
Calc. Var. (2009) 35:317–338
DOI 10.1007/s00526-008-0207-0 Calculus of Variations

On Harnack inequalities and singularities of admissible
metrics in the Yamabe problem

Neil S. Trudinger · Xu-Jia Wang

Received: 12 April 2007 / Accepted: 11 September 2008 / Published online: 2 December 2008
© Springer-Verlag 2008

Abstract In this paper we study the local behaviour of admissible metrics in the k-Yamabe
problem on compact Riemannian manifolds (M, g0) of dimension n ≥ 3. For n/2 < k < n,
we prove a sharp Harnack inequality for admissible metrics when (M, g0) is not conformally
equivalent to the unit sphere Sn and that the set of all such metrics is compact. When (M, g0) is
the unit sphere we prove there is a unique admissible metric with singularity. As a consequence
we prove an existence theorem for equations of Yamabe type, thereby recovering as a special
case, a recent result of Gursky and Viaclovsky on the solvability of the k-Yamabe problem
for k > n/2.

Mathematics Subject Classification (2000) 53C21 · 58J05

1 Introduction

Let (M, g0) be a compact Riemannian manifold of dimension n ≥ 3 and [g0] the set of
metrics conformal to g0. For g ∈ [g0] we denote by

Ag = 1
n − 2

(
Ricg −

Rg

2(n − 1)
g

)
(1.1)

the Schouten tensor and by λ(Ag) = (λ1, . . . , λn) the eigenvalues of Ag with respect to g
(so one can also write λ = λ(g−1 Ag)), where Ric and R are respectively the Ricci tensor
and the scalar curvature. We also denote as usual
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318 N. S. Trudinger, X.-J. Wang

σk(λ) =
∑

i1<···<ik

λi1 · · · λik (1.2)

the kth elementary symmetric polynomial and

#k = {λ ∈ Rn | σ j (λ) > 0 for j = 1, . . . , k} (1.3)

the corresponding open, convex cone in Rn . Denote

[g0]k = {g ∈ [g0] | λ(Ag) ∈ #̄k}. (1.4)

Following [3], we call a metric in [g0]k k-admissible. In this paper we prove three main
theorems pertaining to the cases k > n

2 .

Theorem A If (M, g0) is not conformally equivalent to the unit sphere Sn and n
2 < k ≤ n,

then [g0]k is compact in C0 and satisfies the following Harnack inequality, namely for any
g = χg0 ∈ [g0]k ,

max
x,y∈M

χ(x)

χ(y)
≤ exp

(
C |x − y|2− n

k

)
(1.5)

for some fixed constant C depending only on n, k and (M, g0), where |x − y| denotes the
geodesic distance in the metric g0 between x and y.

By compactness we mean in the sense of restriction to conformal metrics with fixed
volume. Equivalently the compactness can be understood as the set of all conformal factors
χ with sup χ = 1. See also (3.28) below. When the manifold (M, g0) is the unit sphere, the
compactness is no longer true. In this case (M, g0) with one point removed is conformally
equivalent to the Euclidean space Rn so that without loss of generality, it suffices to study
conformal metrics on Rn . For our investigation we will allow singular metrics. Accordingly
we call a metric g = χg0 k-admissible if χ : M → (0,∞], χ is lower semi-continuous,
'≡ ∞ and there exists a sequence of k-admissible metrics gm = χmg0, χm ∈ C2(M), such
that χm → χ almost everywhere in M. If g is k-admissible, then the function v = χ(n−2)/4

is subharmonic with respect to the operator

! := −%g + n − 2
4(n − 1)

Rg (1.6)

and hence by the weak Harnack inequality [11,25], the set {χ = ∞} has measure zero. Our
next result classifies the possible singularities of k-admissible metrics on Rn .

Theorem B Let g be k-admissible on Rn with n
2 < k ≤ n. Then either

g(x) = C
|x − x0|4

g0(x) (1.7)

for some point x0 ∈ Rn and positive constant C, or the conformal factor χ is Hölder
continuous with exponent α = 2 − n

k , where g0 is the standard metric on Rn.

Remark Theorems A and B also extend to metrics where the condition g ∈ [g0]k (namely
λ(Ag) ∈ #k) is replaced by Pδ(λ) > 0, for some constant δ < 1/(n − 2), where Pδ is the
Pucci operator [11], given by,

Pδ(λ) = min λi + δ
∑

λi .
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On Harnack inequalities and singularities 319

By (1.1), the Ricci curvature µ = (µ1, . . . , µn) is given by

µi = (n − 2)λi +
∑

λ j .

Hence the Ricci curvature µi ≥ 0 for all 1 ≤ i ≤ n if and only if P 1
n−2

(λ) ≥ 0. We remark

that when λ ∈ #k and k ≥ n
2 , the Ricci curvature is nonnegative [15]. Indeed, for any λ ∈ #k ,

let f (x) = 1
2

∑
λk x2

k . By direct computation, %p f ≥ 0 for p ≤ 2 + n(k−1)
n−k (this is the

simplest case, namely l = 1, in Lemma 4.2 in [27]). Hence

∑
λi + n(k − 1)

n − k
λ j ≥ 0 (1.8)

for every j . Hence Ricg ≥ 0 if λ(Ag) ∈ #n/2, and Ricg > 0 if λ(Ag) ∈ #k for k > n
2 .

Theorems A and B have various interesting consequences, in particular to the existence
of conformal metrics with prescribed k-curvature. This is the problem of finding a conformal
metric g ∈ [g0] such that

σk(λ(Ag)) = f, (1.9)

where f is a given positive smooth function on M. When f ≡ 1, (1.9) is the k-Yamabe
problem, which has been studied by many authors; see [1,22,26] for k = 1 and [5,6,10,14,
18,20,21,24,29] for k ≥ 2. For k > n

2 , it was recently resolved by Gursky and Viaclovski
[18], by proving compactness results and characterizations of singularities for solutions. Our
Theorems A and B above show that such results are already valid for admissible metrics,
that is those in the conformal class [g0] in which solutions are sought. As well, Theorem A
provides a sharp version of the solution estimates in [18].

By writing g = v4/(n−2)g0, we see that (1.9) is equivalent to the conformal k-Hessian
equation

σk(λ(V )) = ϕ(x, v), (1.10)

where

V = −∇2v + n
n − 2

∇v ⊗∇v

v
− 1

n − 2
|∇v|2

v
g0 + n − 2

2
vAg0 , (1.11)

λ(V ) denotes the eigenvalues of the matrix V , and ϕ = f vk n+2
n−2 . When k ≥ 2, (1.10) is a

fully nonlinear partial differential equation, which is elliptic if the eigenvalues λ(Ag) ∈ #k .
Therefore to study problem (1.9), we always assume [g0]k '= ∅. Under this assumption, the
k-Yamabe problem has been solved in [24] if 2 ≤ k ≤ n

2 and (1.9) is variational. Equa-
tion (1.9) is automatically variational when k = 2, but when k ≥ 3, it is variational when the
manifold is locally conformally flat. When n

2 < k ≤ n, the existence of solutions to (1.9) was
proved in [18] for any smooth, positive function f ; see also [6] for the solvability when k = 2
and n = 4, and [14,20] when the manifold is locally conformally flat. For completeness and
to illustrate the application of Theorem A, we prove the following extension.

Theorem C Let (M, g0) be a compact n-manifold not conformally equivalent to the unit
sphere Sn. Suppose n

2 < k ≤ n and [g0]k '= ∅. Then for any smooth, positive function f and
any constant p '= k, there exists a positive admissible solution to the equation

σk(λ(V )) = f (x)v p. (1.12)
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320 N. S. Trudinger, X.-J. Wang

The solution is unique if p < k. When p = k, then there exists a unique constant θ > 0 such
that

σk(λ(V )) = θ f (x)vk (1.13)

has a solution, which is unique up to a constant multiplication.

We may call the constant θ in (1.13) (with f ≡ 1) the eigenvalue of the conformal
k-Hessian operator in (1.10). As a special case of Theorem C, letting p = k n+2

n−2 , we obtain
the existence of solutions to the k-Yamabe problem (1.9) for n

2 < k ≤ n, as proved in [18].
As indicated above, the full strength of Theorem A is not necessary for these applications and
solution estimates as in [18] would suffice. We also include some extensions of Theorem C
at the end of Sect. 4.

As in [24] we will use conformal transformations of different forms,

g = χg0 = v
4

n−2 g0 = u−2g0 = e−2wg0 (1.14)

so that

u = v−2/(n−2) = ew. (1.15)

We say u, v, or w is conformally k-admissible, or simply k-admissible if no confusion arises,
if the metric g is k-admissible. In the smooth case, from the matrix V in (1.11), we see that
u, w are k-admissible if the eigenvalues of the matrices

U =
{

ui j −
|Du|2

2u
g0 + u Ag0

}
, (1.16)

W =
{
wi j + wiw j −

1
2
|Dw|2g0 + Ag0

}
(1.17)

lie in #k , the closure of #k . Note that if g is the metric given by (1.7), then

v = C
|x − x0|n−2 (1.18)

is the fundamental solution of the Laplace operator.
The conformal k-Hessian equation is closely related to the k-Hessian equation

σk(λ(D2u)) = ϕ in *, (1.19)

where * ⊂ Rn is a bounded domain. For the k-Hessian equation (1.19), it is proved in [27]
that when n

2 < k ≤ n, a k-admissible function (relative to (1.19)) is locally Hölder continuous
with Hölder exponent α = 2 − n

k . The existence of solutions to (1.19) with right hand side
ϕ = f (x)|u|p for some constant p > 0 was studied in [9] for k ≤ n

2 and in [8,30] for k = n.
By the Hölder continuity one can extend the results in [8,30] to the cases n

2 < k ≤ n. The
argument in [30] uses a degree theory, which does not require a variational structure. We will
employ the same degree argument to prove our Theorem C.

The proof of Theorem A can roughly be divided into two steps. In the first one we study the

singularity behavior of admissible functions. Let gm = v
4

n−2
m g0 be a sequence of admissible

metrics in [g0]k for k > n
2 . Then vm/ inf vm converges in locally uniformly to an admissible

function v. Moreover, if x0 is a singular point of v, we prove that

v(x) = C0 + o(1)

|x − x0|n−2 , (1.20)
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On Harnack inequalities and singularities 321

where C0 is a positive constant, |x − x0| denotes the geodesic distance from x to x0 in
the metric g0. In the second step we show that if (1.20) holds at all singular points, then
by Bishop’s volume growth formula, as used in [18], w is smooth away from x0, and the
manifold (M, g0) is conformally equivalent to the unit sphere.

The asymptotic behavior (1.20) has been established for the blow-ups of solutions to the
classical Yamabe problem. Also a weak form of (1.20) was proved by Gursky and Viaclovsky

[18], namely if gm = v
4

n−2
m g0 is a sequence of solutions to (1.5) for k > n

2 , then vm/ inf vm
converges locally uniformly away from finitely many singular points to an admissible function
v, and v satisfies

C1

|x − x0|n−2 ≤ v(x) ≤ C2

|x − x0|n−2 (1.21)

at any singular point x0. From (1.21) they proved that (M, g0) is conformally equivalent to
the unit sphere. Basically our proof in the second step is inspired by that in [18], however
our proof is somewhat simpler due to the stronger asymptotic estimate (1.20).

In this paper we also introduced a new technique. That is we reduce the singularity analysis
of a k-admissible function to its maximal radial function. Given an admissible function v,
we say ṽ is the maximal radial function of v with center at x0 if ṽ is a rotationally symmetric
with respect to x0, ṽ ≤ v, and ṽ ≥ ϕ for any radial function ϕ satisfying ϕ ≤ v. Obviously ṽ,
as a function of |x − x0|, is monotone increasing, namely ṽ(r) ≥ ṽ(r ′) for any 0 < r ′ < r .
We reduce the proof of (1.20) for v to that for ṽ. This new technique also applies to other
nonlinear elliptic equations, which will be shown in a subsequent paper [28].

This paper is arranged as follows. In Sect. 2 we first prove Theorem B for radially symme-
tric, k-admissible functions defined on Rn , then extend it to general k-admissible functions
by considering the corresponding minimal radial function for w = − 2

n−2 log v. In Sect. 3
we prove Theorem A. By studying the corresponding minimal radial function, we show that
if an admissible function w is a k-admissible function on a manifold M, then either w is
Hölder continuous, or (1.20) holds at some singular point x0 ∈ M. We then show that if
(1.20) occurs, then w is smooth away from x0 and the manifold M is conformally equivalent
to the unit sphere. In Sect. 4 we prove Theorem C by a degree argument.

In a subsequent paper [28], we will establish the asymptotic behavior (1.20) for any
blow-up functions of solutions to the k-Yamabe problem (for 1 ≤ k ≤ n

2 ) and the problem of
prescribing more general symmetric curvature functions. In particular we prove the existence
and compactness of solutions to the k-Yamabe problem for k = n

2 .

2 Proof of Theorem B

2.1 Radial functions

We first demonstrate our idea by considering radially symmetric functions. Let w be a radially
symmetric, k-admissible function on Rn\{0}. For any given point x '= 0, by a rotation of
axes we assume x = (0, . . . , 0, r). Regard w as a function of r = |x |, r ∈ (0,∞). Then the
matrix W in (1.17) is diagonal,

W = diag
(

1
r
w′ − 1

2
w′2, . . . ,

1
r
w′ − 1

2
w′2, w′′ + 1

2
w′2

)
.
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322 N. S. Trudinger, X.-J. Wang

Denote a = w′′ + 1
2w′2 and b = 1

r w′ − 1
2w′2. We have

σk(λ(W )) = bkCk
n−1 + abk−1Ck−1

n−1

= Ck−1
n−1bk−1

(
a + n − k

k
b
)

. (2.1)

Since λ(W ) ∈ #k and k > n
2 ,

b = w′

r
− 1

2
w′2 ≥ 0, (2.2)

a + n − k
k

b =
(

w′′ + w′

r

)
− (1 − θ)

(
w′

r
− 1

2
w′2

)
≥ 0, (2.3)

where θ = n−k
k < 1. It follows that

0 ≤ w′ ≤ 2
r
, (2.4)

w′′ + w′

r
≥ 0. (2.5)

By sub-harmonicity of w, we have w′(r) = 0 for r ∈ (0, r0) if w′(r0) = 0. Note that (2.5)
can also be written as (rw′)′ ≥ 0. Therefore we have

Lemma 2.1 The function rw′ is nonnegative, monotone increasing, and rw′ ≤ 2.

It follows that w must be locally uniformly bounded from above, namely if w(r0) ≤ 0,
then w ≤ C for some constant C depending only on r0. Next we prove

Lemma 2.2 The function w is either Hölder continuous in Rn with exponent α = 2− n
k , or

w(r) = 2 log r + C (2.6)

for some constant C.

Proof It suffices to prove that w is either Hölder continuous near r = 0 or (2.6) holds. If
w is not Hölder continuous near r = 0, then w′ > 0 as v = e

n−2
2 w is superharmonic with

respect to the operator (1.6).
If rw′ '≡ 2, then by Lemma 2.1, limr→0 rw′ = c0 < 2. For any c1 ∈ (c0, 2),

w′′ + w′

r
≥ (1 − θ)

w′

r

(
1 − 1

2
rw′

)
≥ (1 − θ)

(
1 − c1

2

) w′

r
(2.7)

if r is sufficiently small. Hence

w′′

w′ + σ

r
≥ 0,

where σ = 1 − (1 − θ)(1 − c1
2 ) < 1. We obtain

log(w′rσ )
∣∣r0
r ≥ 0 .

Hence

w′ ≤ C
rσ

. (2.8)

Hence w is bounded and continuous.
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On Harnack inequalities and singularities 323

To show that w is Hölder continuous with Hölder exponent α = 2 − n
k , by Lemma 2.1 it

suffices to prove it at r = 0. Note that

a + θb = w′′ + θ
w′

r
+ 1 − θ

2
w′2 ≥ 0.

Hence

w′′

w′ + θ

r
≥ −1 − θ

2
w′.

Taking integration from r to r0, we obtain

log(w′r θ )
∣∣r0
r ≥ C .

Hence

w′ ≤ C
r θ

, (2.9)

so that w is Hölder continuous with exponent 1 − θ = 2 − n
k . ./

Remark 2.1 The Hölder continuity also follows from [27]. Let u = ew be as in (1.15). From
the matrix U in (1.16), one sees that u is k-admissible with respect to the k-Hessian operator
σk(λ(D2u)). To show that u is Hölder continuous with exponent α = 2 − n

k , one applies
the comparison principle to u and ϕ(x) = C |x − y|2−n/k + u(y) (relative to the k-Hessian
equation), where C is chosen such that u ≤ ϕ on ∂ BR(y), ones sees that u(x)−u(y) ≤ ϕ(x)

in BR(y).
It follows that for any constant c > 0, wc = max(w,−c) is also Hölder continuous with

exponent 2− n
k . In particular, if wm converges to w a.e., then wm converges to w uniformly

in {w > −c} for any c > 0.

2.2 Proof of Theorem B

Let w be a k-admissible function. For any h ∈ R, denote *h = {w < h}. Since w is upper
semi-continuous, *h is an open set. For any given point 0, we define a function w̃ of one
variable r by

w̃(r) = inf{h : dist(0, ∂*h) > r}. (2.10)

We call w̃ the minimal radial function of w (with respect to 0). It is a function of |x |, satisfying
w̃ ≥ w and w̃ ≤ ϕ for any radial function ϕ satisfying ϕ ≥ w. Obviously w̃ is monotone
increasing, namely w̃(r) ≥ w̃(r ′) for any 0 < r ′ < r .

Let xh ∈ ∂*h such that |xh | = rh := dist(0, ∂*h). Assume that ∂*h and w are smooth
at xh . Rotate the axes such that xh = (0, . . . , 0, rh). Then the xn-axis is the outer normal of
∂*h at xh . Hence

w̃(rh) = w(xh),

w̃(rh + t) ≥ w(xh + ten) (2.11)

for t near 0, where en = (0, . . . , 0, 1). We obtain

w̃′(rh) = wn(xh) = |Dw|(xh),

w̃′′(rh) ≥ wnn(xh) (2.12)

provided w̃ is twice differentiable point at rh .
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324 N. S. Trudinger, X.-J. Wang

Let κ1, . . . , κn−1 be the principal curvatures of ∂*h at xh . Then, after a rotation of the
axes (x1, . . . , xn−1),

wi j = |Dw|κiδi j i, j ≤ n − 1. (2.13)

By our choice of xh , we have

κi ≤
1
r
, (2.14)

where r = rh . Hence the matrix

(wi j )
n−1
i, j=1 ≤

1
r
|Dw|I. (2.15)

At xh , the matrix W is given by

W =
{
wi j + wiw j −

1
2
|Dw|2 I

}

=





w11 − 1
2 |Dw|2, 0, · · · , w1n

0, w22 − 1
2 |Dw|2, · · · , w2n

· · · ·
· · · ·
w1n, w2n, · · · , wnn + 1

2 |Dw|2





Let

Ŵ = diag
(

w11 −
1
2
|Dw|2, w22 −

1
2
|Dw|2, . . . , wnn + 1

2
|Dw|2

)
(2.16)

be a diagonal matrix. By Lemma 2.3 below, the eigenvalues λ(Ŵ ) ∈ #k .

Lemma 2.3 Let A = (ai j ) be an n× n symmetric matrix with eigenvalues λ(A) ∈ #k . Then

λ( Â)) ∈ #k , where Â =
(

A′, 0
0, ann

)
, A′ = (ai j )1≤i, j≤n−1.

In particular if λ(A) ∈ #k , then the vector (a11, . . . , ann) ∈ #k .

Proof It suffices to prove σ j (λ( Â)) ≥ 0 for all j = 1, . . . , k. Let us prove it for j = k.
Recalling that σk(λ(A)) is the sum of all principal k × k minors, we have

σk(λ(A)) = σk(λ( Â))−
∑

i<n

σk−2(λ(A|in))a2
in, (2.17)

where A|i j denotes the matrix obtained by canceling the i th row and j th column of A. Since
λ(A) ∈ #k , we have

σk−2(λ(A|in)) = ∂2σk(λ(A))

∂aii∂ann
≥ 0. (2.18)

Hence σk(λ( Â)) ≥ σk(λ(A)) ≥ 0. ./

From (2.15),

Ŵ ≤ diag
(

1
r
w̃′ − 1

2
(w̃′)2, . . . ,

1
r
w̃′ − 1

2
(w̃′)2, w̃′′ + 1

2
(w̃′)2

)
. (2.19)
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On Harnack inequalities and singularities 325

Therefore as in Sect. 2.1, we see that w̃ satisfies

w̃′

r
− 1

2
(w̃′)2 ≥ 0 (2.20)

(
w̃′′ + w̃′

r

)
− (1 − θ)

(
w̃′

r
− 1

2
(w̃′)

)2

≥ 0 (2.21)

if w̃ is twice differentiable at r .
To proceed further we make a remark.

Remark 2.2 Inequalities (2.20) and (2.21) are exactly (2.2) and (2.3). In the present case,
the function w̃ may not be smooth. But by definition, w can be approximated by smooth
k-admissible functions. Hence w̃ can be approximated by piecewise smooth functions, which
satisfy limr→r−0

w̃′(r) ≤ limr→r+
0

w̃′(r) by (2.11).
For a piecewise smooth function w with nonsmooth points r1 > r2 · · · > r j > · · · at

which limr→r−j
w̃′(r) < limr→r+

j
w̃′(r), we can mollify w at the points r j to get a smooth

function w∗ which satisfies limr→0 w∗(r) = limr→0 w(r), and also satisfies (2.20) and
(2.21). The proof of Lemma 2.2 implies that if limr→0 w∗(r) = −∞, then r(w∗)′ ≡ 2; if
limr→0 w∗(r) > −∞, then w∗ is Holder continuous with its Holder norm independent of
the mollification.

We can now prove Theorem B easily. First we consider the case when w is unbounded
from below.

Lemma 2.4 Let w be a k-admissible function which is locally unbounded from below, then
there exists a point x0 ∈ Rn and a constant C such that

w(x) ≡ 2 log |x − x0| + C. (2.22)

Proof If w is locally unbounded from below, the singular set S = ⋂
{c<0}{w < c} is not

empty. Choose a point 0 ∈ S. By (2.20) and (2.21), and from the argument in Sect. 2.1, we
must have w̃(r) = 2 log r + C for some constant C .

Let ŵ = 2 log |x | + C . Then

σ1(λ(Wŵ)) = 0,

σ1(λ(Ww)) ≥ σ
1/k
k (λ(Ww)) ≥ 0,

where Wŵ is the matrix corresponding to ŵ, given in (1.17). Note that σ1(λ(W )) is indeed
the Laplace operator in Rn (in terms of v, by the relation (1.15)). By our definition of w̃, we
have ŵ ≥ w. Since w̃ = 2 log r + C , we see that w− ŵ attains its local maximum 0 at some
interior point. By the maximum principle for the Laplace equation, we conclude that w ≡ ŵ.

./

Next we consider the case when w is bounded from below.

Lemma 2.5 Let w be a k-admissible function w. Suppose w is bounded from below. Then
w is Hölder continuous with exponent α = 2 − n

k .

Proof For any given point x0, we may take x0 as the origin and let w̃ be the minimal radial
function of w with respect to x0, as defined in (2.10). Then to prove thatw is Hölder continuous
at x0 with exponent α = 2− n

k , it suffices to show that w̃ is Hölder continuous with exponent
α. But by (2.20), (2.21), the Hölder continuity of w̃ readily follows from the argument in
Sect. 2.1, see (2.9). ./
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326 N. S. Trudinger, X.-J. Wang

The Hölder continuity also follows from Remark 2.1 above.
Note that the function w=2 log |x | is k-admissible. By truncating at w=−K (for large K ),

we see that the set of Hölder continuous k-admissible functions is not compact.

2.3 Applications

First we remark that, by the above proof, Theorem B also holds for k-admissible functions
defined on a domain. Here we restate the theorem for the function v = e−

n−2
2 w. Note that by

Lemma 2.1, w is locally uniformly bounded, and so v is locally strictly positive when k > n
2 .

Theorem B′ Let * be a domain in Rn. Let v be a k-admissible function in * with n
2 < k ≤ n.

If v is unbounded from above near some point x0 ∈ *, then

v(x) = C |x − x0|2−n . (2.23)

Otherwise v is locally Hölder continuous in * with exponent α = 2 − n
k .

It was proved in [20] that if v is a k-admissible function, so is the function vψ in a punctured
small ball Br (0)\{0}, where

vψ = |Jψ | n−2
2n v ◦ ψ (2.24)

ψ(x) = x
|x |2 , and Jψ is the Jacobian of the mapping ψ . From Theorem B′ we have

Corollary 2.5 Let v be a k-admissible function defined in Rn\B1(0) with n
2 < k ≤ n. Then

either v ≡ constant or |x |n−2v(x) converges to a positive constant as x →∞.

Proof We cannot apply Theorem B′ directly, as the function vψ has a singular point at 0.
Denote w = −2

n−2 log vψ . If w(x) → −∞ as x → 0, the argument in Sect. 2.2 implies that
w = 2 log |x | + C . Changing back to v, we obtain v ≡ constant. Otherwise it suffices to
show that w is continuous at 0.

Let w(0) = limx→0w(x) so that w is upper semi-continuous. If a := limx→0w(x) <

w(0), by subtracting a constant we assume w(0) = 0. Let xm → 0 such that w(xm) = − a
2 .

Let w̃ = w̃xm be the minimal radial function of w with respect to xm , as defined in (2.10). We
claim that when m is sufficiently large, the point xh in (2.11) at h = 0 cannot be the origin.
In other words, there is a point ym with w(ym) = 0 such that |ym − xm | < |xm |. Indeed, if
xh = 0, by the Hölder continuity of w in Brm (xm), where rm = |xm | (Remark 2.1), we see

that w(x) ≤ − a
2 in Bδrm (xm), for some δ > 0 independent of m. Namely v > e

(n−2)a
4 > 1

in Bδrm (xm), where v = vψ . Recall that limx→0v(x) ≥ 1, by the mean value inequality for
super-harmonic function, we have

v(0) ≥ 1
|B2rm |(0)

∫

B2rm (0)

v(x)dx > 0.

We reach a contradiction.
When the singular point x = 0 is not the extreme point xh in (2.11), the argument in

Sect. 2.2 applies to w̃ = w̃xm in B1(0). In particular w̃ is uniformly Hölder continuous.
Hence if w(0) = 0 and w(xm) ≤ −1, we have |xm | ≥ c0 > 0 for some c0 independent of m.
This is again a contradiction. Hence w is continuous at 0, and so |x |n−2v(x) converges to a
positive constant as x →∞. ./
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Theorem B also implies the non-existence of solutions to the Dirichlet problem in general.
Let * be a bounded domain in Rn which is not a ball. Then if k > n

2 , there is no solution to
the Dirichlet problem

σk(λ(V )) = f in *,

v = c on ∂* (2.25)

in general, where c is any positive constant, and f is a positive smooth function. Indeed, let
{ fm} be a sequence of smooth, positive functions which converges to zero locally uniformly
in *\{x0} such that sup vm →∞, where vm is the corresponding solution (if the solution vm
does not exist, we are through). Then vm must converge to the function v = C |x − x0|2−n

by Theorem B. Hence * must be a ball centered at x0.
For the existence of solutions to the Dirichlet problem, it was proved recently by Guan

[12] that for any smooth, bounded domain with smooth boundary data, the Dirichlet problem
is classically solvable if there exists a smooth sub-solution with the same boundary trace.

3 Proof of Theorem A

3.1 Hölder continuity

We start with a Hölder continuity property of k-admissible functions.

Lemma 3.1 Let (M, g0) be a compact manifold. Suppose g = u−2g0 ∈ [g0]k and k > n
2 .

Then u is Hölder continuous with exponent α = 2 − n
k ,

u(x)− u(y)

|x − y|α ≤ C
∫

M

u, (3.1)

where C is independent of u.

Proof By approximation it suffices to prove (3.1) for smooth functions. For any given point
0 ∈ M, there exists a conformal normal metric [2,4,16], still denoted by g0, such that in the
normal coordinates at 0,

det(g0)i j ≡ 1 near 0. (3.2)

Let

u0(x) = |x |2− n
k , (3.3)

where |x | denotes the geodesic distance from 0. Note that under condition (3.2), the Laplacian
% on M is equal to the Euclidean Laplacian when applying to functions of r = |x | alone
[19,23]. Hence

%g0 u0 = n(k − 1)(2k − n)

k2 r−
n
k . (3.4)

Denote by

P[u] = min λi + δ
∑

i

λi ,

(
δ = n − k

n(k − 1)

)
(3.5)
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the Pucci minimal operator [11], where (λ1, . . . , λn) are the eigenvalues of the Hessian matrix
(∇i j u0). Obviously we have

min λi ≤ ∂2
r u0 = − (2k − n)(n − k)

k2 r−
n
k . (3.6)

Therefore u0 satisfies

P[u0] ≤ 0 in B0,r\{0}.

where By,r denotes the geodesic ball with center y and radius r .
On the other hand, since λ(U ) ∈ #k , where U is given in (1.16), we have λ(ui j +u Ag0) ∈

#k ⊂ #1. Namely %u + tr(Ag0)u ≥ 0. By the weak Harnack inequality [11] it follows

sup u ≤ C
∫

M

u, (3.7)

where C is a constant independent of u. Therefore to prove (3.1) we may assume that
∫
M u=1

and u is uniformly bounded.
Let ua = u + a|x |2. Then ∇2ua > ∇2u + aI near 0, where I is the unit matrix. Since

λ(∇2u + u Ag0) ∈ #k , we have λ(∇2ua) ∈ #k when a is suitably large. Taking l = 1 in the
proof of Lemma 4.2 in [27], one has

λi + n − k
n(k − 1)

∑

i

λi ≥ 0, (3.8)

namely P[ua] ≥ 0 near 0. Hence by applying the comparison principle to the functions ua
and u0 with respect to the operator P , we conclude the Hölder continuity (3.1). ./

Remark 3.1 The estimate (3.1) (with exponent α < 2− n
k , k > n

2 ) also follows from gradient
estimates from our reduction to p-Laplacian subsolution in [27]. Since λ(U ) ∈ #k , we have
λ(D2u + u Ag0) ∈ #k . By (3.8) it follows that

%pu := ∇i (|∇u|p−2∇i u) ≥ −Cu|∇u|p−2 (3.9)

for p−2 = n(k−1)
n−k and some constant C . From our argument in [27], we obtain

∫
M |∇u|q ≤ C

for any q < nk/(n − k), whence by the Sobolev inequality, we infer (3.1) for α < 2 − n
k ;

(see also [17]).
By the relation u = ew, we have the following

Corollary 3.2 Let w be a k-admissible function. Suppose w ≤ 0. Then for any K > 0, there
exists C = CK > 0, independent of w, such that when w(y) > −K ,

w(x)− w(y)

|x − y|α ≤ C, (3.10)

with the same α as above.

From (3.10), we see that if w(x) ≤ −K − 1, then |x − y| ≥ C1/α
K+1. Also note that in

Corollary 3.2, if we assume that w ≤ 0 in By,r , then (3.10) holds for x, y ∈ By,r/2 for some
C depending on r .
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3.2 Singularity behaviour of k-admissible functions

Suppose w is a k-admissible function. At any given point 0 ∈ M, we choose a conformal
normal coordinate near 0 such that (3.2) holds. In the conformal metric, the Ricci curvature
vanishes at 0 [19,23]. Hence

|Ag0(x)| ≤ Cr near 0, (3.11)

where r is the geodesic distance from 0. Let w̃ be the minimal radial function of w with
respect to 0, as defined in (2.10). Then the argument thereafter is still valid, except that (2.14)
should be replaced by κi ≤ 1

r + C . Also note that in the conformal normal coordinate, at the
point (0, . . . , 0, r) in the exponential map, the metric g0 = I + J , where I is the unit matrix,
|J | = O(r) and its nth-row and nth-column vanishes. Hence from (2.19), we have

(b̃, . . . , b̃, ã) ∈ #k, (3.12)

where

b̃ =
(

1
r

+ C
)

w̃′ − 1 − Cr
2

(w̃′)2 + Cr,

ã = w̃′′ + 1
2
(w̃′)2 + Cr.

Similarly to the argument in Sect. 2.1, we have b̃ ≥ 0 and ã + n−k
k b̃ ≥ 0. Note that b̃ ≥ 0 is

equivalent to that 1
2 (w̃′)2 ≤

( 1
r + C

)
w̃′ + Cr . Hence

ã + n − k
k

b̃≥
[
w̃′′ +

(
1
r

+ C
)

w̃′ + Cr
]
− (1 − θ)

[(
1
r

+ C
)

w̃′ − 1
2
(w̃′)2 + Cr

]
≥ 0,

where θ = n−k
k is as in (2.3). It follows that, when r > 0 is small,

w̃′ ≤ 2
r

+ Cr
w̃′ + C, (3.13)

w̃′′ +
(

1
r

+ C
)

w̃′ + Cr ≥ 0. (3.14)

From (3.13),

w̃′ ≤ 2
r

+ C

for a different C . It follows that w̃(r) > −∞ for any r > 0, namely the set {w = −∞}
cannot an open set containing the origin 0. But this property also follows from the weak
Harnack inequality for the operator (1.6), as noted there.

From (3.14), we therefore obtain

(rw̃′)′ + C ≥ 0.

It follows that rw̃′ + Cr is increasing. By the compactness of M, a k-admissible function w

must be bounded from above.
If rw̃′ < 2 near r = 0, then similarly to (2.7) (2.8), w̃ is bounded and Hölder continuous.
If rw̃′ → 2 as r → 0, then rw̃′ + Cr ≥ 2, namely w̃′ ≥ 2

r − C . Hence we obtain

2
r

+ C ≥ w̃′ ≥ 2
r
− C. (3.15)
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We obtain

w̃(r) = 2 log r + C ′ + O(r). (3.16)

By subtracting a constant we assume that C ′ = 0.

Lemma 3.3 If w̃ satisfies (3.16), then near 0,

w(x) = 2 log |x | + o(1). (3.17)

Proof We prove (3.17) by a blow-up argument. In a normal coordinate system at 0, let
y = cm x and wm(y) = w(x) + 2 log cm , where cm is any sequence converging to infinity.
Let w̃m be the radial function corresponding to wm . Then by (3.16),

w̃m(r) = 2 log r + O(c−1
m ). (3.18)

Hence w̃m → 2 log r .
For any fixed r0 >0 small, let wm(ym)= w̃m(r0) (|ym |=r0). We may assume that ym → y0.

By the Hölder continuity (Corollary 3.2), we may also assume that in a neighborhood of y0,
wm converges uniformly to w∞. Then w∞ is a k-admissible function defined on Rn . The
comparison principle argument of Lemma 2.4 implies that w∞ ≡ 2 log r in a neighborhood
of y0. The Hölder continuity in Corollary 3.2 implies that if w∞ = 2 log r at some point, w∞
is well-defined nearby. The comparison principle then implies that w∞ ≡ 2 log r near the
point. Hence w̃m converges uniformly to w∞ = 2 log r on |x | = r0, and converges locally
uniformly to w∞ = 2 log r in Rn\{0}. Hence (3.17) is proved. ./

Note that (3.17) is equivalent to (1.20), by the relation v = e−
n−2

2 w .

Remark 3.2 From the proof of Lemma 3.3, we see that w has only isolated singularities.
For if there is a sequence of singular points xm ∈ M which converges to a point 0, we may
choose cm = |xm |−1 in the above argument. Then the limit function w∞ has at least two
singular points 0 and x∗ = lim xm/|xm |. To see that x∗ is a singular point of the limit function
w∞, we notice that the constant C ′ is uniformly bounded from above if w is negative in a
neighbourhood of 0, which in turn implies that limx→x∗ w∞(x∗) = −∞. But the above
argument shows that w∞ = 2 log r . This is a contradiction.

Similarly one can show that the set of all isolated singular points has no limit points, for if
there is a sequence of singular points ym → 0, we may for each m > 1 choose a conformal
normal coordinate with origin at ym and consider the sequence xm = ym+1 − ym . The above
argument also leads to a contradiction.

Next we show that w has at most one singular point.

Lemma 3.4 Let w be a k-admissible function. Then the singularity set

Sw =
⋂

h<0

{x ∈ M | w(x) < h} (3.19)

contains at most one point.

Proof We adapt the corresponding argument in [18]. If Sw is not empty, it consists of finitely
many isolated points. Let g = e−2wg0. By Lemma 3.3, (M\Sw, g) is a complete manifold
with finitely many ends. Now fixing a point y '∈ Sw , we consider the ratio

Q(r) = Vol(By,r )

rn , (3.20)
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where By,r = By,r [g] is the geodesic ball of (M, g). By definition, as well as the local
Hölder continuity (Lemma 3.1), there is a sequence of smooth k-admissible functions wm
which converges to w locally uniformly. It is easy to verify that for any fixed y and r ,
Vol(By,r [gm]) → Vol(By,r [g]) as m →∞, where gm = e−2wm g0. Note that when k ≥ n/2
the Ricci curvature of (M, gm) is positive, as shown in (1.8). Hence by the Bishop Theorem,
the ratio Qm(r) = Vol(By,r [gm])/rn is decreasing for all m. Sending m →∞, we see that
Q is non-increasing in r . Hence

Q(0) ≤ lim
r→0

Q(r) ≤ 1
n

ωn, (3.21)

where ωn is the area of the unit sphere Sn−1.
On the other hand, denote Ar1,r2 = B0,r2 [g0] − B0,r1 [g0], where r2 > r1 > 0 are

sufficiently small. We identify Ar1,r2 with the Euclidean annulus Ae
r1,r2

= {x ∈ Rn | r1 <

|x | < r2} by the exponential map. By the asymptotic behavior (3.17), the volume of Ar1,r2

in the metric g = e−2wg0 is a lower order perturbation of that in the metric g′ = e−2w′
g0,

where w′ = 2 log |x |. But in our normal coordinates at 0, by (3.2) the volume of Ar1,r2 in g′

is the same as that of Ae
r1,r2

with the metric g′e = e−2w′
ge, where ge is the standard Euclidean

metric. Hence Volg′ Ar1,r2 = 1
n ωn(r−n

1 − r−n
2 ). Therefore as r →∞, each end of the metric

g will contribute to the ratio Q(r) a factor 1
n ωn . Therefore we obtain

lim
r→∞ Q(r) = m

n
ωn, (3.22)

where m is the number of singular points of w. From (3.21) and (3.22) we see that if Sw is
not empty, then m must be equal to 1, namely Sw is a single point. ./

3.3 Smoothness of k-admissible functions

In this subsection we prove the following smoothness result. The proof is again inspired by
the corresponding proof in [18].

Lemma 3.5 Let w be a k-admissible function w with a singular point 0. Then w is C∞

smooth away from 0.

Proof First we prove

σk(λ(Ag)) ≡ 0 in M\{0}, (3.23)

where g = e−2wg0. It suffices to prove that for any given point x0 '= 0 and a sufficiently
small r > 0 (r < 1

4 |x0|), (3.23) holds in Bx0,r = Bx0,r [g0].
By definition, there exists a sequence wm of smooth k-admissible functions which

converges to w in Bx0,2r uniformly. Let ϕm be the admissible solution of the Dirichlet
problem [12]

σk(λ(Agϕm
)) = εm in Bx0,r ,

ϕm = wm on ∂ Bx0,r ,
(3.24)

where gϕm = e−2ϕm g0, and εm is a small positive constant (εm → 0 as m → ∞) such
that σk(λ(Agwm

)) > εm (gwm = e−2wm g0). By the comparison principle we have ϕm ≥ wm
in Bx0,r . Let ŵm = wm in M − Bx0,r and ŵm = ϕm in Bx0,r . Then ŵm is k-admissible
(see Corollary 3.8 below). Let ŵ = limm→∞ ŵm . Then ŵ is a k-admissible function with
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singularity point 0. Define the metric ĝ = e−2ŵg0 and the ratio Q̂(r) = Vol(By,r [ĝ])
rn . Then

from the proof of Lemma 3.4, we also have Q̂ ≡ 1
n ωn .

To prove (3.23) it suffices to show that ŵ ≡ w. Noting that ŵ = w in M − Bx0,r and
ŵ ≥ w in Bx0,r , we have By,r [ĝ] ⊃ By,r [g] for any r > 0 and y '= 0. If there exists a point
y ∈ Bx0,r such that ŵ > w at y, then there exists a positive constant δ > 0 such that for any
r > 1,

By,r [ĝ] ⊃ By,r+δ[g].

But this is impossible as both the ratios Q(r) and Q̂(r) are constant.
By the interior second order derivative estimate [13], we see that w is C1,1 smooth. Next

we prove that w is C∞ smooth away from 0. By the regularity of linear elliptic equations
[11], it suffices to prove that v = e−

n−2
2 w ∈ C1,1 is a strong solution to the uniformly elliptic

equation

−%g0v + n − 2
4(n − 1)

Rg0v = 0 in M\{0}, (3.25)

where Rg0 is the scalar curvature of (M, g0); namely the scalar curvature of g = e−2wg0
vanishes identically.

Equation (3.25) may be verified as in Sect. 7.6 in [18]. Here we provide a proof for
completeness. Since w ∈ C1,1, it is twice differentiable almost everywhere. Suppose at a
point 0, w is twice differentiable and the scalar curvature R > 0. Then with respect to normal
coordinates of g at 0, we have the expansion

detgi j = 1 − 1
3

Ri j xi x j + o(|x |2), (3.26)

see (5.2) in [19]. Hence

Vol(B0,r [g]) =
∫

B0,r

√
detgi j

=
∫

B0,r

[
1 − 1

6
Ri j xi x j + o

(
|x |2

)]

= 1
n

ωnrn
[

1 − R
6(n + 2)

r2 + o(r2)

]
, (3.27)

where Ri j and R are respectively the Ricci curvature and the scalar curvature in g. This is a
contradiction when R > 0 at 0, as the ratio Q is a constant. Hence the scalar curvature of g
vanishes almost everywhere. ./

3.4 End of proof of Theorem A

From Sects. 3.2 and 3.3, we see that if (M, g0) is a compact manifold and there exists a
k-admissible function w with singularity at some point 0, then w has the asymptotic for-
mula (3.17) and w is smooth away from 0. The manifold M\{0} equipped with the metric
g = e−2wg0 is a complete manifold with nonnegative Ricci curvature, and satisfies further-
more the volume growth formula Q(r) ≡ 1. Hence (M\{0}, g) is isometric to the Euclidean
space [7]. Hence (M, g0) is conformally equivalent to the unit sphere Sn . See also [18].

To finish the proof of Theorem A, it suffices to prove
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Lemma 3.6 Let (M, g0) be a compact manifold. If (M, g0) is not conformally equivalent
to the unit sphere Sn, then there exists K > 0 such that if w is a k-admissible function,

sup
M

w − inf
M

w ≤ K , (3.28)

|w(x)− w(y)| ≤ K |x − y|2− n
k . (3.29)

Proof If (3.28) is not true, there exists a sequence of k-admissible functions wm such that
supM wm = 0 (by subtracting a constant if necessary) and infM wm →−∞. Suppose that
wm(0) → −∞. By Lemma 3.1, {ewm } are uniformly Holder continuous. Hence we may
assume that ewm converges locally uniformly to ew in M. The Hölder continuity also implies
that ew(0) = 0, namely limx→0 w(x) = −∞. By a weak Harnack inequality for (1.6), the
set {w = −∞} has measure zero and so w is k-admissible. Applying Lemma 3.3 to the limit
function w we conclude that w has the asymptotic behavior (3.17) and that 0 is an isolated
singularity of w (see Remark 3.2). Therefore by Lemmas 3.4, 0 is the unique singular point
of w. By Lemma 3.5, w is C∞-smooth away from 0. Hence as above, we see that (M, g0) is
conformally equivalent to the unit sphere Sn , which is ruled out by our assumption. Hence
(3.28) holds.

The Hölder continuity (3.29) follows from Lemma 3.1. ./

3.5 Remarks on the set [g0]k

In this section we prove some properties of k-admissible functions.

Lemma 3.7 If w1, w2 are smooth and k-admissible, then w = max(w1, w2) is k-admissible.

Proof It is convenient to consider the function u = ew . By approximation we suppose u1
and u2 are smooth and k-admissible functions such that the eigenvalues λ(U ) lie strictly in
the open convex cone #k , where U is the matrix (1.16) with u = u1 and u2. Hence when
r > 0 is sufficiently small, the eigenvalues of the matrix

Ur =
{

ui j −
|∇u|2
2ux,r

+ u Ag0

}
(3.30)

lie in #k for u = u1 and u2, where ux0,r = inf Bx0,r u.
Let u = max(u1, u2). Since u1, u2 are smooth functions, u is twice differentiable almost

everywhere. Let ρ ∈ C∞
0 (Rn) be a mollifier. In particular we choose ρ to be a radial, smooth,

nonnegative function, supported in the unit ball B0,1, with
∫

B0,1
ρ = 1. Let

u[ε](x) =
∫

Bx,ε

ε−nρ

( |x − y|
ε

)
u(y)

√
det(g0)i j dy (3.31)

be the mollification of u, where Bx,ε is the geodesic ball. For each point x , using normal
coordinates and the exponential map, we have, by (3.26),

u[ε](x) =
∫

B0,1

ρ(y)u(x − εy)
√

det(g0)i j dy

=
∫

B0,1

ρ(y)u(x − εy)

(
1 − ε2

6
Ri j (x)yi y j + O(ε3)

)
dy, (3.32)
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where B0,1 is the Euclidean space. If g0 is a flat metric, we have

∇u[ε] =
∫

B0,1

ρ(y)∇u(x − εy)dy, (3.33)

∇2u[ε] ≥
∫

B0,1

ρ(y)∇2u(x − εy)dy, (3.34)

|∇u[ε]|2 =




∫

B0,1

ρ(y)∇u(x − εy)dy





2

≤
∫

B0,1

ρ(y)|∇u(x − εy)|2dy. (3.35)

Hence u[ε] is k-admissible by (3.30). If g0 is not flat, by (3.32), an extra term of magnitude
O(ε2) arises. Letting ε > 0 be sufficiently small and noting that the eigenvalues of U (with
respect to u1 and u2) lie strictly in the open set #k , we conclude again that u[ε] is k-admissible.

./

Corollary 3.8 Suppose ϕ is a smooth k-admissible function on M with σk(λ(Agϕ )) > f ,
where gϕ = e−2ϕg0 ∈ [g0]k and f is a smooth, positive function. Let w be the admissible
solution of

σk(λ(W )) = f in *,

w = ϕ on ∂*,
(3.36)

where W is given in (1.17), and * is a smooth domain on M. Extend w to M by letting
w = ϕ on M−*. Then w is k-admissible.

It was proved in [12] that (3.36) admits a solution w, smooth up to the boundary. By the
comparison principle we have w > ϕ in * and ∂ν(ϕ − w) > 0 on ∂*, where ν is the unit
outward normal. Hence we can extend w to a neighbourhood of * such that it is k-admissible.
Hence Corollary 3.8 follows from Lemma 3.7.

Corollary 3.9 Consider the Dirichlet problem (3.36). Suppose the set of sub-solutions Wsub
is not empty. Let

w(x) = sup{ϕ(x) | ϕ ∈ Wsub}. (3.37)

If w is bounded from above, then it is a solution to (3.36).

By the interior a priori estimates [13], the proof is standard. Note that in Corollary 3.9,
we allow * to be the whole manifold M.

4 Proof of Theorem C

We divide the proof into three cases, according to p < k, p = k, and p > k.

Case 1 p < k. By (1.15), we can write Eq. (1.12) as

σk(λ(W )) = f eaw, (4.1)
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where f is a constant multiple of that in (1.12),

a = 1
2
(n − 2)(k − p). (4.2)

For any given k-admissible function w, the functions w + c and w − c are respectively a
super and a sub solution of (4.1) provided the constant c is sufficiently large. By the a priori
estimates in [13] and the comparison principle, the solution of (4.1) is uniformly bounded.
When a > 0, the linearized equation of (4.1) is invertible. Hence by the continuity method,
there is a unique smooth solution to (4.1).

Case 2 p = k. We prove that for any positive smooth function f , there is a unique constant
θ > 0 such that the equation

σk(λ(W )) = θ f (4.3)

has a solution. For a > 0 small, let wa be the solution of (4.1). Let ca = inf wa . We write
(4.1) in the form

σk(λ(Wa)) = ( f eaca )ea(wa−ca), (4.4)

where Wa is the matrix (1.17) relative to wa . Assume g0 ∈ [g0]k so that λ(Ag0) ∈ #k . Then
at the maximum point of wa ,

σk(λ(Ag0)) ≥ σk(λ(Wa)) ≥ f eaca .

At the minimum point of wa ,

σk(λ(Ag0)) ≤ σk(λ(Wa)) = f eaca .

Hence eaca is strictly positive and uniformly bounded as a → 0. By the a priori estimates
[13], where the estimates depend only on inf(wa − ca), we see that wa − ca is uniformly
bounded from above and sub-converges to a solution w0 of (4.3) with θ = lima→0 eaca .
By the maximum principle it is easy to see that if w′ is another solution, then necessarily
w′ = w0 + const ; and furthermore (4.3) has no (k-admissible) solution for different θ .

Case 3 p > k. In this case we adopt the degree argument from [30], see the proof of
Theorem 5.1 there. Alternatively we can also use the degree argument in Sect. 3 of [30]. We
will study the auxiliary problem

σk(λ(V )) = t (δt + f v p), (4.6)

where t ≥ 0 is a parameter and δt is a positive constant depending on t , δt = δ0 ≤ 1 when
t ≤ 1 and δt = 1 when t > 2, and δt is smooth and monotone increasing when 1 ≤ t ≤ 2.

Claim 1 For any t0 > 0, the solution of (4.6) is uniformly bounded when t ≥ t0. Indeed, if
there exists a sequence of solutions (t j , v j ) of (4.6) such that t j ≥ t0 and sup v j → ∞, we
have m j = inf v j →∞ by (1.5). The function v′j = v j/m j satisfies

σk(λ(V ′)) ≥ t j f m p−k
j (v′j )

p)

≥ t j f m p−k
j →∞, (4.7)

where V ′ is the matrix (1.11) relative to v′. From (4.7) and the comparison principle we have
sup v′j →∞. Hence inf v′j →∞ by (1.5), which contradicts to the definition of v′j .
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Define the mapping Tt so that for any v1 ∈ C2(M), Tt (v1) is the solution of

σk(λ(V )) = t (δt + f v
p
1 ). (4.8)

Then a solution of (4.6) is a fixed point of Tt .

Claim 2 There is a solution of (4.6) when t > 0 is small. Indeed, for any smooth, positive
function ϕ∗, denote 2 = {ϕ ∈ C2(M) | 0 < ϕ < ϕ∗, ‖ϕ‖C2 < R} for some large constant
R > 0 . Then when δ0, t > 0 are small, T (2) is strictly contained in 2. Hence the degree
deg(I − Tt ,2, 0) is well defined for t > 0 small. Extend Tt to t = 0 by letting Tt (v) = 0
for all v, so that Tt is also continuous at t = 0. Hence

deg(I − Tt ,2, 0) = deg(I − T0,2, 0) = 1. (4.9)

Hence Tt has a fixed point in 2 for t > 0 small.
Note that when δ0 is sufficiently small, letting ϕ∗ be a small positive constant, we see that

(4.6) has a solution for t ≤ 1.

Claim 3 Let t∗ = sup{t | (4.6) admits a solution}. Then t∗ is finite. Indeed, if t∗ = ∞, there
is a sequence t j →∞ such that (4.6) has a solutionv j . We have obviously m j = inf v j →∞,
which is a contradiction with Claim 1.

Claim 4 Equation (4.6) has a solution at t = t∗. Indeed, let t j ↗ t∗ and v j be the corres-
ponding solution of (4.6). By claim 1, v j is uniformly bounded. Hence v j sub-converges to
a solution v∗ of (4.6) with t = t∗.

Now we choose ϕ∗ = v∗ and define 2 as above. For any v1 ∈ 2, let v be the solution of
(4.8). Since for any t ∈ (0, t∗), v∗ is a super-solution of (4.6). We have 0 < v < v∗ by the
maximum principle. Hence by (4.9), deg(I − Tt ,2, 0) = 1 for t ∈ [0, t∗).

On the other hand, for any given t0 > 0, since the solution of (4.6) is uniformly bounded
for t ≥ t0, the degree deg(I − Tt , BR, 0) is well defined for t ∈ (t0, t∗ + 1] for sufficiently
large R, where BR = {v ∈ C2(M) | 0 < v < R, ‖v‖C2 < R}. But when t > t∗, (4.6) has
no solution. Hence deg(I − Tt , BR, 0) = 0. Hence for any t ≥ t0, (4.6) has a solution v '∈ 2

with degree −1.
Let v = vδ0 '∈ 2 be a solution of (4.6) at t = 1. We have sup v > inf v∗ > 0. Let δ0 → 0.

Since the solution is uniformly bounded, it converges to a solution of (1.12). This completes
the proof. ./

From the above argument, we have the following extensions.

Corollary 4.1 Let (M, g0) be a compact n-manifold not conformally equivalent to the unit
sphere Sn. Suppose n

2 < k ≤ n and [g0]k '= ∅. Suppose there exists a constant c0 > 0 such
that

ϕ(x, t) ≥ c0, (4.10)

lim
t→∞ t−kϕ(x, t) = ∞. (4.11)

Then there exists a constant t∗ > 0 such that the equation

σk(λ(V )) = tϕ(x, v) (4.12)

has at least two solutions for 0 < t < t∗, one solution at t = t∗, and no solution for t > t∗.
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Corollary 4.2 Let (M, g0) be as in Corollary 4.1, n
2 < k ≤ n. Suppose ϕ > 0,

lim
t→0

t−kϕ(x, t) = 0, (4.13)

and (4.11) holds. Then there exists a solution to (1.10).

In the above theorems, we can also allow that the right hand side depends on the gradient
∇v. Furthermore, (4.11) and (4.13) can be relaxed to

lim
t→∞ t−kϕ(x, t) > θ, (4.14)

lim
t→0

t−kϕ(x, t) < θ, (4.15)

where θ is the eigenvalue of (1.13) (with f ≡ 1). See [30] for the Monge-Ampère equation.
We remark that when 1 ≤ k ≤ n

2 , Theorem C holds for p < k n+2
n−2 . Indeed, when

p ≤ k, the proof of the Cases 1 and 2 above also applies to the cases 1 ≤ k ≤ n
2 . When

k < p < k n+2
n−2 , by a blow-up argument and the Liouville theorem [20], it is known that the

set of solutions to (4.6) is uniformly bounded. Hence by the above degree argument, one also
obtains the existence of solutions.

Corollary 4.3 Let (M, g0) be a compact n-manifold with [g0]k '= ∅, 1 ≤ k ≤ n. Then for
any smooth, positive function f and any constant p '= k, p < k n+2

n−2 , there exists a positive
solution to the (1.12). The solution is unique if p < k. When p = k, there exists a unique
constant θ > 0 such that (1.13) has a solution. The solution is unique up to a constant
multiplication.

Note that in Corollary 4.3 we allow that (M, g0) is the unit sphere.
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