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(Received Nov. 6, 2000)

(Revised Apr. 16, 2001)

Abstract. In this paper we use an identity of Hardy-Stein type in investigations of

the harmonic H
pðBÞ and Bergman bpðBÞ spaces.

1. Introduction and auxiliary results.

Throughout this paper n is an integer greater than 1, Bða; rÞ ¼

fx A R
n j jx� aj < rg denotes the open ball centered at a of radius r, where jxj

denotes the norm of x A R
n and B is the open unit ball in R

n. S ¼ qB ¼

fx A R
n j jxj ¼ 1g is the boundary of B.

Let dV denote the Lebesgue measure on R
n, ds the surface measure on S,

sn the surface area of a S, dVN the normalized Lebesgue measure on B, dsN the

normalized surface measure on S.

Let HðBÞ denote the set of complex-valued harmonic functions on B, HpðBÞ

denote the set of harmonic functions on B such that:

kuk
H

pðBÞ ¼ sup
0<r<1

ð

S

juðrzÞjp dsNðzÞ

� �1=p

< þy

and let bpðBÞ denote the Bergman space i.e., the set of harmonic functions u on B

such that:

kukp ¼

ð

B

juðxÞjp dVðxÞ

� �1=p

< þy:

A function f A C1ðBÞ is said to be a Bloch function if

k f k
B
¼ sup

x AB

ð1� jxjÞj‘f ðxÞj < þy

where j‘f ðxÞj ¼ ð
Pn

1 jqf ðxÞ=qxij
2Þ1=2. The space of Bloch functions is denoted

by BðBÞ.
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Let p > 0. A Borel function f , locally integrable on B, is said to be a

BMOpðBÞ function if

k f kBMOp
¼ sup

Bða; rÞHB

1

VðBða; rÞÞ

ð

Bða; rÞ

j f ðxÞ � fBða; rÞj
p
dVðxÞ

 !1=p

< þy

where the supremum is taken over all balls Bða; rÞ in B, and fBða; rÞ is the mean

value of f over Bða; rÞ.

In [6] for pb 1, Muramoto proved that BðBÞVHðBÞ is isomorphic to

BMOp VHðBÞ as Banach spaces. That paper inspired us to calculate exactly

BMO norm which is the theme of [8]. We proved the following:

Theorem A. Let u A HðBÞ, p > 1. Then

a)

kukp
BMOp

¼ sup
a AB;0<r<1�jaj

pðp� 1Þ

2nðn� 2Þ

�

ð

B

jua; rðxÞ � ua; rð0Þj
p�2j‘ua; rðxÞj

2ð2jxj2�n þ ðn� 2Þjxj2 � nÞ dVNðxÞ

� �

for nb 3

b)

kukp
BMOp

¼ sup
a A B;0<r<1�jaj

pðp� 1Þ

�

ð

B

jua; rðxÞ � ua; rð0Þj
p�2j‘ua; rðxÞj

2ðlnð1=jxjÞ � 1þ jxjÞ dVNðxÞ

� �

for n ¼ 2:

In the proof of this theorem we essentially also proved a generalization of

Hardy-Stein identity, [2]. This identity is included in the following lemma.

Lemma 1. Let 1 < p < þy, u A HðBÞ, then

ð

S

juðrzÞjp dsNðzÞ

¼ juð0Þjp þ
pðp� 1Þ

nðn� 2Þ

ð

rB

juðxÞjp�2j‘uðxÞj2ðjxj2�n � r2�nÞ dVNðxÞ; nb 3: ð1Þ

It is interesting that Lemma 1 is a consequence of the Riesz decomposition

theorem, see, for example [4], of the subharmonic function jujp on rB into a

di¤erence between a harmonic function and a potential.
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Corollary 1. Let 1 < p < þy, u A HðBÞ, r A ð0; 1Þ then

d

dr

ð

S

juðrzÞjp dsNðzÞ ¼
pðp� 1Þ

n
r1�n

ð

rB

juðxÞjp�2j‘uðxÞj2 dVNðxÞ: ð2Þ

Note that this identity is of Hardy-Stein type.

This lemma will be the main tool in this paper. We will use this lemma in

investigations of spaces H
pðBÞ and bpðBÞ. Similar identity exists in the case of

holomorphic functions in [9], but the author does not use it. We shall keep our

attention to the case nb 3. Analogous results hold in the case n ¼ 2. For-

mulations and proofs of this results we leave to the reader.

We will need another lemma in our consideration.

Lemma 2. Let IðrÞ be a nonnegative nondecreasing function on the interval

½0; 1Þ, n A N , M > 0, and let

rnIðrÞa n

ð r

0

IðrÞrn�1 drþM; ð3Þ

then for each e A ð0; rÞ the following inequality

IðrÞa
M

en
þ IðeÞ

holds.

Proof. From (3) we have

ntn�1IðtÞ

ðM þ n
Ð t

0 IðrÞr
n�1 drÞ

a n=t: ð4Þ

Integrating (4) from e to r in the variable t, we obtain

ln
ðM þ n

Ð r

0 IðrÞr
n�1 drÞ

ðM þ n
Ð e

0 IðrÞr
n�1 drÞ

a n ln
r

e

i.e.

M þ n

ð r

0

IðrÞrn�1 dra M þ n

ð e

0

IðrÞrn�1 dr

� �

r

e

� �n

:

Since IðrÞ is nondecreasing we have

M þ n

ð e

0

IðrÞrn�1 dr

� �

r

e

� �n

a ðM þ IðeÞenÞ
rn

en
¼ M

rn

en
þ IðeÞrn:

From which the result follows. r
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In section 2 we prove several necessary and su‰cient conditions for a

harmonic function in the unit ball to be in H
pðBÞ (Theorems 1–4). In Theorem

5 we investigate the rate of growth of

EðrÞ ¼

ð
rB

juðxÞjp�2j‘uðxÞj2 dVðxÞ; u A H
pðBÞ;

as r ! 1. In Theorem 6 we give a local estimate of derivatives of such functions.

In section 3, we prove necessary and su‰cient condition for a harmonic

function in the unit ball to be in harmonic Bergman space bpðBÞ (Theorem

7). We also investigate the rate of growth of EðrÞ as r ! 1, for u A bpðBÞ

(Theorem 8).

2. Hardy harmonic H
pðBÞ space.

In this section we consider Hardy harmonic H
pðBÞ space.

Theorem 1. Let 1 < p < þy. Function u A HðBÞ belongs to H
pðBÞ if and

only if ð
B

juðxÞjp�2j‘uðxÞj2ð1� jxj2Þ dVNðxÞ < þy:

If u A H
pðBÞ, 1 < p < þy, then

kukp

H
p ¼

ð
B

juðxÞjp dVNðxÞ þ
pðp� 1Þ

2n

ð
B

juðxÞjp�2j‘uðxÞj2ð1� jxj2Þ dVNðxÞ:

Proof. Multiplying the formula (2) by rn and integrating from 0 to r, we

obtain
ð r

0

rn d

dr

ð
S

juðrzÞjp dsNðzÞ dr ¼
pðp� 1Þ

n

ð r

0

r

ð
rB

juðxÞjp�2j‘uðxÞj2 dVNðxÞ dr:

Applying integration by parts on the left hand side of previous equality and

using Fubini’s theorem on the right hand side we obtain

rn
ð
S

juðrzÞjp dsNðzÞ

¼

ð
rB

juðxÞjp dVNðxÞ þ
pðp� 1Þ

2n

ð
rB

juðxÞjp�2j‘uðxÞj2ðr2 � jxj2Þ dVNðxÞ: ð5Þ

If u A H
pðBÞ, then by polar coordinates easily follows u A bpðBÞ. From that

by the monotone convergence theorem we have

lim
r!1�0

ð
rB

juðxÞjp dVNðxÞ ¼

ð
B

juðxÞjp dVNðxÞ:
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Since functions rn and
Ð
S
juðrzÞjp dsNðzÞ are nondecreasing then function

rn
Ð
S
juðrzÞjp dsNðzÞ is also such a function. From u A H

pðBÞ also follows

lim
r!1�0

rn
ð
S

juðrzÞjp dsNðzÞ ¼

ð
S

ju�ðzÞjp dsNðzÞ;

where u�ðzÞ is a usual radial limit for a function in H
p.

From all of the above we have there exists

lim
r!1�0

ð
rB

juðxÞjp�2j‘uðxÞj2ðr2 � jxj2Þ dVNðxÞ:

By the monotone convergence theorem we have

lim
r!1�0

ð
rB

juðxÞjp�2j‘uðxÞj2ðr2 � jxj2Þ dVNðxÞ

¼

ð
B

lim
r!1�0

juðxÞjp�2j‘uðxÞj2ðr2 � jxj2ÞwrBðxÞ dVNðxÞ

¼

ð
B

juðxÞjp�2j‘uðxÞj2ð1� jxj2Þ dVNðxÞ

as required.

Conversely, if M ¼
Ð
B
juðxÞjp�2j‘uðxÞj2ð1� jxj2Þ dVNðxÞ < þy, then by (5)

we have

rn
ð
S

juðrzÞjp dsNðzÞa

ð
rB

juðxÞjp dVNðxÞ þM1; M1 A Rþ; r A ð0; 1Þ: ð6Þ

Let IðrÞ ¼
Ð
S
juðrzÞjp dsNðzÞ, then we may simply write (6) in the following

form

rnIðrÞa n

ð r

0

rn�1IðrÞ drþM1:

Taking e ¼ 1=2 in Lemma 2 we have IðrÞaM12
n þ Ið1=2Þ, for r A ½1=2; 1Þ.

Since IðrÞ is nondecreasing function we have IðrÞa Ið1=2Þ, for r A ½0; 1=2�. Thus

the result follows. r

Theorem 2. Let u A H
pðBÞ, 1 < p < þy, then

kukp
H

p ¼ juð0Þjp þ
pðp� 1Þ

nðn� 2Þ

ð
B

juðxÞjp�2j‘uðxÞj2ðjxj2�n � 1Þ dVNðxÞ:

Proof. Since u A H
pðBÞ, letting r ! 1 in formula (1), and noting that the

integrand is positive and increasing in r we obtain the above formula. r
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Next theorem is a generalization of Lemma 1 and Lemma 2 in [2]. We use

the following notation:

Isðr; uÞ ¼

ð

S

juðrzÞjs dsNðzÞ

� �1=s

:

Theorem 3. Let s > 0. If u A H
sðBÞ, 1 < pa 2, then

ð1

0

ð1� rÞI 22s=ðs�pþ2Þðr;‘uÞ dr < þy: ð7Þ

If 2a p < sþ 2, sa p, then (7) implies u A H
sðBÞ.

Proof. By Theorem 1 condition u A H
pðBÞ is equivalent with

ð

B

juðxÞjp�2j‘uðxÞj2ð1� jxj2Þ dVðxÞ

¼

ð1

0

rn�1ð1� r2Þ

ð

S

juðrzÞjp�2j‘uðrzÞj2 dsðzÞ dr < þy: ð8Þ

Let JpðrÞ ¼
Ð

S
juðrzÞjp�2j‘uðrzÞj2 dsNðzÞ.

If pa 2, we can use Jensen’s inequality to the integral

JpðrÞ

I ss ðr; uÞ
¼

ð

S

j‘uðrzÞj2

juðrzÞjs�pþ2

juðrzÞjs

I ss ðr; uÞ
dsNðzÞ:

Since in that case 0 < s=ðs� pþ 2Þa 1, we have

JpðrÞ

I ss ðr; uÞ

� �s=ðs�pþ2Þ

b

ð

S

j‘uðrzÞj2s=ðs�pþ2Þ

juðrzÞj s
juðrzÞjs

I ss ðr; uÞ
dsNðzÞ

¼

ð

S

j‘uðrzÞj2s=ðs�pþ2Þ
dsNðzÞI

�s
s ðr; uÞ; ð9Þ

i.e.

JpðrÞb I p�2
s ðr; uÞI 22s=ðs�pþ2Þðr;‘uÞ: ð10Þ

From that we have

JpðrÞb kukp�2
H

s I 22s=ðs�pþ2Þðr;‘uÞ: ð11Þ

By (8) and (11) we get

ð1

0

rn�1ð1� r2ÞI 22s=ðs�pþ2Þðr;‘uÞ dr < þy:

It is easy to see that the last integral is equiconvergent with integral in (7).
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If 2a p < sþ 2, sa p, then in (10) the converse inequality holds. Therefore

from (1) we obtain, using polar coordinates,

I pp ðr; uÞa juð0Þjp þ
pðp� 1Þ

ðn� 2Þ

ð r

0

JpðrÞðr
2�n � r2�nÞrn�1 dr

a juð0Þjp þ
pðp� 1Þ

ðn� 2Þ

ð r

0

I p�2
s ðr; uÞI 22s=ðs�pþ2Þðr;‘uÞðr� r2�nrn�1Þ dr:

Since u A HðBÞ, function Ipðr; uÞ is nondecreasing in r; see, for example [4].

By Jensen’s inequality we get Isðr; uÞa Ipðr; uÞ for sa p. Thus we have

I 2p ðr; uÞa juð0Þj2 þ
pðp� 1Þ

ðn� 2Þ

ð r

0

I 22s=ðs�pþ2Þðr;‘uÞðr� r2�nrn�1Þ dr

a juð0Þj2 þ
pðp� 1Þ

ðn� 2Þ

ð r

0

I 22s=ðs�pþ2Þðr;‘uÞrð1� rn�2Þ dr

a juð0Þj2 þ pðp� 1Þ

ð r

0

I 22s=ðs�pþ2Þðr;‘uÞð1� rÞ dr:

From that follows second part of this theorem. r

Corollary 2. Let pb 2, u A HðBÞ. If
Ð
B
ð1� jxjÞj‘uðxÞjp dVðxÞ < þy,

then u A H
pðBÞ.

Proof. Since u A HðBÞ, function j‘ujp is subharmonic, see [7], and

therefore Ipðr;‘uÞ is nondecreasing in r. If sup0<r<1 I pp ðr;‘uÞ is finite, then

sup0<r<1 I 2p ðr;‘uÞ is also finite. Thus we have

ð1

0

ð1� rÞI 2p ðr;‘uÞ dr < þy:

By Theorem 3, we obtain u A H
pðBÞ.

If sup0<r<1 I pp ðr;‘uÞ ¼ þy we have there exists r0 such that for r A ½r0; 1Þ,

I pp ðr;‘uÞ > 1. Since pb 2 we have I 2p ðr;‘uÞa I pp ðr;‘uÞ for r A ½r0; 1Þ.

Therefore

ð1

r0

ð1� rÞI 2p ðr;‘uÞ dra

ð1

r0

ð1� rÞI pp ðr;‘uÞ dr < þy:

Hence

ð1

0

ð1� rÞI 2p ðr;‘uÞ dr < þy:

Applying Theorem 3 we obtain our result. r
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By Theorem 3, as in Corollary 2 we can prove this result. Details we leave

to the reader.

Corollary 3. Let 1 < pa 2, u A H
pðBÞ. Then

ð

B

ð1� jxjÞj‘uðxÞjp dVðxÞ < þy:

We shall give an elementary proof of the following theorem (i.e. without

using maximal theorem).

Theorem 4. Let u A HðBÞ and sup0<r<1

Ð

S
j‘uðrzÞjp dsNðzÞ < þy, pb 2,

then u A H
pðBÞ.

Proof. Let IðrÞ ¼
Ð

S
juðrzÞjp dsNðzÞ and

JpðrÞ ¼ JðrÞ ¼

ð

S

juðrzÞjp�2j‘uðrzÞj2 dsNðzÞ

in polar coordinates (2) becomes

I 0ðrÞ ¼ pðp� 1Þr1�n

ð r

0

rn�1JðrÞ dr: ð12Þ

Let us estimate JðrÞ by IðrÞ. For that purpose we write JðrÞ as follows

JðrÞ ¼

ð

S

juðrzÞjp�2

j‘uðrzÞjp�2

j‘uðrzÞjp

k‘uðr �Þkp
p

dsNðzÞ � k‘uðr �Þk
p
p ;

where

k‘uðr �Þkp
p ¼

ð

S

j‘uðrzÞjp dsNðzÞ:

For p > 2 we have p=ðp� 2Þ > 1. Applying Jensen’s inequality we obtain

JðrÞp=ðp�2Þ
a

ð

S

juðrzÞjp

j‘uðrzÞjp
j‘uðrzÞjp

k‘uðr �Þkp
p

dsNðzÞ � k‘uðr �Þk
p2=ð p�2Þ
p

¼ IðrÞ

ð

S

j‘uðrzÞjp dsNðzÞ

� �2p=ðp�2Þ

:

Thus

JðrÞa IðrÞðp�2Þ=p sup
0<r<1

ð

S

j‘uðrzÞjp dsNðzÞ

� �2

¼ C‘uIðrÞ
ðp�2Þ=p: ð13Þ

Combining (12) and (13) we obtain
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I 0ðrÞaC‘u pðp� 1Þr1�n

ð r

0

rn�1IðrÞðp�2Þ=p
dr:

Integrating from 0 to r we get

IðrÞa Ið0Þ þ C‘u pðp� 1Þ

ð r

0

r1�n

ð r

0

sn�1IðsÞðp�2Þ=p
dsdr

¼ Ið0Þ þ C‘u pðp� 1Þ �

ð r

0

sn�1IðsÞðp�2Þ=p

ð r

s

r1�n drds

i.e.

IðrÞa Ið0Þ þ
C‘u pðp� 1Þ

n� 2

ð r

0

sn�1IðsÞðp�2Þ=pðs2�n � r2�nÞ ds

a Ið0Þ þ
C‘u pðp� 1Þ

n� 2

ð r

0

sIðsÞðp�2Þ=p
ds: ð14Þ

Let a ¼ ðp� 2Þ=p then (14) can be written

IðrÞaa Ið0Þ þ C

ð r

0

sIðsÞa ds

� �a

; C ¼
C‘u pðp� 1Þ

n� 2
: ð15Þ

From that we have

CrIðrÞa

ðIð0Þ þ C
Ð r

0 sIðsÞ
a
dsÞa

aCr; 0 < r < 1:

Integrating from 0 to r we get

Ið0Þ þ C

ð r

0

sIðsÞa ds

� �1�a

� Ið0Þ1�a
a ð1� aÞ

Cr2

2
: ð16Þ

By (15) and (16) we have

IðrÞa ð1� aÞ
Cr2

2
þ Ið0Þ1�a

� �1=ð1�aÞ

a
ð1� aÞC

2
þ Ið0Þ1�a

� �1=ð1�aÞ

< þy

thus u A H
pðBÞ.

Remark 1. Theorem 4 is a consequence of Minkowski’s inequality and

maximal theorem, also in the case p A ð1; 2Þ.

Theorem 5. Let 1 < p < þy, u A H
pðBÞ, then

lim
r!1�0

ð1� rÞ

ð

rB

juðxÞjp�2j‘uðxÞj2 dVðxÞ ¼ 0:
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Proof. Integrating the following formula

rn�1 d

dr

ð
S

juðrzÞjp dsNðzÞ ¼
pðp� 1Þ

n

ð
rB

juðxÞjp�2j‘uðxÞj2 dVNðxÞ

from 0 to r we get

rn�1

ð
S

juðrzÞjp dsNðzÞ � ðn� 1Þ

ð r

0

rn�2

ð
S

juðrzÞjp dsNðzÞ dr

¼
pðp� 1Þ

n

ð r

0

ð
rB

juðxÞjp�2j‘uðxÞj2 dVNðxÞ dr:

Since u A H
pðBÞ we have u A bpðBÞ. On the other hand

ð r

0

rn�2

ð
S

juðrzÞjp dsNðzÞ dr

¼

ð1=2

0

rn�2

ð
S

juðrzÞjp dsNðzÞ drþ

ð r

1=2

rn�1

ð
S

juðrzÞjp dsNðzÞ
dr

r

a c1 þ c2

ð
rB

juðxÞjp dVðxÞ < þy:

Therefore, there exists

lim
r!1�0

ð r

0

rn�2

ð
S

juðrzÞjp dsNðzÞ dr;

from which it follows that

lim
r!1�0

ð r

0

ð
rB

juðxÞjp�2j‘uðxÞj2 dVNðxÞ dr

exists.

Thus by Cauchy’s criterion we have

lim
r!1�0

ð1

r

ð
rB

juðxÞjp�2j‘uðxÞj2 dVNðxÞ dr ¼ 0:

Since function JðrÞ ¼
Ð
rB

juðxÞjp�2j‘uðxÞj2 dVðxÞ is nondecreasing we obtain

ð1� rÞJðrÞa

ð 1

r

JðrÞ dr ! 0; as r ! 1� 0;

which is what we needed to prove. r
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In the following theorem we generalize Lemma 2 in [5]. In that paper

Luecking proved theorem in the case of n ¼ 2. Also Luecking reproved Hardy-

Stein identity in that case and applied it in proving Littlewood-Paley inequality.

Theorem 6. Let pb 2 and u A H
pðBÞ, then

j‘uð0Þjpa
np=2pðp� 1Þ

ðn� 2Þn

ð

B

juðxÞjp�2j‘uðxÞj2ðjxj2�n � 1Þ dVNðxÞ; nb 3:

Proof. It is well-known that if u A HðBÞ then uðxÞ ¼
Pþy

m¼0 pmðxÞ, where

pmðxÞ is harmonic homogeneous polynomial of degree m on B. By Hölder

inequality we have kuk
H

2a kuk
H

p . For u A H
2ðBÞ, the following formula

kuk2
H

2 ¼
X

þy

m¼0

ð

S

jpmðzÞj
2
dsNðzÞ ð17Þ

holds; see, for example [1, p. 122].

On the other hand, for homogeneous polynomial of degree m the following

formula h‘pmðxÞ; xi ¼ mpmðxÞ; x A R
n, holds. From (17) we have

kuk
H

2 � juð0Þj2 ¼
X

þy

m¼1

ð

S

jpmðzÞj
2
dsNðzÞb

ð

S

jp1ðzÞj
2
dsNðzÞ

¼

ð

S

jh‘p1ðzÞ; zij
2
dsNðzÞ

since uð0Þ ¼ p0ð0Þ. Let p1ðxÞ ¼ a1x1 þ � � � þ anxn, a1; . . . ; an A C , then

ð

S

jh‘p1ðzÞ; zij
2
dsNðzÞ ¼

ð

S

ja1z1 þ � � � þ anznj
2
dsNðzÞ

¼

ð

S

X

n

i¼1

jaij
2
z2i þ 2

X

i0j

aiajzizjÞ dsNðzÞ:

 

By symmetry of the sphere and subintegral functions we have
Ð

S
zizj dsNðzÞ ¼ 0; i0 j, and

Ð

S
z2i dsNðzÞ ¼ 1=n, i ¼ 1; . . . ; n.

Thus

ð

S

jh‘p1ðzÞ; zij
2
dsNðzÞ ¼

1

n

X

n

i¼1

jaij
2:

Since
Pn

i¼1 jaij
2 ¼ j‘p1ðxÞj

2 ¼ j‘p1ð0Þj
2 ¼ j‘uð0Þj2 we have

1

n
j‘uð0Þj2a kuk2

H
2 � juð0Þj2a kuk2

H
p � juð0Þj2:
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By the inequality ða� bÞq þ bq
a aq, ab b > 0, qb 1, we obtain

j‘uð0Þjpa np=2ðkuk2
H

p � juð0Þj2Þ p=2a np=2ðkukp

H
p � juð0ÞjpÞ: ð18Þ

By the following formula

kukp

H
p ¼ juð0Þjp þ

pðp� 1Þ

nðn� 2Þ

ð
B

juðxÞjp�2j‘uðxÞj2ðjxj2�n � 1Þ dVNðxÞ; ð19Þ

(18) and (19) the result follows. r

3. Bergman bpðBÞ space.

In this section we consider harmonic Bergman space bpðBÞ.

Theorem 7. Let u A HðBÞ, p > 1, then u A bpðBÞ if and only if

Iu ¼

ð
B

juðxÞjp�2j‘uðxÞj2ð2jxj2�n þ ðn� 2Þjxj2 � nÞ dVNðxÞ < þy:

Proof. Multiplying the formula (1) by nrn�1, and integrating from 0 to 1,

applying Fubini’s theorem, for u A HðBÞ, we obtain the following formula

kukp
b p ¼ juð0Þjp þ

pðp� 1Þ

2nðn� 2Þ

ð
B

juðxÞjp�2j‘uðxÞj2ð2jxj2�n þ ðn� 2Þjxj2 � nÞ dVNðxÞ;

thus the result follows. r

Corollary 4. u A bpðBÞ, p > 1 if and only if

ð
B

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ2 dVðxÞ < þy:

Proof. Let

Iu ¼

ð
B

juðxÞjp�2j‘uðxÞj2ððn� 2Þjxjn � njxjn�2 þ 2Þ=jxjn�2
dVNðxÞ:

We leave to the reader that Iu is equiconvergent with
Ð
B
juðxÞjp�2j‘uðxÞj2 �

ð1� jxjÞ2=jxjn�2
dVðxÞ.

Using polar coordinates it is easy to see that the last integral is equicon-

vergent with ð
B

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ2 dVðxÞ:

If nb 3, the Green function for the ball B with pole in the origin is given

by Gðjxj; 1Þ ¼ jxj2�n � 1. r

Corollary 5. Let 1 < p < þy, then u A bpðBÞ if and only if
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Lu ¼

ð
B

juðxÞjp�2j‘uðxÞj2Gðjxj; 1Þð1� jxjÞ dVðxÞ < þy:

Proof. By Theorem 7 it is enough to show that integrals Lu and Iu are

equiconvergent. We know that

Iu @

ð
B

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ2=jxjn�2
dVðxÞ

¼

ð
B

juðxÞjp�2j‘uðxÞj2Gðjxj; 1Þð1� jxjÞ2=ð1� jxjn�2Þ dVðxÞ:

It is clear that expression

1� jxj

1� jxjn�2
¼

1

1þ jxj þ � � � þ jxjn�3

for x A B takes values from the interval ð1=ðn� 2Þ; 1�. Thus we have the re-

quired result. r

Remark 2. Note that from previous estimates we have

juð0Þjp þ
pðp� 1Þ

2nðn� 2Þ2
c1Iua kukp

bp
a juð0Þjp þ

pðp� 1Þ

2nðn� 2Þ
c2Iu;

for positive c1 ¼ c1ðnÞ and c2 ¼ c2ðnÞ.

Theorem 8. Let u A bpðBÞ, p > 1, then

lim
r!1�0

ð1� rÞ2
ð
rB

juðxÞjp�2j‘uðxÞj2 dVðxÞ ¼ 0:

Proof. By Fubini’s theorem we get

ð1

0

ð
rB

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ dVðxÞ dr ¼

ð
B

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ2 dVðxÞ:

Thus, by Corollary 4 we have

lim
r!1�0

ð1

r

ð
rB

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ dVðxÞ dr ¼ 0:

It is obvious that

ð1� rÞ

ð
rB

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ dVðxÞ

a

ð1

r

ð
rB

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ dVðxÞ dr:
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Therefore

lim
r!1�0

ð1� rÞ

ð
rB

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ dVðxÞ ¼ 0:

For jxj < r we have 1� jxj > 1� r, so we have

ð1� rÞ2
ð
rB

juðxÞjp�2j‘uðxÞj2 dVðxÞa ð1� rÞ

ð
rB

juðxÞjp�2j‘uðxÞj2ð1� jxjÞ dVðxÞ;

which finish the proof of the theorem. r

References

[ 1 ] S. Axler, P. Bourdon and W. Ramey, Harmonic function theory, Springer-Verlag, New York,

1992.

[ 2 ] G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XX) Generalization of a

theorem of Paley, Quart. J. Math., Oxford Ser., 8 (1937), 161–171.

[ 3 ] W. Hayman, Multivalent functions, Cambridge Univ. Press, London, 1958.

[ 4 ] W. Hayman and P. B. Kennedy, Subharmonic functions, volume I, Academic Press, London,

New York, San francisco, 1976.

[ 5 ] D. Luecking, A new proof of an inequality of Littlewood and Paley, Proc. Amer. Math. Soc.,

103 (1988), 887–893.

[ 6 ] K. Muramoto, Harmonic Bloch and BMO functions on the unit ball in several variables,

Tokyo J. Math., 11, no. 2, (1988), 381–386.

[ 7 ] E. Stein, Singular integrals and di¤erentiability properties of functions, Princeton Univ. Press,

1970.
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