ON GRAPH C*-ALGEBRAS WITH A LINEAR IDEAL
LATTICE
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ABSTRACT. At the cost of restricting the nature of the involved K-
groups, we prove a classification result for a hitherto unexplored class
of graph C*-algebras, allowing us to classify all graph C*-algebras on
finitely many vertices with a finite linear ideal lattice if all pair of vertices
are connected by infinitely many edges if they are connected at all.

1. INTRODUCTION

In a series of papers ([8], [9], [5], [7]) reported on at the ACM, much insight
has been obtained about the classification theory of graph C*-algebras with
finitely many ideals, leading to classification results for a lot of special cases
by a computable invariant. Outside of the simple case and the case with
one non-trivial ideal (resolved in [10], [13], and [9]) several open questions
remain, but we are beginning to believe in the following

Working conjecture 1.1. Graph C*-algebras C*(E) with finitely many
ideals are classified up to stable isomorphism by their filtrated, ordered K-
theory FKy (C*(E)).

Here, the filtrated, ordered K-theory over X = Prim(C*(E)) is simply
the collection of all Kyp- and Kj-groups of subquotients of the C*-algebra in
question, taking into account all the natural transformations among them,
and the order on each Kjy-group. Details will be given below.

It is the purpose of this note to give further evidence for the validity of
this conjecture in a class complementing our earlier work under some, un-
fortunately, rather draconian assumptions about the nature of the involved
K-groups.

As in [7] and [16] we focus on the case of a linear ideal lattice of arbitrary
length:

Definition 1.2. For each n the class £G[n] is the family of graph C*-
algebras with a linear ideal lattice of length n;

0=0p<J1<---47, =C*(E)
with each J;_1 being the largest proper ideal of J.
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The key technical concepts of importance when studying classification in
LG[n] are
Kirchberg’s isomorphism result ([13])
The corona factorization property ([14])
The notion of full extensions ([11])
The Universal Coefficient Theorem of Meyer and Nest ([16])
Rordam’s calculus of extensions ([18] (refined in [8]))

In [7] we consider the following subclass of graph C*-algebras with “sep-
arated” finite and infinite parts:

Definition 1.3. We define for each n the class LSG[n] C LG[n] consisting of
graph C*-algebras such that there exists a k € {0,...,n} with the property
that Jy is an AF algebra or O-absorbing and C*(E)/J is an AF algebra
or Oy.-absorbing.

The main result of [7] is

Theorem 1.4. Let Ey and Ey be graphs such that C*(E1) and C*(E2) are
in LSG[n|. Then the following are equivalent:

(1) C*(El) QK= C*(EQ) ® K

(2) FKy (C*(Er)) = FKy (C*(E))

Here and in the following X, denotes the primitive ideal space of any
element of £G[n], i.e. the set {1,2,...,n} equipped with the Alexandrov
topology, where the open subsets are

[a,n] ={r e X : a<z<n}

We describe the invariant more carefully below.

The separation which we are assuming in [7] is automatic when we work
with L£G[1] and L£G[2], but becomes an unwanted assumption already in
LG[3]. We believe it may be removed, but this will require the development
of entirely new methods and is not within immediate reach. In the present
paper, at the cost of restricting the nature of the involved K-groups, we
shall demonstrate that classification is still possible in certain situations
where there is no such separation. This will allow us to classify all graph
C*-algebras on finitely many vertices with a finite linear ideal lattice if all
pairs of vertices are connected by infinitely many edges if they are connected
at all. We believe that this lends credibility to our Working conjecture 1.1.

2. NOTATION AND CONVENTIONS

To keep this note short we refer to [8] and [7] for details of notation and
only present the key concepts here.

The work of the second named author ([17]) on the classification of non-
simple Cuntz-Krieger C*-algebras showed the importance of the so-called
K-web considered in symbolic dynamics ([2]) for the problem at hand. More
recently, Meyer and Nest ([16]) have provided an extremely useful algebraic
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context for studying invariants of this type, and pointed out several compli-
cations with regards to obtaining universal coefficient theorems and deter-
mining all natural transformations of relevance to the invariant. We believe
— but are far from able to prove — that the particular algebraic nature of
the K-groups associated to graph C*-algebras implies that these complica-
tions are not relevant in our setting. Hence we conjecture that the following
invariant suffices:

Definition 2.1. Let 2 be a C*-algebra with finitely many ideals and set
X = Prim(2(). Note that for any three ideals 7 <J <R < C*(E), we have a
six term exact sequence

Lx

Ko(3/3) —> Ko(R/7) —> Ky(R/3)

J

0 l@

Ki(R/3) <— Ki(R/T) < — K1(3/7)

The filtrated, ordered K-theory FKJ () of 2 is the collection of all K-
groups thus occurring, equipped with order on Ky and the natural transfor-
mations {i, 7y, 0}.

Consequently, if also Prim(8) = X, leading to a pairing J — 7’ of the
ideals of 2 and B, we will say that FK5 () 2 FKy () if there exist group
isomorphisms

a: Ki(R/3) — Ko (R'/Y)
preserving all natural transformations in such a way that all ozoﬁ’:J are also
order isomorphisms.

All components of this invariant are readily computable ([5]), and often,
much of it is redundant, as is certainly the case in the setting we shall focus
on below. Indeed, in the case we shall study here (because of the draconian
assumption mentioned above) none of the connecting maps carry informa-
tion, and only the Ky-groups of the simple subquotients are necessary. In
other cases we have studied, various other components of this invariant are
necessary, and we do not think that a large reduction of the invariant is
possible in full generality.

We define concepts of fullness for essential extensions of C*-algebras

e: 0B -C¢—-2A—>0
as follows:

Definition 2.2. We say that = is norm-full in a C*-algebra X if = is not
contained in any norm-closed proper ideal of X.

An extension e is said to be full if the associated Busby invariant 7, has the
property that 7.(a) is a norm-full element of M (B)/%B for every a € 2A\{0}.

Let X be a separable stable C*-algebra. Then X is said to have the
corona factorization property ([14]) if every norm-full projection in M (X)
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is Murray-von Neumann equivalent to 1,;(x). Kucerovsky and Ng proved
that for C*-algebras satisfying the corona factorization property, any full
and essential extension is absorbing in the sense of [4], cf. [1, §15.12]

We observe the following in [7]:

Proposition 2.3. Assume that every stabilized simple subquotient of a C*-
algebra A with finitely many ideals has the corona factorization property.
Then also A ® K has the corona factorization property.

With this in hand, the following is easy to see:
Observation 2.4. Let E be a graph such that C*(E) has finitely many

ideals and assume that 3143 < C*(E) are ideals. Then

(i) (3/3) @ K is of the form C*(F) ® K for some graph F';

(i1) (3/3) ® K has the corona factorization property when J/J is simple;
(i1i) C*(E) @ K has the corona factorization property; and

(v) (3/3) @ K always has the corona factorization property.

F can be chosen as a subgraph of the Drinen-Tomforde desingularization of
E ([6]).
3. PROVING FULLNESS OF EXTENSIONS
We quote the following key result from [7]:

Proposition 3.1. Let A be a C*-algebra and let J and ® be ideals of A.
Suppose © /T is an essential ideal of A/T. Then

¢1: 0T —->A—-A/T—0
is a full extension if and only if

¢0: 07T -9 —->9/T—0
s a full extension.

With this in hand we prove our key technical result, allowing us to con-
clude fullness of certain extensions.

Proposition 3.2. Let A be a C*-algebra with a norm-full projection p in A
and let 31D <A be ideals such that ©/J is an essential ideal of A/J and
2A/D is a simple C*-algebra.

Suppose T @ K and © ®@ K satisfy the corona factorization property and
suppose

e1 1 0TI K—-9K—-9/JK—0
2 @ 0-D/TRK-A/TK—-A/DK —0
are both full extensions. Then
e : 09K —-ARK—-A/D2@K -0

s a full extension.
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Proof. By Proposition 3.1, we have that
e3 : 02T K—-AK-A/JK—0

is a full extension.
Note that the diagram

0 0

T K=———7J®K

0—9P®K

AGK —=A/D DK —>0

0—9/TK—A/TIK ——A/D QK —0

0 0

is commutative. Let {e;;} be a system of matrix units of K. Since ¢ = p®ei;
is norm-full in A ® K, the image of ¢ in /D ® K is norm-full in A/D @ K.
To show that e is a full extension it is enough to show that ¢ is norm-full in
M(® ® K).

Let e be the image of ¢ in 2A/J ® K. Since ey is a full extension, we
have that e is norm-full in M (®/J ® K). Hence, e is Murray-von Neumann
equivalent to 1,/(p/3zK), since by Theorem 3.1 (2) of [15], /T ® K has the
corona factorization property. So, e(®/J ® K)e is a stable C*-algebra.

Since e3 is a full extension, ¢ is a norm-full projection in M (J®K). Since
J ® K has the corona factorization property, ¢ is Murray-von Neumann
equivalent to 1j/(;3gK). Hence, ¢(J ® K)q is a stable C*-algebra which is
isomorphic to J ® K. By Theorem 2.4 of [15], ¢(® ® K)q is a stable C*-
algebra. Since ¢(® ® K)q is norm-full in ® ® K, by Theorem 4.23 of [3], ¢ is
Murray-von Neumann equivalent to 13/(pgK). In particular, ¢ is norm-full
in M(® ®K). O

The following lemma was essentially proven in [9].

Lemma 3.3 (cf. [9, 4.5]). Let E be a graph such that C*(E) has exactly
one non-trivial ideal 3. Suppose I and C*(E)/J are not both AF algebras.
Then the extension

e : 0-IK—-C"(E)K—-C*(E)/I®K—0
is a full extension.

Theorem 3.4. Let E be a graph such that 2 = C*(E) € LG[n] for n > 2.
Suppose that for any k € {1,...,n—1} if 3 /Tx—1 and Tx41/Ty are both AF
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algebras, then Jy/Jx_1 = K. Then for any £ € {1,...,n—1}
0-T7,0K—-T41 K — (Jp41/T0) @ K— 0

s a full extension.
Proof. We prove the claim by induction on n. For n = 2 the conclusion
follows from Lemma 3.3 unless we are in the case when both ideal and
quotient are AF. In that case, we use that since the ideal is K, the corona
algebra is simple and hence any essential extension is full.

Let n > 2. By Observation 2.4(i), Jsy1 is a graph C*-algebra and as

above,
023 K—-71 9K —T,41/7/ K —0

the induction assumption and Lemma 3.3 combine to establish that is full
for any £ € {1,...,n —2}. We need to prove fullness at £ =n — 1 as well.
We have seen that
027, 20K—=73, 19K —>7,-1/7, 2K —0 (3.1)

is a full extension. Since also 2/J,,_2 ® K is a graph C*-algebra according
to Observation 2.4(i), as in the case n = 2,

0—>jnfl/jn72®K—>Ql/jn72®K—>Ql/jnfl®K—>0 (32)

is a full extension. Since the C*-algebras considered here have real rank zero
(cf. [12]), the fact that there is a largest proper ideal easily gives the existence
of a full projection, so we may apply Proposition 3.2 to the sequences (3.1)
and (3.2) above to deduce that
0-3,-19K—-73,K—-7,/7,-.19 K—0

is a full extension. O

4. CLASSIFICATION
We cite from [7]:
Lemma 4.1. Let
e1: 0231 —-¢ =2, —0
e9: 0> T — E — Ay — 0
be non-unital full essential extensions. Suppose J; is a stable C*-algebra
satisfying the corona factorization property. If there exists an isomorphism

¢o : J1 — T2 and an isomorphism ¢o : A1 — Ws such that KK (p2) X [1e,] =
[Te,] X KK (), then ey is isomorphic to es.
Theorem 4.2. Let A! and A be separable nuclear C*-algebras with linear
ideal structures A A ‘ '
0=0p<d]1<---<a7, =A

for i € {1,2}, respectively. Suppose that for all i € {1,2}, k € {1,...,n}
and all ¢ € {1,...,n — 1}, we have

(1) Ko(3%/3% ) is a free group
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(2) Ka(33/3,_) =
(3) 3./3% | isa purely infinite simple C*-algebra satisfying the UCT,
or a simple AF algebra
0= 0K—=73,, 9K = (3,,/3) K =0
s a full extension.
Then A' @ K =2 A% @ K if and only if there exist order isomorphisms

(677 K*(jk/jllc—l) - K*(jk/j%—l)
for each k € {1,...,n}.

Proof. As noted in Proposition 2.3 and by Theorem 2.4 of [15], 7} ® K
satisfies the corona factorization property because all stable purely infinite
algebras and simple AF algebras do. It is clear that if A' @ K = 2% @ K,
then there exist order isomorphisms

Q- K*(jk/jllc—l) — K«(J 2/32 1)

for each k € {1,...,n}.

We now proceed by induction on n. If n = 1, then 2A' and ? are simple
C*-algebras. The conclusion of the theorem now follows from the classifica-
tion of AF algebras or the Kirchberg-Phillips classification result. For other
n, suppose Al and A? satisfy the assumptions (1)—(4) and that there exist
order isomorphisms

oy s K (J /llc 1)—’K*(j%/3%—1)

for each k € {1,...,n}.
Consider the extensions

¢ 0-7 1 9K-A K- (A'/3_)2K -0

n—1

Since J¢_, satisfies the assumptions of the theorem at n — 1, from the in-
duction hypothesis, there exists an isomorphism ¢ : J. | @ K — 32, @ K.
Since there exists an order isomorphism K,(!'/J. ;) and K,.(%42/32_,),
there exists an isomorphism ¢ @A/3 Y@K — (A%2/3%2 ;) ® K. Since
Ko /3L 1) is free, K1 (/3L ) = 0, and K1(J32_;) = 0, we have that
KKY(2A'/3L 1,32 ) = 0 by the universal coefficient theorem, since

Jn—1,4
Ext(K. (213, 1), Ku(T3 1)) =0 Hom(K.(A'/T;,_1), Kiy1(3, 1)) = 0.
Thus, KK (¢)) X [1e,] = [1e,] X KK (¢) in KK'(A'/3L _,,3%2 ). Thus, by

'rL 1

Lemma 4.1, A @ K =2 A2 @ K. O

Corollary 4.3. Let A' and 912 be graph C*-algebras in LG[n]. Suppose, for
i € {1,2}, that 3;,/3,_, and J}_/7} are only both AF algebras in the case
when
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and suppose 3};/3};_1 have free Ko-group and trivial Ki-group for any k.
Then A' @ K 2 A2 @ K if and only if there exist order isomorphisms

for

ar s Kuo(31/35_1) — Ku(32/32_))
each k.

Proof. The corollary follows from Theorem 3.4 combined with Theorem 4.2.

O

Example 4.4. Any graph C*-algebra in £G[n] given by a finite adjacency
matrix in which all entries are either 0 or oo falls in the class covered by the
corollary above. Indeed, each stable, simple subquotient will be isomorphic
to one of the C*-algebras

K, Ow®K, 02 K, O3 @K, ...

where O «x ® K is the stable Kirchberg algebra with

Ko(OoK ) =7F K(O®K, ) =0

For instance, the matrices

and

give rise to stably isomorphic C*-algebras in

1]

2l
3]
(4]
[5]
(6]

(7l

[0 oo
oo 0
0 0
0 0
L0 O

cocoog o

0
0
0

00

Q]

co ¥ oo

cooc R Y

00

00
0
0
0

cooc R Y
co¥ 88
838883

GA\LSG4].

o
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