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This paper is devoted to a refinement of Hipp’s method in the compound Poisson approximation to the
distribution of the sum of independent but not necessarily identically distributed random variables.
Approximations by related Kornya—Presman signed measures are also considered. By using alternative
proofs, we show that several constants in the upper bounds for the Kolmogorov and the stop-loss
distances can be reduced. Concentration functions play an important role in Hipp’s method. Therefore,
we provide an improvement of the constant in Le Cam’s bound for concentration functions of
compound Poisson distributions. But we also follow Hipp’s idea to estimate such concentration
functions with the help of Kesten’s concentration function bound for sums of independent random
variables. In fact, under the assumption that the summands are identically distributed, we present a
smaller constant in Kesten’s bound, the proof of which is based on a slight sharpening of Le Cam’s
version of the Kolmogorov—Rogozin inequality.
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1. Introduction

1.1. Motivation

The compound Poisson approximation of the distribution of the sum of independent but not
necessarily identically distributed random variables has a long history. Such an
approximation is reasonable when the summands are non-zero with small probabilities. In
fact, in this case, the approximation error between the distributions involved is small.
Though several upper bounds for different distances are nowadays available, there remain
some difficult tasks. For instance, there is the problem of giving a good estimate for the
constant which appears in the upper bound due to Zaitsev (1983, formula (6), p. 658); in
fact, he improved the order of Le Cam’s (1965, Theorem 3, p. 188; see also Le Cam 1986,
Proposition 4, pp. 413—414) bound by using the so called ‘method of triangular functions’,
which was invented by Arak and Zaitsev in the 1980s in order to find the optimal rate in
Kolmogorov’s (1956) second uniform limit theorem. For details of this method, see the
monograph by Arak and Zaitsev (1988). Further developments can be found, for example,
in CekanaviGius (2003) and his previous papers. Because of the complexity of this method,
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constants are not explicitly specified; even if one followed the proofs by taking into account
explicit constants, the final constant would be very large. In order to avoid this difficulty,
Hipp (1985; 1986) invented his own method and proved some estimates, which are not
easily comparable with the Zaitsev bound. As approximations, he considered not only the
compound Poisson distribution but also finite signed measures, which can be derived from
an expansion in the exponent. Apparently, such approximations were first considered by
Kornya (1983) and Presman (1983), as a result of which we speak of Kornya—Presman
signed measures. However, observe that the signed measures used by Kornya and Presman
are slightly different (see also Hipp 1986). Further results in this direction were given, for
example, by Kruopis (1986), Cekanavi&ius (1997), Barbour and Xia (1999) and Roos
(2002). Note that Barbour et al. (1992a) and Barbour and Xia (1999; 2000) applied Stein’s
method but obtained some unwanted terms in their bounds, some of which could be
removed by using Kerstan’s approach (see Roos 2003). However, it should be mentioned
that, in contrast to Kerstan’s approach, Stein’s method also works in the context of
dependent variables. Roos (2003) gives a more detailed review of known results.

This paper is devoted to a refinement of Hipp’s (1985; 1986) method. Motivated by the
need for explicit approximation results for the individual aggregate claims distribution
within the context of risk theory, Hipp has used concentration functions in his estimates of
the Kolmogorov and stop-loss distances. The aim of the present paper is to present
alternative proofs and smaller constants in the bounds. Additionally, we provide an
improvement of the constant in Le Cam’s (1986, remark on p. 408) bound for concentration
functions of compound Poisson distributions. But we also follow Hipp’s idea to give an
estimate of such concentration functions with the help of Kesten’s (1969) concentration
function bound for sums of independent random variables. In fact, under the assumption
that the summands are identically distributed, we present a smaller constant in Kesten’s
bound, the proof of which is based on a slight sharpening of Le Cam’s (1986, Theorem 2,
p. 411) version of the Kolmogorov—Rogozin inequality; see Kolmogorov (1958) and
Rogozin (1961, Theorem 1, p. 95). For the theory of concentration functions, the reader is
referred to Hengartner and Theodorescu (1973), Petrov (1975; 1995), and Arak and Zaitsev
(1988). Note that, in the literature, many contributions on upper bounds of concentration
functions can be found. But only a small number of them deal with explicit constants; see,
for instance, Salikhov (1996) and Nagaev and Khodzhibagyan (1996). Though it is often
possible to derive bounds for concentration functions for sums of independent but not
necessarily identically distributed random variables, in this paper we only need to consider
identically distributed summands.

1.2. Notation

1.2.1. Concentration functions

The concentration functions Conc(Q; -), Conc™ (Q; -) : [0, c0) — [0, 1] of a probability
measure O on R are defined by
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Conc(Q; 1) = sup O([x, x + 1),
xeR

Conc (Q; ) = sup O((x, x + 1]), t € [0, c0).

xeR

We have listed some basic properties of concentration functions in the Appendix.

1.2.2. Stop-loss transforms

For a finite signed measure Q on R, let |Q| denote the total variation measure and
Fg = O((—o0, -]) the distribution function of Q. The stop-loss transform 7y of QO at a
point ¢ € R is defined by

7o) = | (6=, 000

Here and throughout this paper, x; =xV 0, x V y = max{x, y}, and x A y = min{x, y} for
x, y € R. Whenever we deal with a stop-loss transform 7y, to ensure that 7y has finite
values, we assume that [ |x[d|Q|(x) < oo. For a real-valued random variable X with
distribution £(X) and distribution function Fy = Fpx), we set Fy =1 — Fy; if E(X) is
finite, the stop-loss transform wy = 7. (x) of X is finite and satisfies, for t € R,

o0

sty = B(X — 1), = j Fr()dx = E(X,) LFX@) dx,

1

where, as usual, ‘J"g =— f;’ for x, y € R. Similar formulae for 77y are possible when Q is a
finite signed measure. Note that, in the context of stop-loss reinsurance, a risk X (i.e. a non-
negative random variable) is divided between the ceding company and the reinsurer in such a
way that the reinsurer has to pay the excess (X — 7). over an agreed retention 7 > 0, whereas
the ceding company has to pay the remaining amount X A #; hence mx(f) denotes the
expected claim of the reinsurer.

1.2.3. Distances

As measures of accuracy, we consider the following distances

dxm(Q1, 02) = sup|Fg, (x) — Fo,(x)| (Kolmogorov metric),
xeR

dsi(01, 02) = suplwo (1) ~ 7, (]  (stop-loss metric),
te

between two finite signed measures Oy and Q, on R. For two real-valued random variables X
and Y, we write
dxm(X, Y) = dgm(L(X), L(Y)) and dsp (X, Y) = dsL(L(X), L(Y)).

Sometimes it will be necessary to consider also the Fortet—Mourier metric
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des(X, ¥) = des(L(X), £(Y)) = JR\Fm)  Fy()]dr

between X and Y, and an /¢; version of the stop-loss metric
- ~ [o.¢]
dsL(M, N) = dsi.(L(M), LIN) = |wn(n) — ay(n),
n=0

between random variables M and N concentrated on Z, = {0, 1, 2, ...}.

1.2.4. Exponentials

In what follows, we need exponentials of finite signed measures. If O denotes a finite
signed measure on R, then we set

exp(Q) = Y = 0",
=

where, for j € N={1,2,...}, 0"/ denotes the j-fold convolution of Q with itself and
0% = g is the Dirac measure at point 0. Note that exp(Q) is a finite signed measure. It is
well known that, for finite signed measures Q) and Q,, we have exp(Q;) * exp((Q:) =
exp(Q1 + O»); see, for example, Hipp (1985; 1986) and Hipp and Michel (1990, Chapter 4).
This and other similar facts regarding finite signed measures can easily be proved with the
help of the Hahn—Jordan decomposition and characteristic functions. For a probability
distribution Q on R and parameter ¢ € [0, co), we define the compound Poisson distribution
by

CPo(1, Q) = exp((Q — &) = »_ po(j, 1) O™/,
J=0

where po(j, £) =e " t//j\.

2. Results

2.1. Hipp-type results

In the following proposition, we are concerned with the approximation by a compound
Poisson distribution.

Proposition 1. Let n€ N and X, ..., X, be non-negative and independent random
variables. Set S, =Y I X; and, for all i € {1, ..., n},
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pi = P(X; >0), 0i=PX;c-1X;,>0),

Ui = Jx dQi(x), u? = JXZ dQi(x),

1, if Q; is a Dirac measure,
ci =
2, otherwise,

Let

1=3"p Q=33 p0.  H=CPoll, 0)
i=1 i=1

s I ~ Il - p; - -
i:izp,(l —p,‘), Q: Z%Qi, H:CPO(}% Q)
i=1 i=1

&

If, for all i, p; <1, then

2 ¢ p? i
dew(£(S,), H) < =3P Cone™(H; ), (1)
8 ' 1-pi
R 2 @ )
dsL(L(Sy), H) < TZ I p’p <ui +ci (/"i +/JZ Conc™ (H; p;). 2)
=1 T Pi i

Remark 1. (a) Hipp and Michel (1990), p. 51) give an inequality essentially the same as (1),
and their proof can be used to establish (1); see also Hipp (1985). The bound (2) is slightly
sharper than the one in Hipp and Michel (1990, p. 54). In fact, for non-degenerate probability
distribution Q;, their bound contains the term u; + ,u?) /(2u;) instead of the smaller value

1 ,u@)
=i +—.
HiTy (ﬂ 1

(b) It is well known that, under the assumptions of Proposition 1, the distribution £(S))
is smaller than or equal to H in the stop-loss order, that is, for all ¢+ € R, we have
7, (1) < mwy(t); see Hipp and Michel (1990, p. 43). This may be helpful when dealing with
the stop-loss distance.

(c) As pointed out by Hipp (1985), in order to obtain higher accuracy, the concentration
functions in the upper bounds of Proposition 1 should be evaluated rather than estimated.
Indeed, in many applications, where Q is an arithmetic probability distribution with
O({h, 2h, 3h, ...})=1 and & € (0, o), Conc™(H; u;) can be evaluated by using Panjer’s
(1981) recursive algorithm. Nevertheless, we provide some general upper bounds for
concentration functions in Section 2.3.

(d) Note that Zaitsev (1983, formula (6), p. 658) has shown that
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dxm(L(Sy), H) < ¢ max p;,

where ¢ denotes an absolute constant.

Remark 2. The situation in Proposition 1 can be interpreted within risk theory: let us
consider the individual model with a portfolio of » € N independent policies, producing the
non-negative individual claim amounts X, ..., X,. Each X; can be written as a random sum
X = 224:'1 Ui. Here, for i fixed and k€N, the U,;; are positive, independent and
identically distributed random variables and M; is a Bernoulli random variable independent
of the U;y with P(M; =1)=1— P(M; =0) = p;. The p; represents the probability that
risk 7 produces a positive claim, and so we can assume that p; is small. Further, £L(U;;) = O;
is the conditional distribution of the claim in risk 7, given that a positive claim occurs in risk
i. The aggregate claim in the individual model is defined by the sum S, of all X ;. Frequently
the distribution £(S,) of S, is quite involved and should be approximated by a simpler
distribution. Due to the smallness of the p;, an approximation by a compound Poisson
distribution CPo(4, Q) is particularly favourable. Note that we obtain this distribution by
Poissonization: if, in the sum X; = 22/’:1 U, r, we replace M; with an independent Poisson
distributed random variable N; with the same mean as M;, then we obtain random variables
Y, = Z]kv;l Ui . Now, L3> 1Y) = CPo(A, O). From this, we see that Corollary 1 below is
applicable. The distribution CPo(4, Q) can also be obtained as the aggregate claims
distribution S =1V of a suitable collective model: here only the claims V; and their total
number M are modelled In the present context, the number of claims M has a Poisson Po(4)
distribution with mean A and the claims are independent (also of the number of claims) and
identically distributed random variables with distribution Q.

The next proposition deals with the approximation by Kornya—Presman signed measures
Hy (see below).

Proposition 2. Let the assumptions of Proposition 1 be valid. Further, set K € N,

(_ )k+1
Hy = exp (ZZ piOi —¢ )*")

i=1 k=1

(2pi)1(+1

RS a 2

forie{l,..., n},

2

_ LK) __ T
0 ;(e D =gy

where we assume that, for all i, p; < % and 0 < 1. Then
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dxm(L(S,), Hi) <nY_ ci(e™™ — 1) Cone™ (H; ), 3)
i=1

i=1 i

n )
dsu(L(S,), Hp) =mny ("9 —1) (ul— +cf (u,- + ‘; )) Conc™ (H; w).  (4)

Remark 3. Inequality (3) is better than that of Hipp and Michel (1990, p. 82); see also Hipp
(1986). In fact, their bound contains the values ¢X) and Conc™(H; (K + 1)u;) instead of
the better ones %) and Conc™(H; ;). For ds (L(S,), Hk), we found no comparable
bounds in the literature; therefore (4) seems to be new. However, in Hipp (1986, formula
(10)), a non-uniform inequality for the difference of the stop-loss transforms of £(S,) and the
signed measures originally used by Kornya (1983) was presented. Note that, as mentioned
above, these signed measures differ slightly from the Hg of the present paper.

Remark 4. The idea behind the use of the finite signed measure Hy is the following: using

the log series and characteristic functions, it is easy to show that, for i € {1, ..., n},
- (*l)kﬂ k * k
LX) = &0+ pi(Qr — &) = exp| Y — p(Q —e0)"" |.
k=1

Note that, since p; < %, the infinite sum in the exponent converges with respect to the total
variation norm and forms a finite signed measure. We obtain

n

(=D *k
L(Sy) = exp E E 7 pi(Qi—e0) " |;
k=1

i=1

see also Hipp and Michel (1990, Chapter 4). Therefore, we should expect Hx to be a good
approximation of L£(S,) if K is large. In fact, from Proposition 2, it follows that
dxm(L(Sy), Hy) and dsp (L£(S,), Hg) tend to zero as K — oo, if p; < % and if the respective
moments of Q; are finite for all i.

2.2. Prerequisites for Proposition 1
The following theorem seems to be new.

Theorem 1. Let X, X», X3, ... be non-negative, independent and identically distributed
random variables. For ne€ Z,, set S, =Y. X;. Let M and N be Z.-valued random
variables with the same finite expectation. Let Y denote a random variable in R. We assume
that all Y, M, N, X, X, ... are independent.

(a) Then we have

dxm(Sy + 7Y, SN+Y)$%dFM(M, N)ydgxm(Y, X1+ 7).
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(b) If E(X)) < o0, then

dsi(Sy + Y, Sy + Y) < dsu (M, N)E[(X1 A X») Conc™ (L(Y); X1 + X2)].

Note that the upper bounds in Theorem 1 are small when £L(M) ~ L(N), when L(X) = &,
or when £(Y) has a small concentration. Theorem 1 and the telescopic sum decomposition
enable us to give results concerning the approximation of sums of independent but not
necessarily identically distributed random variables.

Corollary 1. Let n € N and Xy, ..., X,, Y1, ..., Y, be independent random variables. For
each i € {1, ..., n}, X; and Y; are given by random sums of the form X; = Zf:ilUi,k and
Y, = Zi\il Uik, where, for i fixed, the U;;, U;,, U;s, ... are non-negative, independent and
identically distributed random variables and the M; and N; are random variables in 7, with
E(M;) = E(N;) < oo. We assume that all M;, N;, U are independent. Set S, = E;'ZIX,-,
T,=> " Y and for i€ {l,...,n}, Z; = Z};IIXJ—F 27:i+1YJ"

(a) Then we have
dxw(Sn, T) < 3> den(Mi, Np)dn(Zi, Uiy + Z)).
i=1

(b) If E(U;y) < oo forall i € {1, ..., n}, then

dsi(Sy, Tn) <Y dsi.(My, N)E[(U1 A Uip) Cone™ (£(Z)); Uiy + Uin)l.
i=1

Proof. The assertion easily follows from Theorem 1 in conjunction with the well-known
telescopic sum decomposition

L(Sn) = L(Ty) = i(ﬁ(){i + Zi) = L(Y: + Z)),

i=1

which, in turn, can be shown via induction over . O

Corollary 1 is used in the proof of Proposition 1.

2.3. Concentration function bounds

The following proposition is devoted to Le Cam-type bounds for the concentration functions
of a compound Poisson distribution. The absolute constant (2¢)~'/? in the bounds is the best
possible.

Proposition 3. Let Q be a probability distribution on R. Then, for t € (0, co) and s €
[0, o0),
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1

Conc(CPo(t, Q); s) = m, (5)
1
Conc™ (CPo(t, Q); s) < W’ (6)

where

f(S, Q) = maX{Q((_OO! _S))» Q((S! OO))},
g(S, Q) = maX{Q((iooa 7S])5 Q([S7 OO))}

In (5) and (6), equalities hold when s € (0, 1), t = %, and Q = &, is the Dirac measure at
point 1 such that CPo(t, Q) = Po(%).

Remark 5. From Le Cam’ (1986, remark on p. 408) more general inequality for the
concentration function of an infinitely divisible probability distribution, it follows that, under
the assumptions of Proposition 3,

o 1/2

Conc(CPo(t, Q); s) = ( > (7)
1OQ({x : [x] > s})

(see also Le Cam 1965, Proposition 5, p. 183; Arak and Zaitsev 1988, Theorems 2.5 and 2.6,

p. 46). Since f(s, Q)=2"'0({x: |x| >s}), it follows from (5) that the constant

V27 & 2.51 in (7) can be replaced with e~'/? ~ 0.61.

The bound (6) can be used to estimate the concentration functions in the upper bounds in
Propositions 1 and 2. However, other bounds can be derived with the help of a Kesten-type
inequality for the concentration function of the sum of independent and identically
distributed random variables:

Proposition 4. Let S, = >""" | X; be the sum of n € N independent and identically distributed
random variables Xy, ..., X,. Then, for t € [0, c0),

Conc(L(X1); 1)
V(n+ 1) = Conc(L(X)); 1)

Conc(L(S,); ) =< 6.33 (8)

This inequality remains valid if Conc is everywhere replaced by Conc™.

Remark 6. From a more general result of Kesten (1969, Corollary 1, pp. 134—135), it follows
that, under the assumptions of Proposition 4,

Conc(L(X1); 1)
Vn(1T = Conc(L(X)); 1)

Conc(L(S,); 1) < 4v2(1 + 9¢) )

Here, ¢ is an absolute constant satisfying the classical Kolmogorov—Rogozin inequality (see
Kolmogorov 1958; Rogozin 1961, Theorem 1, p. 95), which states that, under the same
assumptions,
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c

Conc(L(Sy); t) = V(1 = Conc(L(X)); 1))

(10)

Since ¢ = 1 (see Remark 8 below), the leading constant in (9) is bounded from above by
40/2 < 56.6, which is considerably larger than our 6.33. A further advantage of (8) over (9)
is the factor (n+ 1)~'/2 instead of n~'/2.

Corollary 2. Under the assumptions of Proposition 3, we have
6.33 Conc(Q; s)(1 —e™)
Vil —Conc(0; 5))

This inequality remains valid if Conc is everywhere replaced by Conc™.

Conc(CPo(t, Q); s) <e '+ (11)

Remark 7. (a) The bound (11) can be much better than (5) if ¢ is large and if Q has a small
concentration function.
(b) Bening et al. (1997, Theorem 8, pp. 370-371) have shown that, under the
assumptions of Proposition 3,
s+ 1

Conc(CPo(t, Q); s) < c(¢, 0) 7, (12)

2
cle, 0) = (;) max{l, %}\/%

and ¢, 6 > 0 are defined in such a way that the characteristic function @o(x) = fei"y dO(y) of
O satisfies

where

2

lpo(x) <1 —ex whenever |x| < d.

In fact, for each non-degenerate probability distribution Q, there exist positive numbers ¢ and
0 with such a property (see Petrov 1975, Theorem 1.2.2, p. 11). It is easily shown that, under
the present assumptions, max{1, 0" '}¢ /2 = 1. Therefore the bound in (12) is often worse
than the one in (11).

The proof of Proposition 4 is based on a refinement of Le Cam’s version of the
Kolmogorov—Rogozin inequality for the concentration function of the sum of independent
random variables.

Proposition 5. Under the assumptions of Proposition 4, we have

1 — [Conc(L(X1); £]"*! )” ?

Conc(L(S,); 1) < ((n + 1)(1 — Conc(L(X1); 1))

This inequality remains valid if Conc is everywhere replaced by Conc™.

Remark 8. From the more general Theorem 2 in Le Cam (1986, p. 411), it follows that, in
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the Kolmogorov—Rogozin inequality (see (10)), one can choose ¢ = 1. But his inequality is
slightly better. In fact, under the assumptions of Proposition 4, his result implies that

1 — exp(—n(1 — Conc(L(X1); 1)) 172
n(1 — Conc(L(X1); 1) ) '

Conc(L(Sy); 1) = (

However, it is easily shown that this bound is always larger than or equal to the one of
Proposition 5.

3. Remaining proofs

In what follows, we use the forward difference operator Ab:Z, — Z, of a sequence
b:Z,— Z,, which is defined by Ab,=b,— b, for ne€Z,.. Powers of A are
understood in the sense of composition, that is, we have Afb = A(A*'b) for
ke€{2,3,...}. Sometimes we use the following version of Abel’s summation formula.

Lemma 1. For n€ Z., let a,, b, € R, A, =>"" ga;. If > plan] < oo and Y5 o|bs| < o0
then

Ay Aby.
0

ianbn :ianiAbm =
n=0

o0
n=0 m=n m=

For the proof of Theorem 1, we need the following lemma.
Lemma 2. Let the assumptions of Theorem 1 be valid and set, for y € R b,(y) = Fs,(»)

and, for n € 7, A, = Fy(n) — Fy(n).

(a) For y € R, we have
Fs, () = Fs,(9) = Y _ A, Ab,(y).
n=0

(b) If E(X) < o0, then, for t € R,

23,0 = 15,0 = D) — ()| A, 109y

n=1

Proof. We may assume that, for all i, X; # 0 with positive probability. Assertion (a) follows
with the help of Abel’s summation formula. Here, we have used the fact that Y .-, Fs,(») is a
renewal function which is bounded on intervals of finite lengths (see, for example, Feller
1971, p. 359).

We now prove (b). We may assume that ¢ € [0, co). Then

15, (1) — 5, (1) = J (Fs, () — Fs, (") dy = L(Fsm) ~ Fs, () dy,
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where we have used the fact that, under the present assumptions, E(S,/) = E(Sy) < oc.
Application of Abel’s summation formula to assertion (a) gives

Fs,(») = Fs,() =Y (Z Am> Nby()
n=0 \ m=0

= Z[nM(n) — an(m)]A* b, 1(¥)
n=1

for y € R, where we have taken into account that > ° /|4,| < E(M + N) < oo and that, for
kel.,

=~

—1

Ay =— Z:I{An = HM(k) - J-[N(k)

Il
o

n

To complete the proof of (b), we use Fubini’s theorem, which is permitted since
t o0 t o0
[, = terutm = a0 dy = B+ 30| S Fr.ydy < o
0 =1 0 %=0
O

Proof of Theorem 1. Let b,(y) and 4, be defined as in Lemma 2. Using Lemma 2(a), we
obtain, for all ¢, x € R,

PSSy +Y <x)— P(Sy+ Y < x)=E[Fs, (x— Y) — Fs,(x — Y)]

—E f:AnAbn(x - Y)}
n=0

I
gk

An(E[Ab,(x — V)] — ),

Il
)

n

where the latter equality follows from Fubini’s theorem and E(M) = E(N) < oo, that is,
> 0An = 0. 1t follows that

dxm(Sy + Y, Sy +7Y) < dp(M, N)sup sup|E[Ab,(x — V)] —c|.

neZ. xeR
Since the X; are non-negative, we have, for all n € Z, and x € R, Ab,(x — Y) = 0, giving
0 < E[Ab,(x — )]
=P(S,+ Y <x)—P(Sp1 +Y=<x)
=E[Fy(x = 8y) — Fx,+y(x — S,)]

< dem(Y, X1 + Y).
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Hence, if we set ¢ = 2 'dxm(Y, X, + Y), we obtain
[E[Abu(x — Y)] — ¢| < Jdgm(Y, X1+ Y).

Assertion (a) immediately follows.
We now prove (b). For ¢ € R, we have

5,4 7() = s, y() = E[(Syy +Y = )1 = (Sy + Y = 0)4]

— Els, (1 — ¥) - 75,(1 — V)]
0 t—Y

~E lZmMm) — )| &) dy] ,
n=1

where we have used Lemma 2(b). Since the X, are non-negative, independent and identically
distributed with finite mean, 7, () is a convex sequence in n € Z. for y € R fixed, that is,
A’ms (y) = 0 for all n € Z, (see, for example, Miiller and Stoyan 2002, p. 160). In fact, this
follows from the equalities

Nrs, () = 75, (9) = 275, (¥) + 75,(2)
= E[(Sy + Xnp1 + Xni2 — ¥)+
= (Sn + Xn1 = P+ = (Sn + X2 — V)4 + (S0 — ¥)+]
and the obvious fact that, for all a, 3, y =0,

(a+B-—ni+t@t+y—y);is@+p+y—p»;+(@a—y,.

From this we see that, for n € N, jonAzb,,,l(y) dy = 0, and therefore we arrive at

t—Y
dst(Sy+ 7Y, Sy +Y) < ds (M, N)sup supEU A?b,_1(») dy}
neN reR 0

For all » € N and 7 € R, we have, by conditioning on the values of S,_;, X, and X,.1,
=Y =Y
EU A*b,_ () dy} =E U [P(Sh—1 <y)— P(Sy <)
0 0
= P(Sn—1 + Xpp1 < )+ P(Sui1 < )] dy}

- JE[za,b,c(r VLS 1, Xy X))@ b ©),

where, for x € R,
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Zap() = J (1o (@) — 1o yy(a + b)
0

— 1o, (@4 )+ 1, yj(@a+ b+ c))dy
X — a, if a<x=<a+(bAo),
bAc, if a+(bNc)<x=<a+(bVec),
a+b+c—ux, if a+(bVe)y<x<a+b+ec,
0, otherwise

< (b A )1, arbra().

Here, for a set 4, 14(x) =1 if x € 4 and 14(x) = 0 otherwise. This leads to

—Y
E U A2b, () dy}
0

= J(b ANc)P(t—Y €(a, a+ b+ c])dL((Sy-1, Xn, Xni1))(a, b, ¢)

= E[(Xn A Xn+1)C0n07(,C(Y); Xn +Xn+1)]~

Assertion (b) follows from the inequalities above. UJ

The proof of Proposition 1 requires the following three lemmas.

Lemma 3. Let the assumptions of Proposition 1 be valid. Further, let Yy, ..., Y, be random
variables with distributions L(Y;) = CPo(p;, Q;) for je€{l, ..., n}. We assume that all
Xy, ..., X 1,..., Y, are independent. For ic{l,...,n} fixed, set Z;=
Z_l/:lXj + Z;’:Hl Y; and Zj = Z; — X;. Then, for all t € [0, o),

1 2

Conc(L(Z)); 1) <

1 Conc(L(Z)); 1), Conc(L(Z)); t) = %Conc(f{; 1).
— p;

The above inequalities remain valid if Conc is everywhere replaced by Conc™.

Proof. For the proof with respect to Conc™, see Hipp and Michel (1990, pp. 52—-53) or, for a
preliminary version, Hipp (1985, p. 231), where the main argument is a suitable smoothing
lemma for arbitrary probability measures. The proof is completed by using the continuity
properties of concentration functions (see Lemma 9 below). O

Lemma 4. (a) Let X and Y be two real-valued random variables. If u = E|X| < oo, then
dxm(Y, X +7Y) < cConc™ (L(Y); n),

where ¢ = 2. If X is almost surely constant, then we can set ¢ = 1.
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(b) Let Y be a real-valued random variable and let X, X, be non-negative, independent
and identically distributed random variables with E(X%) < 00. Then

E[(X| A X5)Cone™ (L(Y); X + X3)]
#(2)
<2 (pt +c (,u + 7) ) Conc™ (L(Y); w),

where u = E(X), E(X %) =u® and ¢' = %. If X, is almost surely constant, then we can set
¢ =0.

Proof. Assertion (a) was implicitly shown in Hipp and Michel (1990, p. 52); see also Hipp
(1985, pp. 230-231). In fact, the argument is the following. We may assume that x > 0. For
y € R, we have

[PY<))—PX+Y=<yl=< JR|P(Y <y)— P(Y <y —x)|dL(X)(x).

The integrand is equal to P(Y € I(x, y)), where I(x, y)=(A(y—x), yV(y—x)] is a
half-open interval with length |x|. Dividing this interval into smaller ones, we see that

P(Y € I(x, y)) = {%}COHC(E(Y); ),

where, for x € R, [x] € Z is defined by x < [x] < x + 1. Therefore
ey el X

dxm(Y, X +Y) =< Conc™ (L(Y); w)E 2 |

from which (a) follows.
Assertion (b) can be shown in the same way. Indeed, we have

E[(X| A X5)Conc™ (L(Y); X1 + X3)]

= E{(Xl A X3) <1 +X1;X2>]C0nc(£(Y); uw)

1
= (E(Xl A X))+ ; E(X| A Xz)z + ,LL) Conc™ (L(Y); w)
anXm/\X2$(X1+X2)/2. O
Let Bi(n, p) denote the binomial distribution with parameters n € N and p € [0, 1].

Lemma 5. For p € [0, 1],

2

dru(Bi(L, p), Po(p) =2( " — 1+ p) < p’,  dsu(Bi(l, p), Po(p) = 5.
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Proof. The assertions are easily shown. See also Roos (2001, Proposition 1 and remark after
Proposition 2). 0

Proof of Proposition 1. For i € {1, ..., n}, let
Pi:‘C(Xi)y Pi:CPO(pia Qi)a Ml,:(l*l P])*<$1PJ)
J J=it
Then, according to Corollary 1 and Lemmas 4 and 5,

dxm(L(S,), H) <3 dea(Bi(1, pi), Po(p) dxm(M}, Qi x M)

i=1

n

< %Z c; p? Conc™ (M}; u;)
i=1

and, similarly,

n 2)
dsu(L(Sy), H) < pi (ﬂi + ¢i </t,~ +i; ))Conc(M,‘; i)
i=1

Lemma 3 gives

2

Cone™ (M i) = Cone™(H; ),

T
(1= pi)
which completes the proof. ]

Proof of Proposition 2. For i € {1, ..., n}, let
P = L(X)), R = L(Sy),

O N (=DE i 0 A (=DF i
RK = § k Pi (Ql — 80) , RY = § © P (Ql - 30) s
k=1 k=1

U =RY RO, HY =exp(RY), M= (’*1 Pj> * ( ¥ 1 H(,?).
- J=it

Then the telescopic sum decomposition (cf. proof of Corollary 1) gives

n
dxm(R, Hy) <> sup|[M] + (P; — H)]((—o0, x])| =: T.
i—1 x€R
Using the telescopic sum decomposition again, we obtain, for i € {1, ..., n},
n
"__ n n (J) i _ ” (J)
R— P M]= L’fﬂ Pi= % H,g] x (j*l Pj) = > M}x(P;— HY).

Jj=i+1

Since P; = exp(R"), this yields
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M* (P; — H(Ki)) = M!x P; (g — exp(U"))

= (R+ M« Pi — R) % (¢g — exp(U"))

= (R SN HS?)) (&0 — exp(U).

j=it1

In view of Abel’s summation formula, we see that the second convolution factor is equal to

o0 o0
e — exp(U?) = Y a0 = 3~ ADOL" + (0 — ). (13)
r=0 r=0

where the coefficients @ are real-valued and A(ri) = an:oagl) for r € Z,. In fact, (13) is
valid, since it can be shown that B :=3"" |4 < oo (see below). Hence, for
ie{l,..., n}

sup|[[M[* (P, — H)(—o0, x])| < B (dxm(R, O; * R) +2T).

xeR

This implies

T =<

BO(dgm(R, O; * R) +27),

n
i=1

and therefore, letting B =Y. | BY,

n

(1-2B)T <> Bdgu(R, Qi * R).

i=1

Here, we have used the fact that, since M{* (P; — HS?) is a finite signed measure for all i, T’
must be finite. In order to give an estimate for B, we use, for a power series g(z) = >z’
with |z| < 1, the notation | g(z)|| = >_7°,|g:|. Further, we make use of the simple property
that || g(z) g(2)|| < ||g(2)|| || €(2)||, where g(z) and g(z) are two such power series. For |z| < 1,
let

> 1\k
o= S i

k=K+1 k

Then it follows that, for all i € {1, ..., n},
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. 1 i

B — :(l—exp(G(K)(z)))’
948) ||G"><z)ll"”
S Z

1 & <2p,~>’<> )
< —| exp — ] -1
oo 3%

1 .
< _ 7(i,K) _ 1
S 1),

giving B < 8/2. Since dim(R, Q; * R) < 4~ 'n?c;Conc™(H; u;) (cf. Lemmas 4(a) and 3), we
arrive at the first inequality.

The second assertion is shown in the same manner. Here, we may assume that, for all i,
u; < oo and ,uf.z) < 00. Now

dsu(R, Hk) < ZSUP

l]XER

[ tarr e 00 oo dy‘ -
By using Abel’s summation formula, we have, for i € {1, ..., n},

8] o0
2o — exp(UD) =" ADOF s (eg — 0) = > AV + (28 — 0™,
r=0 r=0
with 49 =" 4% for r € Z,. This leads to
M (P, — HY) = <R — Y Mjx(P— HS?)) x> ADOF x (e — 002,
J=i+l1 r=0

Hence

J (M5 (P — HON(n 00) dy‘

< Z |A(’)| (sup

It is easy to see that, for r € Z,,

sup
xeR

J [OF (g0 — 01" * RI((y, 0)) dy‘ + 4T)

x—S, )
E| A
0

J (O] * (20 — 00 * RI((y, oo))dy’ = sup

xeR

sup
xeR

where b(,i)(y) = Q?"((—oo, v]). Proceeding as in the proof of Theorem 1(b), we obtain,
together with Lemma 4(b), that
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)
T<ZZ|A(1)|< <ﬂ1+cz< ,-ljz ))Conc_(R; ,u,»)+4T>,

i

giving

i=1

- L @
(1-4BT<2) BY (ﬂi + ¢} <m + ’“; ))Conc_(R; Ui,

where B =" B® and B® = 3% |4"|. Here, we have used the fact that 7 < oo, which
can easily be shown by using the simple inequality

SUP|”Q1*Q2(1)| SUP\JTQI(!)HQz\(R)
for two finite signed measures Qi and Q5 on R. Similarly to the above,

B0 — (1 — exp(G(2)))

1 .
= _ 7(i,K) _ 1
S0 =,

1
(1-2¢
and hence, we obtain B < 0/4. The second assertion now follows. ]

For the proofs of Proposition 3, Lemma 6 below, and Proposition 5, we use a splitting
technique due to Lévy (cf. Le Cam 1986, p. 412).

Proof of Proposition 3. Let s € [0, co). The proof is based on the decomposition
O=ca0 +ab+ais,

where Q;, O, and Qs are probability measures concentrated on (—oo, —s), [—s, s] and
(s, o), respectively, and

c1 = 0((—o0, —s)), c2 = 0([—s, s, c3 = 0((s, 00)).
Then, for ¢ € (0, c0), CPo(t, Q) = *13.:1 CPo(tc;, O;) and therefore, by Lemma 8(c) below,
Conc(CPo(z, Q); s) < min{Conc(CPo(tc1, O); s), Conc(CPo(tc3, 03); 5)}.
We obtain

xeR

Conc(CPo(tcy, Q1); s) = sup <Z po(n, tey) OF"([x, x + s]))

< <suppo(n th)supZQT”([x x =+ s]).

nezZ. xeR 0

It is well known that, for y € (0, c0),

sup po(n, y) < ; (14)
neZ, A% Zey

see, for example, Barbour ef al. (1992b, p. 262) or Hipp and Michel (1990, pp. 46—47).
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Further, for all x € R, it can be shown that > °° Of"([x, x + s]) < 1. Indeed, if T}, T, ...

are independent and identically distributed random variables with £(77) = Q;, then we may
assume that, for all i € N, 7; < —s and therefore

ZQT”(x x+s)=P (U{ZTG [x, x+s}> <1.

Hence

1
Conc(CPo(tcy, ;8 =< .

(CPo(tc1, O1); s) N
Similarly, Conc(CPo(zc3, Q3); s) < (2e tc3)~'/2. Combining the estimates above, (5) is
shown. Inequality (6) can be derived from (5) by using Lemma 9 below. Since
CPo(?, €1) = Po(#) for ¢ € [0, o) and since, in (14), equality holds for y = %, we see that
the remaining part of the assertion is true. O

For the proof of Proposition 5, we need the following lemma, which is similar to
Proposition 2 in Le Cam (1986, pp. 409-410). However, there are some differences. In
contrast to Lemma 6 below, in Le Cam’s Proposition 2 it was assumed that the summands
X; have symmetric but not necessarily identical distributions.

Lemma 6. Let n € N and X, ..., X, be independent and identically distributed random
variables. Set S, = Z;’ZlX,-. Let x € R, t >0 be fixed. We assume that the X; admit the
decomposition L(X;) = L(;Y; + (1 — 1))Z;) for i € {1, ..., n}, where {1}, {Y;} and {Z;}
are sets of identically distributed random variables with L(I;) = Bi(l, %), P(Y; <x)=
P(Z; = x4+ t)= 1. We assume that all 1, Y;, Z; are independent. Then

1
n+1

Conc™ (L(Sy); 1) =

Proof. Set T, = > 1; and, for m € {0, ..., n}, Zp = SR Y+ 3" Z. For y € R, we
then have

P(S, €y, y+0)=> P(Ty=mP(Zy€(y, y+1)
m=0

meZ m—0

$<sup P(T, —M)>ZP(Z e, y+1)

1
NCES N

where we have used the fact that sup,cz, P(T, = m) < (1 + n)~'/? (see, for example, Le
Cam 1986, proof of Proposition 2, p. 410) and that, since Z,, — Z,,4; = t almost surely for

=
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m € {0, ..., n— 1}, the events {Zm €y, y+ 1} for me {0, ..., n} are pairwise disjoint.
O

Proposition 5 can be proved by adapting the proof of Theorem 2 in Le Cam (1986,
p. 411); cf. Remark 8 of the present paper. In what follows, we give an alternative direct
proof.

Proof of Proposition 5. Let t € (0, c0) and let x = x; € R be a median of the distribution
function 27 1(F(y) + F(y + 1)) for y € R, where F is the distribution function of X. This
means that

Fx=)+ F((x+0D-) s 1< F(x)+ F(x+0),
where F(x—) = limF(y). Therefore a € [0, 1] exists such that
qg:=Fx—)+aPX,=x)=1—-F(x+H—)—aPX; =x+1).
This leads to
I1—PX,€[x, x+1])<2¢g=<1-PX| € (x, x+1)). (15)
In particular, ¢ < % Let us assume that ¢ > 0. For y € R, set

F
Fi(y) = % 1 oo, (¥) + 11, 00) (1),

_F(y) -1 - q)l[ o)

Fi0) = 5 (FL0) + ),

F(y)—q .
ﬁl[x, 0+ Ltr, 00)(V), if ¢ <3,
Fa(y) = 4
1z, 00y (), if g=1
It is easy to verify that the Fy, ..., F4 are distribution functions with

F =2qF; 4+ (1 —2q)F;.

Further, the distributions with distribution functions F, F,, F, are concentrated on (—oo, x],

[x + £, o) and [x, x + f], respectively. Let {Yy, ..., Y}, {Z1, ..., Z,} and {1, ..., I,}
be families of identically distributed random variables with Fy = F3, Fz = F4; and
L(I;) = Bi(l, 2q) for i € {1, ..., n}, where we assume that all ¥;, Z;, I; fori € {1, ..., n}

are independent. Then S, is equal in distribution to

n

Y+ (1= 1) Zi).

i=1

Set T, =>.7",1; and, for m € {0, ..., n}, R,, = > " ,Y;. For y € R, we now obtain
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P(S, € (1, y+t))=ZP(Tn=m)P<Rm+ZZi€(y, y+t)>
i=1

m=0

< zn: P(T, = m)Conc™ (L(R); 1),
m=0

where we have wused Lemma 8 below. From Lemma 6, we see that
Conc™ (L(R,); t) < (m + 1)~'/2. Therefore, using Jensen’s inequality, the equality

B m
C(n+1)2¢g

for m€ {0, ..., n+ 1}, and (15), we derive

| 1\ 1= =29\
Conc™ (L(S,); ) <E < (E - =
onc (£(Sy); 1) < B = ( T,,—H) ( (n+1)2g )

< < 1 — [Conc(L(X1); ]! >1/2
— \(n+ 1)(1 — Conc(L(X1); 1))

P(T,+1=m) P(Tyi1 = m)

where ¢ € (0, c0). In the case ¢ = 0, the upper bound we have just proved can be set to be
one by a continuity argument, since here we have P(X; € [x, x+ ¢]) =1 and therefore
Conc(L(X1); t) = 1. The proof is completed by using Lemma 9 below. O

For the proof of Proposition 4, we need the following lemma.

Lemma 7. Let the assumptions of Proposition 4 be valid. For s, t € (0, 00) and o=
1 — Conc(L(X1); s), we have

n—1
Conc™ (L(S,); t) < Conc™ (L(X)); t)ZConc’(L(Sm); s+ a1,

m=0

Proof. Let x € R be arbitrary and set / = (x, x + #]. According to Lemma 9(d) below, y € R
exists such that o = P(X; ¢ J), where we define J = [y, y + s]. Then we have (cf. Petrov
1995, p. 70)

P(S, € 1) = JHP(XI +x€el, Xy € J)dL(S, 1))

+ ar’ P(S,—1 +x € D)AL(X, | Xy ¢ J)(x),

where [ —J ={z; —z|z1 €1, € J} =(x— y—s, x — y+ t]. This yields
Conc™ (L(S,); 1) =< Conc™ (L(X); H)Conc™ (L(S,—1); s+ 1)

+ aConc™ (L(S,-1); ).
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The assertion now follows by induction over . (I

Proof of Proposition 4. According to Lemma 9 below, it suffices to show the assertion for
Conc™. Let 7€ (0, oo). Let us first assume that Conc™(L(X,); f) < 3, where € (0, 1).
Then, by Lemma 9 below, s € [#, c0) exists such that

Conc™ (L(X)); s) < B < Conc(L(X}); s).
In particular, we have a := 1 — Conc(£(X;); s) < 1 — 5. Using Lemma 7, Proposition 5 and

the simple inequality Conc™ (L(X); s + ) < 23, we obtain

n—1 n—Il—m
Conc™ (L(S,); t) < Conc™ (L(X)); I)Z a-p

2=/ (m+ D1 —-2B)

Set f = 0.3322. Then simple calculus shows that

—1 1

1 (1 gyt
Vi 1 = 6.33, 16
DMy e T (10

giving the assertion in the present case. In fact, it is not difficult to prove that, if we denote
the left-hand side of (16) by f,, then f, < f,.; for n<6 and f, = f,, for n=7.
Therefore, sup,enfy = f7 = 6.329 ... . If Conc™ (L(X)); t) = 3, then the assertion follows
easily from Proposition 5. In fact,

1

V(m + 1)(1 = Conc=(L(X)); 1))

_ Conc™ (L(X)); 1)
~ BV(m £ (1 = Conc (L(X1); 1)

where 1/5 <3.1. O

Conc™ (L(S)); 1) <

Proof of Corollary 2. The assertion follows from
Conc(CPo(t, Q) ; s5) < Zpo(n, 1) Conc(Q™" ; 5)
n=0

6.33 Conc(Q; )
V(n+ D(T = Cone(Q; 5))’

the simple inequality Y - po(n, 7)/v/n+1<(1—e"")//t and Lemma 9 below. O

<e '+ Zpo(n, 1)
n=1

Appendix: Concentration functions

For the proof of the following lemmas, see Hengartner and Theodorescu (1973).



556 B. Roos

Lemma 8 (Basic properties of concentration functions). Let ¢, s € [0, co) and X and Y be
independent real-valued random variables. Then:

(a) Conc(L(X); s) < Conc(L(X); s+ 1).

(b) Conc(L(X); s+ t) = Conc(L(X); s) + Conc(L(X); 1).

(¢) Conc(L(X + Y); s) < min{Conc(L(X); s), Conc(L(Y); s)}.

(d) Assertions (a)—(c) also hold if Conc is everywhere replaced by Conc™.

Lemma 9 (Continuity properties of concentration functions). Let s € (0, c0), t € [0, 00),
and Q be a probability distribution on R. Then:

(a) Conc(Q; 1) = sup.e O((x, x + 1) = supser O([x, X + 1).

(b) Conc(Q; ) is continuous from the right; Conc™(Q; -) is continuous from the left.
(c) Conc(Q; s—) = Conc™ (Q; s) and Conc™(Q; t+) = Conc(Q; t).

(d) There exists an x, € R such that Conc(Q; t) = Q([x;, x; + t]).
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