algorithm 3d·TRI, we can observe that
all the circumcenters of the tetrahedra which are added as new points are at a distance of
at least 2r from all other points. There can be only finitely many such points inside the
convex hull of the input points, which assures the termination of the Algorithm 3d-TRL ..

Lemma 3.2: Any point on a boundary facet which does not lie on a boundary edge must
be at a distance of at least YfT from all edges of that facet.

Consider a point P on a facet f. Let e be any edge of f. Note that the edge e is divided
into smaller edges el, e2, ... , en through the triangulation of the boundary facets adjacent to
e. Drop a perpendicular from P on the line supporting e. H the perpendicular intersects the
edge e, let e/ be the edge of the triangulation on e which is intersected by it. According to
the property 1, all boundary edges of the triangulation of f must have lengths in between
rand 1.5T. Further, the point P is at least r units away from the end points of e/. Thus,
the minimum distance between p and e/ is at least -ll-r. In case, the perpendicular dropped
from p does not intersect e, it must intersect some other edge e' of /'. In that case, the
distance between P and e must be greater than the distance between P and e'. We can
estimate the minimum distance between p and e by estimating the same between p and e'.
While estimating the distance between p and e/, if it occurs that the perpendicular dropped
from p does not intersect e', we will have another edge to estimate the minimum distance
between p and e/. Since there are finite number of edges and since each time we go to a
next edge, its distance from p gets smaller than the previous one, there must be an edge
of f which is intersected by the perpendicular dropped from p. Let e" be the first such
edge encountered in the above process. As argued above, the distance between p and e"
is at least :ll-r. Hence, the distance between P and e is at least Yfr. Thus, any point on
a boundary facet which does not lie on a boundary edge must be at a distance of at least
4r from all edges of that facet."

Lemma 3.3: All edges in the triangulation produced by the algorithm 3d-TRlhave lengths

greater than [min where [min = min(T, ~Tsin ~). Here Om is the minimum dihedral angle
between two adjacent boundary facets.

Proof: Initially, all internal points are at a distance of at least 6r units from every other
points. Two boundary points, lying on non adjacent facets, are at least 6T units away from
each other. These conditions are ensured by the particular choice of T. A boundary point
is at a distance of at least T from every other point on the same facet which is ensured by
the algorithm 2d-TRL The points added by the algorithm 3d·TRI are always at a distance
of at least 2r from every other point. Thus, all points except the points on the adjacent
facets are at a distance of at least T from each other. To estimate the minimum distance
between any two points on the adjacent boundary facets, consider two such points Pi, Pi
lying on the adjacent facets Ii, Ii respectively. Let e be the edge shared by Ii and Ii. Drop
a perpendicular from Pi on e. Let it meet e at Pm. Consider the triangle 6.PiPiPm. Let the
minimum dihedral angle between any two adjacent facets be Om. It is easy to prove that the
angle between pipm and PiPm in the triangle 6.PiPiPm must be at least Om' From the above
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discussion, it is obvious that [PiPml > yt.r and [PiPm] > yt.r. Thus, the distance between

Pi and Pi is at least 4rsin~. Hence, all edges in the final triangulation produced by the

algorithm 3d- TRI have lengths greater than lmin = min(r, Yl-r sin ~). "

Lemma 3.4: Any point P present as a vertex in the triangulation produced by the algorithm
3d· TRI is at a distance of at least '4-r sin 8m from any boundary facet on which p does not
lie. Here, 8m is a measure of angle such that all dihedral angles of the input boundary are
within 8m and 1800

- Bm .

Proof: Ifp is an inner point, we already know p is at least r units away from every boundary
facet. By the choice of r, any point on a boundary facet is at least r units away from any
other nonadjacent facet. We prove that if p lies on a boundary facet but not on a boundary
edge, it is at a distance of at least ~r sin 8m from all adjacent facets. Let P lie on Ii and
let f; be any facet adjacent to Ii. In Lemma 3.2, we proved that the distance of p from any

line supporting an edge of the facet Ii , is at least Yfr. Let 1 be the distance of P from the
line where /; and Ii meet. The distance d of P from f; is given by d = Isin8 where 8 is the
dihedral angle between Ii and f;. Putting the minimum value of 1 and 8 gives the lower
bound on d. Thus, the distance of a point from any facet which does not contain it, is at
least dmin = min(r, yt.rsinBm) = ~Tsin8m. "

4 Qualities of Tetrahedra

Definition: A tetrahedron in the final triangulation is called to have a good circumcen
ter if the center of its circumscribing sphere lies inside or on the boundary (convex hull
boundary). Conversely, a tetrahedron is called to have a bad circumcenter if the center of
its circumscribing sphere lies outside the boundary.
We classify the tetrahedra with bad circumcenters into two classes, namely class A and
class B.

Definition: A tetrahedron t with a bad circumcenter is called a class A tetrahedron if there
exists a facet intersected by the circumscribing sphere oft in such a way that the foot of the
perpendicular dropped from the circumcenter to the plane containing the facet lies inside
the facet. Any other tetrahedron with a bad circumcenter is called a class B tetrahedron.
See figure 3 and figure 4.

Assuming a lower and upper bounds on the dihedral angles between adjacent boundary
facets, we can prove that all tetrahedra produced by 3d-TRI cannot be of type (i) or type
(ii). Though, we cannot avoid type (iii) tetrahedra, occurrences of them in practice are
rare as stated in [4]. Finally, in most of the cases these type (iii) tetrahedra or slivers can
often be avoided by introducing a suitable point inside the circumscribing sphere. See [4].
In what follows, we assume that all dihedral angles between adjacent boundary facets are
greater than 8m and less than 1800

- 8m.

Lemma 4.1: No tetrahedron with good circumcenter can be of type (i) or type (ii).
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Figure 3: class A tetrahedron

Figure 4: class B tetrahedron
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Proof: All tetrahedra in the final triangulation having good circumcenters must have
circumscribing spheres with radii less than 2T, because otherwise these circumcenters would
have been introduced as new points. Hence, all these tetrahedra have edges of length less
than 4T. By Lemma 3.3, all edges have lengths greater than min(T, f Tsin %n-). Thus,
K. for these tetrahedra can be at most max( 4, .,ff ~ II ). Assuming a lower bound on the

791ll~

dihedral angles of the input boundary, we get K. for these tetrahedra to be of 0(1) which
violates the condition for type (i) tetrahedra. Further, w for these tetrahedra can be at
most max(4,.,ff ~ II ) = 0(1) which prohibits them to be of type (H)...

7sm =f-

Lemma 4.2: No class A tetrahedron can be oftype 0) or type (ii).

Proof: Let t be a class A tetrahedron with the circumscribing sphere s. By the definition
of class A tetrahedron, there exists a boundary facet such that the foot of the perpendicular
dropped from the center of s on the plane of the facet lies inside that facet. Let f be such
a facet intersected by s in a circle c = s n I. By Lemma 3.4, a vertex p of t which does not
lie on f must be at a distance of at least ~Tsin8m from I where Om is defined as before.
The center of the circle c lies inside f. Thus, the center must lie inside the triangulation
T of f produced by the algorithm 2d-TRI. Further, c must be an empty circle since s does
not include any point of f inside it. See figure 3. By property 2, all triangles of T have
circumscribing circles of radii less than T. Hence, according to Lemma 2.1, c must have a
radius less than or equal to T. The vertex p lying on 8 must be at a distance of at lea.<>t
-i!Tsin9m from c. Further, the vertex p and the center of s lie on the opposite sides of c.

This implies c is at a distance of at least YfT sin9m from its nearest pole. Thus, according to

Lemma 2.2, s must have a radius less than or equal to kIT where kI = (fi9~nOm + ..j'f ~ 8 ).
7 SUI m

This puts an upper bound of 2k l T on the lengths of the edges of tj. By Lemma 3.2, all

edges of ti are greater than k2T where k2 = min(l, yt. sin ~). Hence, w, K. for tj is 0(1)
assuming a lower bound on 8m (A lower bound on 8m puts an upper and a lower bound on
the dihedral angles between adjacent boundary facets). This prohibits it to be of type (i)
or type (ii). '"

Lemma 4.3: Let t be a class B tetrahedron with the circumscribing sphere s. There must
exist two boundary facets Ji, li intersected by 8 with the following criterion:
Let c be any circle drawn on s which is normal to the line where Ii, li meet. The feet of
the perpendiculars dropped from the center of c on the supporting planes Pi and Pi of li
and Ii do not lie on the line segments en Ii, c n Ii·

Proof: Consider a boundary facet Ii which have the canvex hull and the center of s on
opposite sides. Since t has a bad circumcenter, such a facet always exists. Drop a perpen
dicular from the center of s on the supporting plane of f;. The foot of this perpendicular lies
outside Ii since t is a class B tetrahedron. This is possible if there exists another boundary
facet li which has the convex hull and the foot of this perpendicular on opposite sides.
Consider the great circle c' of s whose supporting plane is normal to the edge shared by Ii
and Ii. Due to the above facts, the feet of the perpendlculars dropped from the center of
s on the supporting planes Pi and Pj of f; and Ij cannot lie on the line segments c' n j;
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and c' n Ji. See figure 5. This immediately implies that the above condition is true for any
circle c on s which has a supporting plane parallel to c/."

Lemma 4.4: No class B tetrahedron can be of type (i) or type (ii).

Proof: Let t be a class B tetrahedron. Let the circumscribing sphere s of t intersect the
boundary edge e shared by the facets Ii and /; which satisfy the criterion as stated in
Lemma 4.3. The endpoints of the edge segment en on e which is intersected by s cannot
be inside s. Let w, y be the points where s intersects en. Further, let a and R denote the
center and radius of s respectively.

Case (i): The tetrahedron t has a vertex p which lies neither on facet Ii nor on facet Ji.
Consider the circle c on s whose supporting plane is perpendicular to en and which passes
through p. Let R' be the radius of c. Join the center b of c with the point u where c meets
en' Extend the line bu beyond u until it intersects the boundary of c at 'I) as shown in figure
6. Let Ibul = x. Certainly, 1'U"Ul = R' - x. Let d denote the minimum distance of p from
the two facets Ii and 1;. There are two subcases as shown in figure 6. In subcase i(a),
the center of c lies in the sides of the planes containing Ii, Ii which are opposite to those
containing the convex hull. It is not difficult to see that in this subcase d::; lu'Vl = R' - x.
Since, R ~ RI

, we have d::; R- x. To estimate a lower bound on x, drop a perpendicular
az from the center a of s on en' This perpendicular has the same length as bu. Consider

the triangle 6.awy. It is easy to see that luzl = JR2 - 1'7F . Since en can have a length of

at most 1.5r, we have x = lazJ;::: JR2 - 9
I
r;. Thus, d::; R- JR2 - ;r;. We already know

d;::: ¥rsinOm (Lemma 3.4). Hence,

,fir .
-4-smOm S g r'R- R'-

16 '
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Figure 6: Lemma 4.4, case (i).
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Now, consider the subcase i(b). In this subcase, one of the supporting planes of Ii and Ii
has the center of c and the convex hull on its opposite sides and the other one has them on
same side. Without loss of generality, assume that the supporting plane of 1; has them on
same side M shown in figure 6(b). Certainly, the line segments en Ii and en Ii make angles
less than equal to 900 with uv. Otherwise, Ii, Ii do not satisfy the criterion as stated in
Lemma 4.3. In this subcase, we have d ::; R - x, since the distance of v from the supporting
plane of f; is greater than that of p from the same plane. Thus, in both of the 5ubcases
i(a) and i(b), we have,

R
7sin2 8m +9

< R r.
- 8v 7 sin8m

Case (ii): All vertices of the tetrahedron t lie either on Ii or on /;. This immediately
implies that one of the vertices of t lies on Ii but not on /; and another on Ii but not on
Ii- Consider the vertex Pi lying on Ii but not on Ii. Let c be the circle passing through Pi
with the supporting plane being perpendicular to en. As in the previous case, let b be the
center of c, u be the foot of the perpendicular dropped from b to en, and v be the point
of intersection of the line bu and the circle c such that u is in between band v. Again, we
have two subcases as shown in figure 7. Consider the subcase ii(a). It is easy to see that
[p;ul ~ c':k, where 8; is the angle between PiU and uv. We proved in lemma 3.2 that the
distance of any point on a boundary facet which does not lie on any of its edges is at least

Yf-r away from any of its edges. Thus, 1jf;Ti1 2: 'fr. Hence, yt.r ~ ~8~ '$ ~;" where

11
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Figure 7: Lemma 4.4, case (ii).
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ea.. 1.i(b)

:z; = [bU!. Similarly, considering the vertex Pi of t lying on Ii but not on h, we can prove

that "4-r :$ cr;;;~ where OJ is the angle between f; n c and uv. Obviously, (J = 8 j + OJ is
the dihedral angle between Ii and Ji. Since one of Oi,O, is less than or equal to 900 and

the cos function decreases monotonically from 00 to 90°, we have "4-T $; .l1:=.i-, By the same
COll 2"

argument as in caseO), we get x;::: JR2 - t6T2. Hence,

,If
-r <
4

R <

Assuming an upper bound on (J :::; (1800
- 8m ) we have,

7s1n2k +9
R < 2 T.

- 8V7sin ~

Now, consider the subcase ii(b). The angles between uv and the line segments en Ii and
en /j are less than 900 since otherwise fit Ij violate the condition of Lemma. 4.3. Without
loss of generality assume that (lj < OJ. Certainly, the distance between v and cf1!i is greater
than that between Pi and c f1 Ji. This implies d:$; R - x which gives the same upper bound
on R as we derived in case(i).

Thus, all class B tetrahedra. ha.ve a circumscribing sphere of radius k1T where k1 = 0(1)
assuming lower and upper bounds on the dihedral angles between adjacent boundary facets.
This with the fact that edges of all tetrahedra have lengths greater than k'lT where k'l = 0(1)
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(recall Lemma 3.3), makes wand K of these tetrahedra to be of 0(1) and thus prohibits
them to be of type (i) or type (ii). '"

Theorem 4.1: Algorithm 3d-TRlproduces a triangulation T of the convex hull of a three
dimensional point set, where no tetrahedron in T can be of type (i) or type (ii), if there are
upper and lower bounds on the dihedral angles between adjacent boundary facets of the
convex hull.

4.1 Conclusion

Though, in our algorithm we avoided type (i) or type (ii) tetrahedra, we could not avoid
some special type of slivers or type (iii) tetrahedra. Our immediate goal is to find a new
method or modify this algorithm so that we can avoid these slivers too. The problem with
the avoidance of these slivers is that an upper bound on the radius of circumscribing sphere
and a lower bound on lengths of the edges of a tetrahedron do not prohibit it to be a type (iii)
tetrahedron. A lower bound on the radius of the inscribing sphere together with an upper
bound on the radius of the circumscribing sphere of a tetrahedron avoids such tetrahedra.
But, currently we do not know how to achieve these both bounds simultaneously.
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