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On High-Frequency Circuit Equivalents
of a Vertical Ground Rod

Leonid Grcev, Senior Member, IEEE, and Marjan Popov, Senior Member, IEEE

Abstract—Vertical ground rods have been used extensively from
the early days of electrical engineering for earth termination
of electrical and lightning protection systems. They are usually
represented with equivalent circuits with lumped and distributed
parameters based on quasistatic approximation, which limits the
upper frequency of their validity domain. However, lightning-re-
lated studies often require modeling in the megahertz frequency
range. Also, emerging technologies, such as power-line commu-
nications, require analysis in frequency ranges even up to a few
tens of megahertz. The rigorous electromagnetic (EM) field theory
approach may be used for such frequency ranges, but equivalent
circuits are needed for the usual network analysis methods. In
this paper, we look at possibilities to construct simple equivalent
circuits that can approximate or match results from the EM
model. In particular, we compare a usual homogenous distributed
parameter circuit with a nonhomogenous one determined by
curve matching with results from the EM model. The analysis is
illustrated using numerical simulations.

Index Terms—Distributed parameter circuits, electromagnetic
(EM) analysis, equivalent circuits, grounding electrodes, modeling,
transient analysis.

1. INTRODUCTION

ERTICAL ground rods are one of the simplest and most
V commonly used means for earth termination of electrical
and lightning protection systems [1]. Their behavior at 50 or
60 Hz is well understood using a simplified analysis based on
static approximation [2]. However, their high-frequency and
transient performance is also of interest when, for example,
they are subjected to lightning or other high-frequency exci-
tations considered in electromagnetic-compatibility (EMC)
studies or in telecommunications [3], [4]. The property that is
of primary interest is their input impedance or impedance to
remote neutral ground. Traditionally at low frequencies, this
impedance is represented by a single resistor Fig. 1(b) and at
high frequencies by a lumped R-L-C circuit Fig. 1(c) [5]. Two
sets of formulas for the parameters of the R-L-C circuit are
often used. One is from the reference work by Rudenberg [5]

P 24
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Fig. 1. Low-current models of a vertical ground rod. (a) Physical situation.
(b) Low-frequency equivalent circuit. (c) High-frequency lumped R-L-C circuit.
(d) High-frequency distributed parameters circuit.

and the other is [6], [7], [9]

0 [iog
R= 3 {log , 1} (Q) (2a)
C =2mel [log% - 1] (F)
1 _ Mot [1og 2 1] (H). (2b)
27 a

Here, symbols are given in Fig. 1(a), and ¢ > a. Although
the results from (1) are somewhat larger than those from (2),
both sets of formulas lead to similar results for the impedance
to ground. In this paper, we use (2) since it leads to a better
match with the EM model.

Parameters of the R-L-C circuit, (1) and (2), are also used in
a distributed-parameter circuit [6], [7]

1

:a L/:

R ' = g (F/m);

{

~I=

= R{ (Qm); (H/m).
3)
The transmission line may be considered as open at the
lower end, and the input impedance (equivalent to the harmonic

impedance to ground) is [7]

7 = Zycoth~{ (4a)
, Jwl/
Ay =4 =

"V (@ + el

v =Viwl (G + jwC). (4b)

A discrete approximation of the distributed-parameter circuit
is often used, for example, in [15]. The rod is divided into NV
fictitious segments and each segment of the rod is represented
by a R-L-C section [Fig. 1(d)]. Identical parameters are used for
each section

/

where R, I/, and C' are given in (3).
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The models in Fig. 1(c) and (1d) are so-called “low current”
models, but they have been also used as nonlinear “high current”
models by simply replacing the constant resistors in the circuits
with the nonlinear time-dependent resistor [8], [15]. In case of
lightning, the electric field at the rod may become larger than
the electric strength of the ground, resulting in breakdown and
sparks discharge. This may greatly improve the grounding per-
formance of the rod, especially in less conductive soil. In such a
case, the ground rod resistance to ground may be approximately
represented by a resistor with a nonlinear resistance as a func-
tion of current through the rod [8]

R _ Egp
R(t) = 1+i(t) 77 2wrR?’ ©)
I!T

Here, i(t) is the current through the rod, Ey is the soil critical
electric field intensity (approximately 300 kV/m [8]), and R is
given in (1a) or (2a). It should be noted that (6) does not take
into account the hysteretic properties of the soil ionization [10]
and the arcing at the earth’s surface that further reduce R [11].

The exact model based on the EM field theory (or antenna
theory) approach for the computation of ground rod perfor-
mance at high frequencies was first described in [13], [14]
and further developed in [17], [18]. Differences between the
transmission line and the EM models are discussed in [13]
and comparisons with field measurements are given in [14]
and [18]. The exact model is compared with a lumped R-L-C
equivalent circuit in [12]. Furthermore in [12], the use of the
lumped R-L-C equivalent circuit in Fig. 1(c) is limited to rod
lengths of less than one-tenth of the wavelength in soil, which
practically limits its use to lower frequencies.

Despite the possibility to use rigorous methods for the anal-
ysis of ground rods, there is a need for an accurate equivalent
circuit representation that may be used in well-established cir-
cuit-based methods or in software for transient and high-fre-
quency analysis of power and communications systems. Such
a need is evident in different recent simulation studies, for ex-
ample, in [15], in the megahertz range and in the emerging
power-line communications technology, even up to 50 MHz
[16].

One method for evaluating the equivalent circuit parameters
was described in [18], [19]: fractional approximation of the
impedance frequency functions computed by the EM model.
However, in this paper, we look for simpler solutions. We
first compare computational results of different methods. In
particular, we compare the rigorous full-wave EM-field theory
approach with the usual lumped R-L-C and homogenous dis-
tributed-parameter circuits. Then we try to synthesize a simple
nonhomogenous distributed-parameter circuit that matches
the EM model results better by using a simple Matlab-based
curve-matching procedure. The interested reader can find a
detailed description of the applied EM model in [17] and its
validation by comparison with field measurements in [18].

II. EQUIVALENT CIRCUIT FREQUENCY RANGE

Whether the analysis is carried out in the time or frequency
domain, the validity of the model can be checked in the fre-
quency domain. For this purpose, it is necessary to determine
the frequency range required in the analysis. It should be noted
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Fig. 2. ”Subsequent stroke” current pulse ¢, voltage to remote neutral ground
v, and impedance to ground z of 6-m ground rod in soil with p = 30 Qm.

whether the time functions and spectra of the currents and volt-
ages are available in discrete or continuous form; for usual dig-
ital computations, the discrete versions of both are required. In
such a case, the sampling theorem determines the relation be-
tween the highest frequency (or the Nyquist frequency range)
F, and the time sampling rate At [21]

1
B =—.
2Nt

In case of lightning, such a frequency range is often deter-
mined by the highest appreciable frequency components of the
excitation lightning current waves [20]. However, this range
should be also determined by the frequency content of the re-
sponse. For example, usually the sought response is the voltage
to ground v(t), which is usually needed for determining the tran-
sient impedance to ground, z(#) [20]

u(t)
z(t) = w0
Here, i(t) is current injected in the rod.

One example is given in Fig. 2, which shows the simulation
results of the EM model [17] for the transient voltage to remote
neutral ground at the feed point v(¢) and the transient impedance
z(t) of a 6-m ground rod in soil with conductivity p = 30 Qm.
The ground rod is subjected to a typical “subsequent stroke”
current pulse i(t) with a peak value of about 11 kA and a rise
time of about 0.2 us (proposed in the IEC Standard [22]).

The transient voltage and impedance in Fig. 2 have a much
higher frequency content than the excitation current pulse, and
frequency ranges up to F,, = 8 MHz for the voltage and up to
F., = 50 MHz for the impedance were required for reasonable
convergence of the results. These frequency ranges Iy, corre-
spond to time sample rates of At = 0.06 us for the voltage and
At = 0.01 us for the impedance (both in Fig. 2), which are nec-
essary for evaluating the time functions.

Therefore, the required upper frequency depends largely on
the application. In particular, it depends on the parameters of the
analyzed case, analyzed quantities, and the accuracy required. It
may be below one or above a few megahertz, but it may also be
higher than tens of megahertz if fast varying pulses are analyzed.

It should be noted that nonlinear phenomena due to ionization
of the soil were not taken into account in the computations in
Fig. 2. However, it is worth noting that nonlinear phenomena do

(N

®)
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not have a dominant influence during the rise of the current (for
the analyzed case), when the maxima of the transient voltage
and impedance occur, since some longer time period is needed
for the ionization buildup in the soil [10]. For example, in the
analyzed case, the impedance z(t) already settled down to its
dc value at around 0.5 us (Fig. 2). While ionization of the soil
may further reduce this value, it will not substantially influence
its maximum value.

III. COMPARISON OF HARMONIC IMPEDANCE TO GROUND
COMPUTED BY DIFFERENT APPROACHES

In this section, we compare the frequency-dependent
impedance to ground computed by three different approaches.

The first one is the lumped circuit approach (1) and (2)
[Fig. 1(c)]. It is the most approximate one and is based on the
assumption that the EM field behaves approximately as a static
field. Furthermore, formulas (1) and (2) are derived based on
the hypotheses of a uniformly distributed charge and current
along the rod and on image theory. Furthermore, L in (2b) is
based on the hypothesis of a rod in an infinite uniform medium.

The second approach is the distributed-parameter circuit ap-
proach (3) and (4), which assumes transverse-electromagnetic
(TEM) propagation on a uniform infinite conductor in a ho-
mogeneous medium and neglects the effects of the earth-air
interface.

The third one is the EM approach that is based on the least ne-
glects in comparison to more simplified approaches [17], [18].
It follows from a solution of Maxwell’s equations for boundary
conditions of the EM field at the surface of the conductor and the
earth. However, it is still based on some idealistic hypotheses,
such as homogeneous earth and ideal contact between the rod
and the soil. Additionally it does not take nonlinear phenomena
into account.

Unfortunately, there is no available systematically developed
and reliable set of experimental data that would serve as a
standard, so we consider here the EM model as the basis for
comparison.

Fig. 3 shows a comparison of the computed results for the
harmonic impedance to ground of short [¢ = 3 m, Fig. 3(a)] and
long [¢ = 30 m Fig. 3(b)] ground rods in more conductive (p =
30 Qm) and in less conductive (p = 300 Q2m) soil, computed
by the lumped circuit model [Fig. 1(c)], (1) and (2) (designated
by “RLC” in Fig. 3], the distributed-parameter circuit model (3)
and (4) (“TL” in Fig. 3), and the EM model [17] (“EMF” in
Fig. 3). A rod radius of 1.25 cm and a soil relative permittivity
value of 10 is adopted in all computations in this paper.

It may be noted in Fig. 3 that the lumped R-L-C model greatly
overestimates the values of impedance to ground at high fre-
quencies. The impedance computed by the R-L-C model is in
agreement with the other methods for rod lengths less than ap-
proximately one-tenth of the wavelength, which is in agreement
with the conclusions in [12]. The model with the distributed-pa-
rameter circuit (TL in Fig. 3) follows the EM model better (EMF
in Fig. 3), but it still significantly overestimates the values at
higher frequencies. Better agreement between results is detained
for small rods in very resistive soil [/ = 3 m and p = 300 Qm
in Fig. 3(a)].

IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 20, NO. 2, APRIL 2005
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Fig. 3. Harmonic impedance to ground of (a) short { = 3 m and (b) long

¢ = 30-m ground rods in more conductive (p = 30 2m) and in less conductive
(p = 300 Qm) soil.

IV. UNIFORM DISTRIBUTED EQUIVALENT CIRCUIT

One possible equivalent circuit that performs better at high
frequencies than the lumped R-L-C circuit is a discrete approx-
imation of the uniform distributed-parameter circuit Fig. 1(d). It
consists of N R-L-C sections with the parameters given in (5).
One question is how to determine the number of sections N in
the circuit.

For N = 1, the equivalent circuit is equal to the lumped
R-L-C circuit Fig. 1(c) and for N — o0, it converges to the dis-
tributed parameter circuit in (3) and (4). So, for any number of
segments, the results will be found between these two models
(in Fig. 3, between the dotted line—the lumped RLC circuit,
and the broken line—the distributed parameter circuit). Conse-
quently, the results can be improved by choosing a larger N (i.e.,
by adding more sections to the circuit). However, it should be
emphasized that too complex circuits may not be justified if one
takes into account the uncertainty and the influence of the un-
derlying assumptions, such as homogenous soil, which might
not be valid in reality.

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on September 11, 2009 at 03:48 from IEEE Xplore. Restrictions apply.
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of a 3-m rod in a soil with different p. (a) 10 2m. (b) 100 2m. (c) 1000 2m.

Results of computations are shown in Figs. 4 and 5 (dashed
line denoted by “UDC”). The parameters are computed by (2)
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Fig. 5. Harmonic impedance amplitude (upper trace) and phase (lower trace)
of a 24-m rod in a soil with different p. (a) 10 Qm. (b) 100 2m. (c) 1000 Qm.

and the number of sections, for comparison reasons, is chosen to
be the same as in the nonuniform distributed circuit, described
in the next section.
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V. NONUNIFORM DISTRIBUTED EQUIVALENT CIRCUIT

Further improvement of the results is possible by a nonuni-
form distributed circuit. We found that a simple modification of
the uniform distributed circuit may lead to a better match of the
impedance to ground obtained by the EM model. For this pur-
pose, only the values of L,, for the inductors are modified in
each section, while for the resistors and capacitors, the values
are identical (it has been found that modification of their values
did not improve the results). The values of I,, are matched to
the low-frequency values of the impedance to ground computed
by the EM model, and C), the same as in (5). The values of
L,, may be determined by the following simple curve-matching
procedure.

The procedure starts with a single R-L-C segment, where
values of R,, and C,, are fixed, and the program searches only
for the L,, element that gives the best curve matching with the
impedance to ground given by the EM model. For this, the
Matlab’s Minimize Function of Several Variables (FMINS)
function [24] was used. If a reasonably accurate matching over
the whole frequency range could not be found, then the number
of sections were increased and the program had to search for
new values of L,, in all sections. This process was continued
until reasonable convergence of the results was achieved. It
should be pointed out that the solution is not unique. The
more sections that are used, the more different inductances
can be found which satisfy the given impedance and phase
characteristic.

Figs. 4 and 5 show harmonic impedances to ground com-
puted by the EM model and the equivalent circuits (the EM
model with the dash-point line denoted by “EME,” the nonuni-
form distributed circuit with solid line denoted by “NUDC,” and
the uniform distributed circuit with the dashed line denoted by
“UDC”). For completeness, Tables I and IT in the Appendix give
the parameters R,,, C),, and L,, that are used in the computation
of the nonuniform distributed circuit results in Figs. 4 and 5.

The drawback of this procedure is that the specific choice of
parameters L, is not physically based, and optimization of any
ground rod requires utilization of the EM model. However, this
procedure offers a simple interface between the ground rod EM
model and power system circuit models. It provides an equiva-
lent circuit for single ground rods when overestimation of the
results by the homogeneous distributed circuit is considered
unacceptable.

The nonlinear behavior of ground rod resistance in case of
high lightning currents may be modeled by nonlinear resistances
R,.(¢) (6) (as suggested in [8]) in the sections of the equivalent
circuit, similar to [15].

VI. CONCLUSION

A comparison between three models for frequency-depen-
dent simulation of a ground rod: the lumped R-L-C circuit, the
distributed-parameter circuit, and the EM model show signifi-
cant differences at high frequencies.

The application of the lumped circuit R-L-C model is lim-
ited to cases where the length of the rod is less than one-tenth
of the wavelength in earth. This practically limits the frequency
range of the validity of this model to some lower frequencies,

IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 20, NO. 2, APRIL 2005

TABLE 1
EQUIVALENT CIRCUIT INDUCTANCES USED IN COMPUTATIONS IN FIGS. 4 AND 5

uH  p=100m p =100 Om p = 1000 Qm
3m 24 m 3m 24 m 3m 24 m
Ly 0.61 1.86 1.651 2207 1234 1.921
Lo 0.747 2.56 0.305 0.168 6.728
L3 0216  0.079 0.530 4364
Ly 0.580  0.006 4.814 4406
Ls 0.402 0.272 1.915 3.952
Le 0.156  1.843 7.134 3.470
Ly 0.017 0.051 0.071 3.150
Lsg 0.531 4.301 2.590
Lo 3254 1.912 1.996
Lio 7.205 1.855 0.364
L 0.054 0.264
L2 0.017
Lis 0.031
L 1.080
Lis 4203
Lis 0.273
L7 1.705
Lis 0.841
Lo 1.563
Lsg 0.728
L2t 0.687
L2z 0.566
Los 0.051
TABLE 1I

EQUIVALENT CIRCUIT RESISTANCES AND CAPACITANCES
USED IN COMPUTATIONS IN FIGS. 4 AND 5

Rn (Q) Cy (nF)
p (Qm)
10 100 1000 10 100 1000
3m 2185 3090 3114 0.041 0284 0284
24m 1212 5786  527.0 0.007  0.152  0.168

depending on the EM properties of the soil and length of the rod.
At frequencies higher than this limit, the model greatly overes-
timates the impedance to ground.

The distributed parameter circuit model fits the EM model
better, but it still overestimates the values at higher frequencies.
Better agreement between results is only obtained for small rods
in very resistive soil.

Two equivalent circuits have been compared: the first one
approximates the distributed-parameter circuit model and the
second one approximates the EM model. The latter is a nonuni-
form discrete distributed circuit whose parameters are obtained
by curve matching of the EM model. A simple Matlab-based
curve-matching procedure has been described. Such equivalent
circuit also provides a simple interface between the ground rod
EM model and usual circuit-based methods for power system
analysis.

Concerning the practical application of the described equiva-
lent circuits, the following conclusions can be drawn.

Authorized licensed use limited to: Eindhoven University of Technology. Downloaded on September 11, 2009 at 03:48 from IEEE Xplore. Restrictions apply.
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— The lumped R-L-C circuit can be used in its validity
domain or for the preliminary analysis, with the knowl-
edge that it might greatly overestimate the ground rod
impedance at high frequencies.

— The discrete approximate distributed-parameter circuit re-
duces the overestimation of the ground rod impedance at
high frequencies in comparison with the lumped R-L-C
circuit. One should also check the sensitivity of the overall
results to this change.

— If further reduction of the overestimation of the
impedance to ground at high frequencies is needed,
the EM model might be used. Equivalent circuit parame-
ters can be determined by the described curve matching
procedure.

APPENDIX
PARAMETERS OF THE NONUNIFORM DISTRIBUTED CIRCUITS
USED IN COMPUTATIONS

Table I contains data for the inductances and Table I1 is for the
resistances and the capacitances in the equivalent circuits used
for the computations in Figs. 4 and 5.
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