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Abstract  In this paper we study the local behaviour of admissible metrics in the k- Yamabe
problem on compact Riemannian manifolds (M, go) of dimensionn > 3. Forn/2 < k < n,
we prove a sharp Harnack inequality for admissible metrics when (M, go) is not conformally
equivalent to the unit sphere S” and that the set of all such metrics is compact. When (M, go) is
the unit sphere we prove there is a unique admissible metric with singularity. As a consequence
we prove an existence theorem for equations of Yamabe type, thereby recovering as a special
case, a recent result of Gursky and Viaclovsky on the solvability of the k-Yamabe problem
fork > n/2.

Mathematics Subject Classification (2000) 53C21 - 58J05

1 Introduction

Let (M, go) be a compact Riemannian manifold of dimension n > 3 and [go] the set of
metrics conformal to go. For g € [go] we denote by

A, =t (RiC—Lg) (L.1)
97 =2 9 2m—=1 ‘

the Schouten tensor and by A(Ay) = (A1, ..., A,) the eigenvalues of A, with respect to g
(so one can also write A = k(g’lAg)), where Ric and R are respectively the Ricci tensor
and the scalar curvature. We also denote as usual
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318 N. S. Trudinger, X.-J. Wang

o) = D hipeehy (1.2)

i <<y
the kth elementary symmetric polynomial and
Iy={,eR"| o;(0) >0 forj=1,...,k} (1.3)
the corresponding open, convex cone in R”. Denote
[golk = {g € [g0] | A(Ay) € T}, (1.4)

Following [3], we call a metric in [golx k-admissible. In this paper we prove three main
n

theorems pertaining to the cases k > 7.
Theorem A If (M, go) is not conformally equivalent to the unit sphere S" and 5 < k < n,
then [golk is compact in C° and satisfies the following Harnack inequality, namely for any
9= x90 € [g0lk,

max x () < exp (C|x — y|2_%) (1.5)
xyeM x(y)

Sfor some fixed constant C depending only on n, k and (M, go), where |x — y| denotes the

geodesic distance in the metric go between x and y.

By compactness we mean in the sense of restriction to conformal metrics with fixed
volume. Equivalently the compactness can be understood as the set of all conformal factors
x with sup x = 1. See also (3.28) below. When the manifold (M, gp) is the unit sphere, the
compactness is no longer true. In this case (M, go) with one point removed is conformally
equivalent to the Euclidean space R” so that without loss of generality, it suffices to study
conformal metrics on R". For our investigation we will allow singular metrics. Accordingly
we call a metric ¢ = x go k-admissible if x : M — (0, oo], x is lower semi-continuous,
# oo and there exists a sequence of k-admissible metrics g, = xmgo, xm € C 2(./\/l), such
that x,, — x almost everywhere in M. If ¢ is k-admissible, then the function v = x *=2/4
is subharmonic with respect to the operator

n—?2

O=-A,+— R
ng4(n—1) g

(1.6)

and hence by the weak Harnack inequality [11,25], the set {x = oo} has measure zero. Our
next result classifies the possible singularities of k-admissible metrics on R”.

Theorem B Let g be k-admissible on R" with % < k < n. Then either

C
g(x) = ——go0(x) (1.7
|x — xol

for some point xg € R" and positive constant C, or the conformal factor x is Holder
continuous with exponent o« = 2 — ¢, where go is the standard metric on R".

Remark Theorems A and B also extend to metrics where the condition g € [golx (namely
MAy) € T'y) is replaced by Ps(A) > 0, for some constant § < 1/(n — 2), where Pj is the
Pucci operator [11], given by,

Ps() =mink; +8 > M.
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On Harnack inequalities and singularities 319

By (1.1), the Ricci curvature u = (@1, ..., i) is given by
= =2+ > 4.

Hence the Ricci curvature p; > 0 forall 1 <i < n if and only if P . (A) > 0. We remark

that when A € I'y and k > ’%, the Ricci curvature is nonnegative [15]. I;ldeed, forany A € Ty,

let f(x) = %ZAkx,f. By direct computation, A, f > 0 for p < 2 + % (this is the
simplest case, namely / = 1, in Lemma 4.2 in [27]). Hence

Zk.+mk.>o (1.8)
! n—k 7~ '

for every j. Hence Ric, > 0if A(Ay) € I'y/2, and Ricy > 0if A(Ay) € Ty for k > %

Theorems A and B have various interesting consequences, in particular to the existence
of conformal metrics with prescribed k-curvature. This is the problem of finding a conformal
metric g € [go] such that

or(A(Ay)) = [, (1.9)

where f is a given positive smooth function on M. When f = 1, (1.9) is the k-Yamabe
problem, which has been studied by many authors; see [1,22,26] for k = 1 and [5,6,10, 14,
18,20,21,24,29] for k > 2. For k > %, it was recently resolved by Gursky and Viaclovski
[18], by proving compactness results and characterizations of singularities for solutions. Our
Theorems A and B above show that such results are already valid for admissible metrics,
that is those in the conformal class [go] in which solutions are sought. As well, Theorem A
provides a sharp version of the solution estimates in [18].

By writing g = v¥®=2 gy, we see that (1.9) is equivalent to the conformal k-Hessian

equation

ok (A(V)) = ¢(x, v), (1.10)
where
v V2o 4+ n Vv Vv 1 |Vv)? +n—2 A (L11)
=—VvVVv - VAg, .
n—2 v n—2 v 90 2 90

A(V) denotes the eigenvalues of the matrix V, and ¢ = ka%. When k£ > 2, (1.10) is a
fully nonlinear partial differential equation, which is elliptic if the eigenvalues A(A,) € I'k.
Therefore to study problem (1.9), we always assume [golx # ¥. Under this assumption, the
k-Yamabe problem has been solved in [24] if 2 < k < % and (1.9) is variational. Equa-
tion (1.9) is automatically variational when k = 2, but when k > 3, it is variational when the
manifold is locally conformally flat. When % < k < n, the existence of solutions to (1.9) was
proved in [18] for any smooth, positive function f; see also [6] for the solvability when k = 2
and n = 4, and [14,20] when the manifold is locally conformally flat. For completeness and
to illustrate the application of Theorem A, we prove the following extension.

Theorem C Let (M, go) be a compact n-manifold not conformally equivalent to the unit

sphere S". Suppose 5 < k < n and [golx # 9. Then for any smooth, positive function f and
any constant p # k, there exists a positive admissible solution to the equation

or(A(V)) = f(x)P. (1.12)
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320 N. S. Trudinger, X.-J. Wang

The solution is unique if p < k. When p = k, then there exists a unique constant 6 > 0 such
that

ok (A(V)) = 6f (x)0* (1.13)
has a solution, which is unique up to a constant multiplication.

We may call the constant 6 in (1.13) (with f = 1) the eigenvalue of the conformal
k-Hessian operator in (1.10). As a special case of Theorem C, letting p = k%, we obtain
the existence of solutions to the k-Yamabe problem (1.9) for 5 < k < n, as proved in [18].
As indicated above, the full strength of Theorem A is not necessary for these applications and
solution estimates as in [18] would suffice. We also include some extensions of Theorem C
at the end of Sect. 4.

As in [24] we will use conformal transformations of different forms,
_4_ _ _
g=xg90=viZgy=ugo=e""go (1.14)
so that
u=v 20D = v (1.15)

We say u, v, or w is conformally k-admissible, or simply k-admissible if no confusion arises,
if the metric g is k-admissible. In the smooth case, from the matrix V in (1.11), we see that
u, w are k-admissible if the eigenvalues of the matrices

| Dul?
U= Ujj — TQO +MAg0 s (116)
1
W= [w,-j+wiwj—§|lezgo+Ag0] (1.17)
lie in T, the closure of T'y. Note that if g is the metric given by (1.7), then
C
= 1.18
ST o (119

is the fundamental solution of the Laplace operator.
The conformal k-Hessian equation is closely related to the k-Hessian equation

or(M(D*u)) = ¢ in Q, (1.19)

where Q2 C R” is a bounded domain. For the k-Hessian equation (1.19), it is proved in [27]
that when % < k < n, ak-admissible function (relative to (1.19)) is locally Holder continuous
with Holder exponent @ = 2 — . The existence of solutions to (1.19) with right hand side
¢ = f(x)|u|? for some constant p > 0 was studied in [9] for k < % and in [8,30] for k = n.
By the Holder continuity one can extend the results in [8,30] to the cases % < k < n.The
argument in [30] uses a degree theory, which does not require a variational structure. We will
employ the same degree argument to prove our Theorem C.

The proof of Theorem A can roughly be divided into tw04steps. In the first one we study the

n—

singularity behavior of admissible functions. Let g,, = v, go be a sequence of admissible

metrics in [go]l for k > % Then v, / inf v, converges in locally uniformly to an admissible

function v. Moreover, if xq is a singular point of v, we prove that
Co +o(1)

, 1.20
|x — xo|" 2 (120

v(x) =
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On Harnack inequalities and singularities 321

where Cy is a positive constant, |[x — xg| denotes the geodesic distance from x to xg in
the metric go. In the second step we show that if (1.20) holds at all singular points, then
by Bishop’s volume growth formula, as used in [18], w is smooth away from x¢, and the
manifold (M, go) is conformally equivalent to the unit sphere.
The asymptotic behavior (1.20) has been established for the blow-ups of solutions to the
classical Yamabe problem. Also a weak form of (1.20) was proved by Gursky and Viaclovsky
4

[18], namely if g, = v,,”? go is a sequence of solutions to (1.5) for k > % then vy, / inf vy,

converges locally uniformly away from finitely many singular points to an admissible function
v, and v satisfies

Cq C
— < < — 1.21
o2 =YY S T (2D

at any singular point xo. From (1.21) they proved that (M, go) is conformally equivalent to
the unit sphere. Basically our proof in the second step is inspired by that in [18], however
our proof is somewhat simpler due to the stronger asymptotic estimate (1.20).

In this paper we also introduced a new technique. That is we reduce the singularity analysis
of a k-admissible function to its maximal radial function. Given an admissible function v,
we say v is the maximal radial function of v with center at x if v is a rotationally symmetric
with respect to xg, v < v, and v > ¢ for any radial function ¢ satisfying ¢ < v. Obviously v,
as a function of |x — x¢[, is monotone increasing, namely o(r) > 0(r') forany 0 < r’ < r.
We reduce the proof of (1.20) for v to that for v. This new technique also applies to other
nonlinear elliptic equations, which will be shown in a subsequent paper [28].

This paper is arranged as follows. In Sect. 2 we first prove Theorem B for radially symme-
tric, k-admissible functions defined on R”, then extend it to general k-admissible functions
by considering the corresponding minimal radial function for w = —n% logv. In Sect. 3
we prove Theorem A. By studying the corresponding minimal radial function, we show that
if an admissible function w is a k-admissible function on a manifold M, then either w is
Holder continuous, or (1.20) holds at some singular point xo € M. We then show that if
(1.20) occurs, then w is smooth away from xo and the manifold M is conformally equivalent
to the unit sphere. In Sect. 4 we prove Theorem C by a degree argument.

In a subsequent paper [28], we will establish the asymptotic behavior (1.20) for any
blow-up functions of solutions to the k-Yamabe problem (for I < k < 5) and the problem of
prescribing more general symmetric curvature functions. In particular we prove the existence

and compactness of solutions to the k-Yamabe problem for k = 7.

2 Proof of Theorem B

2.1 Radial functions

We first demonstrate our idea by considering radially symmetric functions. Let w be aradially
symmetric, k-admissible function on R”\{0}. For any given point x # 0, by a rotation of

axes we assume x = (0, ..., 0, r). Regard w as a function of r = |x|, r € (0, c0). Then the
matrix W in (1.17) is diagonal,

1 1 1 1 1
W = diag (fw/ — fw/z, e —w — fw/z, w’ + fw/2) .
r 2 r
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322 N. S. Trudinger, X.-J. Wang

Denote a = w” + %w/z and b = }w/ - %w/z. We have

ok (M(W)) = bFCk_| +abt~' k]

—k
= ckolpt (a n "Tb) . .1
Since A(W) € Ty and k > 5
w’ 1 2
b=———-w">0, 2.2)
r 2
_ k / / 1
a+ = (w+ ) - (L - Zuw?) >0, 2.3)
k r r 2
where 0 = "k;k < 1. It follows that
, 2
O<w < -, 2.4
r
!
w + 2 >0. 2.5)

r

By sub-harmonicity of w, we have w’(r) = 0 for r € (0, ro) if w’(r9) = 0. Note that (2.5)
can also be written as (rw’)’ > 0. Therefore we have

Lemma 2.1 The function rw’ is nonnegative, monotone increasing, and rw’ < 2.

It follows that w must be locally uniformly bounded from above, namely if w(rg) < 0,
then w < C for some constant C depending only on ro. Next we prove

Lemma 2.2 The function w is either Holder continuous in R" with exponent o =2 — ¢, or
w(r) =2logr +C (2.6)
for some constant C.

Proof 1Tt suffices to prove that w is either Holder continuous near r = 0 or (2.6) holds. If

w is not Holder continuous near r = 0, then w’ > 0 as v = ¢ 2z ¥ is superharmonic with
respect to the operator (1.6).
If rw” # 2, then by Lemma 2.1, lim, .o rw’ = ¢¢ < 2. For any ¢; € (co, 2),

/ / 1 /
W+ s - (11— crw 2(1—9)(1—6—1)3 2.7)
r r 2 2/ r
if r is sufficiently small. Hence
4
)
w r

where o =1 — (1 —6)(1 — 5) < 1. We obtain
log(w'r?) |1 > 0.

Hence
C

. 2.8)

w <

~

Hence w is bounded and continuous.
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On Harnack inequalities and singularities 323

To show that w is Holder continuous with Holder exponent & = 2 — , by Lemma 2.1 it
suffices to prove it at r = 0. Note that

w’ 1—-6 2

a+6b=w"4+60—+ —uw'“>0.
r 2
Hence
w’ 0 1-6 ,
—+—->—-——w.
wor T 2
Taking integration from r to rg, we obtain
log(w'r?) |0 > C.
Hence
, C
-
so that w is Holder continuous with exponent 1 — 6 =2 — % O

Remark 2.1 The Holder continuity also follows from [27]. Let u = ¢" be as in (1.15). From
the matrix U in (1.16), one sees that u is k-admissible with respect to the k-Hessian operator
ox (AM(D*u)). To show that u is Holder continuous with exponent @ = 2 — % one applies
the comparison principle to u and ¢(x) = C|x — y|>~"/¥ 4 u(y) (relative to the k-Hessian
equation), where C is chosen such that u < ¢ on d Bg(y), ones sees that u(x) —u(y) < ¢(x)
in Br(y).

It follows that for any constant ¢ > 0, w, = max(w, —c) is also Holder continuous with
exponent 2 — % In particular, if w,, converges to w a.e., then w,, converges to w uniformly
in {w > —c} for any ¢ > 0.

2.2 Proof of Theorem B

Let w be a k-admissible function. For any 7 € R, denote 2, = {w < h}. Since w is upper
semi-continuous, €2 is an open set. For any given point 0, we define a function w of one
variable r by

W(r) = inf{h : dist(0, d) > r}. (2.10)

We call w the minimal radial function of w (with respect to 0). It is a function of | x|, satisfying
w > w and w < ¢ for any radial function ¢ satisfying ¢ > w. Obviously w is monotone
increasing, namely w(r) > w(r’) forany 0 < r’ < r.

Let x;, € 02y, such that |x,| = rp := dist(0, 02). Assume that 0L2;, and w are smooth
at xj. Rotate the axes such that x;, = (0, ..., 0, r;). Then the x,,-axis is the outer normal of
d0€2, at xj,. Hence

W(ry) = wxg),
W(rp +1) = w(xy + tey) @2.11)

for ¢ near 0, where ¢,, = (0, ..., 0, 1). We obtain

W' (rp) = wu(xp) = |Dw|(xp),
W' (rp) = Wn (xp) (2.12)

provided w is twice differentiable point at ry,.
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324 N. S. Trudinger, X.-J. Wang

Let k1, ..., k,—1 be the principal curvatures of 9€2; at xj. Then, after a rotation of the
axes (X1, ..., Xn—1),

w;j = [Dwlk;id;; i,j <n-—1 (2.13)

By our choice of x;,, we have

1
ki < =, (2.14)
r
where r = rj,. Hence the matrix
(w1 < l|Dw|1 (2.15)
lij=1 =7 : :
At xj,, the matrix W is given by
1 2
W = wij +wijw; — §|Dw| 1
wii — 3[Dw|?, 0, C L, Wi
0, wy — 3Dwl?, - way
1 2
Win, W2p, Tt wnn+§|Dw|
Let
" ) 1 2 1 ’ 1 2
W =diag { wi — ElDw| , W2 — 5|Dw| s ey Wyp + §|Dw| (2.16)

be a diagonal matrix. By Lemma 2.3 below, the eigenvalues A(W) eTy.

Lemma 2.3 Let A = (a;j) be an n x n symmetric matrix with eigenvalues A(A) € I'y. Then

o ~ A, 0
)\.(A)) € Fk, where A = 0 ), A = (aij)lfi,jfnfl-
s Ann
In particular if \(A) € Ty, then the vector (ary, ..., ayy) € Ty,

Proof It suffices to prove o; (A(A)) > Oforall j = 1,...,k. Let us prove it for j = k.
Recalling that o3 (L(A)) is the sum of all principal k x k minors, we have

ok (M(A) = ok (M(A)) = D ok 2 (M(Ajin))ay,. (2.17)
i<n
where Aji; denotes the matrix obtained by canceling the ith row and jth column of A. Since
M(A) € Ty, we have

Do (MA) _

ok—2(A(Ajin)) = > 0. (2.18)
da;idau,
Hence oy (A(A)) = ox(1(A)) = 0. O
From (2.15),
. 1 1 1 1 1
W <diag (-0 — =@, ..., -0 — =@ 0" + =(@)?). (2.19)
r 2 r 2 2

@ Springer



On Harnack inequalities and singularities 325

Therefore as in Sect. 2.1, we see that w satisfies

w1,
—— —@)?>0 (2.20)
r 2

-, -, 2
(II)// + E) —(1-0) (K _ l(ﬁ/)) >0 (2.21)
r r 2

if w is twice differentiable at r.
To proceed further we make a remark.

Remark 2.2 Inequalities (2.20) and (2.21) are exactly (2.2) and (2.3). In the present case,
the function w may not be smooth. But by definition, w can be approximated by smooth
k-admissible functions. Hence w can be approximated by piecewise smooth functions, which
satisfy limrﬁro— w'(r) < lirnr%r(;r w’(r) by (2.11).

For a piecewise smooth function w with nonsmooth points r{ > rp--- > r; > --- at
which lim, - @'(r) < lim,_, .+ @/(r), we can mollify w at the points r; to get a smooth

function w* which satisfies lim, o w*(r) = lim,_.ow(r), and also satisfies (2.20) and
(2.21). The proof of Lemma 2.2 implies that if lim,_.o w*(r) = —oo, then r(w*)" = 2; if
lim, o w*(r) > —oo, then w* is Holder continuous with its Holder norm independent of
the mollification.

We can now prove Theorem B easily. First we consider the case when w is unbounded
from below.

Lemma 2.4 Let w be a k-admissible function which is locally unbounded from below, then
there exists a point xo € R" and a constant C such that

w(x) = 2log |x — xo| + C. (2.22)

Proof 1f w is locally unbounded from below, the singular set S = (.o, {w < ¢} is not
empty. Choose a point 0 € S. By (2.20) and (2.21), and from the argument in Sect. 2.1, we
must have w(r) = 2logr + C for some constant C.

Let w = 2log |x| + C. Then

o1 (M(Wy)) =0,
1MW) = 0 F (W) = 0,

where W, is the matrix corresponding to w, given in (1.17). Note that oy (A(W)) is indeed
the Laplace operator in R” (in terms of v, by the relation (1.15)). By our definition of w, we
have w > w. Since w = 2logr + C, we see that w — w attains its local maximum 0 at some
interior point. By the maximum principle for the Laplace equation, we conclude that w = 0.

O

Next we consider the case when w is bounded from below.

Lemma 2.5 Let w be a k-admissible function w. Suppose w is bounded from below. Then
w is Holder continuous with exponent o = 2 — 7.

Proof For any given point x(, we may take x¢ as the origin and let @ be the minimal radial
function of w with respect to xg, as defined in (2.10). Then to prove that w is Holder continuous
at xo with exponenta = 2 — %, it suffices to show that w is Holder continuous with exponent
a. But by (2.20), (2.21), the Holder continuity of w readily follows from the argument in
Sect. 2.1, see (2.9). O
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326 N. S. Trudinger, X.-J. Wang

The Holder continuity also follows from Remark 2.1 above.
Note that the function w =2 log |x| is k-admissible. By truncating at w =—K (for large K),
we see that the set of Holder continuous k-admissible functions is not compact.

2.3 Applications

First we remark that, by the above proof, Theorem B also holds for k-admissible functions

. . _n=2
defined on a domain. Here we restate the theorem for the function v = e~ “Z . Note that by

Lemma 2.1, w is locally uniformly bounded, and so v is locally strictly positive whenk > 7.

Theorem B’ Let Q2 be a domain inR". Let v be a k-admissible function in Q with % <k<n.
If v is unbounded from above near some point xo € , then

v(x) = Clx — xo|* ™. (2.23)
Otherwise v is locally Holder continuous in Q with exponent o =2 — 7.

It was proved in [20] thatif v is a k-admissible function, so is the function vy, in a punctured
small ball B, (0)\{0}, where

vy = Iy T voy (2.24)

Y(x) = ﬁ, and Jy is the Jacobian of the mapping . From Theorem B” we have

Corollary 2.5 Let v be a k-admissible function defined in R*\ B1(0) with 5 < k < n. Then
either v = constant or |x|"~2v(x) converges to a positive constant as x — 0Q.

Proof We cannot apply Theorem B’ directly, as the function vy has a singular point at 0.
Denote w = % logvy. If w(x) — —oo as x — 0, the argument in Sect. 2.2 implies that
w = 2log|x| 4+ C. Changing back to v, we obtain v = constant. Otherwise it suffices to
show that w is continuous at 0.

Let w(0) = lim,_,ow(x) so that w is upper semi-continuous. If a := lim,_ o wx) <
w(0), by subtracting a constant we assume w(0) = 0. Let x,, — 0 such that w(x,,) = —%.
Let w = wy,, be the minimal radial function of w with respect to x,,, as defined in (2.10). We
claim that when m is sufficiently large, the point x; in (2.11) at ~ = 0 cannot be the origin.
In other words, there is a point y,, with w(y,) = 0 such that |y,, — x,,| < |x;;|. Indeed, if

x;, = 0, by the Holder continuity of w in B, (x,,), where r,, = |x,| (Remark 2.1), we see
(n—2)a

that w(x) < —% in Bsy,, (X)), for some 6 > 0 independent of m. Namely v > e~ 4 > 1
in Bsy,, (Xp,), where v = vy, Recall that lim,_ v (x) > 1, by the mean value inequality for
super-harmonic function, we have

m

1
v(0) > — / v(x)dx > 0.
| B2y, [(0)

Boy,, (0)

We reach a contradiction.

When the singular point x = 0 is not the extreme point x; in (2.11), the argument in
Sect. 2.2 applies to w = wy,, in B1(0). In particular w is uniformly Holder continuous.
Hence if w(0) = 0 and w(x,,) < —1, we have |x,,| > c¢o > 0 for some cp independent of m.
This is again a contradiction. Hence w is continuous at 0, and so |x " 2v(x) converges to a
positive constant as x — 00. O
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On Harnack inequalities and singularities 327

Theorem B also implies the non-existence of solutions to the Dirichlet problem in general.
Let ©2 be a bounded domain in R” which is not a ball. Then if £ > %, there is no solution to
the Dirichlet problem

or(AM(V)) = f in Q,
v=c on 0 (2.25)

in general, where c is any positive constant, and f is a positive smooth function. Indeed, let
{ fin} be a sequence of smooth, positive functions which converges to zero locally uniformly
in Q\{xo} such that sup v,, — oo, where v,, is the corresponding solution (if the solution v,,
does not exist, we are through). Then v,, must converge to the function v = Clx — xo|27"
by Theorem B. Hence 2 must be a ball centered at x.

For the existence of solutions to the Dirichlet problem, it was proved recently by Guan
[12] that for any smooth, bounded domain with smooth boundary data, the Dirichlet problem
is classically solvable if there exists a smooth sub-solution with the same boundary trace.

3 Proof of Theorem A
3.1 Holder continuity

We start with a Holder continuity property of k-admissible functions.

n

Lemma 3.1 Let (M, go) be a compact manifold. Suppose g = u=2gy € [golx and k > 5.
Then u is Holder continuous with exponent o =2 — ¥,

u®) —ul) C/u, 3.1
[x — y|*

where C is independent of u.

Proof By approximation it suffices to prove (3.1) for smooth functions. For any given point
0 € M, there exists a conformal normal metric [2,4,16], still denoted by gg, such that in the
normal coordinates at 0,

det(gp)ij =1 near O. (3.2)
Let
uo(x) = |x[>7%, (3.3)

where | x| denotes the geodesic distance from 0. Note that under condition (3.2), the Laplacian
A on M is equal to the Euclidean Laplacian when applying to functions of r = |x| alone
[19,23]. Hence

nk —1)2k — n)r_%

B (3.4)

Agoup =

Denote by

Plul=mink; +3> ki, (5 - %) (3.5)

l
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the Pucci minimal operator [11], where (A1, .. ., A,,) are the eigenvalues of the Hessian matrix
(Vijup). Obviously we have

(2k —n)(n — k) —n

min A; < Brzuo 2

(3.6)

Therefore ug satisfies
Plugl <0 in By, \{0}.

where By , denotes the geodesic ball with center y and radius r.
- Onihe other hand, since A(U) € I'y, where U is given in (1.16), we have A(u;; +uAg,) €
'y C T'y. Namely Au + tr(Ay,)u > 0. By the weak Harnack inequality [11] it follows

supu < C/u, 3.7
M

where C is a constant independent of u. Therefore to prove (3.1) we may assume that f amu=1
and u is uniformly bounded.

Let uy = u + alx|?. Then VZu, > VZu + al near 0, where [ is the unit matrix. Since
AV + uly) € Tk, we have A(V2u,) € T when a is suitably large. Taking / = 1 in the
proof of Lemma 4.2 in [27], one has

n(k_ 1) Zx, >0, (3.8)

namely P[u,] > 0 near 0. Hence by applying the comparison principle to the functions u,
and u( with respect to the operator P, we conclude the Holder continuity (3.1). O

Remark 3.1 The estimate (3.1) (with exponento < 2— %, k > %) also follows from gradient
estimates from our reduction to p-Laplacian subsolution in [27]. Since A(U) € I'y, we have
MD?u +uAgyy) € Tx. By (3.8) it follows that

Apu = Vi(|VulP72Viu) > —Cu|Vu|P~2 (3.9)
forp—2 = % and some constant C. From our argument in [27], we obtain f am IVul? < C
for any ¢ < nk/(n — k), whence by the Sobolev inequality, we infer (3.1) fora <2 — 7
(see also [17]).
By the relation u = e%, we have the following

Corollary 3.2 Let w be a k-admissible function. Suppose w < 0. Then for any K > 0, there
exists C = Cg > 0, independent of w, such that when w(y) > —K,

<C, (3.10)
with the same o as above.
From (3.10), we see that if w(x) < —K — 1, then |x — y| > C,lﬁl. Also note that in

Corollary 3.2, if we assume that w < 0 in By ,, then (3.10) holds for x, y € By /> for some
C depending on r.
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3.2 Singularity behaviour of k-admissible functions

Suppose w is a k-admissible function. At any given point 0 € M, we choose a conformal
normal coordinate near O such that (3.2) holds. In the conformal metric, the Ricci curvature
vanishes at 0 [19,23]. Hence

[Ag(x)] < Cr nmear0, (3.11)

where r is the geodesic distance from 0. Let w be the minimal radial function of w with
respect to 0, as defined in (2.10). Then the argument thereafter is still valid, except that (2.14)
should be replaced by «; < % + C. Also note that in the conformal normal coordinate, at the

point (0, ..., 0, r) in the exponential map, the metric go = I + J, where / is the unit matrix,
|J| = O(r) and its nth-row and nth-column vanishes. Hence from (2.19), we have

(b,....b, a)eTy, (3.12)
where

o1 1-C
b:(——i—C)zb’— zr(a/)2+cr,

Similarly to the argument in Sect. 2.1, we have b >(0anda + ";kl; > (. Note that b > 01is
equivalent to that %(II)/)Z < (% + C) w’ + Cr. Hence

~ n—k- ~ /7 1 ~ / 1 ~ / 1 ~ /N2
a—+ p b>|w +{-+C)w +Cr|—-(10-6)|{-+C w—E(w) +Cr| >0,
r r
where 6 = % is as in (2.3). It follows that, when r > 0 is small,
2 C
W <S4+ 4, (3.13)
roow
1
w” + (f + C) w +Cr > 0. (3.14)
r
From (3.13),
., 2
w<-+C
r
for a different C. It follows that w(r) > —oo for any r > 0, namely the set {w = —o0}

cannot an open set containing the origin 0. But this property also follows from the weak
Harnack inequality for the operator (1.6), as noted there.
From (3.14), we therefore obtain

(rw') +C > 0.

It follows that " + Cr is increasing. By the compactness of M, a k-admissible function w
must be bounded from above.
If riv” < 2 near r = 0, then similarly to (2.7) (2.8), w is bounded and Hoélder continuous.
If ri' — 2asr — 0, then rw’ + Cr > 2, namely w’ > % — C. Hence we obtain

2 2

“4+Cc=w=>=-C. (3.15)
.
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We obtain
w(r) =2logr + C' + O(r). (3.16)
By subtracting a constant we assume that C’ = 0.

Lemma 3.3 If w satisfies (3.16), then near 0,
w(x) =2log|x| 4+ o(1). (3.17)

Proof We prove (3.17) by a blow-up argument. In a normal coordinate system at 0, let
y = ¢px and wy, (y) = w(x) + 2log ¢y, where ¢, is any sequence converging to infinity.
Let w,, be the radial function corresponding to w,,. Then by (3.16),

W (r) = 2logr 4+ 0(c;, ). (3.18)

Hence w,, — 2logr.

For any fixed ro > 0 small, let wy, (Yin) =W (ro) (|ym|=ro). We may assume that y,,, — yo.
By the Holder continuity (Corollary 3.2), we may also assume that in a neighborhood of yy,
wy, converges uniformly to weo. Then weo is a k-admissible function defined on R”. The
comparison principle argument of Lemma 2.4 implies that wo, = 2logr in a neighborhood
of yo. The Holder continuity in Corollary 3.2 implies that if wy, = 2log r at some point, weo
is well-defined nearby. The comparison principle then implies that wo, = 2logr near the
point. Hence w,, converges uniformly to wo, = 2logr on |x| = rg, and converges locally
uniformly to ws, = 21logr in R"\{0}. Hence (3.17) is proved. O

Note that (3.17) is equivalent to (1.20), by the relation v = e’ngzw.

Remark 3.2 From the proof of Lemma 3.3, we see that w has only isolated singularities.
For if there is a sequence of singular points x,, € M which converges to a point 0, we may
choose ¢, = |x,|~" in the above argument. Then the limit function we, has at least two
singular points 0 and x* = lim x,, /| x,, |. To see that x* is a singular point of the limit function
Woo, We notice that the constant C’ is uniformly bounded from above if w is negative in a
neighbourhood of 0, which in turn implies that limy_ y* weo (x*) = —o0. But the above
argument shows that wo, = 2logr. This is a contradiction.

Similarly one can show that the set of all isolated singular points has no limit points, for if
there is a sequence of singular points y,, — 0, we may for each m > 1 choose a conformal
normal coordinate with origin at y,, and consider the sequence x,, = y;;+1 — Y. The above
argument also leads to a contradiction.

Next we show that w has at most one singular point.

Lemma 3.4 Let w be a k-admissible function. Then the singularity set
Sw =[x e M|wx) <h) (3.19)
h<0

contains at most one point.

Proof We adapt the corresponding argument in [18]. If S, is not empty, it consists of finitely
many isolated points. Let g = e~ 2% go. By Lemma 3.3, (M\S,, g) is a complete manifold
with finitely many ends. Now fixing a point y ¢ S,,, we consider the ratio

Vol(B,,)

Q)= —2 (3.20)

@ Springer



On Harnack inequalities and singularities 331

where By, = By r[g] is the geodesic ball of (M, g). By definition, as well as the local
Holder continuity (Lemma 3.1), there is a sequence of smooth k-admissible functions wy,
which converges to w locally uniformly. It is easy to verify that for any fixed y and r,
Vol(By,r[gm]) — Vol(By ;[g]) as m — oo, where g, = e‘zw‘"go. Note that when k > n/2
the Ricci curvature of (M, g,,) is positive, as shown in (1.8). Hence by the Bishop Theorem,
the ratio Q,,,(r) = Vol(B, ,[gm])/r" is decreasing for all m. Sending m — oo, we see that
Q is non-increasing in . Hence

0(0) < lin}) o) < %wn, 3.21)

where w, is the area of the unit sphere $"~!.
On the other hand, denote A,, ,, = Bo,[g90] — Bo,-[g0l, where r; > r;i > 0 are

sufficiently small. We identify A, ,, with the Euclidean annulus Afl,rz ={xeR"|r <
|x| < r2} by the exponential map. By the asymptotic behavior (3.17), the volume of A, ,,

in the metric g = e~2% gy is a lower order perturbation of that in the metric ¢’ = e 490,

where w’ = 2log |x|. But in our normal coordinates at 0, by (3.2) the volume of A,, ,, in ¢’
is the same as that of Ay, , with the metric g, = e=2""g,, where g, is the standard Euclidean
metric. Hence Voly Ay, », = %a),, (ry n_ ry ). Therefore as r — 00, each end of the metric

g will contribute to the ratio Q(r) a factor %wn. Therefore we obtain

lim 0) = ey, (3.22)
r—00 n

where m is the number of singular points of w. From (3.21) and (3.22) we see that if S, is
not empty, then m must be equal to 1, namely S, is a single point. O

3.3 Smoothness of k-admissible functions

In this subsection we prove the following smoothness result. The proof is again inspired by
the corresponding proof in [18].

Lemma 3.5 Let w be a k-admissible function w with a singular point 0. Then w is C*
smooth away from 0.

Proof First we prove
ok (A(Ay) =0 in M\{0}, (3.23)

where g = e~2"go. It suffices to prove that for any given point xo # 0 and a sufficiently
smallr > 0 (r < %|xo|), (3.23) holds in By, , = By,.r[g0].

By definition, there exists a sequence w, of smooth k-admissible functions which
converges to w in By, o, uniformly. Let ¢, be the admissible solution of the Dirichlet
problem [12]

Gk(k(Agw,n ) =é&n in Byo.rs

3.24
Om =Wy OndBy ( )

where gy, = e~ 2m go, and &, is a small positive constant (g, — 0 as m — 00) such
that oy (A (Ag,, ) > &m (Gu,, = e~ 2Wnm go). By the comparison principle we have ¢, > wy,
in By, . Let Wy = wy in M — By, , and W, = ¢, in By, . Then 0, is k-admissible
(see Corollary 3.8 below). Let w = lim,;— 00 Wy,. Then w is a k-admissible function with
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Vol(By,,

singularity point 0. Define the metric § = ¢~ 2" go and the ratio o@r) = r,, 9D Then

from the proof of Lemma 3.4, we also have O = %wn.

To prove (3.23) it suffices to show that & = w. Noting that & = w in M — By, , and
W > w in By, ,, we have By ,[§] D By, [g] forany r > 0 and y # 0. If there exists a point
y € By, such that W > w at y, then there exists a positive constant § > 0 such that for any
r>1,

By,r[g] D By,r+8[g]-

But this is impossible as both the ratios Q(r) and Q(r) are constant.
By the interior second order derivative estimate [13], we see that w is C L1 smooth. Next
we prove that w is C* smooth away from 0. By the regularity of linear elliptic equations

[11], it suffices to prove that v = e_%w € C11is a strong solution to the uniformly elliptic
equation
n—2 )
— Agyv + ngov =0 in M\{0}, (3.25)

where R, is the scalar curvature of (M, go); namely the scalar curvature of g = e g

vanishes identically.

Equation (3.25) may be verified as in Sect. 7.6 in [18]. Here we provide a proof for
completeness. Since w € CU!, it is twice differentiable almost everywhere. Suppose at a
point 0, w is twice differentiable and the scalar curvature R > 0. Then with respect to normal
coordinates of g at 0, we have the expansion

1
detgij = 1 = > Rijxix; +o(1x%), (3.26)

see (5.2) in [19]. Hence

Vol (B, [g]) = / Jdetg,;
B().r

_ / |:1—éR,-jx,'Xj+0(|x|2):|

BO,r

n 2 2
= —wur" |1 — ——r“ 4 o(r s 3.27
L @n [ 612 ( )] (3.27)
where R;; and R are respectively the Ricci curvature and the scalar curvature in g. This is a
contradiction when R > 0 at 0, as the ratio Q is a constant. Hence the scalar curvature of g
vanishes almost everywhere. O

3.4 End of proof of Theorem A

From Sects. 3.2 and 3.3, we see that if (M, go) is a compact manifold and there exists a
k-admissible function w with singularity at some point 0, then w has the asymptotic for-
mula (3.17) and w is smooth away from 0. The manifold M\{0} equipped with the metric
g = e ¥ gy is a complete manifold with nonnegative Ricci curvature, and satisfies further-
more the volume growth formula Q(r) = 1. Hence (M\{0}, g) is isometric to the Euclidean
space [7]. Hence (M, gp) is conformally equivalent to the unit sphere S”. See also [18].

To finish the proof of Theorem A, it suffices to prove
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Lemma 3.6 Let (M, go) be a compact manifold. If (M, go) is not conformally equivalent
to the unit sphere S", then there exists K > 0 such that if w is a k-admissible function,

—infw <K, 3.28
sjl\lfw 1/1\1/!w < (3.28)
lw(x) —w(y)| < K|x — y[*°%. (3.29)

Proof If (3.28) is not true, there exists a sequence of k-admissible functions w,, such that
sup o4 w,m = 0 (by subtracting a constant if necessary) and inf oq w,, — —o0. Suppose that
wp (0) — —oo. By Lemma 3.1, {¢"} are uniformly Holder continuous. Hence we may
assume that e converges locally uniformly to e in M. The Holder continuity also implies
that ¢” (0) = 0, namely lim,_,o w(x) = —oo. By a weak Harnack inequality for (1.6), the
set {w = —oo} has measure zero and so w is k-admissible. Applying Lemma 3.3 to the limit
function w we conclude that w has the asymptotic behavior (3.17) and that 0 is an isolated
singularity of w (see Remark 3.2). Therefore by Lemmas 3.4, O is the unique singular point
of w. By Lemma 3.5, w is C°°-smooth away from 0. Hence as above, we see that (M, gp) is
conformally equivalent to the unit sphere S”, which is ruled out by our assumption. Hence
(3.28) holds.

The Holder continuity (3.29) follows from Lemma 3.1. O

3.5 Remarks on the set [go]x

In this section we prove some properties of k-admissible functions.

Lemma 3.7 Ifw;, wy are smooth and k-admissible, then w = max (w1, wy) is k-admissible.
Proof 1t is convenient to consider the function u = . By approximation we suppose u|
and u, are smooth and k-admissible functions such that the eigenvalues A(U) lie strictly in

the open convex cone I'y, where U is the matrix (1.16) with ¥ = u; and u,. Hence when
r > 0 is sufficiently small, the eigenvalues of the matrix

|Vul?
Ur = {uij — T +uAy, (3.30)
lie in I’y for u = uy and uy, where uy, , = infBXO., u.

Let u = max(uy, up). Since u1, up are smooth functions, u is twice differentiable almost
everywhere. Let p € C 8" (R™) be a mollifier. In particular we choose p to be a radial, smooth,
nonnegative function, supported in the unit ball By 1, with f By, P = 1. Let

uje () = / £"p ('x;y ')u(y),/det(go),-jdy (331)

X,

be the mollification of u, where B, . is the geodesic ball. For each point x, using normal
coordinates and the exponential map, we have, by (3.26),

up)(x) = / p()u(x — ey),/det(go)i; dy

Bo,1

2
= / p(ux —ey) (1 - %Rij(x)yiyj + 0(83)) dy, (3.32)

Bo,1
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where By  is the Euclidean space. If gg is a flat metric, we have

Vupe = / p(MVu(x —ey)dy, (3.33)
Bo,1
Vuge > / p(NV3u(x — ey)dy, (3.34)
Bo,1
2
Vg2 = / () Vulx — ey)dy
Bo,1
< / pO)IVulx — ey)Pdy. (3.39)
Bo,1

Hence u[¢ is k-admissible by (3.30). If go is not flat, by (3.32), an extra term of magnitude
0 (&?) arises. Letting & > 0 be sufficiently small and noting that the eigenvalues of U (with
respect to u1 and u) lie strictly in the open set I'y, we conclude again that u [, is k-admissible.

O

Corollary 3.8 Suppose ¢ is a smooth k-admissible function on M with ox(M(Ag,)) > f,

where g, = e 22go € [golk and f is a smooth, positive function. Let w be the admissible
solution of

ok(A(W)) = f inQ,

w=¢ onoas, (3.36)

where W is given in (1.17), and Q2 is a smooth domain on M. Extend w to M by letting
w =@ on M — Q. Then w is k-admissible.

It was proved in [12] that (3.36) admits a solution w, smooth up to the boundary. By the
comparison principle we have w > ¢ in  and 9, (¢ — w) > 0 on 9€2, where v is the unit
outward normal. Hence we can extend w to a neighbourhood of €2 such that it is k-admissible.
Hence Corollary 3.8 follows from Lemma 3.7.

Corollary 3.9 Consider the Dirichlet problem (3.36). Suppose the set of sub-solutions Wy,
is not empty. Let

w(x) = sup{p(x) | ¢ € Wup}- (3.37)

If w is bounded from above, then it is a solution to (3.36).

By the interior a priori estimates [13], the proof is standard. Note that in Corollary 3.9,
we allow € to be the whole manifold M.

4 Proof of Theorem C

We divide the proof into three cases, according to p < k, p =k, and p > k.

Case 1 p < k.By (1.15), we can write Eq. (1.12) as
ox(M(W)) = fe”, 4.1
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where f is a constant multiple of that in (1.12),
1
a= E(n—Z)(k—p). 4.2)

For any given k-admissible function w, the functions w + ¢ and w — c are respectively a
super and a sub solution of (4.1) provided the constant c is sufficiently large. By the a priori
estimates in [13] and the comparison principle, the solution of (4.1) is uniformly bounded.
When a > 0, the linearized equation of (4.1) is invertible. Hence by the continuity method,
there is a unique smooth solution to (4.1).

Case 2 p = k. We prove that for any positive smooth function f, there is a unique constant
6 > 0 such that the equation

ox(M(W)) =0f (4.3)

has a solution. For a > 0 small, let w, be the solution of (4.1). Let ¢, = inf w,. We write
(4.1) in the form

ok (M(W,)) = (fe“a)eta=ca) 4.4)

where W, is the matrix (1.17) relative to w,. Assume gy € [golx so that A(Ag,) € I'x. Then
at the maximum point of w,,

ok (AM(Agy)) = ok (M(Wa)) = fe“.
At the minimum point of w,,
ok (A(Agy)) < ok (M (Wy)) = fee.

Hence e““ is strictly positive and uniformly bounded as a — 0. By the a priori estimates
[13], where the estimates depend only on inf(w, — ¢,), we see that w, — ¢, is uniformly
bounded from above and sub-converges to a solution wq of (4.3) with 6 = lim,_,¢ e%“.
By the maximum principle it is easy to see that if w’ is another solution, then necessarily
w’ = wq + const; and furthermore (4.3) has no (k-admissible) solution for different 6.

Case 3 p > k. In this case we adopt the degree argument from [30], see the proof of
Theorem 5.1 there. Alternatively we can also use the degree argument in Sect. 3 of [30]. We
will study the auxiliary problem

ok (A(V) =1(8 + fovP), (4.6)

where ¢ > 0 is a parameter and §; is a positive constant depending on ¢, §; = do < 1 when
t <landé, = 1 whent > 2, and §; is smooth and monotone increasing when 1 <t < 2.

Claim 1 For any 9 > 0, the solution of (4.6) is uniformly bounded when ¢ > 1. Indeed, if
there exists a sequence of solutions (¢;, v;) of (4.6) such that t; > #p and supv; — oo, we
have m; = inf v; — oo by (1.5). The function v} = vj/mj satisfies

ok (V1) = 1 fm? )P

\%

tjfmf_k — 00, 4.7

where V' is the matrix (1.11) relative to v’. From (4.7) and the comparison principle we have
sup v; — 00. Hence inf v;. — o0 by (1.5), which contradicts to the definition of v}.
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Define the mapping 7; so that for any v € C2(M), T;(vy) is the solution of
ok (A(V)) =18 + fo]). (4.3)

Then a solution of (4.6) is a fixed point of 7.

Claim 2 There is a solution of (4.6) when ¢ > 0 is small. Indeed, for any smooth, positive
function ¢*, denote ® = {¢p € C2(M) | 0 < ¢ < ¢*, lellc2 < R} for some large constant
R > 0. Then when §p, t > 0 are small, 7 (®) is strictly contained in ®. Hence the degree
deg(l — Tz, @, 0) is well defined for > 0 small. Extend 7; to ¢t = 0 by letting 7;(v) = 0
for all v, so that 7T; is also continuous at ¢+ = 0. Hence

deg(I — T;, @, 0) = deg(I — Tp, ,0) = 1. 4.9)

Hence 7; has a fixed point in ® for ¢ > 0 small.
Note that when Jy is sufficiently small, letting ¢* be a small positive constant, we see that
(4.6) has a solution for ¢ < 1.

Claim 3 Lett* = sup{t | (4.6) admits a solution}. Then ¢* is finite. Indeed, if t* = oo, there
isasequencet; — oosuchthat(4.6) hasasolutionv;. We have obviouslym ; = inf v; — oo,
which is a contradiction with Claim 1.

Claim 4 Equation (4.6) has a solution at r = ¢*. Indeed, let t; ,/ +* and v; be the corres-
ponding solution of (4.6). By claim 1, v; is uniformly bounded. Hence v; sub-converges to
a solution v* of (4.6) with r = ¢*.

Now we choose ¢* = v* and define ® as above. For any v; € &, let v be the solution of
(4.8). Since for any ¢ € (0, *), v* is a super-solution of (4.6). We have 0 < v < v* by the
maximum principle. Hence by (4.9), deg({ — T;, ®,0) = 1 for ¢ € [0, ¢*).

On the other hand, for any given ¢y > 0, since the solution of (4.6) is uniformly bounded
fort > 1y, the degree deg(I — Ty, Bg, 0) is well defined for 7 € (z9, t* + 1] for sufficiently
large R, where B = {v € C2(M) |0 <v <R, lvllc2 < R}. But when ¢ > tx, (4.6) has
no solution. Hence deg(/ — 73, Bg, 0) = 0. Hence for any ¢ > 19, (4.6) has a solution v ¢ ®
with degree —1.

Let v = vs, ¢ P be asolution of (4.6) att = 1. We have sup v > inf v* > 0. Let§p — 0.
Since the solution is uniformly bounded, it converges to a solution of (1.12). This completes
the proof. O

From the above argument, we have the following extensions.

Corollary 4.1 Let (M, go) be a compact n-manifold not conformally equivalent to the unit
sphere S". Suppose % < k <nand[golk # V. Suppose there exists a constant cy > 0 such
that

px, 1) = co, (4.10)
lim 1 *p(x, 1) = co. 4.11)
—00

Then there exists a constant t* > 0 such that the equation
ox(AM(V)) = 19(x, v) (4.12)

has at least two solutions for 0 < t < t*, one solution at t = t*, and no solution for t > t*.
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Corollary 4.2 Let (M, go) be as in Corollary 4.1, 5 < k < n. Suppose ¢ > 0,
lin(l)t_kgo(x, 1 =0, (4.13)
t—

and (4.11) holds. Then there exists a solution to (1.10).

In the above theorems, we can also allow that the right hand side depends on the gradient
V. Furthermore, (4.11) and (4.13) can be relaxed to

,lirgofk(p(x, 1 >0, (4.14)
lim Ko, 1) <0, (4.15)

where 0 is the eigenvalue of (1.13) (with f = 1). See [30] for the Monge-Ampere equation.

We remark that when 1 < k < %, Theorem C holds for p < k%. Indeed, when
p < k, the proof of the Cases 1 and 2 above also applies to the cases 1 < k < % When
k<p< k%, by a blow-up argument and the Liouville theorem [20], it is known that the
set of solutions to (4.6) is uniformly bounded. Hence by the above degree argument, one also

obtains the existence of solutions.

Corollary 4.3 Let (M, go) be a compact n-manifold with [golx # ¥, 1 < k < n. Then for
any smooth, positive function f and any constant p #k, p < kﬁf%, there exists a positive
solution to the (1.12). The solution is unique if p < k. When p = k, there exists a unique
constant 6 > 0 such that (1.13) has a solution. The solution is unique up to a constant

multiplication.

Note that in Corollary 4.3 we allow that (M, go) is the unit sphere.
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