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Abstract
The object of this paper is to study (k, µ)-paracontact metric manifolds with

qusi-conformal curvature tensor. It has been shown that, h-quasi conformally
semi-symmetric and φ-quasi-conformally semi-symmetric (k, µ)-paracontact met-
ric manifold with k 6= −1 cannot be an η-Einstein manifold.
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1 Introduction

The study of paracontact geometry was initiated by Kaneyuki and Williams
[7]. A systematic study of paracontact metric manifolds and their subclasses
was started out by Zamkovay [16]. Since then several geometers studied para-
contact metric manifolds and obtain various important properties of these
manifolds ([1, 2, 3, 4, 5, 6, 11], etc). The geometry of paracontact metric man-
ifolds can be related to the theory of Legendre foliations. In [10], the author
introduced the class of paracontact metric manifolds for which the character-
istic vector field ξ belongs to the (k, µ)-nullity condition (or distribution) for
some real constant k and µ. Such manifolds are known as (k, µ)-paracontact
metric manifolds. The class of (k, µ)-paracontact metric manifolds contains
para-Sasakian manifolds.

As a generalization of locally symmetric spaces, many authors have studied
semi-symmetric spaces and in turn their generalizations. A semi-Riemannian
manifold (M2n+1, g), n ≥ 1, is said to be semi-symmetric if its curvature tensor
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R satisfies R(X, Y ) ·R = 0 for all vector fields X, Y on M2n+1, where R(X, Y )
acts as a derivation on R ([9, 13]). In [15], Yildiz and De studied h-projectively
semi-symmetric and φ-projectively semi-symmetric (k, µ)-contact metric man-
ifolds.

In [14], Yano and Sawaki introduced the notion of quasi-conformal curva-
ture tensor which is generalization of conformal curvature tensor. It plays an
important role in differential geometry as well as in theory of relativity.

The present paper is organized as follows: Section 2 is devoted to prelim-
inaries on (k, µ)-paracontact metric manifolds. In section 4 and 5, we study
(k, µ)-paracontact metric manifold M2n+1 (n > 1) with k 6= −1, satisfying
h-quasi-conformally semi-symmetric and φ-quasi-conformally semi-symmetric
conditions, respectively. It has been shown that, under both the conditions
the manifold M2n+1 (n > 1) cannot be an η-Einstein manifold.

2 Preliminaries

A contact manifold is an odd-dimensional manifold M2n+1 equipped with a
global 1-form η such that η ∧ (dη)n 6= 0 everywhere. Given such a form η,
there exists a unique vector field ξ, called the characteristic vector field or the
Reeb vector field of η, satisfying η(ξ) = 1 and dη(X, ξ) = 0 for any vector field
X on M2n+1. A semi-Riemannian metric g is said to be an associated metric
if there exists a tensor field φ of type (1,1) such that

η(X) = g(X, ξ), dη(X, Y ) = g(X,φY ) and φ2X = X − η(X)ξ, (1)

for all vector field X, Y on M2n+1. Then the structure (φ, ξ, η, g) on M2n+1 is
called a paracontact metric structure and the manifold M2n+1 equipped with
such a structure is said to be a paracontact metric manifold.

It can be easily seen that in a para-contact metric manifold the following
relations hold:

φξ = 0, η · φ = 0, g(φX, φY ) = −g(X, Y ) + η(X)η(Y ), (2)

for any vector field X, Y on M2n+1.
Given a paracontact metric manifold M2n+1 (φ, ξ, η, g) we define a (1, 1)

tensor field h by h = 1
2
£ξg, where £ denotes the operator of Lie differentiation.

Then h is symmetric and satisfies.

hξ = 0, hφ = −φh, Tr · h = Tr · φh = 0. (3)

If 5 denotes the Levi-Civita connection of g, then we have the following rela-
tion

5Xξ = −φX + φhX. (4)
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A para-contact metric manifold M2n+1 (φ, ξ, η, g) for which ξ is a killing
vector field or equivalently, h = 0 is called a K-paracontact manifold.

A paracontact metric structure (φ, ξ, η, g) is normal, that is, satisfies [φ, φ]+
2dη ⊗ ξ = 0. This is equivalent to

(5Xφ)Y = −g(X, Y )ξ + η(Y )X.

Any para-Sasakian manifold is K-paracontact, and the converse holds when
n = 1, that is, for 3-dimensional spaces. Any para-Sasakian manifold satisfies

R(X, Y )ξ = −(η(Y )X − η(X)Y ). (5)

A paracontact metric manifolds M2n+1 (φ, ξ, η, g) is said to be a (k, µ)-space
if its curvature tensor R satisfies

R(X, Y )ξ = k[η(Y )X − η(X)Y ] + µ[η(Y )hX − η(X)hY ], (6)

for all tangent vector fields X, Y , where k, µ are smooth functions on M2n+1.
Here, the characteristic vector field ξ belongs to the (k, µ)-nullity distri-

bution. A paracontact metric manifold with ξ belongs to (k, µ)-nullity distri-
bution is called a (k, µ)-paracontact metric manifold. In particular, if µ = 0,
then the notion of (k, µ)-nullity distribution reduces to k-nullity distribution.
A paracontact metric manifold with ξ belongs to k-nullity distribution is called
as N(k)-paracontact metric manifold.

The geometric behavior of the (k, µ)-paracontact metric manifold is differ-
ent according as k < −1, k = −1 and k > −1. In particular, for the case
k < −1 and k > −1, (k, µ)-nullity condition (6) determines the whole cur-
vature tensor field completely. Fortunately, for both the case k < −1 and
k > −1, same formula holds. For this reason, in this paper we consider the
(k, µ)-paracontact metric manifolds with the condition k 6= −1(which is equiv-
alent to take the case k < −1 and k > −1).

For a (k, µ)-paracontact metric manifold M2n+1 (φ, ξ, η, g) (n > 1), the
following identities hold:

h2 = (1 + k)φ2, (7)

(5Xφ)Y = −g(X − hX, Y )ξ + η(Y )(X − hX), (8)

S(X, Y ) = [2(1− n) + nµ]g(X, Y ) + [2(n− 1) + µ]g(hX, Y ) (9)

+ [2(n− 1) + n(2k − µ)]η(X)η(Y ),

S(X, ξ) = 2nkη(X), (10)

Qξ = 2nkξ, (11)

Qφ− φQ = 2[2(n− 1) + µ]hφ, (12)

for any vector fields X, Y on M2n+1, where Q and S denotes the Ricci operator
and Ricci tensor of (M2n+1, g), respectively.
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A (k, µ)-paracontact metric manifold is called an η-Einstein manofold if it
satisfies

S(X, Y ) = ag(X, Y ) + bη(X)η(Y ),

where a and b are two scalars.
For a (2n+1)-dimensional semi-Riemannian manifold, the quasi-conformal

curvature tensor C̃ is given by

C̃(X, Y )Z = aR(X, Y )Z + b[S(Y, Z)X − S(X,Z)Y (13)

− g(Y, Z)QX − g(X,Z)QY ]

− r

(2n+ 1)

(
a

2n
+ 2b

)
[g(Y, Z)X − g(X,Z)Y ],

where a and b are two scalars, and r is the scalar curvature of the manifold.
If a = 1 and b = −1

2n−1 , then quasi-conformal curvature tensor reduces to
conformal curvature tensor.

3 h-Quasi-conformally Semi-Symmetric (k, µ)-

Paracontact Metric Manifold with k 6= −1
Definition 3.1 A (k, µ)-paracontact metric manifold M2n+1(φ, ξ, η, g) (n >

1) is said to be h-quasi-confomally semi-symmetric if the quasi-conformal cur-
vature tensor C̃ satisfies the condition

C̃(X, Y ) · h = 0, (14)

for all X and Y on M2n+1.

LetM2n+1 (φ, ξ, η, g) be a h-quasi conformally semisymmetric (k, µ)-paracontact
metric manifold with k 6= −1. The condition (14) holds on M and, implies

(C̃(X, Y ) · h)Z = C̃(X, Y )hZ − hC̃(X, Y )Z = 0, (15)

for any vector fields X, Y and Z.
Using (13) in (15), we get

(C̃(X, Y ).h)Z = a[R(X, Y )hZ − hR(X, Y )Z] (16)

+ b[S(Y, hZ)X − S(Y, Z)hX − S(X, hZ)Y + S(X,Z)hY

+ g(Y, hZ)QX − g(Y, Z)hQX − g(X, hZ)QY

+ g(X,Z)hQY ]− r

(2n+ 1)

(
a

2n
+ 2b

)
[g(Y, hZ)X

− g(Y, Z)hX − g(X, hZ)Y + g(X,Z)hY ] = 0.
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In a paracontact metric manifold M2n+1 (φ, ξ, η, g) with k 6= −1, the fol-
lowing relation holds [10].

R(X, Y )hZ − hR(X, Y )Z (17)

= {k[g(hY, Z)η(X)− g(hX,Z)η(Y )] + µ(1 + k)[g(Y, Z)η(X)− g(X,Z)η(Y )]}ξ
+k{g(X,φZ)φhY − g(Y, φZ)φhX + g(Z, φhX)φY − g(Z, φhY )φX

+η(Z)[η(X)hY − η(Y )hX)]} − µ{(1 + k)η(Z)[η(Y )X − η(X)Y ]

+2g(X,φY )φhZ},

for all vector fields X, Y and Z.
By virtue of the relation (17), we obtain from (16) that

a[{k(g(hY, Z)η(X)− g(hX,Z)η(Y )) (18)

+ µ(1 + k)(g(Y, Z)η(X)− g(X,Z)η(Y ))}ξ
+ k{g(X,φZ)φhY − g(Y, φZ)φhX + g(Z, φhX)φY

− g(Z, φhY )φX + η(Z)(η(X)hY − η(Y )hX)}
− µ{(1 + k)η(Z)(η(Y )X − η(X)Y ) + 2g(X,φY )φhZ}]
+ b[S(Y, hZ)X − S(Y, Z)hX − S(X, hZ)Y + S(X,Z)hY + g(Y, hZ)QX

− g(Y, Z)hQX − g(X, hZ)QY + g(X,Z)hQY ]

− r

(2n+ 1)
(
a

2n
+ 2b)[g(Y, hZ)X − g(Y, Z)hX − g(X, hZ)Y + g(X,Z)hY ] = 0.

Substituting X by hX in (18) and using hξ = 0, (7) and the symmetric
property of h, we have

a[(1 + k){k(η(X)η(Z)− g(X,Z))− µg(hX,Z)}η(Y )ξ (19)

+ k{g(hX, φZ)φhY − g(Z, φhY )φhX

− (1 + k)[g(Y, φZ)φX − g(Z, φX)φY + η(Y )η(Z)(X − η(X)ξ)]}
− µ{(1 + k)η(Z)η(Y )hX + 2g(hX, φhZ)}]
+ b[S(Y, hZ)hX − (1 + k)S(Y, Z)(X − η(X)ξ)− S(hX, hZ)Y + S(hX,Z)hY

+ g(Y, hZ)φhX − g(Y, Z)hQhX − g(hX, hZ)QY + g(hX,Z)hQY ]

− r

(2n+ 1)

(
a

2n
+ 2b

)
[g(Y, hZ)hX − (1 + k)(X − η(X)ξ)

− g(hX, hZ)Y + g(hX,Z)hY ] = 0.

Taking inner product with ξ in (19) and making use of (2) and (3), we obtain

a[(1 + k){k(η(X)η(Z)− g(X,Z))− µg(hX,Z)}η(Y )] (20)

+ b[−S(hX, hZ)η(Y )− g(hX, hZ)g(QY, ξ)]

+
r

(2n+ 1)

(
a

2n
+ 2b

)
g(hX, hZ)η(Y ) = 0.
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Putting Y = ξ and using (11), we obtain from the above equation,

S(hX, hZ) =
a

b
[(1 + k){k(η(X)η(Z)− g(X,Z))− µg(hX,Z)}] (21)

+

[
r

b(2n+ 1)

(
a

2n
+ 2b

)
− 2nk

]
g(hX, hZ).

Replacing X by hX and Z by hZ in (21) and using (1) and (7), we have

S(X,Z) =

[
r

b(2n+ 1)

(
a

2n
+ 2b

)
− ak

b
− 2nk

]
g(X,Z) (22)

− aµ

b
g(hX,Z) +

[
4nk +

ak

b
− r

b(2n+ 1)

(
a

2n
+ 2b

)]
η(X)η(Z).

If µ = 0, from (22) it follows that the manifold is η-Einstein. Conversely,
if the manifold is η-Einstein, then we can write

S(X,Z) = a1g(X,Z) + b1η(X)η(Z), (23)

where a1 and b1 are two scalars.
From the above equation and (20), we obtain

a1g(X,Z) + b1η(X)η(Z) (24)

=

[
r

b(2n+ 1)

(
a

2n
+ 2b

)
− ak

b
− 2nk

]
g(X,Z)

− aµ

b
g(hX,Z) +

[
4nk +

ak

b
− r

b(2n+ 1)

(
a

2n
+ 2b

)]
η(X)η(Z).

Putting Z = φX then using (2) and g(X,φX) = 0, we get from (24) that

aµ

b
g(hX, φX) = 0,

for all X. Consequently, µ = 0.
Hence, we see that a (2n + 1)-dimensional (n > 1) h-quasi conformally

semi-symmetric (k, µ)-paracontact metric manifold is an η-Einstein manifold,
if and only if µ = 0.

But from (9), it follows that a (k, µ)-paracontact metric manifold is an
η-Einstein manifold, if and only if 2(n− 1) + µ = 0. If we consider a (2n+ 1)-
dimensional (n > 1) h-quasi conformally semi-symmetric η-Einstein (k, µ)-
paracontact metric manifold, then n = 1, which contradicts the fact that
n > 1. Hence, M2n+1 cannot be an η-Einstein manifold. This leads to the
following:

Theorem 3.2 A (2n + 1)-dimensional (n > 1) h-quasi-conformally semi-
symmetric (k, µ)-paracontact metric manifold with k 6= −1 cannot be an η-
Einstein manifold.
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4 φ-Quasi-conformally Semi-Symmetric (k, µ)-

Paracontact Metric Manifolds with k 6= −1
Definition 4.1 A (k, µ)-paracontact metric manifold M2n+1(φ, ξ, η, g) (n >

1) is said to be φ-quasi-conformally semi-symmetric if the quasi-conformal cur-
vature tensor C̃ satisfies the condition

C̃(X, Y ) · φ = 0, (25)

for all X and Y on M2n+1.

Let M be a (2n + 1)-dimensional (n > 1) φ-quasi-conformal semi-symmetric
(k, µ)-paracontact metric manifold with k 6= −1. The condition C̃(X, Y )·φ = 0
implies that

(C̃(X, Y ) · φ)Z = C̃(X, Y )φZ − φC̃(X, Y )Z = 0, (26)

for any vector fields X,Y and Z.
By virtue of (13), we obtain from (26) that

(C̃(X, Y ) · φ)Z = a[R(X, Y )φZ − φR(X, Y )Z] (27)

+ b[S(Y, φZ)X − S(X,φZ)Y + g(Y, φZ)QX − g(X,φZ)QY

− S(Y, Z)φX + S(X,Z)φY − g(Y, Z)φQX + g(X,Z)φQY ]

− r

2n+ 1

(
a

2n
+ 2b

)
[g(Y, φZ)X

− g(X,φZ)Y − g(Y, Z)φX + g(X,Z)φY ] = 0.

A paracontact metric manifold M2n+1 (φ, ξ, η, g) with k 6= −1, then for
any vector fields X, Y and Z on M2n+1, the following relation holds [10].

R(X, Y )φZ − φR(X, Y )Z (28)

= [(1 + k)(g(φX,Z)η(Y )− g(φY, Z)η(X)) + (µ− 1)(g(φhX,Z)η(Y )

− g(φhY, Z)η(X))]ξ + g(Y − hY, Z)(φX − φhX)− g(X − hX,Z)(φY − φhY )

− g(φX − φhX,Z)(Y − hY ) + g(φY − φhY, Z)(X − hX)

+ η(Z)[(1 + k)(η(X)φY − η(Y )φX) + (µ− 1)(η(X)φhY − η(Y )φhX)].

Using (28) in (27), we get

a[{(1 + k)(g(φX,Z)η(Y )− g(φY, Z)η(X)) (29)

+ (µ− 1)(g(φhX,Z)η(Y )− g(φhY, Z)η(X))}ξ
+ g(Y − hY, Z)(φX − φhX)− g(X − hX,Z)(φY − φhY )

− g(φX − φhX,Z)(Y − hY ) + g(φY − φhY, Z)(X − hX)



On (k, µ)-Paracontact Metric Manifolds 75

+ η(Z){(1 + k)(η(X)φY − η(Y )φX) + (µ− 1)(η(X)φhY − η(Y )φhX)}]
+ b[S(Y, φZ)X − S(X,φZ)Y + g(Y, φZ)QX − g(X,φZ)QY

− S(Y, Z)φX + S(X,Z)φY − g(Y, Z)φQX + g(X,Z)φQY ]

− r

2n+ 1

(
a

2n
+ 2b

)
[g(Y, φZ)X − g(X,φZ)Y − g(Y, Z)φX + g(X,Z)φY ] = 0.

Substituting X by φX, in (29) and using φξ = 0, (1) and skew symmetric
property of φ, we get

a[(1 + k){g(X − η(X)ξ, Z)η(Y )− (µ− 1)g(hX,Z)η(Y )}ξ (30)

+ g(Y − hY, Z)(X − η(X)ξ + hX)− g(φX − hφX,Z)(φY − φhY )

− g(X − η(X)ξ + hX,Z)(Y − hY ) + g(φY − φhY, Z)(φX − hφX)

+ {(1 + k)(η(X)ξ −X) + (µ− 1)hX}η(Y )η(Z)]

+ b[S(Y, φZ)φX − S(φX, φZ)Y + g(Y, φZ)QφX − g(φX, φZ)QY

− S(Y, Z)(X − η(X)ξ) + S(φX,Z)φY − g(Y, Z)φQφX + g(φX,Z)φQY ]

− r

2n+ 1

(
a

2n
+ 2b

)
[g(Y, φZ)φX − g(φX, φZ)Y

− g(Y, Z)(X − η(X)ξ) + g(φX,Z)φY ] = 0.

Taking inner product with ξ in (30) and making use of (2) and (3), we obtain

a[{k(g(X,Z − η(X)η(Z))− µg(hX,Z)}η(Y )]− b[S(φX, φZ)η(Y )(31)

+

[
r

(2n+ 1)

(
a

2n
+ 2b

)
− 2nkb

]
g(φX, φZ)η(Y ) = 0.

Putting Y = ξ and using η(ξ) = 1 we have

S(φX, φZ) =
a

b
[k(g(X,Z)− η(X)η(Z))− µg(hX,Z)] (32)

+

[
r

b(2n+ 1)

(
a

2n
+ 2b

)
− 2nk

]
g(φX, φZ).

If µ = 0, from (32) it follows that

S(φX, φZ) =
a

b
[k(g(X,Z)− η(X)η(Z))] (33)

+

[
r

b(2n+ 1)

(
a

2n
+ 2b

)
− 2nk

]
g(φX, φZ).

Replacing X by φX and Z by φZ in (33) and using (1) and (2) we obtain

S(X,Z) =

[
r

b(2n+ 1)

(
a

2n
+ 2b

)
− ak

b
− 2nk

]
g(X,Z) (34)

+

[
4nk +

ak

b
− r

b(2n+ 1)

(
a

2n
+ 2b

)]
η(X)η(Z).
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Thus M2n+1 is an η-Einstein manifold.
Conversely, if the manifold is an η-Einstein manifold, then we can write

S(X,Z) = a2g(X,Z) + b2η(X)η(Z), (35)

where a2 and b2 are two scalars.
Replacing X by φX and Z by φZ (35), we obtain

S(φX, φZ) = a2g(φX, φZ). (36)

From the equation (32) and (36), we obtain

a2g(φX, φZ) =
a

b
[k(g(X,Z)− η(X)η(Z))− µg(hX,Z)] (37)

+

[
r

b(2n+ 1)

(
a

2n
+ 2b

)
− 2nk

]
g(φX, φZ).

Putting Z = φX in (37), then using (1) and g(X,φX) = 0, we obtain

a

b
µg(hX, φX) = 0,

for all X. Consequently µ = 0.
Hence, we see that a (2n + 1)-dimensional (n > 1) φ-quasi conformally

semi-symmetric (k, µ)-paracontact metric manifold is an η-Einstein manifold,
if and only if µ = 0.

Again, from (9), we shall get the same result as in previous section. Hence,
M2n+1 cannot be an η-Einstein manifold. Thus, we are able to state the
following:

Theorem 4.2 A (2n + 1)-dimensional (n > 1) φ-quasi-conformally semi-
symmetric (k, µ)-paracontact metric manifold cannot be an η-Einstein mani-
fold.
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