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Abstract. We introduce the notions of Jacobson radical of a I'—semiring
and semisimple I'—semiring and characterize them via operator semirings.
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1. Introduction

As a continuation of our previous paper on primitive I'—semirings, [9], we
introduce here the notions of Jacobson radical of a I'—semiring and semisimple
I'—semiring followed by their different characterizations. We obtain the relation
between the Jacobson radical of a I'—semiring S and that of the right operator
semiring R of S, which we use to obtain characterizations of Jacobson radical
of a I'—semiring analogous to familiar results of the ring theory and semiring
theory, [5]. Then, with the help of the notion of subdirect sum of I"'—semiring,
introduced at the outset in a similar way to that in T'—ring, [6], and using the
result that ”a I'—semiring S is semisimple if and only if its right operator semi-
ring R is semisimple”, a number of characterizations of semisimple I'—semiring
is obtained.

For preliminaries of semirings, I'—semirings, operator semirings of a I'—semi-
ring and I'—rings we refer to [4], [9], [1], [6] and references therein.

Throughout this paper a I'—semiring is assumed to be with zero, the left
unity, the right unity. It is also assumed that a I'S—semimodule is additively
cancellative.

2. Subdirect sum of I'—semirings

Let S; be a I';—semiring for i = 1,2. Then an ordered pair (0, ¢) of mappings
(0 :851 — S9,¢: 'y — T'g) is called a homomorphism of Sy into Sy if (i) 6 is
a semigroup homomorphism from S; into Sa; (ii) ¢ is semigroup isomorphism
from T'; onto T's; (iii) for every x,y € Sy, every a € 'y, O(zay) = 0(x)p(a)b(y);
(iv) 6(0s,) = Os,. (0, ) is said to be onto if @ is also onto. Then the kernel of
(0, ¢), denoted by kerf, defined by kerf= {z € S; : (x) = 0}. kerf is a k—ideal
of Sy. If S; is additively cancellative then keré is an h—ideal. Let (6, ¢) be a
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homomorphism of a I'y —semiring S; onto a I'y—semiring So. (0, ¢) is called a
semi-isomorphism from S; onto Sy if kerf= {0}. If Ty =T =T and ¢ is the
identity mapping, then we henceforth write ¢ = 7.

Theorem 2.1. Let (0,7) be a homomorphism from T'—semiring S1 onto T'—
semiring So with the kernel K. Then S1/K is semiisomorphic to Ss.

Proof. The proof is a matter of routine verification. O

For a proper ideal A of a I'—semiring S the I'—congruence on S, denoted by
oA, defined as so 4’ if and only if s +a; + 2z = s’ + as + 2 for some a1,a2 € A
and for some z € S, is called the Izuka I'—congruence on S defined by the ideal
A. We denote the Izuka I'—congruence class of an element r of S by r[/]A and
denote the set of all such I'—congruence classes of the I'—semiring S by S[/]A.
If the Izuka I"'—congruence o 4, defined by A, is proper i.e. 0[/]A # S then S[/]A
is a I'—semiring with the following operations: s[/]A+ s'[/]A = (s+s')[/]A and
(s[/]A)a(s'[/]A) = (sas’)[/]A for all & € I'. We call this I'—semiring the Izuka
factor T'—semiring of S by A.

If in Theorem 2.1, the I'—semiring S; is additively cancellative, then K is
an h—ideal of S; and the Izuka factor I'—semiring S;[/] K is semi-isomorphic to
Ss.

Let {S;}icr be a family of I'—semirings indexed by the nonempty set I.
Then the Cartesian product [[,.; S; is the set of all functions = : I — J,c; Ss
such that the value of x at i« € I is x; € S;, i € I. We identify x with
(7i)icr. Now we define addition (+) and multiplication (.) on [],.; S; as fol-
lows: (zi)ier + (Yi)ier = (@i + yi)ier and (z;)icra(yi)ier = (viayi)ier for all
(wi)ier, (yi)ier € [l;er Si and for all @ € T'. With these operations [],.; S; is
a I'—semiring. We call this I'—semiring the complete direct sum of the family
{S;}icr of T—semirings. If for all ¢ € I, S; is with the zero element 0; then
the complete direct sum ], ;S; is also with the zero element (0;);cs. (ii) If
each S; is additively regular then so is [[;c; ;. Let S = [[;c; Si. We asso-
ciate with each k € I a pair of mappings (0, 7) on the I'—semiring [];.; S;
onto the the I'—semiring Sy, as follows: 0 ((z;)icr) = z and 7(o) = « for all
(wi)ier € [[;c; Si and for a € T'. Clearly, (0x,7) is a homomorphism of S onto
Sk. We call (6k,7), for all k € I, the k—th canonical projection of S onto Sj.
If T is a subl'—semiring of [],.; Si then 0x(T) is a subl'—semiring of Sy for
all k € I. A subI'—semiring T" of the complete direct sum [[;.;S; = S of the
family {S;};cr of I'—semirings is said to be a subdirect sum of the family {S;}ics
if for each k € I the k—the canonical projection (0, 7) of S restricted to T is
such that 0y (T) = Sk.

Theorem 2.2. A I'—semiring S with zero is semi-isomorphic to a subdirect
sum T of (additively cancellative) I'—semirings S;, i € I, with zero elements 0;
if and only if for each i € I there exists a k—ideal (h—ideal) P; of S such that

ﬂie[ P = {0}

Proof. Let S be semi-isomorphic to 7" and (f,g) be the semi-isomorphism of
S onto T. Since T is a subdirect sum of I'—semirings (S;);cs, then for each
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i € I, the i—th projection (6;,7) of [[;c;S; is such that 6;(7) = S;. Then
(0;0f, 7) = (¢4, 7) (say) is an epimorphism of S onto S; for all ¢ € I. Let
P; =ker¢; for all ¢ € I. Then P; is a k—ideal of S for all i € I. Now let
x € ();er Pi- Then ¢;(z) = 0 for all i € I implies that 0;(f(z)) =0 for all i € I
and so f(x) = 0. Hence = €kerf. Since f is a semi-isomorphism, x = 0 whence
Nics P = {0},

Conversely, suppose for all i € I there exists a k—ideal P; of S such that
N;cr Pi = {0}. We prove that S is semi-isomorphic to a subdirect sum of the
family {S/P;}ier of I'—semirings. Let us define a pair of mapping (f,7) from
the I'—semiring S to the complete direct sum [],.;(S/P;) by f(x)(i) = =/ P; for
all x € S, for all 7 € I and 7 is as usual the identity semigroup isomorphism on
I'. Clearly, (f,7) is a homomorphism of the I'—semiring S into the I'—semiring
[1;c;(S/P;). Let x ckerf. Then, f(x)(i) = 0/PF; for all i € I implies that
x/P; = 0/P; for all ¢ € I, whence € Pi for all ¢ € I. So x = 0. Hence
kerf = {0}. Also, f(S) = T (say) is a subring of [];.,;(S/P;). Hence (f,7)
is a semi—isomorphism of S onto T. Now, for the i—th projection map (6;,7),
0:(T) = 0:(£(S)) = {f(s)(i) : s € S} = {s/P, : 5 € S} = S/ P, implying that T
is a subdirect sum of the family {S/P;};cr of I'—semirings. This completes the
proof. a

Similarly, we can prove the theorem when I'—semirings S;, i € I, are aditively
cancellative. Then k—ideals will be replaced by h—ideals and the Bourne factor
I'—semirings S/ P; by Izuka factor I'—semirings S|/ P;

Theorem 2.3. Let S and S’ be two I'—semirings with right operator semirings
R and R, respectively. Suppose that there exists a homomorphism (f,7) of
the T'—semiring S onto the T'—semiring S’. Then R' is semi—isomorphic to

R/(kerf)*
Proof. Let us define a mapping f : R — R’ by f(3; [, zi]) = 3, au, f(2)]
for > [as, 2] € RO Y [oy, 2] = Z m,yjj in R then Z SQGT; = Y SVjYj
for all s € S, whence ), f(s)o f(x ) for all s € S. Since
f S — S is surjective, it follows that 27: yozzf acl = >y f(y;) for all
y € S', implying that Y [o, f(x;)] = Zj |V, f(y;)]. Thus f is well-defined.
Clearly, f is a semiring homomorphism of R to R’. Let _/"  [a;, ;] € R’. Then
there exists z; € S such that f(x;) =y; for all i =1,2,...,m (since f is onto).
So 3% la,ysl = 3 low, flaa)] = FOZ 1[%%}) where 3% [o, 2] € R.
Hence, f is surjective and so R/kerf is semi-isomorphic to R’ (by the funda-
mental homomorphism theorem of semiring).

Now

kerf = {Z[au%] €ER: Z[Oéuf(l‘i)] =Op}

= {Z[ai,wi] €ER: Zyaif(xi) =0g forall yeS'}

= {2:[0%33z l]eR: Zf Ja; f(xz;) = 0, for all z € S}

[
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{Z[ai,xi] €ER: f(z zo;z;) = 0g forall z €S}

K2

K2

{Z[ai,xi] €R: Zxaixi ckerf forall ze S} = (kerf)" .

This completes the proof. O

Using Lemma 3.13, [9], we can prove that Rg/ye, s is isomorphic to R/(kerf)*/
but later we need the very method of proof employed above.

Theorem 2.4. Let S be a I'—semiring and R be its right operator semiring.
Then S is additively cancellative if and only if so is R.

Proof. Let S be additively cancellative and let 3 [a;, 2i] + 3. |55, v;] =
doilai il + 30 e, 2] in R then 37 saiws + 375 sBiy; = D2, squi + 3y Vk2k
for all s € S. Since S is additively cancellative, ., sBjy; = >_, 7,z for all
s € S. Hence > .|8;,y;] = > 47k, 2], which implies that R is cancellative.
Conversely, suppose R is additively cancellative and * +y = x + z in S. This
implies that [z, a] + [y, o] = [x,a] + [z,] for all @ € T ie. [y,a] = [z, ] for all
a €T. So yas = zas for all @ € T. In particular, 327, yv;f; = D0, 27 f;
where Z?Zl['yj, f;] is the right unity of S. This implies that y = z. Hence S is
additively cancellative. m]

Lemma 2.1. Let S be a I'—semiring and R be its right operator semiring. Then
{05}* = {OR} and {OR}* = {OS}.

Theorem 2.5. Let {S;}icr be a family of additively cancellative T'—semirings
and let R; be the right operator semiring of S;. Suppose that the I'—semiring
S is semi—isomorphic to a subdirect sum of {S;}icr. Then the right operator
semiring R of S is semi—isomorphic to a subdirect sum of {R;}icr.

Proof. By the proof of Theorem 2.2, for each i € I, there exists a homomor-
phism (¢;, 7) of S onto S; such that (), ; kerg; = {0}, where each ker¢; is an
h—ideal of S. Now, let us define a mapping ¢; : R — R; by a(zj laj,z;]) =
>jlaj, di(x;)] for all i € I and for all }°;[a;,z;] € R. Then for each i € I,
¢, is a surjective semiring homomorphism of R onto R; and kerp; = (ker@)*/
(by the proof of Theorem 2.3). This implies that [, ; kerg; = ﬂiel(ker@)*l =
(Mier kerg)* = {0s}* = {0g} (by Lemma 2.1). Hence by Theorem 2.2, [7], R
is semi—isomorphic to a subdirect sum of the family {R;};c; of semirings. O

Theorem 2.6. Let {S;}icr be a family of additively cancellative primitive T'—
semirings. If a T—semiring S is semi—isomorphic to a subdirect sum of {S;}icr
then the right operator semiring R of S is semi—isomorphic to a subdirect sum
of a family of additively cancellative primitive semirings.



On Jacobson radical of a I'—semiring 5

Proof. Let R; be the right operator semiring of S; for all 4 € I. Then by The-
orem 3.17, [9], and Theorem 2.17, R; is a primitive and additively cancellative
semiring for all ¢ € I. Now, by Theorem 2.5, R is semi—isomorphic to a subdirect
sum of {R;}iecr. This completes the proof. O

3. Jacobson radical of I'—semiring

Let S be a I'—semiring and I be the set of all irreducible I'S—semimodules.
Then J(S) = yer As(M) is called the Jacobson radical of S. If I is empty,
then S itself is considered as J(S) and in that case we say that S is a radical
I'—semiring. The zeroid Z(S) of a I'—semiring S is contained in J(S) since
Z(S) C Ag(M) for all I'S—semimodule M.

Proposition 3.1. Let S be a T'—semiring. Then J(S) is an h—ideal of S and
also a k—ideal of S.

Proof. The proposition follows from the fact that Ag(M) is an h—ideal of S
(Proposition 3.9, [9]). Since every h—ideal is also a k—ideal, J(S) is also a
k—ideal of S. |

Theorem 3.1. Let S be a I'—semiring and R be its right operator semiring.
Then J(S) = J(R)* and J(R) = J(S)* where J(R) = (| Ar(M), intersection
runs over all irreducible R—semimodules ([5]) M and Agp(M) ={x € R: aM =
{0}}.

Proof. Since ”M is an irreducible I'S—semimodule if and only if M is an ir-
reducible R—semimodule” (Proposition 3.8, [9]) and Ag(M)* = Ar(M) and
Ap(M)* = Ag(M), where M is an irreducible I'S—semimodule or R—semi-
module (Proposition 3.10, [9]), J(S)* = (Nazer Ag(M))* = Nirer Ag(M)* =
Nuyrer Ar(M) = J(R), where I is the set of all irreducible I'S—semimodules
and hence the set of all irreducible R—semimodules. Since J(S) is an h—ideal

7

of S (Theorem 3.1), so by Theorem 6.14 ([1]) J(R)* = (J(S)* )* = J(S5). 0

Now we have the following characterization of the Jacobson radical of a
I'—semiring:

Theorem 3.2. The Jacobson radical of a I'—semiring S is the intersection of
all primitive h—ideals of S.

Proof. Let S be a I'—semiring. We know that an h—ideal P of S is primitive if
and only if P = Ag(M) for some irreducible I'S—semimodule M (Theorem 3.18,
[9]). Now Ag(M) is an ideal of S for any I'S-semimodule M (by Proposition
3.9, [9]). So the theorem follows from the definition of Jacobson radical. O
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Theorem 3.3. If P is an ideal of a T'—semiring S, then J(P) = PN J(S),
where J(P) is the Jacobson radical of P considered as a I'—semiring.

Proof. We first observe that P* is the right operator semiring of P ([3]) con-
sidered as a I'—semiring (in fact R = S*'). Hence, by Theorem 3.1, J(P*') =
J(P)* and so (J(P*))* = (J(P)*)* = J(P) (by Theorem 6.6, [1]). Now,
by Proposition 6.5 ([1]), P*' is an ideal of the right operator semiring R of S.
So by Theorem 2 ([5]), J(P*') = P* N J(R), which implies that (J(P*))* =
(P* N J(R))*, which implies that J(P) = (P*)* N J(R)* = P N .J(S) (using
Theorem 6.6 [1] and Theorem 3.1). This completes the proof. O

Corollary 3.1. Let S be a I'—semiring. Then J(S), considered as a T'—semi-
ring, is a radical I'—semiring, i.e. J(J(S)) = J(5).

Proof. Follows immediately from Theorem 3.3. O

Theorem 3.4. Let S be a I'—semiring and R be its right operator semiring.
Let Q be an ideal of R. Then (J(Q*))* = J(Q).

Proof. By Proposition 6.4 ([1]), @* is an ideal of S. So by Theorem 3.3,
J(Q*) = Q@*NJ(S) which implies that (J(Q*))* = (Q*)* N(J(S))* =QNJ(R)
(using Theorem 6.6 [1] and Theorem 3.1) = J(Q) (by Theorem 2 [5]). O

Corollary 3.2. J(Q*) = J(Q)* for any ideal Q of R, where R is the right
operator semiring of a I'—semiring S.

Proof. J(Q) = (J(Q*))* (using Theorem 3.4). So J(Q)* = ((J(Q*))*)* =
J(Q7). o

Theorem 3.5. Let S be a T'—semiring. If STal'S C J(S) then x € J(S5).

Proof. Let STzD'S C J(S). Then [, ST2l'S] C [L,J(S)] € J(S)* (since
STJ(S) C J(S), J(S) being an ideal) = J(R) (using Theorem 3.1) implying
that [T, S][T, ][I, S] C J(R) implying that R, x]R C J(R) for all & € T'. So by
Theorem 5 ([5]), [o, ] € J(R) for all « € I'. This implies that z € J(R)* = J(S)
(using Theorem 3.1). This completes the proof. ]

4. Semisimple ['—semiring

A T'—semiring S is said to be semisimple if its Jacobson radical J(S) = {0}.
Let S be a I'—semiring and P be a (left, right) ideal of S. P is said to be strongly
seminilpotent if there exists a positive integer n such that (PT)"~1P C Z(S5),
where (PT)"~! = (PT)(PT)...... (n — 1) times, (PT)°P = P and Z(9) is
the zeroid of S. P is said to be strongly nilpotent if there exists a positive
integer n such that (PT')"~!P = {0}. A strongly nilpotent (left, right) ideal of
a ['—semiring is strongly seminilpotent.
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Theorem 4.1. Let S be a I'—semiring and P be a strongly seminilpotent right
ideal of S. Then P C J(S5).

Proof. If possible, suppose P ¢ J(S) = (1,¢; As(M), where [ is the set of all ir-
reducible I'S—semimodules. Then there exists an M € I such that P ¢ Ag(M).
This implies that MT'P # {0}. Since P is strongly seminilpotent, there exists
a positive integer n such that (PT)"~'P C Z(S). This implies that for p; € P
(j=1,2,...,n)and forv; €T (j =1,2,...,n — 1) p171p2¥2 - - - Pn—1Yn—1Pn +
z = z for some z € S, which implies that ma(p1v1p27y2 - - - Pn—1Vn—1Pn) + maz =
maz for all @ € T and for all m € M, which implies that ma(p1y1pay2 - - - Pn-1
Yn—1Pn) = {0} (since M is additively cancellative) for all « € T" and for all
m € M. This implies that MT(PT)""'P = {0}. If this relation is true
for n = 1 then MT'P = {0} — contrary to MT'P # {0}. Hence there ex-
ists m € M and a positive integer k such that mI'(PI)*~'P # {0} and
mD(PT)*P = {0}. Let v (# 0)€ mI'(PT)k~'P C M. Since M is irre-
ducible, there exist a;,b; € S, o;,3; € I', where ¢+ = 1,2,...,r and j =
1,2,...,t r,t are positive integers; such that m + >_._, vasa; = Z;Zl vB;b;.
So mép + >, vaa;0p = 2221 vB;b;0p for all 6 € " and for all p € P. Since
i vayaiop, 22:1 vBib;dp € mI(PT)*~1PISTP C mI'(PT)*~1PT'P (since
P is a right ideal of S) = mI'(PT)*P = {0}. Hence mdp = 0 for all § € I and
for all p € P implies that MT'P = {0} — a contradiction. This completes the
proof. o

Corollary 4.1. If a I'—semiring S is semisimple then it does not have any
non-zero strongly seminilpotent right ideal and consequently, S does not have
any strongly nilpotent right ideal.

Proof. Follows easily from Theorem 4.1 and the remark made above the theorem.
O

Theorem 4.2. A I'—semiring S is semisimple if and only if its right operator
semiring R is semisimple.

Proof. Let the I'—semiring S be semisimple. Then its Jacobson radical J(S) =
{0s} implies that J(S)* = {0g}* implies that J(R) = {Og} (using Theorem
3.1 and Lemma 2.1). Hence R is a semisimple semiring ([5]). Converse follows
by reversing the above argument. a

Lemma 4.1. Let S be a I'—semiring and R be its right operator semiring. Let
P be an ideal of S and Rg(/p be the right operator semiring of the Izuka factor

I'—semiring S[/]P. Then Rgp and R[/)P* are isomorphic.

Proof. Easy modification of the proof of Lemma 3.13 ([9]). O
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Theorem 4.3. Let S be a I'—semiring. Then both S/J(S) and S[/]J(S) are
semisimple, i.e. J(S/J(S)) ={J(S)} and J(S[/]J(S)) ={J(S)}.

Proof. Let S be a I'—semiring and R, Rg, j(s) be respectively the right operator
semirings of S and S/J(S5). By Lemma 3.13 ([9]), Rg/.(s) and R/J(S)* are
isomorphic. Now by Theorem 3.1, J(S)* = J(R). So Rs;j(s) and R/J(R)
are isomorphic. Again by Theorem 3 ([5]), R/J(R) is a semisimple semiring
and so Rg/j(s) is a semisimple semiring. Hence, by Theorem 4.2, S/J(S), is
semisimple I'—semiring. O

In a similar fashion, using Lemma 4.1 and Theorem 4.2, we can prove that
S[/]J(S) is semisimple I'—semiring.

Theorem 4.4. If aT'—semiring S is semisimple then S is semi—isomorphic to a
subdirect sum of primitive I'—semirings. Conversely, if a I'—semiring S is semi—
isomorphic to a subdirect sum of additively cancellative primitive I'—semirings,
then S is semisimple.

Proof. Let the I'-semiring S be semisimple. Then J(S) = {0}. Since by
Theorem 3.2, J(S) = (yep Pr where {Pp}ren is the family of all primitive
h—ideals of S, (,cp Px = {0}, where each Py is a k—ideal of S (since each
h—ideal is a k—ideal). Then by the proof of the converse part of Theorem 2.2,
S is semi-isomorphic to a subdirect sum of I'—semirings {S/Px}ren, each of
which is primitive since each Py is a primitive ideal.

Conversely, suppose that the I'—semiring S is semi—isomorphic to a subdirect
sum T of additively cancellative primitive I'—semirings {S;}icsr. Let R be the
right operator semiring of S and R; be the right operator semiring of S;, 7 € I.
Then by the proof of Theorem 2.6, R is semi-isomorphic to a subdirect sum of
additively cancellative semirings {R;};c;. Hence, by Theorem 3.3 ([7]), J(R) =
{0}. Hence R is a semisimple semiring ([5]) and so by Theorem 4.2, S is a
semisimple I'—semiring. O
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