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1. INTRODUCTION

In this paper, we study Volterra integral inclusions defined in a Banach space.
The necessity of studying such mathematical objects, comes from control theory
and engineering problems. Recall that every control system (finite or infinite di-
mensional), under minimal hypotheses on its data, has an equivalent formulation in
which the dynamics are described by an inclusion (differential, integral or functional
inclusion). In this inclusion description, the control variable does not appear explic-
itly (“deparametrization” of the system). This equivalent inclusion description of
the system, plays an important role when studying the relaxed (i.e. “convexified”)
system (see [24]). On the other hand, recently Glashoff-Sprekels [8], [9], studied
the problem of thermostatic regulation, in which the heating devices controlling the
temperature of the system, are governed by a relay switch, and established that
the system dynamics can be modeled via an integral inclusion. Finally, recently
Leitmann and his coworkers [15], [16], advocated a nonstochastic approach to the
robustness of uncertain control systems, which is based on differential and integral
inclusions.

The results in the paper, extend the single-valued works of Szufla [26] and Vaughn
[29] and the multivalued ones by Ragimkhanov [25], Lyapin [17] (who studied integral
inclusions in R™) and by Papageorgiou [20], [21] (who considered integral inclusions
in Banach spaces).

*) Research supported by NSF Grant DMS-8802688
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2. PRELIMINARIES

In this section we recall some basic definitions and results about the measurability
and continuity properties of multifunctions (set-valued functions), that we will need
in the sequel.

So let (€2, ) be a measurable space and X a separable Banach space. Throughout
this paper we will be using the following notations:

Psey(X) = {A C X: nonempty, closed, (convex)}
and  Pu)i(c) = {4 € X: nonempty, (weakly-)compact, (convex)}.

A multifunction F: Q — P;(X) is said to be measurable, if for every z € X, the
R,-valued function w — d(z, F(w)) = inf{|jz — z||: z € F(w)} is measurable. In
fact, this is equivalent to saying that for every U C X open, F~(U) = {w € Q:
F(w)NU # 0} € T or that there exists a sequence {fn}n>1 of measurable functions
fanl= X st Flw)= mﬂ% for all w € Q. For details we refer to the survey
paper of Wagner [30]. For a multifunction F: Q — 2X \ {0}, the graph of F(-) is
defined by GrF = {(w,z) € @ x X:z € F(w)}. We will say that F(-) is “graph-
measurable” if and only if GrF € ¥ x B(X), with B(X) being the Borel o-field of
X. For a P;(X)-valued multifunction, we know that measurability implies graph
measurability, while the converse is true if there exists a o-finite measure u(-) on ¥,
with respect to which ¥ is complete. A multifunction F: Q@ — 2% \ {} is said to be
weakly (or scalarly) measurable, if for all z* € X*, w — o(z*, F(w)) = sup{(z*, z):
2 € F(w)} is a measurable function. Again measurability implies weak measurability
and the converse is true if there exists a complete, o-finite measure p(-) on ¥ and
the multifunction is Py kc{X)-valued.

Suppose (2, X, ) is a finite measure space and F: Q@ — 2X \ {#} a multifunction.
By Sk we will denote the set of integrable selectors of F(-); i.e. Sg. = {f € L}(X):
f(w) € F(w)u— a.e.}. This set may be empty. For a graph measurable multifunction,
it is nonempty if and only if w — inf{||z]|: z € F(w)} € LL. This is the case if
w — |F(w)| = sup{||z||: z € F(w)} € L} and such a multifunction is usually called
“integrably bounded”. For a graph measurable multifunction S} is closed in L1(X) if
and only if F(-) is P¢(X)-valued and convex if and only if F(-) is convex valued. For
details we refer to [22]. Using the set S}, we can define a set valued integral for F(-)
by setting [, F(w)dpu(w) = { [, f(w)dpu(w): f € Sp}. The vector-valued integrals
involved in this definition are understood in the sense of Bochner. A detailed study
of this set-valued integral can be found in {12].

Next let Y, Z be Hausdorff topological space and F: Y — 2% \ {#}. We say
that F(-) is upper semicontinuous (u.s.c.) (resp. lower semicontinuous (/.s.c.)), if for
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every U C Z open, the set F¥*(U)={y€Y: F(y) CU} (resp. F~(U)={y€Y:
F(y)nU # 0}), is open in Y. If F(-) is both u.s.c. and ls.c. then we say that
F(-) is continuous. In fact, continuity is equivalent to saying that F(-) is continuous
from Y into 22 \ {0}, the latter equipped with the Vietoris topology. If Z is a
metric space, on P;(Z) we can define a (generalized) metric, known as the Hausdorff
metric, by setting h(A, B) = max(sup d(a, B),sup d(b, A)], A, B € P;(Z). 1t is an
elementary, yet rather technical exggise, to vebreig that completeness of Z implies
completeness of the metric space (P;(Z),h), A multifunction F: Y — P;(Z) is said
to be Hausdorff continuous (h-continuous) if it is continuous from Y into the metric
space (P;(Z),h). If F(-) is Pi(Z)-valued, then continuity and h-continuity coincide.
This follows from the fact that on Pi(Z), the Vietoris and Hausdorff topologies
coincide (see Klein-Thompson [14], corollary 4.2.3, p. 41).

Let X be a Banach space and B its family of bounded set. Then the Hausdorff
(ball)-measure of noncompactness 3: B — Ry is defined by

B(B) = inf{r > 0: B can be covered by finitely many balls of radius r}.

A comprehensive introduction to the subject of measures of noncompactness and
their applications, can be found in the book of Banas-Goebel [2].

Finally, if {An}ny1 C 2% \ {0}, we set
limA, = {z € : limd(z,4,) =0} ={z € X: 2z, >z, 2, € Ay, n > 1}
and

mA, = {z € : limd(z, A,) = 0}
={xeX:znk—’>x, Tn, €Ap, m<ng<...<np<..}

It is clear from the above definitions that we always have

j—

im A, C lim A,

and both sets are closed in X. We say that the A,’s converges in the Kuratowski
sense to A (denoted by A, X A) if and only if lim A, = lim 4, = A.
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3. EXISTENCE RESULTS

Let T = [0,b] and X a separable Banach space. We will be studying the following
integral inclusion of the Volterra type:

(*) z(t) € p(t) + /0 K(t,s)F(s,z(s))ds, teT

where p € C(T, X). By a solution of (*), we understand a function z(-) € C(T, X)
s.t. 2(t) = p(t) + [y K(t,5)f(s)ds, t € T with f € Sk, (ie., f € LY(X), f(t) €
F(t,z(t)) ae.).

We start with an existence result, for the case where the orientor field F(t,z) is
convex-valued. Our hypotheses on the data of () are following:

H(F): F: T x X — Pg.(X) is a multifunction s.2.
(1) (¢,z) — F(t, z) is measurable,
(2) z — F(t,z)is u.s.c. from X into X,, (where X,, denotes the Banach space
X endoved with the weak topology),
(3) |F(t,z)] = sup{||v]]: v € F(¢,z)} < a(t)+b(t)||z|| a.e., with a(-), b(-) € L2,
(4) B(F(t, B)) < k(t)B(B) a.e. for all B C X bounded and with k(-) € L}.

Remark. Note that hypothesis H(F)(4) implies that for allt € T\ N, N being
a Lebesgue-null subset of T, and for all z € X, we have F(t,z) € Px(X). Just let
B = {z} and recall that 8({z}) = 0 so that B(F(t,z)) = 0 for all (¢,z) € (T\N)x X
(see H(F)(4)) = F(t,z) € P(X) for all (t,z) € (T\N) x X.

H(K): K:A ={(t,s): 0 < s <t <b} > Z(X) is a strongly continuous kernel
st ||K(t,s) — K(t,s)|le < L= for all (t,5), (¢',5) € A, ' > t (here £(X)
denotes the Banach space of all bounded, linear operators from X into itself,
and “strong continuity”, refers to continuity of K(-,-) into £(X) equiped with
the strong operator topology).

Remark. Suppose that {A(t)}ier is a family of closed, densely defined linear
operators s.t. D(A(t)) = D (i.e., independent of t € T), R(X; A(t)) = (A —A(t))-1
exists for all t € T and all A € C with ReX < 0 (i.e. for all t € T', the resolvent set
2(A(t)) contains the half-plane ReA < 0), ||[R(}; A(t)) ]|« < Tfm and for allt,s € T.
JA(t)A(0)™! — A(s)A(0) !l < cft —s|" 0 < v < 1 (in fact this last condition is
equivalent to saying that ||A(t)A(7) — A(s)A(7)"|e < c|t — s|” for all t,s € T).
Then this family of unbounded operators, generates a strongly continuous evolution
operator (fundamental solution) K: A — 2(X), which satisfies hypothesis H(K).
To see this, note that from the properties of the evolution operator K(t,s) (see
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Tanabe [27], chapter 5) and the mean value theorem, for any z* € X*,any z € X
and some 7 € [t,t'] ¢/,t € T, t' > t, we have

|(z‘, K(', s)z - K(t,s)z)| <@ - t)I(z"', %K(T, s)x)l

<t -0 g K| lell "1

But from inequality 5.141, p. 149 in Tanabe [27] (see also Friedman [7], corollary,

p. 127), we have
c c

[ P

T—s5 t—s

Thus we have

1
|K(t,s)z — K(t,s)z|| < (¢ - t)% = [|K(t',s)— K(t,8)||le < _c_(zt_—_st)‘

Let H, X be separable Hilbert spaces s.{. X embeds into H continuously and
densely. Identifying H with its dua! (pivot space), we have X — H < X*  with all
embeddings being continuous and dense. Such a triple of spaces is usually known
in the literature as an “evolution triple” (see Zeidler [31]). A typical example is
H=L1%Z), X = H*(Z) and X* = H~™(Z) with m € N and Z a bounded domain
in R", with smooth boundary. Let A: T — £(X,X*) be a map s.t. t — A(t)z
is measurable for all z € X, (A(t)z,z) > c|lz|l%, where (-,-) denotes the duality
brackets for the pair (X, X*) and ||A(t')z — A(t)z]|x- < BJt' — t}l|lz}ix, B> 0. Then
{A(t)}ter generates an evolution operator K: A — Z(H) satisfying H(K). For
details, we refer to Tanabe [27], chapter 5, section 4.

Theorem 3.1. If hypotheses H(F) and H(K) hold and p € C(T, X), then (%)
admits a solution.

Proof. We start by deriving an a priori bound for the solutions of (*). So let
z(-) € C(T, X) be such a solution. Then by definition, for some f € S}(.,z(,)) and
for all t € T, we have

z(t) = p(t) +/o K(t,s)f(s)ds

= [l=(Oll < llplloo +/0 K (L, 5)lle - [1£(s)l1 ds

< lplloo + /0 M(a(s) +b()lz()) ds (M = sup |IK(t,5)lle).

(t,3)ea
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Invoking Gronwall’s inequality, we get My > 0 s.t. for all £ € T and all solutions

z(-) of (%), we have
lz(Oll < M

Let F(t,z) = F(t,z) if ||z|| < M) and F(t,z) = F(t,%—r’“‘—) if ||z}l > My, then
F(t,z) = F(t,pm,(z)), with pp,: X — X being the M;-radial retraction. Re-
calling that pas, (-) is Lipschitz continuous, we can easily see that (t,z) — F(t,z)
is measurable, £ — F(t,z) is u.s.c. form X into X, and |F(¢,z)] = sup{||v||:
v € F(t,z)} < a(t) + b(t)M; = ¢(t) a.e. with o(-) € L2. Finally, if B C X is
bounded since pp, (B) C tonv(B U {0}), we have using the properties of 3

B(F(t, B)) = B(F (t,pm,(B))) < k(t)B(pm,(B))
< k(t)B(conv(B U {0})) < k(t)B(B) ae.

Next let W C C(T, X) be defined by

w={yeCm.x): ut) = p(0) + / K(t,9)g(s)ds, LT, )]l < p(t) 2.},

Clearly W is nonempty, closed, convex and bounded subset of C(T, X). We also
claim that it is equicontinuous. To this end let t,t' € T, with t < ¢/, t' =t + h.

1) = 0 < Ipte) ~pl + | [ K¢, o) - [ e, ts) 0]

< lle(®) = p(Ol| + [ i’h 2Mp(s) ds + || / t—h(K(t', s) = K(t,5))g(s) ds"

t—h c(tl t)

— 5 Pls)ds.

<le®) = pOl+ [ 2Mp(s)ds+ [

Note that s — Wl?j belongs in L2[0,5]. So applying the Cauchy-Schwartz inequal-
ity, we get that

t-h ' t
o(t' — 1) 1 q1/2
/0 o p(s)ds < chllel]2 [/h = dr]

< Mau(h)  (v(h) = 0as h— 0%, My >0).

Therefore we have

lu(t") — vl < llp(") = p(OIl + /: 2Mp(s) ds + Mau(t' — t)
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for t > h. For t < h the estimation of ||y(t') — y(t)|| is clear. Therefore W is indeed

equicontinuous.
Next let R: W — P;.(W) be defined by

R(z) = {yEC(TX) y(t) = (t)+/ K(t,s)f(s)ds, teT, feS (x())}

Let B C W be nonempty, closed. We have:

B(R(B)(t)) < / K(t,s)u(s)ds: u € SF( () TE B].

Note that for every z € X, d(z, F (s, B(s))) = Ellr;f(~ d(z, F(s,v)), where B(s) =

{z(s): = € B}. Clearly then s — B(s) is a measurable multifunction, while
(s,v) — d(z, F(s,v)) is measurable. Therefore theorem 6.1 of [13] tells us that
s — d(z, F(s, B(s))) is measurable. = s — H(s) = F(s, B(s)) is measurable. Then
we can find functions hn: ' — X n > 1 measurable s.t. H(s) = {hn(s)},;, We
have:

B(R(B)®) < B / Kt ha(s)ds: n > 1.

Invoking proposition 1.6 of Ménch [18], we get

ﬂ[/otK(t,s)h( dsin > /Mﬂ /Mk B(B(s)) ds

Define ¥(B) = sup[e“'fu' k()dsg(B(t))], for r > 0, B C W. Since W is an
t€T

equicontinuous, closed, convex and bounded subset of C(T, X) and exploiting the
properties of 3(-), we can easily check that ¥(-) is a sublinear measure of noncom-

pactness in the sense of Banas-Goebel [2]. Then we have

BURBYD) < [ Mb(s)e" KO e i HO% ()
]
< w(B)ger Jd k(s)ds
= W(R(B)) < 0(B)

So if we choose r > M, we get that R(-) is a 1-contradiction.
Next we will show that GrR is closed in W x W. So let [z,,yn] € GrR, n > 1
and assume that z, — z, y, — y in C(T, X). We have

un(t) = p(t) + /0 K(t,s)fa(s)ds, teT
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with f, € Sl £0())" Since F'(t,z) is for almost all t € T', Pc(X)-valued and F(t,")

is u.s.c. from X into X,,, theorem 7.4.2, p. 90 of Klein-Thompson [14], tells us

that @nv |J F(t,za(t)) € Purc(X) p-ae. Also because of the measurability of
n2l

F(,,), t = G(t) = @nv |J F(t,za(t)) is measurable and |G(t)] < ¢(t) a.e. Then
n>1

proposition 3.1 of [23] tells/us that S} is w-compact in L'(X). Since {fatnx1 C Sé,
by passing to a subsequence if necessary, we may assume that f, > f in L'(X),
then f(: K(t,s)fn(s)ds = fot K(t,s)f(s)ds in X and from theorem 3.1 of [19], we
get f(t) € @vw — Tm{fn(t)}np1 C WHvwW — Im F (¢, z4(t)) C w — lim £ (t, 2(2))
a.e. (the last inclusion following from the upper-semicontinuity of F (t,-) from X into

X, from the convexity of the values of F'(t,z) and from the fact that z, — z in

C(T, X)). Thus f € St

F5(0)) Therefore in the limit as n — co, we get

t
y(t) =p(t)+/o K(t,s)f(s)ds, teT, feS F( =)
= [z,y) € GrR
= R(-) has aclosed graph W x W.

Applying theorem 4.1 of Tarafdar-Vyborny [28] to get z € W s.t. z € R(z). Then
z € C(T, X) solves the integral inclusion () with the orientor field F(t,z). But
working as in the beginning of the proof and using the definition of F(t, z), we get
via Gronwall’s inequality that ||z(t)|] < M1 and so F(t,z(t)) = F(t,z(t)) = z(-) €
C(T, X) is the desired solution of (). a

We can weaken the measurability hypothesis on the orientor field F(t,z) if we
assume that X* is separable. So our hypothesis on the orientor field F(t, z) is now
the following:

H(F);: F: T x X — Pg.(X) is a multifunction s.1.
(1) (t,z) — F(t,z) is weakly measurable,
(2) z — F(t,z) is u.s.c. from X into X,,,
(3) |F(t,z)| < a(t) + b(t)||z|| a-e., with a(-),bd(-) € L,
(4) B(F(t, B)) < k(t)3(B) a.e. for all B C X bounded and with k(-) € L}.

Theorem 3.2. If X* is separable, hypotheses H(F'); and H(K) hold and p(-) €
C(T, X), then (x) admits a solution.

Proof. The proof is the same of theorem 3.1. It only changes, when we prove
the measurability of s — convH(s) = tonvF (s, B(s)). Note that F(.,-) is weakly
measurable, since F(-, -} is. Then for every z* € X* we have

o(z*,H(s)) = su;()’ o(z*, F(s,v))
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and from theorem 6.1 of [13], we have that s — o(z*, H(s)) is measurable. Then note
that if {z},}n>1 is dense in X*, since o (., H(s)) is continuous (H(s) being bounded),
we have

Gr(eonvH) = (| {(s,v) € T x X: (2},v) < o(zh, H(s)) } € L(T) x B(X),

n>1

with Z(T) being the Lebesgue o-field of T (i.e., the Lebesgue completion of B(T')).

Hence t — convH (t) is Lebesgue measurable, and so we can find h,,: T — X n > 1

Lebesgue measurable functions s.f. TonvH(t) = {ha(t)},5, for all t € T. Then

we proceed as in the proof of theorem 3.1. Note that in a similar way, we get

t — G(t) = tonv |J F(t,za(t)) is weakly measurable and since G(t) € Pyrc(X),
n21

t € T, it is measurable and the arguments in the proof of theorem 3.1 apply. a

We can relax our hypothesis on the kernel K(t,s) if we strengthen further our
growth hypothesis on the orientor field F(t,z). So our hypothesis on F(t,z) is now
the following:

H(F)3: F: T x X — Ps(X) is a multifunction s.t. hypotheses H(F)(1) (or
H(F)(1) with X* separable) and H(F)(2) hold and
(3) |F(t,z)| < a(t) + b(t)||z|| a.e., with a(-),b(:) € L},
(4) there exists Lebesgue-null set N C T s.t. for all B C X bounded F((T'\
N), B) is bounded,
(5) B(F(t, B)) < k(t)B(B) a.e. for all B C X bounded and with k(-) € L}.
Remark. Note that hypothesis H(F), is satisfied if in H(F)2(3) a(-),b(-) €
L.
The weakened hypothesis on the kernel K (¢, s) is now the following:
H(K);: K: A — £(X) is a strongly continuous kernel.

Theorem 3.3. If hypotheses H(F'); and K(K) hold, then (*) admits a solution.

Proof. As in the beginning of the proof of theorem 3.1, we get that if z €
C(T, X)) solves (), then for allt € T, ||z(t)|]] < M1, M1 > 0. Let By, (0) = {z € X :
llzll € M1} and V = F(T \ N, By, (0)). Because of hypothesis H(F)(4), V C X is
bounded. Let

W= {y € C(T, X): y(t) = p(t) +/(; K(t,s)g(s)ds, t €T, g(s) e convV a.e.}.

Clearly W C C(T, X) is nonempty, closed, convex and bounded. We claim that
it is also equicontinuous. To this end, note that for all (t,s) € A, s ¢ N C T (see

701



hypothesis H(F)(4)) and all |jy|| < M;, we have
K(t,s)F(s,y) € Buvi(0) = B

where By vi(0) = {w € X: |jw]| < M|V]}, |V| = sup{||v]|: v € V} < oo (since V is
bounded). Hence if y € W, we have for t/ t € T, t' > t and g € Sl

onvV

1)~ O < oty 0011+ | [ K 5115 - [ e astoyas]|

Observe that by the “mean value theorem” for Bochner integrals (see Diestel-Uhl
[5], corollary 8, p. 48), we have

t' 1
/ K(t' s)g(s)ds€t'B and / K(t,s)g(s)ds € tB.
0 0

Therefore we get

t t
/ K(t',s)g(s)ds — / K(t,s)g(s)ds€t'B—tB = (t' — t)B.
0 0
Hence we finally have that

ly(®') = vl < llp(¢) = POl + (¢ - )MV

which establishes the equicontinuity.
The rest of the proof is the same as in theorem 3.1 (see also theorem 3.2 for the
case where H(F);(1) holds, with X* separable). ]

We can also have an existence result for the case where the orientor field F(t, z)
is not necessarily convex-valued. We will need the following hypothesis on F(t, z).

H(F)s: F: T x X — P4(X) is a multifunction s.1.
(1) (t,z) — F(t,z) is measurable,
(2) 2 — F(t,z)is Ls.c.,
3) |F(t,z)] < a(t) + b(t)||z|| a-e., with a(-),b(:) € L2,
(4) B(F(t,B)) < k(t)B(B) a.e. for all B C X nonempty bounded and with
k(-)e L}.
As in the “convex” case an alternative set of hypotheses on F (¢, z) is the following:
H(F)y: F: T x X — Py(X) is a multifunction s.f. H(F')3 holds and in addition
(5)" there exist N C T Lebesgue-null s.. for all B C X bounded F(T'\ N, B)
is bounded.
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As before this hypothesis on the orientor field will correspond to a weaker hypoth-
esis on the kernel K (t, s).

Theorem 3.4. If hypotheses H(F)3 had H(K) (or H(F)3 and H(K);) hold, and
p € C(T, X), then () admits a solution.

Proof. Let I:"(t,a:) and W C C(T, X) be as in the proof of theorem 3.1. Note
that F(-,-) is measurable, F(t,-) is Ls.c., |F(t,z)| < ¢(t) a.e. with ¢(-) € L% and
B(F(t, B)) < k(t)B(B) a.e. for all B C X bounded. Define L: W — P;(L!(X)) by
L(z) = S},(‘,x(‘)). From theorem 4.1 of [19], we have that L(-) is L.s.c. and clearly has
decomposable values (i.e.,if A € Z(T) = Lebesgue o-field of T'and f1, f, € S},(.,x(.)),
then f = xafi+xacfe € S}If‘(.,x(»)))' So we can apply theorem 3 of Bressan-Colombo
[4] and get u: W — L!(X) continuous s.i. u(z) € L(z) for all z € W. Then let v:
W — W be defined by

v(z)(t) = p(t) +/0 K(t,s)u(z)(s)ds, teT.

Clearly, because u(-) is continuous, so is v(:). Also as we did with the multifunction
R(:) in the proof of theorem 3.1, we establish that v is a -contradiction. Applying
the Sadovski-Darbo fixed point theorem, we get z € W s.t. v(z) = z. We can easily
check that ||z(t)|| < M1 = F(t,z(t)) = F(t,2(t)) = z(-) solves (). O

4. THE SOLUTION SET

In the previous section, we obtained conditions on the data that guaranteed that
the solution set of (*) is nonempty. In this section we examine the properties of this
solution set.

We start with a continuous dependence result that examines the changes in the
solution set as we vary the function p(¢) and the orientor field F(t, z).

So let A be a compact metric space and consider the following of integral inclusions,
parametrized by elements in A.

(*)a z(t) € p(t, ) +/0 K(t,s)F (s, z(s),A) ds.

Denote the solution set of (x)x by S(X). Our goal is to investigate the continuity
properties of the multifunction A — S(}).
For this we will need the following hypotheses:

H(F)s: F: T x X x A — Pr(X) is a multifunction s.t.
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(1) t — F(t,z, ) is measurable,
(2) h(F(t,z,)), F(t,z',))) < n(t)||z—z'|| a.e. for all A € A and withn(-) € L},
(3) A — F(t,z,\) is h-continuous,
(4) |F(t,z,))] < a(t) + b(t)||z|| a.e. for all A € A and with a(-).b(-) € L%,
(5) B(F(t,B,))) < k(t)B(B) a.e. for all A € A and with k() € LL.
H(p): X — p(., A) is continuous from A into C(T, X).

Theorem 4.1. If X is a separable, reflexive, strictly convex Banach space and
hypotheses H(F)4, H(K) and H(p) hold, then S: A — P (C(T, X)) is continuous
and h-continuous.

Remark. From Asplund’s renorming theorem, we know that every reflexive
Banach space can be equivalently renormed so that both X and X* are strictly
convex.

Proof. First we will show that for every A € A, S(A) € P(C(T, X)). The
nonemptiness of S(A) follows from theorem 3.1. Also let {z,},>1 C S()A). Then by
definition we have

za(t) € p(t,A) + /0' K(t,s)fa(s)ds, teT

with f, € S}(.’zn(.)’)‘). Applying proposition 1.6 of Ménch [18], we get

B{zn(®)}n31) < / MB({fa(5)}nz1) ds
< / ME(s)B({zn()}n31) ds

= B({za(t)}nz1) =0  (Gronwall’s inequality),

= {za(t)},», is compact for every te€T.

Also from the proof of theorem 3.1 we know that it is equicontinuous. Hence the
Arzela-Ascoli theorem tells us that {z,(-)}n31 is relatively compact in S(A) = S(X)
is relatively compact in C(T, X). So we may assume that z, — z in C(T, X). Next
note that ||fo(t)|| < a(t) + b(t)M; = ¢(t) a.e. and because X is reflexive, from
Dunford’s theorem (see Diestel-Uhl [5], theorem 1, p. 101), we have that {f,}n>1 is
relatively weakly compact in L!(X). So by passing to a subsequence if necessary, we
may assume that f, = f in L'(X). Then from hypothesis H(F)4 and theorem 3.1
of [19] we get f € S}‘(_'I(,),,\). Hence in the limit as n — oo we have that

z(t) € p(t, A) + /Ot K(t,s)f(s)ds, teT
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with f € S}p("z(‘),,\). Thus z(-) € S(X) => S(X) is closed, hence compact in C(T, X).

Next let A, — X in A and take z € lim S(),). Then by definition and by denoting
for economy in the notation, subsequences with the same index as sequences, we
know (see section 2), that we can find z, € S(\s) s.&. z, = z in C(T, X). Then by
definition

zn(t) = p(t, An) +/o‘ K(t,8)fn(s)ds

for allt € T and with f, € S}‘(-,rn(-),x.)‘
Note that because of hypothesis H(F)4 and since z, — z, we have that

U F(t,za(t), \n) € Pe(X) a.e.
n21

(see Klein-Thompson [14], theorem 7.4.2, p. 90)

= H(t) =conv | | F(t,2n(t), \n) € Pee(X)
n>1

(by Mazur’s theorem; see Diestel-Uhl [5], theorem 12, p. 51). Also because of hypoth-
esis H(F)4(1), t > F(t,zna(t),A\n) n > 1 is measurable = ¢ — U F(t,zn(t), An)

is measurable = ¢ — H(t) is measurable (see Himmelberg [10], theorem 9.1).
Furthermore |H(t)| < a(t) + b((t)M = ¢1(t) ae. ¢1(-) € L%, with M > 0 be-
ing such that ||znlc < M for all n > 1. Then proposition 3.1 of [23] tells us
that S} € Puic(L'(X)). Observe that {fa}n>1 C Sk. So by passing to a sub-
sequence if necessary, we may assume that f, = f in LY(X). Then for every
v € L®(X*) = L(X)*, we have

b
(v, fa) = / (068), £ (8)) dt < 7(0, Sk o) = /0 o (u(t), (2, 2a(t), An)) dt
But note that because of hypothesis H(F)4,
o(v(t), F(t, za(t), An)) — o (v(2), F(t,2(t), A)).

So in the limit as n — oo, we get

b b
(v, f) = / (u(t), £(8)) dt < / o (u(t), F(t,2(t), 1)) dt = 0(0, Sk )-
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Since v € L*(X*) was arbitrary, we deduce f € S}(.,x(.m). Also note that
fot K(t,8)fa(s)ds > f(: K(t,s)f(s)ds in X. Hence in the limit as n — oo, we get

t
(1) z(t) = p(t) +/0 K(t,s)f(s)ds, teT, fe€ S;‘(_',(.),)‘)
=z € S(A)
= limS(A,) C S().
Next let £ € S(A). Then by definition, we have
1
2(0)=pt )+ [ K9)f(e)ds, tET, €Sk aipny
0
Set m,(t) = proj [f(t), F(t,z(t), /\,,)] and un(t, z) = proj[m,(t); F(t, 2, \n)]. Since
X is strictly convex, reflexive and F(-,-,-) is convex valued, m,(-) and u,(-,) are
both well-defined, single valued functions. Furthermore from theorem 4.2 of [11], we
know that m, (-) and u,(., z) are measurable functions, while from theorem 3.33, p.

322 of Attouch [1], we have that u,(t,-) is continuous. Then consider the following
integral equation:

za(t) = p(t, An) +/0 K(t, s)un (s, z4(s)) ds

From theorem 3.1 we know that this has a solution z,(-) € C(T, X). Also we

have:

lza(t) — =(t)l]
<] [ 0 luntszn() - 1) 24

< /0 M[||un (s, zn(s)) — mn (s)]| + (Imn(s) - f(9)ll] ds
< /0‘ M[h(F(s, zn(s), )\n),F(s,z(s),An)) + h(F(s,z(s),)\n), F(s,x(s), /\))] ds
< /0 Mn(s)||zn(s) — .';z:(s)||d.s+‘/0 Mh(F(s,z(s),An)) F (s, z(s), A) ds.

But by hypothesis H(F)4(3), h{F(s,z(s),An), F(s,z(s),A)) — 0 as n — oco. So
given ¢ > 0 for n > 1 large enough, we will have:

llzn () — 2zl S €+ M/O n(s)|za(s) — z(s)|| ds.
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Applying Gronwall’s inequality, we get

lzn — zlleo < eexp(Mln]l1)

for n > 1 large enough. So z, — z in C(T, X). Note that z, € S(An), n 2> 1. Thus
we have that

) S(A) € limS(An).
From (1) and (2) above, we get that
SO ES0) as n— oo

We claim that V = |J S(A,) is compact in X. Indeed let {zm}m»1 C V. By
n21
definition, we have

t
zm(t) = p(t, An) +/ K(t,s)fm(s)ds, fm € S;‘(qzm('),Am)’ m2 1.
0

Set B(t) = {zm(t)}m>1. As before, we get

BBW) < [ MEE)B(B()) ds
= B(B(t)) =0, teT.
= m is compact for all teT.

Furthermore since {#m(-)}m>1 is equicontinuous, from the Arzela-Ascoli theorem,
we have that {z,;}m>1 is relatively compact in C(T, X) = V is compact in C(T, X).
Then from (3) and since S(A,), S(A) C V, from Klein-Thompson [14] theorems
7.1.10 and 7.1.16, we deduce that S(-) is continuous in the Vietoris topology. Since
S(-) is P¢(C(T, X))-valued, we then conclude that S(-) is also h-continuous (see
section 2). o

Remark. The compactness of the values of S(-) is true with X being only a
separable Banach space.

Next we ask the question of whether the solution set of (x) is connected (Kneser
type theorem). We have a partial answer to this problem. Namely for a particular
type of orientor fields, which appear in control problems, we have that property. So
we will assume that F(t,z) has the following special form: F(t,z) = f(t,z)U(t),
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t € T. We will need the following hypotheses. Assume that Y is another separable
Banach space. In the context of control systems, this will be the control space.
H(f): [:TxX — 2(Y,X) is a map s.1.
(1) t — f(t,z)u is measurable for all u € Y,
(2) It z)u—f(t, y)ull < nt)|jz—y|| forallt € T\N, A(N) =0and u € U(t),
(3) 1, o)l < a(®)llzl| a.e. with a(-) € L3,
(4) B(f(t,B)U(t)) < k(t)B(B) a.e., for all B C X bounded and with k(-) €
L.
H(U): U — Pyic(Y) is measurable multifunction s.t. |U(t)] = sup{|ju|]: v €
U(t)} < N ae.

Theorem 4.2. If hypotheses H(f), H(U), H(K) hold and p € C(T,X) then

the solution set S of (x) with F(t,z) = f(t,z)U(t), is nonempty, compact and path
connected in C(T, X).

Proof. The nonemptiness and compactness of S in C(T, X) follows from the-
orems 3.1 and 4.1 (see also the remark following that theorem). We only need to
establish path connectedness. Let W C C(T, X) and R: W — P;(W), be as in the
proof of theorem 3.1. Let y € R(z). By definition we have

u(t) = p(t) + / K(t, 5)g(s) ds

for allt € T and g € S}(_ S(NU()* A simple application of Aumann’s selection
theorem (see Wagner [30], theorem 5.10), gives us u € S} s.t. g(t) = f(t,z(t))u(t)
a.e. Then let vz y: C(T, X) — C(T, X) be defined by

t
(@O =00+ [ K9 () u(0) e
We have: |
lvzy (2')() — vay () (DI </0 M| f(s, 2 (5))u(s) = f(s, 2(s)) u(s)| ds
< [ M) - el s
Introduce on C(T, X) the following equivalent norm (the Bielecki norm):
[|z|]o = sup {e" Is "(")d"z(t)}, r> 0.
€T
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Then we have

t
llvey (2')(8) = vey ()OI < / Mk(s)e" Jo KX o K| 12/(5) — 2(s)]| ds
0
/ ' M | 1ik(a)ds
= lloey (2/)(1) = 2y () < 12" = zflo—-e"Jo K
, M,
= Jlvzy () — vzy(2llo < _r_“z = z{lo.

So if we choose r > M, we have that vzy(-) is ||.||o-contractive. Also forall z € W,
vzy(2) € R(z) and vzy(x) = y. Thus, we can apply theorem 1.1 of Bogatyrev [3] and
get that S = {z € C(T, X): = € R(z)} is path-connected by the theorem. o

Remark. Since every path-connected set is connected (see Dugundji [6], theo-
rem 5.3, p. 115), we see that the conclusion of our theorem is stronger than the usual
Kneser-type theorems about differential and integral equations and inclusions.

5. AN EXAMPLE

In this section we present an example of a partial differential inclusion for which
we can establish the existence of solutions using the results of this paper.

So let T = [0,b] and let Z C RV be a bounded domain with smooth boundary
0Z =T. Let z=(z1,...,28) and D; = a—?ﬂ' By a multi-index a = (ay,...,ay), we
understand a tuple of nonnegative integers ay, ...an. The length of the multi-index

N
is defined by |af = ) |ak|. Also we set D*u = Di* ... DyNu. For a = 0, we set
k=1

D%y = u. We consider the following partial differential inclusion:

aigt’—’) + Y (=1)1*1D*(aap(t, 2)DPz(t, 2)) € F(t,z,z(t,2z)) on T x Z
la 18I m
D'z(t,z)=0 on TxTI, |yJgm-1

(%) z(0,z) = zo(z) on Z.

We will make the following hypotheses concerning the data on (*x).

H(a): aap € L®(T x Z), laap(t’, z) — anp(t, z)| < 0(2)|t' —t} a.e. with 8(-) € L*® and

Y. aaplt, 2)Eatp > clié]|?

lal,1Blgm
for all £ € RV~ (N, = U:l—*,']:,",l) and with ¢ > 0.
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H(F)s: F: TxZxR — P;.(R)is defined by F(t, z,2) = tonv{ fa(t, 2, z)}n»1, where
foreach n > 1(t,2) — fa(t, z, z) is measurable, sup |fn(t,z,z)|—fm(t, z,2)] <
n,m>1

n(t, )|z’ — z| a.e. with 9(-,-) € L®(T x Z) and |,f,.(t,z,z)| < a(t, 2) + b(¢, 2) ||
a.e. with a(-,-) € L¥(T x Z) and b(-,-) € L®(T x 2).

Let X = H(Z), H = L*(Z) and X* = HJ(Z)* = H™™(Z). Then from the
Sobolev embedding theorem, we know that X «— H < X*, with all embeddings
being dense, continuous and compact. So (X, H, X*) is an evolution triple. Consider
the time dependent Dirichlet form u: T x HJ*(Z) x H*(Z) — R defined by

whay= /Z aap(t, 2)DP2(2)D*y(z)dz.

lell8lgm
Using the Cauchy-Schwartz inequality, we can easily get that
lu(t, 2, ¥)| < éllzllam)lyllar(z)

for some é > 0. Also from the “strong ellipticity” condition (see hypothesis H(a))
and the Poincare inequality (see Zeidler [31]), we get

u(ta z, Z) 2 61“1"“%16"(2)

with & > 0. Furthermore from hypothsis H(a) and the Cauchy-Schwartz inequality,
we get
lu(t’,z,y) — u(t, 2,9)| < Bl |t’ = tlllzllrg2)llWll g (2)-

Let A: T — £(X,X") be defined by
(A(t)z,y) = u(t,z,y)

where (-,-) denotes the duality brackets for the pair (X, X*).
Next let F': T x H — Pyrc(H) be defined by

Ft,2)={ye L}(2): y(2) € Wv'{f,,(t,z,:r:(z))}n>l ae.}.

Note that for every v € L?(Z), we have

a(v,F‘(t,x)) = sup (v,y)L:(Z):sup/ v(2)fn (t,z,z(z)) dz
yeF(1,2) n2l1JZz

=t —o(v, F(t,z))

=t — F(t,z) is measurable.
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Next we claim that z — ﬁ’(t, z) is u.s.c. from H into H,, where H, denotes the
Hilbert space H endowed with the weak topology. For this we will need the following

lemma.:

Lemma 5.1. If X is a separable Banach space, F: X — Py.(X) is a multifunc-
tion s.t. for every K € Pyr(X), F|K is u.s.c. from X into X, then F(-) is u.s.c.
from X into X,,.

Proof. Weknow (see section 2), that F(-) will be u.s.c. from X into X, if for
every U C X weakly open V = {z € X: F(z) C U} is open in X. This is equivalent
to saying that for every D C X weakly closed, the set C = {z € X: F(z) N D # 0}
must be closed. So let K = {zp}n31, Zn — . By hypothesis F|K is u.s.c from X
into X,,. Hence, since F(-) is Pyrc(X)-valued, we get that |J F(z,) € Pur(X).

n2l1

So by passing to a subsequence if necessary, we may assume that y, Z yin X. Then
since FIK is w.s.c. from X into Xy, y € F(z) and y € D, since D is weakly closed.
Therefore C is closed, establishing the desired upper semicontinuity of F(-). O

Continuing with the analysis of (x%), let [Zm,ym] € GrF(t,-) m > 1 and assume
that z,, — z in L?(Z), while y,, = y in L%(Z). By a passing to a subsequence if
necessary, we may assume that z,,(z) — z(2) a.e. Invoking theorem 3.1 of [19], we
get that

y(z) € Eﬁﬁmiir_go{ym(z)}mzl - Wmﬁ [conv{ fa (¢, 2, zm(2)) }m>1] a.e.
But from proposition 3.1 and 4.1 of [19], we get

mri;go [W{f" (t’ z, 2m(z)) }nzl] g W{fﬂ (t, 2, z(z)) }n;1 a.e.

So we get y(z) € co—n\T{f,,(t,z,:r:(z))}'|>l a.e. = [z,y] € GrF(t.,). Therefore for
every B C L?(Z) bounded (hence relatively weakly compact), we have that (¢, ')I‘E
has a graph that is closed in H x Hy, so theorem 7.1.16, p. 78 of Klein-Thompson
[14], tells us that F(¢, ')lE is u.s.c. from H into H,. Finally using lemma 5.1 above,
we conclude that F'(t,-) is u.s.c. from H into H,, as claimed.

Now let f,: T'x H — H be the Nemitski (superposition) operator corresponding
to function f,(¢,2,z), n > 1; i.e,,

f,,(t,::)(z) = f,,(t,z,z:(z)) a.e.
for every z € L?(Z) and every n > 1.
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Because of hypothesis H(f), we have that

sup [|fa(t, 2") ~ fm(t, 2)llz3z) < M'|Inlleollz’ = 2llL3(2)

nm21

for all ',z € L?(Z) and some M’ > 0.
Recalling the definitions of the multifunction F(t, z) and of the measure of non-
compactness 3(-), we get immediately for every B C L%(Z) bounded

B(F(t,B)) < MB(B) a..with M > 0.

Now rewrite (**) in the following equivalent evolution inclusion form:

{ #(t) + A(t)z(t) € F(t,z(t)) ae.

Sl 2(0) = zo(-) € L3(Z).

From proposition 5.5.1, p. 153 of Tanabe [27], we know that a solution z(-) €
W(T) = {z € L¥(X): z € L} X"*)} C C(T, H) (see also Zeidler [31]), has the form

z(t) = K(t,0)z0 + /0t K(t,s)f(s)ds

witht € T, f € Sl ()" Here K(t,s) is the evolution operator (fundamental
solution), generated by {A(t)}ser. From Tanabe [27], p. 149, relation 5.141, we have
that K(-,-) satisfies hypotesis H(K).

So evolution inclusion (*x)’ (equivalently problem (#)), is equivalent to the fol-
lowing Volterra integral inclusion in H = L?(Z2)

(%) z(t) € p(t) +/ K(t,s)F(s,z(s))ds, t€T

with p(t) = K(t,0)z0, p(:) € C(T, H).
We have already checked that the data of (x)” satisfy the hypotheses of theorem
3.1. So using that result, together with theorem 23.A, p. 424 of Zeidler [31], we get:

Theorem 5.2. If hypoheses H(a), H(f) hold and zo € L%(Z), then (+*) has a
solution z(-,-) € L*(T, HJ*(Z2)) N C(T, L*(Z)), with

Oz —m
o € L*(T,H"™(2)).

Furthermore, the solution set of (+*) is compact in C(T, L*(Z2)).
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Remark. System (**) incorporates distributed parameter control systems. In-
deed, let Y = L%(Z) be the control space, U(t,z) = {u € R: |u| < r(t,z)}, with
r(-,-) € L*(T x Z) is the control constraint set and f(t,z,z)u the control vector
field. Assume that (¢,2) — f(t, z, z) measurable, sup |f(¢,z, 2" )u—f(t,z,2)v| <

u,velU(t,z

n(t, 2)|z’ — z| a.e. with g(-,-) € LY(T x Z), and |f(t,i,z))| < aft, 2) + b(t, 2)|z| a.e.
with a(-,-) € LT x Z), b(-,) € L=(T x Z). Clearly U(-,-) is measurable. So we can
find un: Tx Z — R, n 2> 1 measurable functions s.t. U(t,z) = cl{un(t, 2)}n>1. Then
f(t,2,2)U(t, 2) = {ha(t, 2,2)},5,, With ha(t,z,2) = f(t,2,z)un(t,2). Then those
functions h,(-,-,.,) satisfy hypothesis H(f). Hence by theorem 5.2, the distributed
parameter control system has a set of trajectories that is compact in C(T, L%(Z)).
So if we are given to minimize a cost functinal ¢(z(2,-)) where ¢: C(T, L%(Z)) —
R = RU {400} is L.s.c., then the optimal control problem admits a solution.
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