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Introduction

In the present paper, we shall study a  struc tu re  o f JE - I  and JE -II vector
bundle o n  complete homogeneous variety X n , d. (See § 1 about the definition of
X  d  and IE-I (or, JE-II) vector bundle on X „, d). We have the following

Main Theorem  I. L et E  be an JE - I  vector bundle on the complex homogeneous

variety  X,,, d. Then E  is isomorphic to 1Efi P„,(d ; c ,  • • • , c4 , 0 , • • • , 0 ). (see §  4  about

the definition of  an irreducible homogeneous vector bundle P n ( d ;  co , ••• c d , 0 , • • • , 0 )
on X,,, d ) •

Main Theorem II. L e t  E  be an JE -II v ector bundle o n  th e  complex Gros-

sm ann variety  X n ,n _ e (A ) .  Then E  is isomorphic to ET) P n (n— e ;0 , • • -, 0 , •••, cL-1).

Barth and Van de Yen showed that infinitely extendable vector bundle of
rank 2  o n  th e  complex projective space is a direct sum of line bundles ([1]).
And then, the author generalized this result to the case of higher rank and, in
addition, any characteristic ([5 ] [6 ]). On the other hand, defining an  infinitely
extendable vector bundle on the infinite variety, Tjurin showed that this vector
bundle is a direct sum of line bundles in  characteristic 0 ([8]). The geometrical
and topological meaning of the result is stated in  detail in  [5 ] and [8 ].  But we
are not able to expect that every infinitely extendable vector bundle o n  a n  ex-
tendable variety decomposes to a direct sum of line bundles. In fact, on homo-
geneous varieties G IP, we have many infinitely extendable vector bundles which
a r e  indecomposable, where G  i s  a semi-simple and simply connected algebraic
group and P  is a  parabolic subgroup o f  G .  Therefore our next interest is to
determine the  structure  of infinitely extendable vector bundles on homogeneous
varieties GIP where P  is, in particular, a maximal parabolic subgroup. As stated
in  M a in  Theorem I a n d  I I  above, we see that these vector bundles are homo-
geneous. Essential tools to prove these theorems are  two results due  to  Tjurin
and the author, besides we have to study the structure of parabolic subgroups of
classical groups and L ie algebras corresponding to their algebraic groups and
have  to investigate their representation in detail (see § 3). As for JE -II vector
bundle, we have not been able to determine the  structure  in  the  case  of types
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B , C  a n d  D  because, i n  these cases, the structure of JE -11 vector bundles on
„_, has not been known yet.
Throughout this paper, k is  an  algebraically closed f ie ld  o f  characteristic 0

(A ll resu lts in  §  1  a n d  §  2  hold i n  characteristic p > 0  too .) B y a  scheme we
understand a  separated algebraic k-scheme. Opn(1) is  th e  line bundle correspond-
ing to th e  divisor class of hyperplanes in the n-dimensional projective space Pn.
When S is  a  quadric hypersurface in  Pn -" ,  O s (1 ) denotes t h e  line bundle cor-
responding to t h e  divisor class of hyperplane sections. If E  is  a  vector bundle
o n  a  variety, É  denotes th e  dual vector bundle o f  E . Gr(n, d) denotes th e  Gras-
smann variety parameterizing d-dimensional linear subspace of the n-dimensional
projective space Pn.

§ 1. Some properties o f a  homogeneous variety G IP and the definition of
IE -I and JE-II vector bundles

L et us begin by defining complete homogeneous varieties obtained by classical
group modulo its  maximal parabolic subgroup and em beddings of one to another.
A t first le t  u s  denote th e  subgroup f' „, of general linear group GL(n+1, C) by

GL(u+1, C)Im 1 i = 0  for wd-1.__i u-F1 and j - w} where
These a re  known to be the m axim al parabolic subgroups o f GL(u+1, C).

A) T he  case  o f type  A . P u t Gn (A )=-SL(n+1, C) and  Pn,d(A)=-G.(A)(115 .. d•

Then P  d (A ) is  a m axim al parabolic subgroup of G ( A ) .  Hence G (A )/ P .  d(A)

( — X n .  d - i ( A ) )  i s  a  complete homogeneous variety a n d , indeed, is a Grassmann

variety. I f  w e d efin e  a m ap
 n ( A ) :

 G ( A )
 G . + 1 ( A )  b y  tran sfo rm in g  M =

in G ( A )  t o  M '= -(m i)iiis ii+ 2  w here mi i =m; ;  f o r  1

m'„,+ 2  .+2=1 and m421=- 714  n + 2 = ( )  for j ( A )  provides us with a closed
immersion i n , d(A ) ;  X n ,  d(A) Ç  X.+1, d(A), since j . (A ) - 1 (Pn+1, d(A))=Pn, d(A). Let us
call this map in , d (A ) a m orphism  of type I w ith respect to the  type  A .  O n the
other h a n d , if  w e define a  map f n (A ); G n (A )Ç G n+i(A ) by transforming M =
(nliAsi,ign+i in  Gn (A ) to AT in  Gn+i(A), w here m,=1, nif i =m 'n =-0

for j i 'td -2  and rn i =m i _i  ;_ , fo r  2 i ,  j n ± 2 ,  j (A )  provides us with the
closed immersion d (A) ; X n ,d(A)Ç X.+1, d + 1 ( A ) .  In  this case  le t us call this map
i , d (A ) a m orphism  of type II with respect to th e  ty pe  A.

B) T he case  o f type  B . L et V  be a  vector space o f rank 2n+1 an d  le t u s
choose a basis e l , ••• e n , en+1, ••., e2.4.1 of V . Let us represent a  p o in t v  o f  V  by•

••• xn, 2', Yi, ••• y n )  with respect to this basis. I f  w e  p u t  Q(v)=.22 -1-xl Yn

••• +xny,,, then G n (B)=S0(2n+1, C) is defined a s  th e  subgroup of SL(2n+1, C)
that leaves Q(v) invariant, that is, Gn (B)=IMESL(2n+1, C)IQ(Mv)=-Q(v) vE
Now it is well known that P 2 n , d n'G n(13)= P.. a(B) is a m axim al parabolic subgroup
o f  Gn (B )  f o r  each 1 d n .  P u t  Xn.d-i(B)=Gn(B)/Pn, d(B). L e t  u s  define a
morphism jn(B): Gn(B) Gn-Fi(B) a s  follows :
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A, 0 C, 0 A 2 '

n (B ): M =

A, C, A2 0 1 0 0 0

C2 D C4 C2 0 D 0 C41— ÷ —

A, C, A, , 0 0 0 1 0

A, 0 C, 0 A i t

where A , is  a  (n, n) m atrix  for 1 i 4 ,  C i  is  (n , 1 ) m atrix for i=1, 3,C is a
(1, n) m atrix  for j= 2 , 4 , and D  is  a  (1, 1) matrix.

The above map  n ( B )  yields a morphism in , d(B ) : X ,4, d(
13

)  Xn+1, d (B )  which is

called a  morphism of type I  w ith  respect to  the type B .  N ext let us consider a
morphism j'„(B): G n (B) Ç  G +1 (B ) satisfying the condition that for A/ /52+1

G (B ),  j , ( M ) = ( K i ) i i . . / s 2 n + 3  w h ere  rn 4 4= 1  fo r  i=1, 2n+3, m 41=m 'i+1;+1 for
j_ 2 n -F 1  and m1, = 0  for o th e rs . This map yields a morphism (X„.d(B)

X n + 1 ,  d  +1 (B ) w hich is called a  morphism of type II w ith  respect to  the type B.

C )  The case of type C .  The symplectic group Sp(2n, C ) (G (C )) is realised

as a  subgroup of GL(2n, C) as follows :
L et L - = ( t i . i ) i i . i 2 n  b e  a  sk e w -sy m m e tr ic  m a tr ix  su c h  th a t t 1 , 2 n - i = - 1  fo r

ti, i =  — 1 for n + 1 and  t i , = 0  for o th e rs . T h en  G (C )= {M G
GL(2n, C)IMPM=-L1

I t  is  w e ll k n o w n  th a t /5
2 n 1 , d n G 7,(c) -  „ ,  d (c) i s  a  parabolic subgroup of

G „(C) for L e t  u s  p u t  X n , d - I ( C ) = G n ( C ) / P . , d ( C )  and let us consider a
m orphism  jn(C): G n(C) Ç  G n + ,(C) w h ere  for M-=(lnii)ii..ig2nEGn(C), in (C )(M )=
( n ) 1 , 4 ,  j 2 1 + 2  such  tha t

A, 0 0

j a (C): M =
A , A l l

G M'
0 1 0 0

E Gn + ,(C)E n (C)1—). —
A, A4 0 0 1 0

A, 0 0 A,

where for A i is  a  (n, n) matrix.
B y virtue of th is map, w e obtain the immersion i,,, d ( C )  X,-,. d (C )  Ç  X ri -F1, (1(0

which is called a  morphism of type I  for the type C.

Moreover we can define i , d(C): Xn. d(C)Ç X ,,,, d+,(C) in the same way as in
the type B  which is called a  morphism of type II w ith  respect to  type B.

D) The case of type D .  Let us take  Gn (D)=S0(2n, C ) .  G ( D )  is realised
as a  subgroup of GL(2n, C) as follows :

Let V  be a  vector space of dimension 2 n .  W ith respect to a basis e l ,  •-• , e2n
of V, w rite  a point vE V as v=(x l , •-•, xn, 37n, _YD. Let Q(v) b e  the quadratic

form  on V  defined by Q ( r ) =  x i y i . If w e  ta k e  0 (2 n , C )  a s  th e  subgroup of
GL(2n, C) w hich  leaves the quadratic form  Q(v) invariant, i. e., 0(2n, C )= {A e
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GL(2n, C)IQ(Av)=-Q(v) for all vŒ V}. SO(2n, C) (=-G n (D )) is defined as 0(2n , C)
SL(2n, C ) .  As for two morphisms of type I  and type II, we can define i n , d (D ) :

G(D)/P, d+i(D)(= X n . d(D))ÇGn+i(D)1Pn+i, a+i(D)(= Xn+i, d(D)) and i , d ( D )  d ( D )
X7Z+1, d + 1 ( D )  respectively in the same way as in the case of the type C . As to

Pn.n-1(D), instead of putting .152,1, .-1  G n (D ), we consider the maximal parabolic
subgroup P 2 (D ) of G ( D )  obtained by omitting a simple root a n _, (See Remark
1 .1  below).

Remark 1 . 1 .  Let us study the structure of parabolic subgroup P.. d(* ). Now
let T t (or, BO be the diagonal (or, upper triangular, resp .) m atrices of GL(t, C).
T hen  it is  w e ll know n  tha t G n (A) n T + 1 (— T (A )) (or, G n(A) n  D n+i(=B n(A)))
i s  a m axim al to ru s  (o r , Borel subgroup, re sp .) , G (B ) n T 2 .,(=T ,i(B ))  (or,
G(B) nB2n+1(=Bn(B))) is a maximal torus (or, Borel subgroup, resp .) and for
the type * (= C  o r  D ), G.(*) n  2n(=T n(* )) (o r , G(*) n  B2 (=  B (* )), resp.) is
a maximal torus (or, Borel subgroup, resp.) of Gn ( * ) .  Now for the type *(=A, B, C
or D) fix a  system of roots 4  relative to  T n (* ) and, in addition, let GI+  b e  the
set of positive roots relative to  B n (* ) and S = { a 1 , •.•, a n } be the system of simple
roots. Then for the type *(=A , B , C  or D), the corresponding Dynkin diagrams
are as follows :

an

Now let us recall that for the type * (=A , B, C or D ) th e  se t o f parabolic
subgroups of G ( * )  c o n t a i n i n g  B (* )  i s  in one to  one correspondence to the set
of subsets of S (see 1 .2  and 1 .3  in  [7]). Therefore it can be easily checked
that P., a(*)  defined above is a maximal parabolic subgroup obtained by omitting

ad•

The following seems to be known (c. f. 1.9, § 2 of [7 ]  and our Remark 1.1).

Proposition 1. 2. Picard group o f  X n , d (
*

)  is isom orphic to  Z . In addition,

w e can choose the am ple line bundle as its generator. (Hereaf ter w e shall w rite

this generator as L n , d (
*

) ) .

Now for the type *(= A , B, C or D) put Pn. a -i( * ) =Pn. d(*) P . ,  -i(*) and
put X71, d, d--1(

*
)
=

G71(
*

) 1 P n .  d + 1 .  d , * , •  Let us study the following diagram :



(1.3C)

A n -1 , d(A )

qn, (1-1(C)

X 2 n  - 1 ,  d ( A )

Pn d(C)

X  i t .  d ( C )
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(1-3*)

where both pn. e l(
*

)  X n , d ,  d - 1 (
*

) X n ,  d (
*

) and n d - 1 ( * )  
X,,,

 d ,  d - i (
*

) X 72 , d - 1 (
*

)  are

the canonical projections.
For the type * =A , we immediately have

Proposition 1 . 4 A . P„,, d ( A )  is a  Pa-bundle and q,,. ,_,(A ) is a Pu - d-bundle f o r

Using this result, we obtain the following whose proof is easy and is omitted.

Proposition 1 . 5 A . Under the notation 1.3A, 17
d  - 1 ( A ) * ( L n ,  d - i ( A ) ) 1 p , , ,d ( A ) - 1 ( z )

O p ( l)  f o r all points x  in  X„, d (A )  and  pn, d(A)*(Ln, a(A))I g ,,, d - i cio-ic y ,"L=-Opn-d(
1 )

f o r all points y  in X n.d_i(A ).

In the next place, using  Proposition 1.4A and Proposition 1.5A, we shall

derive results corresponding to proposition 1.4A and proposition 1.5A for other

types B , C  and D.

For the type * , C, we have the following diagram f o r  1  c/._.‹ n  —1 :

Considering the dimension of fibers of two projections p„, d (C ) and d  -1 (C ) ,

we obtain the following proposition by virtue of Proposition 1.4A.

Proposition 1.4C. P., d (C) is a Pd-bundle  an d  9,,, ,(C )  i s  a  p 2 ( n -  d ) - 1 ( c ) . .

bundle.

Moreover by Proposition 1.5A and Proposition 1.4C w e have

Proposition 1 . 5 C . Under the diagram  1.3C, n (C)7 n . , * , - n. - p n ,d ( C ) - 1 ( s )

0  p  d  (1 )  f o r all points x  in X,,, d ( C )  and pn, d(C)*(1,
., d(C))l q

f o r all points y  in X .. d -1(C).

d -1 (C )  -1 (y )
-2.0

 p 2 (n -d ) -1 (1 ).S- 

To study the fiber of p ,,,(* )  and ga, a-1(*) for the type *(=-B , D ), we need
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(1. 3B)

Pz., d(A) q2 n. ( 5 - 1 ( A )

X ,  d, d -1 (B )

n. d - i ( B )
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Remark 1. 6. We can easily show that there is a natural embedding X„, o (B)
X 2 „, 0 (A) P " ) •  Moreover it can be checked that X 0 (B ) is  a  non-singular

quadric hypersurface in  P "  . (see B  o f § 3 in  [7 ]) .  Similarly X , 0 (D) is a quadric
hypersurface in X 2 ,,_1 , 0(A) p 2 n - 1 ) .

Firstly, le t u s  consider the  case  o f type  B .  There is th e  following diagram
fo r () . d. n -1 :

Then we have

Proposition 1 . 4 B . pn, d(B) i s  a  Pd-bundle and ev ery  f iber of q .,a -1 (B ) is
isomosphic to  a non-singular quadric hypersurface in the projective space P 2 (n- d).

P ro o f .  T h e  fo rm e r  is obvious. Each fiber o f  qn, a-1(B) is isomorphic to
P  n , d -i(B )1 19n, d, i(B). O n  th e  other hand, we can easily check that there is an

n dembedding G _ (B )  Ç  
G

A 4 - On 1„(B ) such that for - - j5 2 (n -d )+ 1  i n  G _ (B ) ,
i ( M ) - ( M 'i j )1 5 i, j5 2 n + 1 , where for 1 i ,  j 2(n— d)+1, rn4d,f+d=m1i, m=-1 for

o r  2n— -I-1 and f o r  o th ers . Hence, since P„,d(B)I
Pn. ,s1, G n- d(B)I P n- d. 0( B), each fiber o f Û (B )  is a quadric hypersurface S
o f .Fmn - d) by virtue o f Remark 1.6.q .  e .  d.

Moreover, combining Proposition 1. 5A and Proposition 1. 4B, we obtain

Proposition 1 . 5 B . Under the diagram  1. 3B, q , ,  - i(B)*(Ln. d _1
(B )) p n , d(B) - 1(x)

pd(1) fo r  all points x in X„,,d(B). Pn, d (B ) * ( L . ,  d(B))1q ) i(y) is isom orphic

to O s a n) (seethelastPartofintroductionaboutOs foralPoints yin X„,a_ i (B)
in  the casa 1 d n- 2  and it is isomorphic to O ( l )  in the ca se

 

Secondly, we obtain th e  results fo r type  D  in  th e  same way as above.

Proposition 1 . 4 D . p„. d (D ) is  a Pd-bundle and ev ery  f iber o f  q 1 (D )  is

isom orphic  to  a  non-singular quadric hypersurface ie p 2 ( ? ) l  fo r
B oth the f ibers of p 1(D) and q 2 (D) are P n t h e  f ibers of P . - 2 ( D )  are Gr(n-1,1)
and f ibers of q 3 (D ) are P 1,

Proposition 1 . 5 D . Under the diagram  1.3D, for a  poin t x  in  X „, d (D), set
E., d-i(x)—q 7i, d_i(D)*(L., d-I(D))1 p n ,d (D )-1 (x )•  T hen if En, d _1 (x) - 0,,d(1).
M oreover r  n 2 , - ,r)- pn -= r.) i(1) and f n -3(x) -= G D O ) w here OG,.(72-1.1)(1) is  the-  -  —  -  
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ample generator o f  Pic G r(n -1 , 1 ). On the other hand, for a point y  in X n ,d _i (D),
set d(y)— p, d(D) * L n , d (D ) I q n , d - i ( D ) 1 ( y ) • T h e n ,  E n, n -2( Y)=- '-  p i a ) , n z - 1( Y) .-='

-  

0 pn - l ( 1 )  and 
E n , a ( 3 ) 0 s ( 1 )

 for 11<_d_n-3.

Under these preliminaries, we can define infinitely extendable vector bundles

o n  X.. a(* )  fo r  *-= A , B, C o r  D.

Definition 1.6. F o r  * (= A , B . C o r  D), le t  E  be a  vector bundle o n  X n , d (*).
T hen E  is said to be infinitely extendable o f type  I (or, type II), if for all integers

in( n), there is a  vector bundle E .  o n  X ., d(*) and  there  is  a  morphism of type
I  (= i m ,d ( * ) :  X .. a(* ) 

Ç
 X.+1, d(* )) (or, a  morphism of type  II (=4, d( *) X.. d(* )

Xm+i, d+1(* )), resp.) s u c h  th a t  im, d(* )* (E E ., (o r, i;”, a(* )* (E .+1)"-- E . ,  resP.)
(H ereafter w e abbreviate a n  infinitely extendable vector bundle o f type  I (or, II)
to  an  IE-I vector bundle (or, a n  IE-II vector bundle, resp.).

§ 2. Fundamental properties of JE -I or IE -II vector bundles on Xn d

In  th is section since w e consider som e properties o f  IE-I (o r , IE-II) vector

bundles on X ., d(*) which a re  common in  typ e  A , B, C and D (= * ), we sometimes

abbreviate X,,, d (
*

)  (or, Xn, d  .  d  1 ( * ) )  fo r  *(=A , B , C  an d  D) to  X ., d  ( o r ,  X n , d . d-i,

resp.). Similarly L., a
(*)®c is abbreviated to ex n ,d (c). Therefore w e shall use the

following diagram instead o f (1-3*) :

(2-1) Xn. d, d -1

Pn. d

X n. d

In  order to  study properties of (or, IE-II) vector bund les, l e t  u s  recall
two theorems.

Theorem 2. 2. L et E  be an inf initely  ex tendable vector bundle o n  th e  pro-

jectiv e space P n  ov er an  algebraically closed f ield of  any  characteristic. T hen E
is a direct sum o f  line bundle. (S ee [5 ] and [6]).

Theorem 2. 3. L et X.<, P c o be a non-singular inf inite projective variety  and

let E  be a vector bundle on X .. o f  rank  n . Then E  is a direct sum of  line bundles.

(See [8])

T h e  following is well-known.

Proposition 2. 4. L et S  be a  non-singualr quadric hypersurface in  P n , then
Hi(Pn, Z )  f or Moreover Pic S Z, generated by  O (1 ), if

Using Proposition 2.4, w e have

Proposition 2 .5 .  L e t  X  and Y  be algebraic k-schemes and f : X * Y  a proper
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f iat m orphism , where either fo r  all points y in Y, f - 1 (y)-L-I 'P n ,  or, for all points y
in  Y ,  f 1( y )  i s  a  non-singular quadric hy persurf ace in P n + 1 , let E  be a vector

bundle o f rank  r  on X  w ith n 2 ( r + 1 ) .  Assume that all points y  in  Y , Ei f -i ( y )

is  a direct sum o f line bundles, say, 4)0  f -1( 0  (ai),

In  addition, assume that there is a line bundle L  on X  such that L I f -14 ) -:4

Of -1( ) (1) fo r  all points y in Y.

Then the sequence (a, •••, a r )  is independent of y.

Pro o f . Since the Euler-Poincare characteristic of E  L 74 1 f -1 4 )  is independent
o f  y, this proposition is obvious by proposition 2. 4. q. e. d.

Using Theorem 2.2 and Proposition 2. 5, w e have the following

Proposition 2. 5, AC I. Let *  be either type A or type C  and let E  b e  an
JE- I  vector bundle o f rank  r  on X „, d (*). Then we have the f o llow ing: For all

points y EX ii.d-1(*), Pf l,d*El q Vd ( , )  is isom orphic to 4)' O p f lo o (ai)ri such that

a,>•••>a a  and ri  >O. (n(A )=n— d and n(C)=- 2 ( n — d ) - 1 ) .  In  addition a l , a ,
and r 1 , •••, r a  are independent of  y.

P ro o f . Let us consider the following diagram :

d .  1 - i

Xm+1. d

d

Xm, d Xvt. d-1

T hen  w e see  tha t for a point y in  Xm. d  1, the  morphism k  q;i1d-i(Y) a - 1( 5 )

G+1, d-i(i(9)) is a  morphism of type I.

Since for all points y in X .,4-1, P?,.dEl g v d _i ci ,)  i s  an JE -I  vector bundle, we

c a n  show  the  fo rm er o f this proposition by Theorem 2 . 2 . On the other hand,

the latter is obvious by Proposition 2. 5. q .  e .  d.

In the same way, we obtain the following

Proposition 2. 6, ABCD II. Let *  be one of A, B , C  and D .  L e t E  be an

I E - I I  v ector bundle o f  rank  r  on X „,,, e (*). Then we have the f o llow ing: For

all points x E X ,,,,e +i( * ), p,7! 1+1(x) is isomorphic to f e1 0 p .,+i( a 1) r1 such

that a i >•-•>a a  and r i >0 ex cept ty pe D  a n d  e = 3 .  I n  addition a l , •••, a a  and
r„ •••, r a  are independent o f x.
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Pro o f . It is obvious by virtue of Theorem 2.2 and Proposition 1. 4*.
q. e. d.

Moreover, by Theorem 2. 3, w e have

Proposition 2. 5. BD I. L et *  be either B  or D  and let E  be an JE - I  vector

bundle o f  rank  r  on X , , , d ( * ) .
 T hen  f or all points yE d  i (

*
) ,P n .  d (

*
)
*

E  Iqn•d-i
(* )-1 (

Y
)

is isomorphic to ET) Os(a e i  such that a,>•••>a a  an d  r i >O, where in the case ofz=z
*= B  (or, D), S  (= q n , d _,(*) -1 (y ))  is a non-singular quadric h y p e r s u r fa c e  in p

2 ( n - d)
(or, 

p z ( n - d ) -  resp .). In  addition al , •••, a a  an d  7-1 , •••, a a  are  independent of  y .

Corollary 2. 7. L et *  be one of  A , B , C  an d  D  an d  le t E  b e  a n  IE -I  (or,

JE-II) v ector bundle o n  Xn.d( * ) r e s P . ) .  Then a„ •••, a a  an d  r i , r a
obtained f o r E .  are  independent o f  m ( m n ) .  (A bout E ., se e  the definition 1.6)

The following proposition plays an important role in  the  proof of the  m ain
result (Theorem 2. 11) in  this section.

Proposition 2. 8. L et X  and  Y be an  algebraic k -sch em es and  le t q : Y
be a proper f lat nzorph ism  where either f o r all points y  in Y, q - '( y )  is a d-dim en-
s io n a l projective space, o r f o r all points y  in Y, q - 1 ( y )  is  a  non-singular quadric

h y P e r s u r fa c e  in  P d -" •  A ssume that f o r all points y  in Y, Fl y -i(y )  is isomorphic

to 0,-1(,)(a i
) 5 r1 and assum e that (a 1 , •••, a a )  and (r 1 , •••, r a )  are  independent of

.3', where a1=0>a2>•••>a u , r > 0 .  Then we have the following:

1) q * F  is a vector bundle o f  rank  r ,  on Y and q*q * F  is  a su bbund le  of  F.

2) I f  i= 1 , F q * q * F.

I f  i a . 2, (Flq*q * F)1,-1 ( , ) is isomorphic to 0,-1(, ) (a i rr i.
il2

P ro o f .  This proposition is  e a s ily  sh o w n  b y  th e  b a se  c h a n g e  theorem
(Theorem (7.7. 6 ) in  [ 3 ] ) .  For more detail see Corollary 3. 3 and Remark 3. 4 in
[ 5]. q .  e .  d .

Corollary 2. 9. Under the d ia g r em  2. 1, let E  be a  vector bundle on X„,d,d--z
an d  le t  u s  p u t  P = P n ,d  and  q=q„, d , •  A ssume that f o r all points y  in Xn , d-1
p*E1,,, 1 j ,  is isomorphic to E5 0 , - “ , ( a , ) r i  w ith a 1 >a 2 >•••>a c,  and r 1 > 0 .  Thenz=z
there are vector bundles on X , d - i  E l, ' • ' ,  E a  w hich are f itted in following exact

sequences:

0 --> q* E, p * O (a  ,)  - ->  p *  E  -->  F2 - >  0

q * E 2  P*0(a 2) -->  F ; — >  - ->  0

0 —> q*E a _, 0  p*O (a ) - -> q*E  0 p*O(a a ) —> O,

where F2, F a _, are vector bundles on X„,d,d_, and where 0 (a )  means Ox„, d (a).

Pro o f . Using Proposition 1. 5* and Proposition 2. 8 repeatedly, this proposition
is proved easily. q. e. d.
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For the case of we shall prove that if  E  is  an JE - I  vector bundle on
X„, d , so is .E1 fo r obtained in  Corollary 2.9. F o r this purpose we prove

Proposition 2 . 1 0 . L et F (or, F ') be a vector bundle on X„,, c l ,  d -1  (or, X m j , a, c1-1,

resp.) and let j :  X m , d , +1, be a  canoical morphism induced by  j n ,(*):
Gm (*) G „ , ( * ) .  Moreover let us consider the following diagram:

13 — P m + 1 .

X X m .d - 1

Assume that

1) j* F ' is isomorphic to F.

2) F' 1(y )  is isom orphic to 'Ef9 0-4 -1( 2 ) (a 1 )" i  w ith a,>, •••, >a a  and  r1 >0 f or

all points X+1, d - l •

Then we have

I) q*(F 0 P * 0  x„,, d ( — a,)) is isomorphic to k*(4**(P 15* e x,.+„ d (— ai)).
II) F , is isomorphic to j*F ; where F , and F; are f itted in  the following exact

secqence:

0 q*M F  0  P * 0  x m ,d ( — a ID 0 P * 0  x (a i) -->  F F, --> 0

0 —> trq*(F t 1 3 *0  xn,+„d(— a 1)) F ' ---->Ff -->  0.

Pro o f . One can easily check this proposition b y  v ir tu e  of P roposition  2.8
and the base change theorem (Theorem (7.7.6) and  Remark (7.7.9) in  D I.

q. e. d.

T he  following theorem is a n  immediate consequence o f  Corollary 2.9 and
Proposition 2.10 which is very im portant for the proof of M ain Theorem.

Theorem 2. 11 I. L et E  be an JE - I  vector bundle on X„, a. T hen under the

notations of  Corollary 2.9, E„ E 2 , •-• E a  are  also JE - I  vector bundles on X„, d _i .

In  th e  sam e way we can get th e  result o f IE-II vector bundle corresponding
to Theorem 2.11 I. L e t u s  consider th e  diagram a s  follows :
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Theorem 2. 11 II. Let E  be an JE-II vector bundle on X „ ,„ _ , .  Then except

type D and e-=-3, we obtain the following sequences of vector bundles on X , n-e+1. n e :

0 — > p*E ,®  q*O (a ,) -->  q*E  -->  F2

0 p * E ,  q*0(a 2 ) —> F2 —> 0

0 — > p*E a _i  q * O ( a -- > F a _ , -->  p* E q*C(ct a )  — > 0

w here a, ••• , a ,  are integers with a,> , •••, >  a a  where E 1 , •••, E a  are vector bundles

on X n ,r z -e + i ,  and F 2 , •••, F a _ , are vector b n n d l e s  on  X n , n -e + 1 , n -e  a n d  0 ( a )  means

°  i n e+1( a ) • In addition E,, •-• , E a  are JE -II vector bundles on X ,  n-e+1 •n - 

Pro o f . It is obvious by virtue of Proposition 2.6 ABCD II and Corollary 2.7.
q. e. d.

§ 3. Representations o f  parabolic subalgebra p„, d

L e t G  be a semi-simple and simply connected linear algebraic group and  le t

P , B  and  H be a  parabolic subgroup, a Borel subgroup and a maximal torus of G,
respectively, where P D B D H . Moreover le t g , p, fi and b be the semi-simple Lie
algebra, the parabolic subalgebra, the Borel subalgebra and the Cartan subalgebra
corresponding to G, P , B  and  H .  Hereafter we maintain this notation.

In  this section, homogeneous vector bundles o n  G IP  a r e  considered. We
know  that g iv ing  a  representation ç of P  is equivalent to doing a  representa-
tion ç3. e f  p. Hence we shall study homogeneous vector bundles in  term s of Lie
algebra.

In  th e  first p la c e , le t  u s  recall fundam ental results about sem i-sim ple Lie

algebra which a re  found in  details in [4].
L e t (1=b+ Esl, be th e  decomposition o f g  into I)-invariant spaces through the

ajoint representation, where b acts on g a  through th e  character a .  I n  particular
let 4  b e  th e  se t o f  characters a  o f  I-) with ga 0. Now i f  r  i s  a  subspace of g
invariant under the  a jo in t representation o f b, we denote 4(r) by th e  subset of
consisting of a ll th e  roots a  with q „ C r .  Moreover, le t u s  define r° to be the set

{zE gl(z, y)=0 for a ll y  r }  where (*, *) is  th e  Cartan-Killing form on g. O n the
other hand, we know that the restriction (*, *) of g to b is non-singular. Hence
one can define a  map tt x 1,  of Ir=Hom z (f), Z )  onto b by the  re la tion  (x , x p )=
<x, te> fo r a ll x E  f) . T h is  implies that the mapping defines a  non-singular bilinear
form on  b given by (ri, 2)=<x 1 , 2>.

Then we have the  following proposition with respec t to  t h e  parabolic sub-
algebra.

Proposition 3. 1. (Proposition 5 .3 . in D I  I f  n=1)°, li = q ,± n  is an  orthogonal

direct sum where g, is reductive in p and tt is both the maximal nilpotent ideal in

p and the set of all nilpotent elements in the radical of p.

Now let Z( 1)') be th e  se t o f  all integral linear forms o n  I) a n d  le t  u s  p u t
D i = I p eZ 1 (p ,  çb)_ 0  f o r  all OE 40101, where ini =ntn g i such  that tn=13°. Then
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w e have two propositions :

Proposition 3. 2. 1. Let G , be a reductive group . Then every irreducible re-
presentation o f G , is equivalent to p f for one and only one e E D ,  where vf is  the
unique irreducible representation o f G , having e  as the highest weight.

Proposition 3. 2. 2. Let go be an irreducible representation o f P  and let P=
Gi N  b e  the Levi decomposition fo r  P  where G , (or, N ) is  the reductive part (or,

the un ipo ten t radical part, resp .) o f  P .  Then go is trivial on N and is equivalent

to  vf f o r  some eE D, on G ,.  And conversely, given eE D1 , the representation vf
o f G , on Vf extends to an irreducible representation

P —* End

o f P  on Vf by  m ak ing it triv ial on N.
F o r these tw o propositions, see 5.5 a n d  6. 1 in  [4 ].
Now le t u s  employ some of notations in [ 4 ] .  P u t 4.=-4(m) and  le t 11(g 4+ )

b e  the set of sim ple roots corresponding to 4+ . T h e n , fo r  a n y  q5E.i, w e  have
E l liza ( 0 ) a .  L e t U b e  the set of parabolic subalgebra p(2h) of g .  Then p —  H (p)

defines a bijective m ap o f th e  se t o f  parabolic subalgebras containing h to  the set
o f subsets o f  H such that

4(p) n {OE -  n u (0)= 0 fo r all a E  MP)} •

M oreover we h av e  the  following

Proposition 3 . 3 . (see Proposition 5. 4 in [ 4 ] ) .  Under the above notation, let
p be a parabolic suba lgeb ra  con tan in g b. Then 4 (p)= 4(g 1 ) U ZI(n) is a disjoint union
(see proposition 3. 1). Moreover,

zl(gi )=-  {OE 4,1n a ,(0)=0 fo r  all aE ll(p)} .

4(n)=10Œ4+Ina(0)>0 fo r  all a E H(1))1 •

N ow  w e w ill re turn  our attention to  the semi-simple algebraic groups Gn(*),
parabolic subgroups P„, d(*), Borel subgroups B n (*) and maximal tori li n (*) defined

in  § 1 (abbreiviated to  G ., P  d ,  B .  and H„, respectively). Then l e t  a 111r  7 1 . d , bn

and bn  b e  Lie algebras corresponding to G„, P„, d ,  B .  and  H„ respectively. These
notation will be maintained hereafter.

A t first according to Dynkin diagram  in  § 1, le t  u s  consider H={a i ,  •-, an}
as the  se t o f sim ple  roots corresponding to  I f .

T hen  w e have  the  following

Remark 3.4. H(p„, d)=ad•

Moreover le t u s  recall a  well-known result ;

Proposition 3. 5. Let g, b and g=b+ a ; ‘ g,„ be as in the f irs t  p art  o f  this

section. Assume th at  a  a n d  a ' a re  roots and, moreover, a + a ' is also a root.

Then we have [ c l ,  ga,1=g„,„,.
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Now le t  E a , b e  th e  root vector corresponding to a  ro o t a i . T h e n  w e  c a n

check easily that

Ea ,=[E,„ d  a d + 1 ,  E - a d + 1 ] f o r  d n -1 ,

E a ,— [Ead-i+ad, f o r  d 1

w h ere  Ea d + a d + ,  a n d  E a d _o_ad  a r e  elem ents i n  t h e  n ilp o ten t r a d ic a l o f  p„, d .
Therefore, combining Proposition 3.3, Remark 3. 4 and Proposition 3. 5, we obtain

Proposition 3. 6. L e t 0  be a  representation o f  p„, d . A ssum e that either
0(E a d _,)=0 or 0(E a d + i )= 0 .  Then 0(E a )=O . In addition to this, we have 0(n)=0

where n  is the nilpotent radical of  p„, d .

Remark 3. 7. It is w ell know n that if  a  L ie  algebra g  is  re d u c tiv e , th e n  g

decom poses into a  sum  o f  th e  center of g and semi-simple algebra Dg(=[g, g]).

L e t u s determine the  struc tu re  o f D g , o f the  reductive subalgebra g i  in  1 3..d( * )
fo r  * = A , B, C  a n d  D .  Since w e already have known Dynkin diagram for the

type  A, B, C and  D, and  the  re la tions am ong their roo ts respectively , w e im -

mediately obtain the  following

Type Dg,

A ft(d)-Fil(n—d-F1)

IT(d)-1-n(2(n — d)+1)

Il(d)+Ip(n — d)

D II(d)--i-o(2(72—d)) f o r  n—d..2

11(n) f o r  n —d=0 o r  1

Remark 3. 8. Let g be one of simple Lie algebras 11(n+1), o(2n+1), ¶p(n) and
o(2n) and let 0  be a  representation : g g t (  V ) s u c h  th a t  d im  V <  n . T h e n  it  is
e a s y  to  ch eck  t h a t  0  i s  t r iv ia l .  (Later g n (A), gr,(B), gn (C ) and g f l (D) denotes
¶1(n+1), o(2n+1), fp(n) and o(2n) respectively.)

Now le t  u s  recall that P ., d( * )=f1, - H t w h e re  g , is  re d u c tiv e  a n d  n  i s  the
nilpotent radical of 1)., d(*) and that D (L)=1 1(d)+9n-d( * ).

Therefore using Proposition 3. 6, Remark 3.7 a n d  Remark 3. 8, we have

Proposition 3. 9. 1. Under above notations, let 95 p n , a(* ) gI( V ) b e  a  re-
presentation such that dim V<n— d. Then 0 is triv ial on On-d(* )  and n.

M oreover we have following

Proposition 3. 9. 2. Under the same notation in Proposition 3. 9. 1, assume that
dim V < d . Then 0 is triv ial on ¶1(d) and n.
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§ 4. Proof of M ain Theorem

In this section, by using the results obtained in  §  3 , let us determ ine the
structure of homogeneous vector bundles on X,,,  ,  satisfying some conditions.
A t first we shall study D1 defined in §  3 in detail. (Hereafter in this section we
maintain the notation in §  3.)

Recall that p w Z  if and  on ly if 2u , ç5 )/ (, p ) is an  in teger fo r any ç5 4.
(see 5. 5 in [4 ]). Moreover we can characterize Z  in easier way as follows: Z is
isomorphic to b y  t h e  m a p  a

p (2(p, a,)/(a 1 , a ,),  « ,  2 (p, a 1)/(a 1 , a i ),,

 2 (p, a,,)/(a,,, a,,))
for any a , H.

Furthermore we have the following

Proposition 4.1. D, is isom orphic to the subset of  Z " (= N ,''x Z x N ',  d )  by

the above m ap a w here N , is the set of  non -nagative integers.

Pro o f . It is obvious by the definition of D1 in  §  3. q. e. d.

In the sequel, for any element p a Z ,  c r ( p )  is  w ritten  in  th e  fo rm  a (p )=
(c,, • • ,  c , c,, 1 )  according to Proposition 4. 1.

Before studying irreducible homogeneous vector bundles on X,,,  ,  let us state
the following remark.

Remark 4. 2. S O ( 2 n +1 , C)(=G,,(B)) and SO(2n, C)(=G,,(D)) are not simply
connected. Therefore for * B , D, let , ( * )  be a simply connected covering of
G,,(*) and P,,, (* )  be a parabolic subgroup of  ,,(*)  corresponding to a parabolic
subgroup P,,, a (*) of G,,(*). Then X,,, (* )  is isomorphic to ,,(* ) / fi,,, ^(*). Moreover
le t  T,,(*) be the maximal torus corresponding to T,,(*) in ,,(*). T hen  it is  im -
portant to recall that the system of roots for ö,,(*) (relative to T,,(*)) is the same
as the one for G,,(*) (relative to T ,,(*)). (see 1. 9 in [7])

(4. 3) By virtue of Proposition 3. 2. 2, Proposition 4. 1 and Remark 4. 2 we can
write an irreducible homogeneous vector bundle corresponding to  a(p)=(c,, . . . ,  c,,_)

as P ,,(d : c,,C d , c , , _ 1)  with non-negative integers c  for id a n d  an integer
Cd.

We shall study the sufficient condition for homogeneous vector bundles on
X,,, d

 to be isomorphic to a direct sum of irreducible homogenous vector bundles
which are isomorphic to  P,,(d ; c,, « ,  c d , O, • . . ,  O).

Proposition 4. 4. Let E he an irreducible homogeneous vector bundle of rank

r on X,,, .  A ssum e n — d>r. Then E is isomorphic to one of  P,,(d  c , ,  C d ,  O, . ,  O)
w here for O i d - 1 ,  C  is a non-negative integer.

P roof. L et E  be an irreducible vector bundle obtained by an irreducible
representation ç5: P,,, d--1  -  CL(V ), which induces a representation of Lie algebra

: p,,, ,  - p  çi(V). Therefore the assumption yields this proposition by virtue of
Remark 3.8, Theorem 3.9. 1 and Proposition 4. 1. q. e. d.
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Before continuing our argum ent, we shall show  a  result which is necessary
fo r  some proposition stated la te r .  L e t  Go b e  a  connected linear algebraic group
and  G0 =-G i N  be a  L ev i decomposition where G, (or, N ) is  a  reductive part (or, a

unipotent radical, resp.) o f  Go . Now le t 0  be a  representation o f  Go a n d  0  be
t h e  corresponding representation o f go w hich is a  L ie  algebra o f  Go . Moreover
le t n be th e  nilpotent radical of go corresponding to N .  Then we have

Proposition 4. 5. Under the above notations, assume that 95 i s  trivia l o n  n.
Then 0  is completely reducible.

Pro o f . By virtue of the  well-known relation between Lie group and  the  cor-
responding L ie  algebra, Ker g-5 is equal to th e  subalgebra o f go corresponding to
K e r  0 . Hence we see easily that Ker 0DN, which implies that 0  is completely
reducible by virtue of W eyl's Theorem, q. e. d.

Corollary 4. 6. Let E  be a homogeneous vector bundle o f  ran k  r  on Xn,d.

Assume that n — d > r. Then E  is isomorphic to EDP„(d,c,••• 0, • •• 0) where

c";  i s  a non-negative integer f o r  1 i t  and

Pro o f . L et E  be a  vector bundle obtained by a  representation (75 P
7 -  •  -  re, d-Fe.

G L (V ) .  B y  proposition 3 .9 .  1 ,  t h e  corresponding representation of L ie  algebra
Pee, d+1 ; .'5 ) is  triv ia l on  n which is th e  nilpotent radical of p n , d + 1 . Hence by
Proposition 4. 5, we see 0  is completely reducible,  q. e. d.

T h e  next proposition is necessary fo r the  m ain  theorem.

Proposition 4. 7. If E ,=P,,(d ; c , ••• c ,  0, -•-, 0) fo r i=1 , 2 , then E 1 0  E ,  is

isomorphic to 6 P„(d ; b , .• ., b4 , O, •• ., c).
.1 = 1

Pro o f . F o r i= 1, 2, le t  0 i b e  th e  irreducible representation o f  P., d+1 which
yields t h e  vector bundle E .  S in c e  0 i i s  triv ia l on  N  where N  is  th e  unipotent
radical of P., d+i, we see that representation 0 1 0  0 2  i s  a l s o  t r iv ia l  o n  N  and
therefore it is a  representation o f  a  reductive g ro u p . Hence 0 ,0  0 2 is completely
reducible. It is easy to check that any direct summand o f  E , 0  E ,  i s  of type

Po(d ; bo, b d , 0, —, 0). q .  e .  d.

Remark 4. 8 .  P„(d ;c o , ••• cd , 0, • •-, 0) is  a n  IE-I vector bundle.

Pro o f . Since we already know that p„, d ,i( * ) = 0 1 (d 1 -
1 )+ g n _d_i( * ) + 0 + r t  where

n is  a  nilpotent radical of 1), d + 1 ( * )  and r  i s  a  center o f  t h e  reductive p a rt o f

d+1(
* ), w e  se e  th a t  t h e  representation 0  corresponding to th e  vector bundle

P.(d ; c o , ••• cd , 0, •-• 0) is  tr iv ia l o n  gn_d-i(*)+ n . H ence w e h a v e  on ly to  take
; co, • •• cd, 0, • 0) a s  E,„ for q. e. d.

From now o n  le t 0  be a n  irreducible representation o f  g„ (A ), V  b e  a  re-
presentation space of 0  and  le t us pu t çb .  Moreover le t Vo be an (n +1)-
dimensinal vector space an d  el , ••• e,i + 1  b e  a  basis o f  V , .  Then it is known that
V  i s  a ç (A ) -module generated by th e  vector o f highest weight o f 0 : v=e,ci 0
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(e, A 6'X ' (ei A • •• A en)cn with a sequence of non-negative integers ;  c1,•••,c 0.

Moreover we can consider p„, „(A)-invariant submodule of V (= W ) generated by
y, which yields a  irreducible representation of p,,, ,,(A) p „ , „ ( A ) — g l ( W ) ) .  In
t h e  sam e w ay f o r  a n  irreducible representation 0  o f gn (* ), we can consider an
irreducible subrepresentation 0  of 0 I on ,,, ( * )  of p,,, n (* ) for all * .  Therefore we have
th e  following

Proposition 4 .  9 .  L et 0  be an irreducible representation o f  an (*) correspond-

ing to an element (c o , ••• co,_1) in  D 1(n + 1). Then the above irreducible subresenta-

t io n  o f  Ol o n ,„(9  corresponds to (c o , ••• c n _1 ) in  D 1 ( n ) .  Here D i (d )  denotes 131 in

Proposition 4 .1  w ith respect to Pn. d(* ). (P. , i ( * ) = a n ( * ) ) .

Remark 4 . 1 0 . L e t 0  be a n  irreducible representation o f  pn , d (* ) (= i1 (d )+
gn _d (* )d -r+ n) where n  is th e  nilpotent radical of p„, d (* ) and  r  is a  center of the
reductive part of p,,, a (*). Assume that 95 is triv ia l on  n  and 0,,_ a (*). Since it is
easy to check that d+1. d(

*
)  (

=
pn, d+i(*) Pn, d(*)) contains I i(d )+ r, we see that

n•d+1 , d ( ' )  is an  irreducible representation of Pn , d+ 1 , d (
*

)•I P 
Let us study a n  irreducible homogeneous vector bundle P n ( d ;a o ,••• a d , 0 •-• 0)

from a  different point of v iew . In  th e  first p la c e  th e  following proposition is
very im portant for M ain theorem.

Proposition 4. 11. Under the diagrom  2 .1 , pt. aPn(d ;co, cd_l, 0, •••, 0) has

a quotient vector bundle qt, d-113 .(d - 1 ; co , ••• cd_ 1 , 0, ••-, 0) on X n.d.d-i.

Pro o f . L et 0  be th e  representation of Pn, d + 1  which yields the  vector bundle
E =P„(d  ; co , •••, cd_ l , 0 , ••• , 0 ). In  order to prove this proposition, it suffices to
sh o w  th at th ere  is  a  representation 0  of P„, d  which yields th e  vector bundle
P.(d - 1; co, cd_ 1 , 0, •••, 0) and  which satisfies the  followd.ii ing. :o  i p n .

is a n  irreducible subrepresentation of Therefore instead
of L ie group we shall consider t h e  above statement i n  term s o f  L ie  algebra.
F o r th e  corresponding representations of L ie algebra, we shall use the same nota-
tion 0 ,  0 .  We know that Pn. d+i(* ) (=-11(d+1) --k fin- d(*)-E r+ n). Moreover by the

assumption, we see that 95 is  trivial on (In- d(*)+r - k n .  Hence by virtue of Proposi-
tion 4 .9  and  Remark 4 .1 0 , this proposition is obvious, q. e. d.

Next assume that co , • • • c,, a re  integers where c, is non-negative for d —1.
L e t  u s  consider a  coherent sheaf P n (co , ••• cd) on  X,,, d  defined inductively as

follows : Under t h e  diagram 2-1 , fo r  d = 0 , put P n (c 0 )=-0x ., 0 (co). If P n (c o , ••• c,)

is defined, put Pn(co, •••, c31-1)-=-Pn.i*e.i-1Pn(c0, •••, O x n ,1 + I(c .,+ 1 ).
Our next task is to show  that Pn(co, ca) defined in the above is isomorphic

to P 7,(d ; co , ••-, cd , •••, 0 ) in  (4.3).
Now le t u s  consider the  exac t sequence obtained in Proposition 4.9 :

(4.12) 0 F ----> p t d Pn (d ; co , •••, c " ,  0, •••, 0)

1Pn(d  — 1 ; c o , •••, c a _l , 0, •••, 0) --->  0.

Particularly le t u s  study the  struc tu re  o f the  above sequence (4 .12) o n  th e  fiber
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of P.. d• F o r  this purpose, it suffices to investigate P pn,d,,,,V  and its
subbundle P ,  d + i X  p W  where W is a representation space o f th e  subrepresent-
tion (GI p o f  ÇO I On t h e  other h an d , we can easily sh o w  that
P n. d+1IP n. d+1, G a (A )/  P  d(A). Moreover a s  was seen in  th e  proof in  Proposi-
tion 4 .9 , 0  can be regarded a s  representation of P., d-Ei extending a  representa-
tion 7  o f  G d (A ) (=SL (d+1 , C)). Therefore t h e  above two facts mean that
P., d+i X pn ,d + ,, d  V  is isomorphic to SL(d+1, C)Xp d ,d ( A ) 11 a n d , in  th e  same way,

d X P n ,d,d_, W  is isomorphic to S L (d + 1 , C )X p d ,d (A) W .  Then I "  yields an  irredu-
cible subrepresentation o f r  (= r ' :  P d , d (A )  G  L ( W )  induced by 617..,d+i,a). It is
obvious that r '  is an  irreducible representation by Remark 4.12.

Next le t  u s  restrict the  exac t sequence (4.12) o n  t h e  fiber P., d- ' ( x )  ( = P d )
for x X n ,a  a s  follows :

• •(4.13) 0 -->  F p d x —> d -1P n(d —1 ; co, c 1 , 0, •, 0)1

--->  0, where r= ran k  P i ,(d ; co, ••• cd_ i , 0, ••-, 0) .

Further le t  u s  consider th e  sequence o f cohomologies obtained from (4.13) :

(4.14)0 — >  H°(Pd, F Ir a) H °(P d , 0 pd 6 ) r ) H A P d  E ) - - >

where E=qt, P d( :c 0, • • 0)1d - 1  n ,  — 1 ,  0 ,  •••, cd-i, pz'dcx) •

Then we have

Lemma 4 . 1 3 . t  is  an isomorphism.

Pro o f . We can regard  the  exac t sequence (4 .1 4 ) a s  a n  e x a c t  sequence of
SL(d+1,C)-m odules. Since E  is  a n  irreducible homogeneous vector bundle,
H °(Pd , E) is an irreducible SL(d+1, C)-module. Hence we see that t  is surjective

o r  t  is a  z e ro  m a p . I f  t  is a  zero  m ap, s is an isomorphism, which implies that

F1 ,,,7,1a ( d .) - - .-'02,.zid (, )
9 r .  T h is  is a contradiction. Hence t  is surjec tive . O n the  other

hand, it is obvious that t is injective. q. e. d.

Therefore we have  the  following.

Theorem. 4 . 1 4 . P„(d ; co , ••-, cd , 0, ••• 0) is isomorphic to P  ( r- CO.

Pro o f . We prove this theorem by induction on d. It is easy to see that
P„(0 ; co)--"P n (c o). For d 1 ,  if we take the direct image p n , d . of the exact sequence
(4.12), our assertion is obvious by Proposition 4.13. q .  e .  d.

L et us show  that 111(X . ,  Pn(d ;co, cd, 0, ••• 0))=0 for d - .n — 2. In the first
place, assume that c d

. O . Then by virtue o f Bott's Theorem 111 (X..d, P,i(d , co, •••
Ca, 0, •••, 0))-=0 fo r 0: — 1. In the second place, assum e that cd < 0 .  Let us
consider th e  following vector bundle on  X., d, c/-1 ;

M=e, d _1P ( d 1 ,— 1 ,  co, cd-i, 0, •••, 0) 0  P , x„, d (cd)

We want to show 1-P (X .,  d. d-1, M)-=0 fo r  d..n — 2. F or this purpose, the follow-
ing proposition is necessary.
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Proposition 4. 15. Let S  be a h y p e r s u r f a c e  in P '  fo r  n 3  and O s (1 )  is  the
line bundle corresponding to the h y p e r p la n e  section of S. Then H i(S , 0 8 (a ) )= 0
fo r  any negative integer a and i-=0, 1.

P ro o f. Well-known.

Now le t  u s  consider th e  sp e c tra l sequence E .i= H i (X „  R ig  d - 1,(M ) )

E 1 lri= 1-1 (X
i i , a, d - i ,  M ) .  Combining Proposition 1-4*, Proposition 1-5* and Proposi-

tion  4 .1 5 , w e  h a v e  E.°.=E2• 1 ---0 , w hich  im p lies that 1/ 1(X ., a. d-i, M )=- 0  for
d ^ n -2 .  O n  t h e  other hand, since Ml i , ; d ( , ) is an irreducible homogeneous vector
bundle P d (d —1 ; (0, •-•, Yd_i) on  P d  for a  p o in t x  in X , d , w e  se e  th a t H ° ( Xn,d,
Ri p„, d m )-=O  by th e  result. H ence we have 11 ' (X . d, 13 . ( d  ;  co, ••-, cd , 0—, 0)).=0
by Theorem 4 .14  and L e ra y 's  Spectral sequence.

Summing up th e  above results, we have

Proposition 4 .16 . F o r  d'--71 —2, H A X .,d , P n (d  ; co, •••, cd, 0 , •• -, 0 ))= 0  and if
P .( n — l ;  co, ,  c0 -0 )= 0 .

Proposition 4 .17 . L e t  E  be a vector bundle on X n , d  fo r  n —1> d satisfy-
ing the following exact sequence;

0 — >  f) P n (d  ; 0, • • •, 0) E Pn(d; b.6 , • , 1)4 , 0 , •, 0) - - - >  .

Then E  is isomorphic to (ED P„(d ; 66, •••, (6,0, •••, O) G (CD P n (d ; bio , b4, 0, •-•, 0)).

P ro o f .  It is obvious by Proposition 4 .7  and Proposition 4.16. q. e. d.

The next proposition plays an important role in  th e  proof of M ain Theorem.

Proposition 4 . 1 8 . Let E  be a vector bundle on  X n , d  such that E  (ED P .
(d ; a o , •••, ad , 0, ••• 0))-_-=.(ED Pn(d ; bo, •-•, bd, 0, •-• 0)). Then E  is isomorphic to

P n (d  ; co, • •• cd, 0, •••, 0).

Proof. Since we see (ED P n (d  ; af;, • • a ,  0, ••• 0) 0  (ED P.(d ; a6, • ••, WL, 0, y))
h a s  a  t r iv i a l  line bundle a s  a  d i r e c t  sum m and by virtue o f  a  tra c e  m a p ,

E  0(E D  Pn(d ; (4 , •••, (6 , 0 , •••, 0 )) 0  (ED P (d  ; a6 , ••• a , 0, 0  v )) has E as a direct
summand. Therefore Proposition 4 .7  and Krull-Schmitt Theorem of vector bundles
provide u s with this proposition. q. e. d.

Finally we shall prove our Main Theorems.

Proof of M ain Theorem I.
We shall prove theorem by induction on d .  In  the  case  o f d = 0 ,  our asser-

tion is easily shown by virtue o f Theorem 2 .2  and Theorem 2.3.
Assume that d 1 .  By induction assumption a n d  Theorem 2 .11 . I, w e see

th a t E i  is  isom orph ic  to  ED P n ( d - 1 ; b 6 . 1 g, •••,14.1,i, 0, — , 0). Therefore putting
i i

—b= m in {0, I i , 1 } a n d  ten so rin g  e x a c t  sequence o f  vector bundle by
l J j

w e get th e  following sequences :
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0 —> , x  d (a 1 ) dE Ø qt, d-10  X , d _ i (b )

- >  F 2 0 q t d _ i 0 x , i ,d _1 (b ) - - > 0

O— > P. d o x n ,d (a a-0 - >  Fa-10 e,d_ioxn,d_1(b)

----> q ,  d d O  d (a a ) - - > 0

where E i = / ,i (d —1 ; ji , ••• , b + b , O, • ••, 0). T ake the  d irect im age Rip n ,d .
i i

o f  these sequences. Then since we can easily check that R iP  a x t ,  d  _ ,E = 0  by
proposition 4. 16, w e have  the  following exact sequence ;

0 — >  E 1 - - >  E  1 3 (d  ;0 , - - • ,  0 , b ,  0 ,  0 )  — >  p..d.(F20 q t d - i 0 x , d - 1 (0 ) - - - > 0

0 È P n . d . ( F a - 2 0  , dœ i0

P n .d .(F a -1 0  qt. d-le X„,d_ i (b )) - - >  0

0 ---> - -> p , d .(F a -1 0 ) q , d_1ox„, d _1 (0 ) - - > E 0

where E i =  ED P n ( d •••, at, 0, •-• 0). B y v irtue of P roposition  4. 17
and Proposition 4. 18, we complete our proof. q. e. d.

Proof of M ain theorem I I .  We can show  this theorem in  the same way as

above using theorem 2. 2. q. e. d.
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